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Thanks We thank Stoimen Stoimenov for pointing out to us the connection with the Galilei algebra.

Abstract We study the non-trivial central extensions CE(Heis) of the Heisenberg algebra Heis, prove that a
real form of CE(Heis) is the Galilei Lie algebra and obtain a matrix representation of CE(Heis). We also show
that CE(Heis) can be realized (i) as a sub—Lie—algebra of the Schrodinger algebra and (ii) in terms of two indepen-
dent copies of the canonical commutation relations (CCR). This gives a natural family of unitary representations of
CE(Heis) and allows an explicit determination of the associated group by exponentiation. In contrast with Heis,
the group law for CE(Heis) is given by nonlinear (quadratic) functions of the coordinates. The vacuum charac-
teristic and moment generating functions of the classical random variables canonically associated to CE(Heis) are
computed. The second quantization of CE(Heis) is also considered.

1. CENTRAL EXTENSIONS OF THE HEISENBERG ALGEBRA

The one mode Heisenberg algebra Heis is the 3-dimensional * Lie algebra with generators a, af, h (central
element) satisfying the commutation relations

(11) [CL,CLT}H&‘S =h; [aah]Heis = [haaT}Heis = [aaa]Heis =0

and the duality relations

(1.2) (a)*=a'; h* =h

In [4] we proved that this algebra admits non trivial central extensions. More precisely, all 2-cocycles ¢ on
Heis x Heis are defined through bilinear skew-symmetric extension of the functionals

(1.3) $la,at) =A 5 ghal)=2z 5 oa,h) =2z

where A € R and z € C. Each 2-cocycle (1.3) defines a central extension CFE(Heis) of Heis and the corresponding
central extension is trivial if and only if z = 0. In what follows we will always assume that z # 0.

The centrally extended Heisenberg relations are (1.2) and

(1.4) la,a"|cpreisy = h+ANE ;5 [hallopmes) = 2 E 5 [, hlopmes) = 2B

where E # 0 is the self-adjoint central element and where, here and in the following, all omitted commutators are
assumed to be equal to zero.

Renaming h + A E by just h in (1.4) we obtain the 4-dimensional *Lie algebra CE(Heis) with generators a, a',
h, E (central element) satisfying the relations (1.2) and

(15) [aa aT]CE(Heis) =h ; [ha aT]CE(Heis) =zFE ; [av h]CE(Heis) =zFE

Moreover, the rescaling

2/3 2/3
il N

2 |2[2/3 h

(1.6) a— a;al —

shows that we may take z = 1. We therefore obtain the (canonical) CE(Heis) commutation relations

(1.7) [a, aWCE(Heis) =h ; [h, aT]CE(Hez’s) =F ; la, h)cp(Heis)y = E

Proposition 1. Commutation relations (1.7) define a nilpotent (therefore solvable) four—dimensional x—Lie algebra
CE(Heis) with generators a,a’,h and E.
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Proof. Let I} = a,ly = a',l3 = h,ly = E. Using (1.7) we have that

2, I3lcE(Heis) = —E 5 (I3, l]cBmesy = —E 5 [, 2]cpweis) = h
Hence

(1, [l2, I3lc B(Heis) | cE(Heis) = [l2: I3, e B(Heis)|cE(Heis) = [I3: 11, l2]cB(Heis) | cB(Heis) = 0
which implies that

(11, [l2, Is]cB(Heis) cB(Heis) + 2, I3, 1] cB(Heis) cB(HEes) T (135 11, 2] cB(Heis) | c E(Heis) = 0

i.e. the Jacobi identity is satisfied. To show that a,a’, h and E are linearly independent, suppose that

(1.8) aa+Bal +yh+5E=0
where a, 3,7, € C. Taking the commutator of (1.8) with af we find that

ah+~vE =0

which, after taking its commutator with af, implies that o E = 0. Since E # 0, it follows that o = 0 and (1.8) is
reduced to

(1.9) Bal +yh+5E=0
Taking the commutator of (1.9) with h we find that 5 F = 0. Hence 8 = 0 and (1.9) is reduced to

(1.10) Yyh+dE =0
Taking the commutator of (1.10) with af we find that v E = 0. Hence v = 0 and (1.10) is reduced to

0E=0
which implies that § = 0 as well. Finally

CE(Heis) * := [CE(Heis), CE(Heis)] = {yh+6E : ~,6 € C}

and

CE(Heis) ® := [CE(Heis) 2, CE(Heis)] = {0}
Therefore CE(Heis) is nilpotent and thus solvable. O

Proposition 2. Define p, ¢ and H by

(1.11) at=p+iq ; a=p-iq ; H=—ih/2

Then p,q, E are self-adjoint and H is skew-adjoint. Moreover p,q, E and H are the generators of a real four-
dimensional solvable x—Lie algebra with central element E and commutation relations

(112 p.al = H ; [0 H) = 3 B 5 [H.p] =0

Conversely, let p,q, H, E be the generators (with p,q, E self-adjoint and H skew-adjoint) of a real four-dimensional
solvable x—Lie algebra with central element E and commutation relations (1.12). Then, the operators defined by (1.11)
are the generators of the nontrivial central extension CE(Heis) of the Heisenberg algebra defined by (1.7), (1.2).
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Proof. The proof consists of a simple algebraic verification. |

There is a large literature on the classification of low dimensional Lie algebras (see [17]). In particular real four—
dimensional solvable Lie algebras were fully classified by Kruchkovich in 1954 (see [15]). There are exactly fifteen
isomorphism classes and they are listed, for example, in Proposition 2.1 of [16] (see references therein for additional
information). One of the fifteen Lie algebras that appear in the above mentioned classification list is the Galilei Lie
algebra denoted by 74 with generators &1, &2, &3, &4 and (non-zero) commutation relations among generators

(1.13) [€4,&1] = & ; (4, &) = &3

Corollary 1. The real form of CE(Heis), described in Proposition 2, can be identified to the Galilei algebra ny
defined above.

Proof. We may take
Ga=q ; &G=p ; L=-H ; Egz—%E
|
The Galilei Lie algebra 1y has also been studied by Feinsilver and Schott in [10]. In section 6 we study the
connection between our work and that of Feinsilver and Schott in detail.
2. BOSON REALIZATION OF C'E(Heis)

In this section we show how the generators a, af,h and E of CE(Heis) can be expressed in terms of a subset of
generators of the Schrodinger algebra.

Definition 1. Let bf, b and 1 be the generators of the Schridinger representation of the Heisenberg algebra, so that
(2.1) poll=1 5 @hi=p

The Schrédinger algebra, denoted by Schroed, is the siz—dimensional complex *—Lie algebra generated by b, bf, b2,
b2, bt b and 1.

Remark 1.
In the notation of Definition 1 it is well known that the following commutation relations take place:
(2.2) b—blb+bl =25 [(b— b2 b+ b1 = 4(b—b1) s bFON), F1) 8] = £/(BT)
for any analytic function f defined, weakly on the number vectors, by its series expansion.
Theorem 1. (Boson representation of CE(Heis)) Let {a™,a,h, E = 1} be the generators of CE(Heis).
For arbitrary p,r € R with r # 0, define the map:

2 .
(2.3) a € CE(Heis) — — <2 - ip) (b—b")? — 2L (b+b') € Schroed
r
2 .
(2.4) a' € CE(Heis) ~— — <il —I—ip) (b—b")2 + 227 (b+bl) € Schroed
(2.5) h e CE(Heis) + ir(b' —b) € Schroed ; 1¢c CE(Heis) — 1¢& Schroed

Then the maps defined above extend by linearity to injective x—Lie algebra homomorphisms.
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Proof. Both maps are injective because of the linear independence of the generators. Moreover in both cases (a')* = a
and h* = h. The statement follows from the identities

[a,al] = _TQ_,_' i[(b_be b—|—bT]—i -t b+ bf, (b—0"?
Galo= Ty TP 9y : or \ 2 P :
—r? i i [ —r?
(4 +zp> 5 (b—20") 27"(4 zp) (" —b) ir(b—0b")=h
_ (I S DA
a, ) = == (=in) b+ b1,b— b = — = (-2) = 1
and
F o (i) bt o " 9_1q
[h,a'] (zr)QT[b b, b+ '] 5
O
Remark 2.

Using the results of Theorem 1 we can obtain a simpler Boson representation, of CE(Heis). In fact, since

(2.6) a=Ab-b)24+BO+b); al=A0G-)24+BO+b); h=C @O —b)
where
(27) A_—ﬁ'B——i'C—'

’ IR T

we see that, since we have assumed for non-triviality that C' # 0, r # 0 and also

(2.8) AB—AB:—%#O
by defining
(2.9) pi=b—b ; qg:=b+b
we find that
Ba— Bal Aat — Aa
2.10 2o =
(2.10) P = UB-AB 1T AB-AB

which implies that the Lie algebra generated by {p?,p,q, 1} coincides with CE(Heis).

3. RANDOM VARIABLES IN CE(Heis)

Denote F the Hilbert space of the Schrodinger representation of b, bf, ® the vacuum vector, so that b® = 0 and
||®]| =1, and y()) = 5" the exponential vector with parameter A € C. Self-adjoint operators X on F correspond
to classical random variables with moment generating function (®,e*X @) and characteristic function (®,e?*X ®),
where s € R. In this section we compute the moment generating and characteristic functions of the self-adjoint
operator X = a + a' + h.



Lemma 1. (i) Let L € R and M,N € C. Then for all s € R such that2Ls+1>0

2 2
o (Lb24+L b —2Lb" b—L+M b4+ N bt) d — ewl(s)zﬁ ewg(s)m ews(s) @

where
Ls

1 - s
(3-1) wi(s) 29Ls+1

_ L(M+N)s*+Ns
(3.2) wa(s) = Sy
(3.3) w(8)_(M+N)2(L254+2Ls3)+3MN52 In(2Ls+1)
. 3(s) = _

6(2Ls+1) 2

(i) Let L € R and M,N € C. Then for all s € R

; 2 2ot b t N P2 t
eu;(Lb +Lb 2Lb"b—L+Mb+Nb )(I) — ewl(s)b ewg(s)b ewg(s)q)

where
Ls

4 N _
(34) n(s) 2Ls—i

. _ iL(M+N)s*>+Ns
(35) wals) = 9L s —i
(3.6) 53(3) (M +N)?(L?s*—2iLs3) —3MNs?> In(2iLs+1)
. w3z(s) =

6(2iLs+1) B 2
Proof. We will use the differential method of Proposition 4.1.1, Chapter 1 of [9]. To prove part (i) of the Lemma, let
(3.7) F(s) = ¢ (LB2+LbT°—2 Lot b—L+M b+ N bT) P
ewi ()b qwa(s) b Jws(s) @
(since bt, bt and 1 commute) = (¥ b wa () bl +ws(s) g

where w1, wa, w3 are scalar-valued functions with w;(0) = w2(0) = w3(0) = 0. Then

(3.8) % F(s) = (wi(s) b1 + wa(s) b + ws(s)) F(s)
and also
(3.9) 2F(s) = (LB +Lb° —2LbTb— L+ Mb+ Nb)F(s)

ds
= (LR + L2 2L b — L+ Mb+ Nbt)ewr (P Fua(9) bl +ua(s) ¢

Using (2.2) with f(b!) = e®1(®) b +wa(s) b +ws(s) and the fact that b® = 0 we find that

bE(s) = bf(b) @ = F/(b) & = 2wy (s) b +ws(s)) FB1) @ = (2wi(s) b +wa(s)) F(s)
and

b F(s) b(2wi(s) b + wa(s)) F(s) = (2wi(s) (1 +b'b) +wa(s) b) F(s)

(2w (s) + wa(s)? + 4wy (s) wa(s) b + 4wy (s)? sz) F(s)

and so (3.9) becomes



(3.10) EF(s) = {2Lwi(s) + Lwa(s)* — L+ Mwy(s)
+(4 Lw (s) wa(s) — 2 Lwy(s) + 2 Mw(s) + N) b
+(ALwi(s)? + L —4Lwy(s)) b} F(s)
From (3.8) and (3.10), after equating coefficients of 1, b" and bTQ7 we obtain

wi(s) = 4Lwi(s)> —4Lwi(s)+ L (Riccati differential equation)
why(s) = (4Lwi(s) —2L)wa(s) +2Mwi(s)+ N (Linear differential equation)
wh(s) = 2Lwi(s)+ Lwsy(s)? — L+ Muws(s)

with wy (0) = w2(0) = w3(0) = 0. Therefore wy,ws and w3 are given by (3.1)-(3.3).
t

(ii) is similar. It can also be obtained by replacing in (i), L, M, N by i L,i M,i N respectively.
O

The proof of par

Remark 3.
For L # 0 the Riccati equation

w)(s) =4 Lwi(s)> —4Lwi(s)+ L

appearing in the proof of Lemma 1 can be put in the canonical form

V'(s)=1+2aV(s)+BV(s)?
w1 (8)

of the theory of Bernoulli systems of chapters 5 and 6 of [9], where V(s) = % o = —2L and # = 4L*. Then
82 := a® — B = 0 which is characteristic of exponential and Gaussian systems ([9], Proposition 5.3.2).

Proposition 3. (Moment Generating Function) For all s € R such that 2Ls+1 >0

(M+N)2 (L2 54421 s3)43 M N 52

(3.11) (@, et gy — (2L s +1)"2e ey ey

where in the notation of Theorem 1

(3.12) L=—— ; M=—ir; N=ir
Proof. We have that
ata +h=Lu+Lbt>—2Lbb—L+Mb+Nb'

Therefore, in the notation of Lemma 1, using (ef(bf))T = e/® and the fact that for all scalars A we have that
e*?® = &, we obtain

(@, e° (a4a’+h) ) = (@, es(L b2+LbT 2 =2 LbT b—L+M b+N b) D)

= (D, ews(s) ®)
L (2L 1)V O RS g g

(M+N)2 (L2 544210 53)43 M N 52

— (2LS+1)71/26 6(2Ls+1)




Remark 4.
The term (2 L s + 1)~%/2 appearing in (3.11) is the moment generating function of a gamma random variable.

Proposition 4. (Characteristic Function) For all s € R

(M+N)2 (254 -2i0s3)-3M N s2

(3.13) (B, el @ta' ) oy = (2 Ls+1)"2e S@L D

where L, M, N are as in Proposition 3.

Proof. The proof is similar to that of Proposition 3 with the use of Lemma 1 (ii). As expected, the result can be
obtained from (3.11) by replacing s by i s. a

Remark 5.

The possibility of a direct Fock representation of CE(Heis), i.e. such that a ® = 0, was considered in [6].

4. REPRESENTATION OF C'E(Heis) IN TERMS OF TWO INDEPENDENT COPIES OF THE CCR

Theorem 2. For j,k € {1,2} let [q;,pc] = %0;% and [q;,qx) = [pj,pi] = 0 with p;r- = pj, q} =gq; and i* = —1.
Then, for arbitrary r € R and ¢ € C

(4.1) a = iq+(1+ir)p?+cgd
(4.2) al = g+ (1—ir)pl +eg
(4.3) h = —2p

and E := 1 satisfy the commutation relations (1.7) and the duality relations (1.1) of CE(Heis).

Proof. (1) It is easy to see that [qj,pi] =ipj, [qJQ-,pj] =1igq; and [qu,p?] = 2ip;q;j. Then

[a,a] =i[qu,p}] —i[p], 1] =i (ip1) —i(—ip1) = —2p1 = h

] =l =201+ @) =i (-Dlap] =i-2) (5) =1
and
] = 20 + )i+ = 2] =2 (—5) =1
Clearly (a')* = a and h* = h. The proofs of (ii) and (iii) are similar.
([l
Remark 6.
In the notation of Theorem 2 we may take
by + b] i (b — by) by + b} i (b5 — ba)
4.4 == 1. I S S VA _ 2T, _
( ) q1 2 y b1 2 5 42 2 ; D2 2

where
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(4'5) [blab“ = [b27b£] =1; [b];vb;] = [b1,b2] = [bhb;} = [b];’b2] =0

In that case Theorem 3 would extend to the product of the moment generating functions of two independent
random variables defined in terms of the generators of two mutually commuting Schrodinger algebras.

5. THE CENTRALLY EXTENDED HEISENBERG GROUP

To derive the group law of the group associated with CE(Heis) we will use the following;:

(i) For all X,Y € span{a,a’,h, E}
(5.1) 6X+Y = eX eY 67% [X?Y] eé (2 [Y[X,Y]]+[X,[X,Y]])

This is a special case of the general Zassenhaus formula (converse of the BCH formula, see for example [18] and [14])
and follows from the fact that all triple commutators of elements of span{a,a', h, E} are in the center.

(ii) If z, D and h are three operators satisfying the Heisenberg commutation relations,then (see [9])

(52) [Dvx]Heis = hv [D7h]Heis = [xah]Heis =0
then
(5.3) eSPDeb® — b@ s D pbsh ; Vs,b,c e C

(iii) For all A\, u € C (see [6] for the proofs)

(5.4) et euaT =et of eraernh eATu (k=2
2

(5.5) aete = e (a+ph+ %)

(56) eAae/J«hzeuhe/\ae)\H

(57) euh e)\llT _ e)\aT euhe)\u

(5.8) ael = e (a4 p)

(5.9) her = et (h+ )

Corollary 2. (Group Law) For u,v,w,y € C define

(5.10) g(u,v,w,y) == eua’ gvh gwagyB

Then the family of operators of the form (5.10) is a group with group law given by

(5.11) g(a,b,¢,d) g(A,B,C, D) =
2 2
= gla+ Ab+B+cAc+C, (C’;erA) n <C2A+c3) +d+ D)

The family of operators of the form (5.10) with u,v,w € R and y € C is a sub-group. The group R3 x C endowed
with the composition law (5.11) is called the centrally extended Heisenberg group.
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Proof.

t T
g(a567776)g(‘47Bvc’7D) = e eﬁhe'yaeAa eBh€CG€(5+D)E
_ eaaT eﬂh eAaT 6'yae’yAhe% (A—7) €Bh 6Ca6(6+D)E
— af eﬁh €A al v e e(’y A+B)h €C ae(5+D+% (A—y)E

+ + 2A (A
— eaal gAd Bh BA(YATB)h sva v (v A+B) ,Ca,(3+D+2 (A=) E

2 2
_  latA)al (B+BiyA) he(7+0)ae{(”§,‘ +BA)+(552 4y B)+6+D}E

A2 ZA
= g<a+A,B+B+7A,W+C, (72 +BA> + (72 +WB) +5+D>

6. MATRIX REPRESENTATION OF C'E(Heis)

In example (ix) of [10], Feinsilver and Schott considered the Galilei Lie algebra 74 mentioned in corollary 1 and
gave the explicit form of its adjoint representation:

0 (7] 0 Qs

! 0 0 [0 7N

(6.1) > aiki= 00 0 a
=1 00 0 0

where «; € C for i = 1,2, 3,4. From this they deduced that

2 2
aj aj oy

Loy 5 g + 552 4o
(6.2) Xt = | 0 1oy Tt

0 0 1 a

0 0 O 1

Defining the group elements
(6.3) gla,b,c,d) = 51 P82 o83 d&s

the group law

1
(6.4) gla,b,c,d)g(A,B,C,D)=g(a+ A, b+ B+dA,c+C+dB+ idQA,d—i—D)
can easily be verified through matrix multiplication since both sides are equal to

1 d+D L 1+dD+2 c+ LA +dB+C

0 1 d+ D b+dA+ B
(6.5) 0 0 1 a+ A
0 0 0 1

Using the identification of 74 with CE(Heis) one can then deduce the corresponding matrix representation for
CE(Heis). Following the proof of Corollary 1, we take ¢ = &4, p = &, H = —& and E = —2&3 and define
a=p—iq,al =p+igand h =2iH. Then p,q, H and E satisfy commutation relations (1.12) and, as in Corollary
1, a*,a,h and F satisfy the commutation relations (1.7) of CE(Heis). If we introduce the duality relations

(6.6) d=t:d=-tid=6¢=4
we conclude that at,a,h and E also satisfy the duality relations (1.1) of CE(Heis).
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Using (6.1) we will obtain a matrix representation of CE(Heis) (satisfying commutation relations (1.7) but not
duality relations (1.1)). We have

(67) 0416L+Ot2(lT+Ot3h+Oé4E: (041 —|-042)§1 —2i()t3§2—2044§3+i(0[2 —011)64
0 i(ag —011) 0 —2o0y
o 0 0 i(ag —011) —2i043
|0 0 0 ap + ag
0 0 0 0
and
(6.8) 60(1 a+t+a2 af+a3 h+ay4 E — e(a1+a2)§172ia3 Eo—2 0y €341 (a27a1)£4
[ 1 i(az—a1) —3(az—a1)? Haz—)(af—ad+6a3)—2ay |
0 1 i(ag — o) (a3 —a}—4ay)
0 0 1 a1 + Qg
0 0 0 1 ]
Remark 7.

As mentioned in [10], the generators &1, &2,&3,&4 can be represented on the space of smooth functions f(x) as
22/2, x,1 and D = d/dx respectively, with [D,z] = 1. Using the duality between x and D, given by the Fourier
transform, one sees that this representation is unitarily equivalent to the one discussed in Remark 2.

7. SECOND QUANTIZATION OF CEHeis

The quantum white noise functionals bI (creation density) and b; (annihilation density) satisfy the Boson com-
mutation relations

(7.1) [b2,b1] = 6(t = 5) 5 [b],b] = by, bs] = 0

where ¢, s € R and § is the Dirac delta function, as well as the duality relation

(7.2) (bs)* = b}

In order to consider the smeared fields defined by the higher powers of b; and bz, for a test function f and
n,k € {0,1,2,...}, the sesquilinear forms

(7.3) BI(f) = /R Ftyb" ok dt

with involution

(7.4) (BE(H)" = Bu(f)

were defined in [8]. In [1] and [2] we introduced the convolution type renormalization
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(7.5) St —s)=0d(s)d(t—s) ; 1=2,3,....

of the higher powers of the Dirac delta function, and by restricting to test functions f(¢) such that f(0) = 0 we
obtained the RHPWN x-Lie algebra commutation relations

(7.6) [BR(f), BR(9)| rrpwN = (kN — K n) Bl?iii(vjll(fg)

The easily checked commutation relations
(7.7) [BY(f) = Bo(f). BY(9) + By(9)] = 2By(fg)
(7.8) [B3(f) + B3(f) —2Bi(f) — Bo(f). Bi(9) + By (9)] = 4 (Bi(fg)—Bu(f9))

allow us to immediately extend the proof of Theorem 1 and realize the second quantized CEHeis commutation
relations

(79) [a(f)a al (g)]CE(Heis) = h(f g)
(710) [h(f)’a’T(g)]CE(Heis) = E(fg)
(7.11) [a(f), h(g)]CE(Heis) = E(fg)
as well as the duality relations
(7.12) a(f)" = al(f) ;s h(f)" = h(F) s B(f)" = E(f)

in terms of the first and second order RHPW N generators BY, B2, B}, BY, B, and Bj.

Theorem 3. (RHPWN representation of CE(Heis)) Let f, g be arbitrary test functions as in (7.6). For arbitrary
p,m € R with r # 0:

i

(7.13) oln) = ("~ i0) (B + B~ 2B - B - 5 (BY0)+ BY()
2 ‘

@1 d) = (T rin) (B + B - 28U - B + 5 (B + BD)
(7.15) h(f) = ir (Bo(f) = Bi(f))
(7.16) E(f) = B(f)

satisfy the second quantized CEHeis commutation relations (7.10)-(7.11) and the duality relations (7.12) above.
Proof. The proof is similar to that of theorem 1. O
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