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Abstract. We introduce the class of generic quantum Markov semigroups. Within this class
we study the class corresponding to the Fock case which is further split into four sub-classes
each of which contains both bounded and unbounded generators, depending on some global
characteristics of the intensities of jumps. For the first two of these classes we find an explicit
solution which reduces the problem of finding the quantum semigroup to the calculation of two
classical semigroups, one of which is diagonal (in suitable basis) and the other one is triangular
(in the same basis). In the bounded case our formula gives the unique solution. In the unbounded
case it gives one solution, which we conjecture to be the minimal one.

1. Introduction

On quantum Markov semigroups and their generators many deep results are avail-
able and we refer to the monograph [6] or to the extensive survey article [9] for
updated overviews as well as for a bibliography and [5, 10, 4] for more recent re-
sults. However, often one is interested in particular physical models, and one needs
more detailed information which not always are available from the general theory.

In particular, the class of generators for which an explicit solution of the asso-
ciated master equation is available, is at the moment rather narrow. On the other
hand the stochastic limit of quantum theory, when applied to quantum interacting
particles, shows that the simplest class of generators corresponds to the so called
“generic system”, introduced in [1]. In the present paper we begin the investiga-
tion of this class and we prove that, at least in the Fock case (plus an additional
“non explosive” condition) it is possible to deduce a fairly explicit formula which
reduces the solution of the corresponding master equation to the solution of a
classical master equation. This implies a significant reduction of the complexity of
the problem. For example, in the finite dimensional case, this reduces the problem
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from an n° X n® matrix to an n x n one, which is a huge reduction for numerical
calculations. The main result of this note is Theorem 6.

2. Classes of Markov Semigroups

If we neglect the Hamiltonian part, the Markov semigroup obtained in the stochas-
tic limit of a discrete system with generic free Hamiltonian Hg acting on a (separa-
ble) Hilbert space Hg and interacting with a mean zero, gauge invariant Gaussian
field through an interaction Hamiltonian of dipole type Hf = D ® A;‘ + Dt ® A,
cf. [1, p.36,(1.1.99)] is:

Le(@) = Y. {v;a/(\o><a|<a’,m’>—%{x,\oxau)

o (19200 020 = 5 (o) | 2 e Bls), )

where the suffix Re, in Lre, means that we are neglecting the Hamiltonian term
in the generator; (|o)) is an orthonormal basis of Hg

(0,0) =dor, D lo)ol =1,

whose elements are the eigenvectors of the free Hamiltonian (Hg = ) e,|0)(0]).
The genericity of Hg implies that it has nondegenerate pure point spectrum. In
the following, to keep a bridge with physical intuition, it will be convenient to
suppose that the vectors |o) are labelled by the corresponding energies ¢, rather
than by the sequence of natural numbers.

Once fixed the basis |o), the generator Lge is uniquely determined by the
coefficients ’y;ca,, which encode the whole physical information on the system S.
They are positive real numbers such that

'yaia/ =0 if &5 <ey (2)

(in particular they are zero on the diagonal) and which represent the real part
of the “generalized susceptibilities” whose structure, deduced through stochastic
limit techniques, is described in [3, p.19-21]. Physically v, represents the rate
of jumps “up” (e, 1 €,) and ~y__, represents the rate of jumps “down” (g5 | €o7).
Let us introduce the notations

loY(o| =: Py, (3)
(o,xz0) =: o(x). (4)

Then
PUPU’ = 60'0"P0'7 ZPO' = 1) (5)

o (xP,) = o (P,x) = 0,90 (). (6)
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In these notations the generator (1) becomes

Lpe(z) = Z [7;;/ (Paal(w) - % {$7PU}) +7;—g/ (PU/J(.I‘) - % {x’Pa’}>:| .

e 1<Eo
(7)
Our goal is to study various classes of these semigroups and to classify them
according to the properties of the coefficients ’yaia,.
In the following we will omit the suffix Re, in Lpe, because throughout the
present paper we consider only this case.

3. The Simplest Class of Generators

The simplest class of Markovian generators is obtained when there are no jumps
up:

v, =0, Vao,o, (8)
and there is a single (nonzero) jump down (2-level system):
D = |og){op|, Eoty < Eqy - 9)
In this case
loo) L (o0l (10)
and 1
L(@) = Yy (00} (00l (0 0h) = 5 {2 loo) oo} ) (11)

This is an elementary semigroup about which everything is well known. The dis-
cussion that follows isolates some algebraic properties, of the various pieces which
form the generator of this semigroup, which persist in the infinite dimensional case
and which allow to deduce, also in this case, a formula similar to the one deduced
in the present section.

LEMMA 1 Defining

Si(z) = |oo){ool{of, o) =: o4(z)Py, , (12)
1
Sa(x) = D) {z, Py, }, (13)
one has
SQ(PUO) = — b, (14)
and, since oy L o), then
S1(Py,) = 0, (15)
so that in particular (16) holds
S? = 0. (16)
Conditions (15) and (14) imply the following commutation relations:
$18, = 0, (17)

S8, = -8 (18)
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Proof. 1In fact, from (12) and (13) it follows that

$i820) = 8i( =5 (0. Po}) = —5 (S1(0Pa) + 51(Pry2)

1
= _5 |UO><UO‘ ((J(,),.Z‘PUOJ& + <06,P00.1‘06>> = 0?

S251(z) = 00(2)S2(Pry) = —00(2)Psy = —Si(2)
and this proves the statement. O
THEOREM 1 It holds
l1152) = ¢t 4 (1 7S, (19)

Proof.  Given the relations (17) (18), (16), the identity (19) follows from the
identity
(S1+ S2) (" + (1 —e")S1) = Sae™ +e7'5y, (20)

which is the derivative of the right hand side of (19). So the two sides of (19) satisfy
the same ordinary differential equation with the same initial condition, hence they
coincide. (]

COROLLARY 2 The semigroup generated by
_ _ 1 _
L7(@) = oy (Pro0b(@) = 5 {Pons2}) = 7 (S1+8)(@)  (21)
18
—ty_ /2 —ty_ /2

et (z) = (e 207" Py + Pé)x(e 70:7%" P+ Pé)) + (1 — e Hop(z) Py, -

Proof. From Theorem 1, with the time rescaling ¢t — Voot WE can restrict our
0
consideration to the semigroup

e~ Poge 2P0 = Pl(z).
Its generator is
o Pix) = —lpgol‘—l‘lpgo = So(x).
t=0 2 2
Thus
e 52 (z) = 6_%{13”0"}(1‘) = e 2Fooge 5P

But P,, = |og) (00| is a self-adjoint projection. Therefore
efépdo = eit/QPUO + PUJ(') .

Hence .
e 2P0 gy = (e712P,, + PUJ(‘)) z (e P, + PUJ(‘))

from which and (12) the statement follows. O
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4. Generators with y© =0

In this section we begin to study the class of generators of the form (7), (2)
under the additional condition (8). These generators will be called generic Fock
generators because, in the stochastic limit, they arise from interactions of systems
with a generic free Hamiltonian Hg (cf. [1]) and with fields in the Fock state (i.e
when the Gaussian field, mentioned in the beginning of Sect. 2., is a Fock field).
Such generators have the form

Lo@) = Y v (Pola) — 5 (2. P)). (22)
€1 <Eo
In the following we will frequently use the following simple remark:
LEMMA 2 Suppose that AB = BA. Then
{B,{A,-}} = {AAB,-}}
B[4, -]] = [A4IB,-]].
Proof.
{B,{A,z}} = {B,Az}+{B,zA} = BAx+ AxB + BxA+ zAB
ABx + BxA+ AzB+xBA = {A, Bz} + {A,zB}
{A,{B,z}}

and similarly for the commutator. O

The following lemma is applicable to a slightly larger class of generators than
those considered here.

LEMMA 3 In the notations (5), (6) define ¥V 0,0’

Spo(x) = Pyo'(z), (23)
1

Se(z) = —3 {z,P,}. (24)

Then N o,0’, 7,7
Sa,a/ ST = _(50/,750,0/ (25)
STSU,U’ = _50,750,0" (26)
S;Sy = S84 (27)
SU,U’ST,T’ = 50’,7'50,7" . (28)

Proof.
SomrSe(x) = Pro'(Se(z)) = —%PC, o (&P — %Pc, o (Pya)
1 1
= —§PC, dgrr0’ (1) — §PU 0pr70' (x) = —0417 Pyo’ ()

- _50"7500/ (x)
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and this proves (25).

5SS (a) = o @)5(B) = (@)~ 5 {PrP))
= —0/(2)Pybrs = 070 Saa ()
and this proves (26). (27) follows from Lemma 2. Finally,
SoorSer(x) = 7(2)Se0(Pr) = 7'(x)0’(Pr) Py
()3 Py = S S (1)
and this proves (28). O

In the notations (23), (24) the generator (22) takes the form

L™= ) %o +55) = > L, (29)

€y <Eo g1 <Eo

In general the L__, will not commute among themselves.
Let us now introduce the notation

Ay= Y Y (30)
{O'ZEO./<5U}

Notice that the v__, are positive. Therefore

Vo A, >,

oo’
Vo A, =0 < 9., =0.
We distinguish 4 cases:

Vo 0< A\, <+oc0 (31)

do A\, =0; Vo A, <+oo (32)
do A\, =+o00; Vo A, >0 (33)
do A\, =0; d7 A =+00. (34)

With the condition (31) the generator L™ can be written in the GKSL (Gorini-
Kossakowski-Sudarshan-Lindblad) form:

L (z) = =Gz + > VipaVee —2G,

EGI<EU

where G = >, A |0’) (0’| and V,or = /7, ..|0")(0|. Here G is self-adjoint and
the V,, are bounded. Therefore the general method of the minimal semigroup

(see [7,8]) can be applied. Our method instead will use the special structure of
the present class of generators to deduce an explicit formula.
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Remark 1 If in the expression

ZA;, [ > (1‘_5 Soor + So">:|

{o:e,<es}

we introduce the stochastic matrix

Yo _ _ . _ _ _
;—f = Py Doy =0 if A =0, p,, >0, > p =1
o/ o

then the generator (29) takes the form

YA Y. (D Seer +Sor).

o’ {o:e,1<es}

5. The Class: v© =0, 0< A\~ < o0

In the notations of Sect. 4 we begin to study those Markovian generators which
satisfy conditions (8) and (31). Under these conditions the generator (29) takes
the form

L= = 3 98+ 30 (3 9 )So = D Ao Sow + A5 S5 (35)

g1 <Eo o E,1<Ec E,1<Eo a

For any matrix

x = (Tpor)
let us introduce the notation
Sl(x) = Zajaa’saa’ (36)
and for any diagonal matrix
A= (500/ )\a/)

we denote

So(A) = D AsSs. (37)
g
With these notations, the generator L™ can be written as

L™ = 51(v7) + 52(A7), (38)

where v~ denotes the triangular matrix

_ ’Y(;U’ if Eot < Eg
;= 39
O ) { 0  otherwise (39)

and A\~ denotes the diagonal matrix

()‘_)0/7' = (50/7)\;/' (40)
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LEMMA 4 Both maps

x+— Si(x), A= So(N) (41)

are linear and continuous in norm. S1(-) is multiplicative and the range of Sa(-)

is abelian.

Proof. Given two matrices z, 2/ one has, using (28)

Sl (l‘)Sl (l‘/) =

! !
§ § xa’a’mm—/Saa’STT’ = § xUU,xTT/éo',TSU,T’

o0’ T,7' o0’ ;7,71

Z (Zxaalx‘,"f’)sﬂf’ = Sy(xz').

Therefore S7 is multiplicative.
If A, \ are diagonal matrices, then using (27)

S5 (N)S2(N) Z)\ N, SySy = ZX AoSsSy = So(N)Sa(N).
Since linearity is obvious in both cases, this ends the proof. O

LEMMA 5 In the notations (36), (37), for any m, n € N and s, t € R, one has:

S1(y)"S(AT)" = (=D)"Si(y AT, (42)
Sop(AT)"Si(vT)" = (-1 )m51(>\_m ), (43)
Si(y7)e ) Si(y e ),
S R
e$92(A7) tS1(v7) Sl(e_‘s}‘_ ty~ ).

Proof. Let us observe that

S1(77)82(A7)

S2(A7)51(77)

= Z Z ’)/;U, /\;SUU/ Sf = — Z Z ’Y;U/ /\;50’7'500’

By induction from (45)

- —Zv;, A Soer = —S1(y7A7), (44)
= Z Z )‘7— ’Ygg 1SrS6e1 = — Z Z )\7— ’YUU 1067 S0

= —me Spqr = —Sl(m—). (45)
So(AT)"S1(v7) = (—1)"Si(AT"y 7). (46)

Hence, by the linearity and norm continuity of the maps (41)

2078 (7)) = Si(e™ 7).
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By induction from (44)
S1(y7)S (A7) = (=1)"Si(y"AT). (47)
By the linearity and continuity of the maps (41)
S1(y7)e2) = 5y (yme ™).
Combining (46), (47) and the multiplicative property of Si, one obtains

So(AT)"S1 ()™ = Sa(AT)"Si(y)Si(y ) !
(—1)"S1 (A" ) S1(y ")
(=D)"S1 (A"

From this one deduces that
6552()\7)et51 ) — Sl(efs)\* et'y*) )
Similarly

S1(Y7)™S (A7) = Si(y7)" IS (Y T) S (A"
= Si(y" ™ NS (T (=1)"A)
= Si(y""(=1)"AT).

From this one deduces that

6551(7_)€t52()\_) _ Sl(esv_ eft)\_) )

LEMMA 6 For any n € N
(51(v7) +52(A7))" = S2(A7)" = Si((=A7)") + Si((v™ = A7)"). (48)

Proof. 1t is convenient to write

With this notation
($107)+ 00" = (X 8.00))
ee{1,2}

— Z 551(081)““9571(05")

{EZ(E1,...,En)E{1,2}"}

n—1
= Sa(0)"+ > > Sey(0c,) -+ S, (Be,,)

k=0 {ze{1,2}",|{j:e;=2}=k[}
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n—1
= S2(62)" + Z(_l)k Z 51(961 o be,)
k=0 {ge{1,2}n,|{j:e;=2}|=k}
— So(B2)" — S1((—1)"82) + 51(2(—1)’f 3 6., .. 9)

=0 (e{L.2}" |{Gie;=2}| =k}
= So(6a)" — S1((—=1)"05) + S1((01 — 62)") .

COROLLARY 3 It holds

6t(S1 (Y)+S2(A7)) — 6t52()\_) -5 (e—tA_) + Sl(et(w_ —A‘)) ) (49)
Proof. The proof follows from (48) plus the linearity and continuity of Sy, So. O

LEMMA 7 For each eigenvector |o) of Hg, define the contraction semigroup

V= e /2p, 4 Pt (50)

g

Then {V! : o € Sp(Hg)} is a commuting family of contraction semigroups and

one has
5207 (z) = HV;’:UV; = (HV;):C(HV;) , (51)

where the product [], VY is strongly convergent.

Proof. From the definition (37) of S2(A) it follows that
So(A) = D AsSs.

Therefore, from (27)

etS2(N) — t3o A0S Het)\aSa‘
g

From (24) we know that
1
So(x) = _§{$7PU}

so that

_t

et (z) = e 2FogemaPr = (e*t/ZPa—l—Pj)x(e*%Pa—i—Pj‘).

From this (51) immediately follows. O
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LEMMA 8 If (|o)) is any orthonormal set, then

[[e™"2P, + Py = > e 2P, + [ P (52)

g

In particular, if (|o)) is an orthonormal basis

H(eft)\a/QPU v Ph = Zeft’\"/QPa- (53)

[

Proof. To evaluate the product consider first the case of 2 factors:

—t

2P, + PPt

—tAg i —tAr 1 —tAg
(e : Pa—i—PU)(e : PT+PT) = %P, te

Suppose by induction that

n —tAo; n n —tAo; n N
[L(c7= Py 4 Py) = o= py + [T R (54)
j=1 j=1 j=1
Then
n+1 —tAo; i " _ax n n —thop 1 n
H(e ’ PUj+PUj) - (Ze Uij’fJFHPUj)(e ’ P""“+P"n+1)
j=1 j=1 j=1
n ~tAo, —tAop, 1 n+1
- Ze z Py te P0n+1+HPUlj'
j=1 j=1

Therefore (54) holds V' n € N. From this we deduce that, for every finite set F'

I1 <e‘?”Pa+Pj) - Y e R+ [[ P

oel ceF ceF

Passing to the limit we see that (52) holds for every countable set F'.
Finally the assumption that (|o))ser is an orthonormal basis of Hg implies

that
17 =o.
oeT
O
COROLLARY 4 Under the assumptions (8) and (31) if
Ay = infA; > 0, (55)
then one has,
Vo o lim e507)(2) = 0. (56)

t—4o00
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Proof. From (50), (51) it follows that
[1Vi = [[(e™ 2P, + Pty = > e /2P,
g

o g

Therefore -
200 = (TTv2)=(11%)
with -
20 (@) < e e
and this proves (56). O

COROLLARY 5 It holds
¢"2(1) = Y e P,

Proof.
- 2
e200(1) = TI0H? = [l 2r + PH? = (e /2p,)
and the thesis follows from (53). O

LEMMA 9 Under the assumption (55) one has

lim Si(e”™") = 0. (57)

t—o00

Proof.  From (40) we know that A~ is a diagonal matrix hence, from (36) it follows
that

S1AT) =D A, Soo (58)
Therefore

Sl(e—ﬁ\_) — Z €_t>\; Saa — e_t)‘i_nf Z €_t()\;_>\i_“f)SUU )
o o

Now for any x € Bg and £ € Hg

2 2

Yoo@bt| =) llo@)Pt]® < Y lo(@)2|PEl

g
< =P IPEIR = ll=lPliEl®.
(e

D Soq(x)é

Therefore - B
[S1(e™ )| < e Phinr ||

and from (57) follows. O
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LEMMA 10 It holds
S = YR,

g

Proof.  Using (23) and (36) we find

Sie)(1) = Y e S,,(1) = Y e Pylolo) = > e P,

[ [ea

LEMMA 11 It holds
Si(v" =A7)(1) = 0.

Proof. From (36) we have

51(7_ - )‘_)(1) = Z(Pyaa/ - 500')\;’)5‘7‘7/(1)

o,0’!

= ZP)/UU/PO'_Z(SUU/)\;PU = Z)‘;PU_Z)‘;PU =0
o,0’ o,0’ o o

O

Let us summarize the main result of our analysis in the following result which
essentially reduces the study of the quantum generators of this class to the study
of a classical triangular generator plus a diagonal one, which is easy.

THEOREM 6 In the generic Fock case (8) and for the class of generators (35)
satisfying the additional condition (81) the right hand side of the identity

(@) = 3 O 25 o o) o' + S [Z (etﬁ*—“) /a'(x)} P,
o#o’ o o’ o7
and where the predual semigroup associated is
(€ )u(p) = 3 O 2o o) (o + 30 [ D0 (<07 AD)  Palap)
o#o’! o o’ o7
defines a solution of the master equation associated to the generator L—. This

solution is unique if the generator is bounded.
Proof. Let us observe that
et (x) = OTFROT) ()

eth()\_)(l,) _ Sl(e_t’\_)(x) + Sl(et("/_—)\_))(.’ﬂ),
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where v~ and A~ are given by (30) and (39), respectively. If (|o)) is an orthonormal
basis then

el (z) = (zl;e_t;;f’a)x<;e_i;;f’a>
+> (™) s, +Z( 07 S (@)

= Z e A tAN2Pp P, — Z e~ o (x)P,

—i—Z( 77}‘) P—i—Z( 'Y*)‘>UU(3:)PU
= Zoii“wa'”%o;m'>|a><o’|
ool
+ Z [(eit(v_*)‘_owa(az) + Z (6%(7_7)‘_))00/0’(:1:)} P,
4 {o’;0'#0}
- Z et N2 5 16! o) (o!| + Z [Z (et(“’__’\_))wla’(ac)} P,.

o#o’! o o’

To find the predual semigroup associated, we use the following relation:

tr (e )u(p)z) = tr (p(e ) (@)
when z € B(H) and p € Fi(H). O
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