ABOUT SOME GENERALIZATIONS OF (/\ ,M)»ICOMPACTNESS
Paolo Lipparini

In {MS} Makowsky and Shelah introduced the concept of [A,M J-com-
pactness and proved, among other things, that any [ A%, A*]-compact logic
allowing relativization is [A, %]—compact. Doés an analogous result hold
for (A, )\)—compactness, too? We find that the answer is yes if either A is
regular, or 2>~ = X', while the question is open in the other cases.

The proof of [MS]'s result relies on the fact that every { A¥, A")regu-
lar ultrafilter is ( A , A }-regular: we can state a more general fact concern-
ing the possibility of realizing a certain kind of types (in the sense of Ly,
At this point, however, the situation is not exactly as in [MS]: from (A%, N)-
compactness and arbitrary A we can only obtain almost N*-( A, A )-com—
pactness, for spme rather natural notion of almost compactness. Now, if A
is regular, or 2 = A*, then almost N™-(A ,A )-compactness implies
(A ,i )-compactness, and we have the desired result.

DEFINITIONS. A class K of models is almost { >\ ,M )}-compact in the
sense of the logic L iff the following holds: if X < L, |E |= A and every
subset of ¥ of cardinality <M has a model in K , then there exists X *c ¥,
such that |X *[= A and £ * has a model in K .

Kis (A, M )-compact iff the above conclusion can be strengthened to:

2 has a model in K . |

A logic L is [almost] K ~( A y M }-compact iff for every " <L of cardi-
nality < kK Mody (T )is [almost] { A, A )-compact in the sense of L {here,

)\ and M are infinite cardinals, and K can be any cardinal, or oo ; I‘riodL(fi )
is the class of all models of I of any type).

[>\ s M ]—compactness is oo—( A ,M J-compactness. :

For every cardinals A < A let Suy ()\ ) be the model <Spy ! % ), = ,{"i}%‘ék ;
and let T = (8, ( A, = T (S y+( A*)), and suppose w.l.o.g. =N T*=Q .
We write (A ,A{ ) K A%, M *) iff there exists a model A with unary pred-
icates U, U* such that (AMe)[UZ Sy (A ), (Ale9[U* ¥ 54 #( A %), and
| T A- (% U¥#*I< K and, for every BEA , if there is bé B such that B sat-
isfies U(b) and {0'1} < b, for every X £ A , then there is b¥€ B such that B
satisfies U*(b*) and {0(3 * & *b* forevery o € A*.

If in the preceding definitign we only ask that B satisfies U{b) and that
I f_f& € A\ | Bsatisfies { o} < b} | = A , We write "almost (A ,# )" in place
of { A ,Af); and similarly for b* and ( \ *, M *).

In all the preceding notations we omit K , if it is finite.

PROPOSITION 1. If k >sup{ 2", 2**} ,then (A, ) ==> ( A%, y#
iff every ( A, M)-regular ultrafilter is ( A%, M *)-regular.

See [MS] for the definition of regularity, and for some set theoretical
consequences of the existence of ( A A )-regular non regular ultrafilters.

Proposition 1 follows from the fact that complete extensions are limits
of ultrapowers, and that an ultrafilter D is ( A, M )-regular iff in Tl SM(X}



there exists an element greater than all [04;1 's (Ke A ).
- The connection with compactness is given by the following proposition,
whose proof uses a generalization for S (/\ ) of [MS, Proposition 2.1].
PROPOSITION 2. If K-g_sup[ A, A*] , then ( A JM) == ( A, M%)
implies that every K-{ A ,M )-compact logic is k—( A*, m*)l-compact. The
same holds replacing everywhere (A , &) with almost (A , M ), or { Z*, M%)
with almost { A *, M*), or both.

In some particular cases we know [Lp] that the converse of Proposition
Z also holds: we conjecture that this is always the case, whenever N\¥= M*,

LEMMA 1. (a) If A is regular, then almost (A, A)==> (A, \).

(b) For every A ;(ef A ef A ) == (A, A).

(e} If X\> M *>a4, then almost ( M, M) —= almost (A » M *).

(d) Suppose that kK > \ > > a and that there are subsets (X, Jyew
of A , each of cardinality v, such that if X © A\ has cardinality ) , then
Xd'c X[IX,nXl=v, respectively|, for some ®ek .

Then almost (A ' M) =L (Vv,M) [almost (A, M) LN almost (v ,M ),
respectively] .

(e) For every A > M, almost { A, 4 ) == almost (A s M ).

(OIf K > A" and X\> v > M, then almost (A ,M ) =2 (v , M ).

(@) If \> \* are regular, then ( A , )\ ) S-S ( A*, W\*)iff there exists
an expansion A of <}, <, se) With at most K new symbols such that -

whenever B = A, bé B and B satisfies of <bfor every e )\ , then there
exists b*€ B such that B satisfies K Sb*A* for every oe A*.

THEOREM 1. For every A there exists a finite expansion A of the
model <§+(h'r), C L tdgen o U Uydy ¢ ) » Where U is Sef NefA) and

U, is S\,( )\*‘) for every wv< }\ , such that flor' every B= A , if there is
b€ B such that B satisfies ED{} < b, for every o € \*, then thereis
b* € B such that either B satisfies U(b*) and £B 3 < b*, for every BE cfA,
or for some regular v < )\ B satisfies U, (b*) and [{B € AY| B satisfies
Eﬁ,}cb*%[z}ﬁ_ |

COROLLARY 1. (a) For every >\ , (AT, }.*) == almost ()N ,>~ ).

(b} If A is regular, then ( A A == (A ,>\ ).

(@ If K> 2 ,then (N*, A B (AN

In view of (a suitable variation of) Proposition 1, Theorem 1 is a gen-
eralization of | CN, Theorem 8.32] . A suggestive stitement for Theorem 1
could be: { A*, \") =— {(cf A , cf A ) or almost (}\ , V) for some regu-

lar y < }\3

Proposition 2 and Cerollary 1 immediately yield:

THEOREM 2. (a) Every ( A*, \*)-compact logic is almost ,\*—(A ,)\ )-
compact.

{b) tlf either A is regular, or 2:'t = >\+ , then every ( A1, )\"‘)—comgact
logic is ( A , A J-compact. '

(c) Every 2> M, W H-compact logic is ( A, N )-compact.




We mention also the following result that [MS] forgot to draw from
[CN, Theorem 8.32] : -

THEOREM 3. If cf(A )£ A andLisa [ A%, N*]-compact logic,

then either L is [e¢f A, of A J-compact, or L is [ \*, Y |-compact for some
Y<N. :

Let us now talk about some open problems: first, does { )\+, )ﬁ)—com—
pactness imply { A . >\)~compactness, for every ) 2 or, more generally, are
there examples of almost ( A, M )-compact non { A, M)-compact logics? We
feel that such examples exist, but we know none (of course, even if almost
compactness is always equivalent to compactness, this new concept is use-
ful, since we need it in the proof of Theorem 2).

A more detailed study of the relation { A s M) —K*—> { >~.*, M *) seems
rather difficult, and involves set theoretical axioms with some flavour of
large cardinals, as so does the more particular relation "every ( X, M »reg-
ular ultrafilter is ( A *, M *)-regular”. In some cases [Lp]a version of Prop-
osition 1 holds for regularity of prime filters in Boolean algebras and small-
erK's.

Another problem is: try to generalize for ( A ,M }-compactness other
results of [MS|for [A ,M J-compactness. We know that ( A, X }-compact-
ness for some /\ implies { K , W )-compactness for some weakly compact
cardinal K (the analogue for [ A , A ]-compactness, implicit in [ms],
yields a measurable K, ). We conjecture that an analogue of [MS, Theorem
4.3] holds, that is: if L is (& , W )-compact and OC(L) is less than the first.
uncountable weakly compact cardinal, then OC(L)= W

A more general problem is to find a family playing the role for ( A s M -
~compactness the family UF(L) plays for [ A , 4 J-compactness.
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