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Abstract The system of partial differential equations

—div(vDu) = f inQ
[Dul—1=0 in {v > 0}

arises in the analysis of mathematical models for sandpile growth and in the con-
text of the Monge—Kantorovich optimal mass transport theory. A representation
formula for the solutions of a related boundary value problem is here obtained,
extending the previous two-dimensional result of the first two authors to arbitrary
space dimension. An application to the minimization of integral functionals of the
form

/Q[h(IDMI) — f()uldx,

with f > 0, and & > 0 possibly non-convex, is also included.
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1 Introduction

This paper is concerned with the system of partial differential equations

—div(vDu) = f inQ
v>0, |[Dul <1 inQ (1)
|Dul —1=0 in {v > 0},

complemented with the conditions

u>0, inQ
{ (2)

u=0 onodQ.

Here  C R” is a bounded domain with C? boundary and f > 0 is a continuous
function in €.

The interest in the above problem can be motivated in several ways. For in-
stance, (1)—(2) characterizes the equilibrium solutions of a system of PDEs in-
troduced in [3] and in [17] as a dynamical model for granular matter. Moreover,
system (1)—(2) plays the role of necessary conditions in the Monge—Kantorovich
optimal mass transport theory, as shown in [12]. Problem (1)—(2) has been ana-
lyzed by the first two authors in [4] in the case of dimension n = 2, obtaining a
representation formula for the solution. In this paper we will generalize the result
of [4] to an arbitrary space dimension, characterizing the unique solution (in a
suitable weak sense) of (1)—(2).

To describe the result more precisely, let us introduce our notations. We denote
by d : @ — R the distance function from the boundary of 2 and by X the singular
set of d, that is the set of points x € 2 at which d is not differentiable. Moreover,
we indicate with I1(x) the set of projections of x onto 92 and, when x € Q\ X, we
denote by «;(x),i € {1, ..., n — 1}, the principal curvatures of 9$2 at the (unique)
projection IT(x) of x onto d€2. In our analysis, a major role will be played by the
function ~

T(x) =min{t > 0:x +tDd(x) € £} Vx € Q\Z,
which we call the maximal retraction length of €2 onto Y or normal distance to
2.

We will prove that, in arbitrary space dimension, the unique solution of system
(1)—~(2) is given by the pair (d, vs), where d is the distance function from the
boundary 9€2 and

07 (2) = { T f O+ eDd () T2 U060 g vy e AN

Vx € Z.
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The fact that relevant objects in Monge—Kantorovich theory can be represented
in terms of the principal curvatures of 92 is certainly not new in the literature. For
instance, see the representation formula for the dynamic of a collapsing sandpile
obtained first, in [11], by a formal computation, and then in [15] by a rigorous
argument. Nevertheless, formula (3) is new—to our knowledge—and so is the
existence of a continuous solution v to (1)—(2), except for the case n = 2 studied
by the first two authors of this paper in [4].

Let us now compare the present work with its two-dimensional analogue [4].
On the one hand, showing that (d, v¢) is a solution of (1)=(2) follows the same
lines as in dimension two. On the other hand, the proof of the fact that (d, v¢) is
the unique solution to (1)—(2) requires completely different arguments. In fact, in
dimension two one can exploit the relatively simple structure of ¥ to show—by
a direct argument—that any solution (u, v) of (1)—(2) satisfies # = d in the set
{x € Q : vg(x) > 0} and v = 0 on X. Such a technique cannot be extended to
higher space dimension due to obvious topological obstructions.

In this paper, uniqueness is obtained as follows. To see that the first component
of a solution of (1)—(2) is given by the distance function, we adapt an idea of [21],
showing that (u, v) is a saddle point of a suitable integral functional. Then, to
identify the second component of (u, v) with the function vy, we compute the
variation of v along all rays x + tDd(x), 0 < t < t(x)—which cover the set
Q2 \ X—as follows:

n—1

1 — (d(x) + )k (x)
v(x) — E T doe ) v(x + tDd(x))
n—1
! 1 — (d(x) + 5)Ki(x)
= /0 f(x +sDd(x)) I dom () ds. 4

i=1

Finally, using the fact that v = 0 on ¥—which can be proven by a blow up
argument as in [12]—we easily deduce that v = vy in .
We conclude this paper with an application to a problem in the Calculus of
Variations which may seem quite unrelated to the present context at first glance.
Let us consider an integral functional of the form

Jo(u) = fg[h(lDul) — foul dx, ue Wy (), Q)

where f € L°°(Q2) is a nonnegative function and 4: [0, +00) — [0, +0o0] is a
lower semicontinuous function (possibly with non-convex values) satisfying

h(R) =0, h(s) > max{0, A(s — R)} forsomeconstants R, A > 0. (6)

In a pioneering work [8], A. Cellina proved that, if €2 is a convex domain (that
is, an open bounded convex set) in R? with piecewise smooth (C?) boundary and
f =1, then Jy does attain its minimum in WO1 )1 (f2), and a minimizer is explicitly
given by the function

ug(x) =Rdx), x e, @)

provided that the inradius g of €2 is small enough. (We recall that rq is the supre-
mum of the radii of all balls contained in €2.) This result has been extended to
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convex domains in R” and to more general functionals in subsequent works (see
[6,7, 10,23, 24]). One common point of all these results is that the set €2 is always
a convex subset of R”.

In this paper we will prove that the function ug defined in (7) is a minimizer of

the functional Jy in W(} )1 (£2) even on possibly nonconvex domains €2. This exten-
sion to nonconvex domains will be obtained as a consequence of the representation
formula for the solution of system (1)—(2).

This paper is organized as follows. Section 2 is concerned with notations and
preliminary results. In Sect. 3 we show that (d, v¢) is a solution of system (1)—(2)
in a suitable weak sense. Section 4 is devoted to the proof of uniqueness of such
a pair as a solution of system (1)—(2). Finally, Sect. 5 contains our application
to the existence of distance-like minimizers for the class of integral functionals

).

2 Preliminaries and Notations

Most of the results of this section and of the following one are a simple gener-
alization of those given in [4]. So, whenever we omit a proof, we understand a
reference to [4].

Let © be a bounded domain with C? boundary 3. In what follows we denote
by d : Q@ — R the distance function from the boundary of Q and by X the singular
set of d, that is, the set of points x € € at which d is not differentiable. Since d
is Lipschitz continuous, ¥ has Lebesgue measure zero. Introducing the projection
IT(x) of x onto €2 in the usual way, X is also the set of points x at which IT(x)
is not a singleton.

Forany x € 0Q2andi = 1,...,n — 1, the number «;(x) denotes the ith
principal curvature of 92 at the point x, corresponding to a principal direction
e; (x) orthogonal to Dd(x), with the sign convention «; > 0 if the normal section
of 2 along the direction e; is convex. Also, we will label in the same way the
extension of «; to Q \ ¥ given by

ki(x) = ki (TI(x)) Vx e Q\X. (8)

In the result below, p ® ¢ stands for the tensor product of two vectors p, g €
R”, defined as (p ® ¢)(x) = p (g, x), Vx € R". We refer to [16] for the proof of
the representation formula for the Hessian matrix of d.

Proposition 2.1 For any x € Q and any y € T1(x) we have
ki(d(x) <1 Vi=1,...,n—1.

If, in addition, x € 8_2\2_3, then

n—1 )
ki(x)d(x) <1 and D?*d(x) = — Z %ei(x) ® e;(x)
i=1 !

where e;(x) is the unit eigenvector corresponding to %
0
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Remark 2.2 Note that the regularity of €2 guarantees that the principal curvatures
Kk; are continuous functions on 9£2.

The set I' of points x € 2\ X such that the equality sign holds in (2.1) for
some index i is called the set of regular conjugate points. It represents, in the sense
explained in the proposition below, the “boundary” of the singular set .

Proposition 2.2 Under the assumption that Q is a bounded domain with c?
boundary 92, we have ¥ C Q and ¥ = X UT.

Now, let us focus on the function
minit >0:x +tDd(x ef} Vx € Q\X,
7(x) = [ { ) \ ©)
Vx € 2.

Since the map x — x + 7(x)D d(x) is a natural retraction of Q onto ¥, we
will refer to 7(-) as the maximal retraction length of Q onto X or normal distance
to X.

Let us analyze the regularity properties of . The first theorem is a fine regu-
larity result due to Li and Nirenberg (see [19]).

Theorem 2.4 Let Q2 be a bounded domain in R" with boundary of class C*'. Then
the map t defined in (9) is Lipschitz continuous on 9S2.

Hereafter, we will denote by Lip(t) the Lipschitz semi-norm of 7 on 9<.
Since x = x + t(x)D d(x) maps 02 onto X, a straightforward application of
Theorem 2.4 is that the (n — 1)-dimensional Hausdorff measure of X is finite:

Corollary 2.5 Let Q be a bounded domain in R" with boundary of class C>'.
Then,

H'N(E) < koM (09) < o0
where kg > 0 is a constant depending on Lip(t) and 2.

For less regular domains the Lipschitz continuity of T may fail, but continuity
is preserved.

Lemma 2.6 Assume that Q2 is a connected bounded open subset of R" with C?
boundary. Then the map t, extended to 0 on X, is continuous in S2.

We now give an approximation result that guarantees the stability of the sin-
gular set and of the maximal retraction length with respect to the convergence in
the C? topology. Let us first define the signed distance from 9<2 as

b () dy(x) if XER"\§
X) = —
¢ —dyo(x) if xeQ.

We say that a sequence of bounded domains {€2;} with C? boundary converges
to € in the C? topology if bg, , Dbg, and Dzbgk converge to bg, Dbg and Dsz,
uniformly in a neighborhood of 9€2.
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Proposition 2.7 Let {Q;} be a sequence of bounded domains with C* boundary.
For any k € N, denote by ¥y and v, respectively, the singular set and maximal
retraction length of Q. If {Q} converges to Q in the C? topology, then {Z)
converges to % in the Hausdorff topology, and {ty} converges to Tt uniformly on
all compact subsets of 2.

We conclude this section with the definition of viscosity solutions for the
eikonal equation and the connection with the distance function d from €2.

For any measurable set A C R”, we denote by | A| the Lebesgue measure of
A. Ifu : A — R is a bounded measurable function, then ||u| ~,4 stands for the
essential supremum of u in A. If A is open and u is Lipschitz continuous, then, by
Rademacher’s Theorem, u is differentiable a. e. in A. In this case, we denote by
|Dut]|oc. 4 the number sup{|Du(x)| : x € A, IDu(x)}, and by D*u(x) the set of
limiting gradients of u at x defined as

D*u(x) = {lilgn Du(xy) : Asxy — x, 3IDu(xy)).

As usual, the superdifferential of u at a point x € A is the set

h) — u(x) — (p, h
Dru(x) = {p € R|lim sup "M 1) = (P, h) 50},
h—0 ]

while the subdifferential D~ u is given by the formula D~ u(x) = —D ™V (—u)(x).

Definition 2.8 We say that u is a viscosity solution of the eikonal equation |Du| =
1 in an open set 2 C R" if, for any x € Q@ C R”, we have

pED ulx) :|pl=>1,
peDTul) :|pl < 1.

We recall that the distance function d is the unique viscosity solution of the
eikonal equation |Du| = 1 in €2, with boundary condition # = 0 in 9<2. Equiv-
alently, d is the largest function such that ||Du|lco,o < 1 and u = 0 on 9€2. The
reader is referred to [2] and to [20] for a detailed discussion on these topics.

3 Existence

In this section we prove that the pair (d, v ), where d is the distance function from
02 and

vf(x) = 1—d (x)k; (x) (10)

for(x) f(x +tDd(x)) 1‘[:1:—11 I-dW) DK 40wy Q\z,
0 Vx S 2,

is a solution of system (1)—(2). More precisely, we will prove the following result.

Theorem 3.1 Let @ C R” be a bounded domain with boundary of class C* and
f = 0 be a bounded continuous function in Q. Then, the pair (d,vy) defined
above satisfies (1)—(2) in the following sense:
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1. (d,vy) is a pair of bounded continuous functions
2.d=00n0%, |Ddl|lec,o <1, and d is a viscosity solution of

[Dul =1 in {x € Q:vs(x) > 0}

3. vy > 0in Q and, for every test function ¢ € C° (),

/Qvf(X)(Dd(X),be(X))dx=/Qf(X)¢(X)dX- an

We begin with two preliminary results, the former describing continuity and
differentiability properties of vz, the latter providing an approximation result for
the characteristic function of a compact set, in the spirit of capacity theory.

Proposition 3.2 Let @ C R” be a bounded domain with boundary of class C* and
f = 0 be a continuous function in Q. Then, vy is a locally bounded continuous
function in Q. Moreover, in any set Q, = {x € Q :d(x) > ¢}, ¢ > 0, vy satisfies
the bound
n—1
0=<vr(x) = flloo, 0. l_[[l + lllxil-llcoediam Q]z(x) Vx € Qg,  (12)

i=1

where ||[ki1-llcpe) = maxyeaqlk; (X)]—. If, in addition, 3 is of class C*' and
[ is Lipschitz continuous in Q, then vy is locally Lipschitz continuous in Q\Z

and satisfies
—div (vg(x)D d(x)) = f(x) (13)

at each point x € Q\X at which vy is differentiable.
Remark 3.3 Since d is C* in Q\ X, equality (13) reads

(Dvg(x), Dd(x)) +vf(x)Ad(x) + f(x) =0. (14)
Moreover, a straightforward consequence of Proposition 3.2 is that the equality

—div (vgD d) = f holds in the sense of distributions in Q\X as soon as f is
Lipschitz and 92 of class C>!.

Remark 3.4 A sharper upper bound on vy will be proven in Proposition 5.9.

Proof We note, first, that the maps Dd, T and k; are continuous in Q\E since Q
has a C? boundary. Hence, when £ is continuous, so is vy in Q\X.

Let us now prove that v is continuous on X. Observe that, for any x ¢ X, the
term

1 —(dx)+0ki(x) 1—dx+1Dd(x))ki(x)

I—dWa@) 1 —d(x)«;(x) O<t<tl)

is nonnegative by Proposition 2.1. A simple computation shows that it is also
bounded by ]_[:7_11 [1 + ||[/c,~],||c(39)]t(x). This proves (12) recalling that

x +1tDd(x) € Q; whenever x € Q. and 0 < ¢t < 7(x). The continuity of vy
on ¥ is an immediate consequence of (12).
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Next, let 02 be of class C%! and f be Lipschitz continuous. Then,
Theorem 2.4 ensures that 7 is Lipschitz continuous on 9€2. Therefore, T = 7 o I1
is locally Lipschitz continuous in 2\, as well as v .

Finally, let us check the validity of (13) at every differentiability point x for v s
in the open set Q\E_i. Set e, := Dd(x) and consider {eq, ..., e,} as a coordinate
system, where ¢; = ¢;(x),i = 1, ..., n—1 are the unit eigenvectors corresponding

to the principal curvatures of 92 at the projection point of x on the boundary. We
note that, at any such point x,

d
(Dvg(x), Dd(x)) = ﬁvf(x + ADd(x))

A=0

But t(x + ADd(x)) = t(x) — X and d(x + ADd(x)) = d(x) + A for A > 0
sufficiently small. So,

Vs (X +ADd(x))

T(0)—2 "= d) + A+ D (x)
fo f<x +0+ ’\)Dd(x)) H 1= @) + k()

i=1

15)

T "= (d(x) + D (x)
- /A FotDdon [ = e m

Therefore,

(Dvy(x), Dd(x))

T [ = @ + 0k @)
- [ reipaey 2 [ (1 — (o (1)

n—1

T e+ 056
1 —dx)k;(x)

]dt - fx)

T “ G "= @) + DG (x)
=) (”th(x))[ga—d(xm(x)) ) e T
—f )

= —vr(x)Ad(x) = f(x)

i=1

where we have taken into account the identity

n—1

_ Ki (x) S
Ad(x) = ; T dmeon Vx € Q\Z,

that follows from Proposition 2.1. We have thus obtained (14)—an equivalent ver-
sion of (13)—and completed the proof. m|
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Proposition 3.3 Ler K be a compact subset of R" such that H" ' (K) < oo.
Then, there exists a sequence {£;} of functions in W -1 (R") with compact support,
such that

(a) 0 <& <1 foreveryk € N;

(b) d(R" \ spt(&x), K) — Oas k — oo,

(c) K C int{x € R" : & (x) > 1} for every k € N;

(d) & — 0in L'(R") as k — oo;

(e) fR" |D&i|dx < C for every k € N and some constant C > 0.

The standard notations d, sptand intstand for distance (between two sets),
support (of a function) and interior (of a set), respectively. We give a proof of the
proposition for the reader’s convenience.

Proof Since H"~'(K) < oo, for any fixed k € N there exists a sequence of points

{xl.(k)},-EN in K and a sequence of radii {I‘i(k)},'EN such that

—0<rV < fand ) < CO UKD + b
- K Cint(lJ; Br_(k) (xl,(k)))

for some constant C > 0. Now, define, for any x € R",

1
(3 PR S AUNRN (S YR (5!

£ () = sup&P (v)

ieN
and observe that
k = k
spt(£”) = B, w (")

Spt(DEi(k)) - éZr,-(k) (xi(k))\Bri(k) (xi(k)) .

Then, & € L'(R") since 0 < & < 1 and & has compact support. Moreover, an
easy computation shows that [p, |D$l.(k)|dx = w, (2" — 1)(rl.(k))"_l, where o, is
the Lebesgue measure of the unit ball in R”. So, applying [13] Lemma 2, p. 148,
we have

1
/ D& dx < sup / DeWdy <3 f W dx < ¢ (H"-%K) + ;)
R~ i R~ - R~
1

for some constant C > 0. Therefore, & € W11 (R") and (e) holds true. Properties
(b) and (c) are true by construction. Finally, (d) follows by Lebesgue Theorem
because 0 < & < I and & (x) = O for any point x ¢ K and k large enough. O

Proof of Theorem 3.1 Let us first suppose that 92 is of class C>! and f is Lipschitz
continuous in 2. We will prove that the pair (d, vr), with vy defined by (10), is
a solution of system (1)—(2). Let us point out, to begin with, that d is a viscosity
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solution of the eikonal equation in €2, and so, a fortiori, in the open set {x € 2 :
vr(x) > 0}. Therefore, what actually remains to be shown is that

/fqbdx:/ v (Dd, D$)dx Ve € CX (). (16)
Q Q

Since H"~'(X) < oo by Proposition 2.5, we can apply Proposition 3.3 with
K = X to construct a sequence {£;} enjoying properties (a), (b), (c) and (d).
Let ¢ € C°(R2) be a test function, and set ¢y = ¢ (1 — & ). Notice that, for k
large enough, spt(¢;) CC Q\=. This follows from (a), (b) and from the fact that
X C £ (see Proposition 2.2). Then, Proposition 3.2 and Rademacher’s Theorem
imply that —div (vyDd) = f a.e. in Q\X. So, multiplying this equation by ¢
and integrating by parts, we obtain

/thbkdx =/Qvf(1 —&)(Dd, D$)dx —/Qvf¢(Dd, Déj)dx. a7

We claim that the rightmost term above goes to 0 as k — oo. Indeed,

| /Q v7${Dd, DE)Ax| < 19lloo, 2l o, spicn /Q |Déldx

< ClPlloo,2llvflloo,sptcer)

where C is the constant provided by Proposition 3.3 (d). Now, using property (a)
of the proposition and the fact that v ¢ is a continuous function vanishing on =, we
conclude that |[vf[loo,sprg,) — 0 as k — oo. This proves our claim. The conclu-
sion (16) immediately follows since, in view of (a) and (c), the integrals fQ fordx
and [ vs(1 — &)(Dd, Dg)dx converge to [, fpdx and [, vy (Dd, Dp)dx—
respectively—as k — oo. |

Finally, the extra assumptions that 32 be of class C>! and f be Lipschitz in £,
can be easily removed by an approximation argument based on the lemma below.
Let {2} be a sequence of open domains, with C>! boundary, converging to € in
the C? topology, and let { f;} be a sequence of Lipschitz functions in ; converging
to f, uniformly on all compact subsets of 2. Denote by X and ti, respectively,
the singular set and maximal retraction length of €2;. Define vi(x) = 0 for every
X € X and

77 (x) n_ll — (dr(x) + kg i (x)
- Dd ’
v (x) /0 Je(x +tDdy(x)) ,1:[1 1— dk(X)Kk,i(x)

dt Vx e Q \ ik,
where k. ; (x) stands for the ith principal curvature of d€2; at the projection of x.

Lemma 3.6 {v;} convergesto vy in L}UC(Q).

Proof Since, owing to (12), the sequence {vg} is locally uniformly bounded in €2,
it suffices to prove that it converges uniformly to v¢ on every compact subset of
Q. For this, recall that, on account of Proposition 2.7, {X} converges to % in the
Hausdorff topology and {tx} converges to 7 uniformly on all compact subsets of
Q2. Then, our assumptions imply that {«i ;} converges to x; uniformly on every
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compact subset of Q\X for any i € {1,...,n — 1}, and so does {v;} to v¢. To
complete the proof it suffices to combine the above local uniform convergence in
Q\ X with the estimate

n—1

0 <o) < I filloog. [T (1+ kel lleoa,diam %) w(x) — Vx € Q,
i=1

that allows to estimate v; on any neighborhood of X. |

4 Uniqueness

In this section we will prove the following uniqueness result.

Theorem 4.1 If (u, v) is a solution of system (1)—(2), in the sense of Theorem 3.1,
then v is given by (10) and u = d in Qy, = {(x e Q :vp(x) > 0}

The techniques used in this section come essentially from three papers,
[4, 12, 21]. In particular, functional ® below is the ‘“stationary” version of the
Lagrangian L introduced by Prigozhin in [21] in order to study the evolving shape
of a sandpile. The idea of linking solutions of system (1)—(2) and saddle points
of ® also comes from his work. Moreover, Proposition 4.5 is the generalization
to the n-dimensional case of the representation formula given in the plane by the
first two authors of this paper in [4]. Finally, Proposition 4.6 is a modification of
([12] Proposition 7.1, step 6.); actually, Evans and Gangbo prove there the van-
ishing property of the transport density a at the ends of transport rays, which is
the analogue of the vanishing of our vy on X in the different framework of the
Monge—Kantorovich mass transfer problem.

In order to prove Theorem 4.1, let us start by considering the lower semicon-
tinuous functional & : HO1 (R2) x L%r(Q) — R U {00} defined by

r(x)

<I>(w,r):—/Qf(x)w(x)dx—i-/QT(lDw(xﬂz— 1)dx. (18)

We will first prove the uniqueness of the first component of the solution of system
(1)—(2). More precisely, we will show that if (u, v) is a solution of system (1)—(2),
then u = d in Qvf ={xeQ :vr(x) >0}

Lemma 4.2 If (u, v) is a solution of system (1)—(2), then (u, v) is a saddle point
of ®, in the sense that

Du,r) <dw,v) < d(w,v) VY(w,r)e HOI(Q) X Li_(Q).

Proof Since (u, v) is a solution of (1)—(2), then
/ m(|Du(x)|2 —1)dx =0
o 2
and

A%UD”O‘)F —1)dx <0, Vre Li(Ql
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Hence, for any r € L%r(Q) we have
D (u,v) = —/ fu(x)dx =

@ r(x) (19)
—/Qf(x)u(x)dx Jr/QT(mu(xn2 — 1)dx = ®(u,r).

Moreover, for any w € H(} () we have [, ”2"') |[Dw(x) — Du(x)|*dx > 0 and

—/ J ) (wx) —u(x))dx +/ v(x)(Du(x), Dw(x) — Du(x))dx =0
Q Q

as a consequence of the fact that for every ¢ € C2°(2) (actually for every ¢ €
Hol(Q), including the case ¢ := w — u),

/Qv(x)wu(x), D¢ (x))dx = fQ f ()¢ (x)dx.
Thus, for any w € H} (),

D (w, v) =<I>(u,v)—/9f(X)(w(X)—u(X))dx

+/ v(x){(Du(x), Dw(x) — Du(x))dx +/ %|Dw(x) — Du(x)|2dx
Q Q

> O (u, v). (20)
Collecting together (19) and (20) we get the conclusion. O

Lemma 4.3 If (u, v) is a solution of system (1)—(2), then also (d, v) is a solution

of (1)~(2).

Proof First of all, we claim that u = d in the set spt(f) as a consequence of
Lemma 4.2. In fact, if we consider the set of functions

K:={weWy®Q| [Dwlw <1},

then for any w € K we have
/ fw)dx = / JF)ux)dy, 21
Q Q
because

v(x)

—/ f(x)w(x)dx > —/ f(x)w(x)dx—i—/ —(IDw(x)lz— l)dx
Q Q Q 2
=®(w,v) > Pu,v) = —/ fu(x)dx.

Q

On the other hand it is well known that d € K is the largest element of K, mean-
ing that w < d for any w € K. Since f > 0, the maximality of d implies

that [o f(O)u(x)dx < [, f(x)d(x)dx. Thus [ f()u(x)dx = [ f(x)d(x)dx,
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yielding u = d in the set spt(f). As an easy consequence of the previous equality
we also get that (d, v) is a saddle point of functional ®. Indeed, the coincidence of
the two functions on spt( f) gives ®(d, v) = ®(u, v) and then for any w € HO1 ()
we have

D, v) =P, v) < d(w,v).

Moreover, for any choice of r € L3 (Q), [, %(|Da’(x)|2 —1)dx = 0; therefore

od,r) = —/ f(x)dx)dx = ®(d, v).
Q

Now, let us conclude the proof. Consider any ¢ € C2°(£2). Since (d, v) is a saddle
point of &, then for any # > 0

®(d,v) < ®(d + ho, v)
= —/ .f(X)(d(X)+h¢(X))dX+/
Q Q

v(x)

T(|D(d + h)(x) > — 1)dx

= d(d, v)+h(—/ f(x)¢(x)dx+/ v(x)(Dd(x),qu(x))dx)
Q Q
h? )
+3f v(x)|De(x)|"dx,
Q

which gives

h (—/Qf(X)q’J(X)dx+/QU(X)(Dd(X),D¢(X)>dX>

h2
+—/ ()| D (x)dx = 0.
2 Ja
Dividing by 4 and letting & — 0" we obtain

—/ f(x)e(x)dx +/ v(x)(Dd(x), D¢ (x))dx > 0.
Q Q

Replacing ¢ by —¢ we also get the opposite inequality. O

Proposition 4.4 [f (u, v) is a solution of system (1)—~(2), then u = d in the set
{x € Qlur(x) > 0}, where vy is the function defined by (10).

Proof By definition of v, it is readily seen that

spt(vy) = {x € Qlvs(x) > 0}
= {x € Q|Fp € D*d(x)s.t. [x, x + T(x)p] Nspt(f) # B}.

Hence, for any y € {x € Q|vy(x) > 0} we can find x € spt(f) such that d(y) =
d(x) — |x — y|. Now, u = d in spt(f)—as shown in the proof of Lemma 4.3—
u is 1-Lipschitz continuous and d is the unique viscosity solution of the eikonal
equation with Dirichlet boundary conditions, that is the largest function such that
[Dul|loo.@ < 1 and u = 0 on 92. Therefore we conclude

d(y) =dx) =[x =yl =u(x) — [x = y| <u(y) =d©¥),
ie. u(y) =d(y). O
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Now that we have proven the uniqueness of the first component of the solution
of system (1)—(2), it remains to prove the uniqueness of the second one. In order
to do so, we will first exhibit for such a function a representation formula on the
set Q \ ¥ and then analyze its behaviour on X.

Proposition 4.5 If (d, v) is a solution of system (1)—(2), then for any zo € Q \ %
and 6 € (0, t(zg)) we have

n—1

1 — (d(z20) 4 0)xki(z0)
v(zo) — [ ] 1 —d(z0)ki(z0)

v(zo +0Dd(20))

i=1

0 n—1
1 — (d(z0) + t)ki(z0)
= f(zo + tDd(zp)) ds (22)
/0 E 1 —d(z0)ki(z0)
Proof Set e, = Dd(zp) and choose ey, ..., e,—1 such that {eq, ..., e,} is a posi-
tively oriented orthonormal basis of R” and, foranyi = 1, ..., n—1, the vector ¢;

is a principal direction whose corresponding principal curvature is «;(zg). More-
over, let xg = zo + 6 Dd(z0), with & € (0, T(z0)), and fix » > 0 sufficiently small
such that So(r) := {y € R"||y — xo| <r, {y — x0,€,) =0} C Q\ X and for any
y € So(r) we have (Dd(y), e,) > 0. Finally, denote by S;(r), i = 1, 2, the sets

Si(r) == {y __0Dd) Y€ So(r)}
(Dd(y), en)
$a(r) = {y _ DAy |y —xol =7, {y —x0,en) =0, 1€l0, 9]} :
(Dd(y), en)
and let D(r) be the set enclosed by So(r) U S1(r) U S2(r). So,
D(r) = {y— _tDd@y) ( y € So(r), t € [0,9]} CQ\XZ
(Dd(y), en)

is set with piecewise regular boundary, because of the regularity of d. For ¢ > 0,
let us define the function

Pe(X) = Ye(dr (%)), x €,
where Y. (1) =0ift <0, Y:(t) =t/eif 0 <t <&, Y. (t) =1ift > ¢,and d, is
the signed distance function from d D (r). Choosing ¢; as test function and letting
¢ — 0T, we ontain

J)dx = —/ v(0)(Dd(x), v(x)) dH"! (%), (23)

D(r) aD(r)
where v(x) is the outward unit normal to d D (r). Now,

f v()(Dd(x), v(x)) dH" ™" (x)
aD(r)

v()(Dd(x), v(x)) dH" ! (x)

/So(r)USl (MUS2(r)
Z/ v(x)(Dd(x), v(x)) dH" " (x)
So(r)

+ / V() (Dd(x), v(x)) dH" ! (x)
S1(r)
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because by construction v(x) is orthogonal to Dd(x) on S (r). Moreover,
[ vepac. v ar )
So(r)

- / (DA (x), ep) dH" "L (x). (24)
So(r)

Since Dd and v are continuous functions in So(r) and Dd(x) — e, as x — X,
then

lim ;_1/ v )(Dd(x), ep) dH" 1 (x) = v(x0), (25)
r=0 Wy 11" Jso)

where w,,_| is the area of the unit ball in R”~!. On the other hand,

/ v(x)(Dd(x), v(x)) dH" " (x)
S1(r)

= - /S | VDA, el g dH (), (26)
o(r
where
)= x = 2P x € So(r)
80 =X = D, en)” 0

and |J g(x)| is the modulus of the determinant of the Jacobian matrix of g
— ki)

1800 =14 (05 e 2= T

ei(x) ®e;i(x).

Since lim_, y, g(x) = g(x0) = xo — B¢, = zp and

n—1

. Ok;i(zp)
1 J =1 T dove (o :
) 8(x) - ; 1= d(Goi(z0) " ©e

we have

. n-1 Oki(20)
Jim 17g001 =[] (1 + m) ’

i=1

and then we conclude

lim %/ v(x)(Dd(x), v(x)) dH"_l(x)
r S1(r)

r—0 wp—1
n—1
Oki(z0)
= —v(zp) (1 + —) . 27)
E 1= d(z0)k; (z0)
So now it only remains to estimate lim,_, ¢ W fD(r) f (x)dx. Exploiting

the structure of the set D (r), it is easy to see that we can write

0
/ f(x)dx = / dr f(z) dH" ' (z) (28)
D(r) 0 S (r)
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where

Si(r) = Dd(y)ly € Sl(r)} :

{y_ (DA(y). en)

Hence, using the previous computations and the continuity of f we finally find

1
lim —— x)dx
r—0 Ll)n_]rn_l D(r) f( )

’ = 1k (x0)
= /(; f(X() — tDd(xgp)) ll:[l (1 + m) dz. 29)

Collecting together (25), (27) and (29) and recalling identity (23), we can write

6 n_l tic; (x0)
/0 £ (xo _th(XO)),E (1 * m) o

Oki(zo) )

-_ 30
1 —d(z0)ki(z0) G0

n—1
= —v(x0) +v(z0) [ | (1 +
i=1

In order to represent (30) in the form (22) we only have to divide both sides of
(30) by
-1
”l—[ (1 L britxo) )
Pl 1 — d(xo)«i (x0)

and make a change of variable in the right-hand integral. Indeed, recalling that
x0 = zo +0Dd(zp), Dd(x9) = Dd(zo) and k;(xo) = ki (z0), the above computa-
tion gives

’ﬁ (1 — (d(z0) + 6 — t)m(zo)) o
Pl 1 —d(z0)ki(z0)
n—1

= —v(zo + 0Dd(z0)) + v(z0) l_[ (
i=1

0
/0 fzo+ (6 —1)Dd(z0))

1 — (d(z0) + 9)Ki(20)> T
1 —d(z0)ki(z0)

Now the representation formula (22) follows as soon as we replace the variable ¢
by 6 — s in the above right-hand integral. |

Proposition 4.6 If (d, v) is a solution of system (1)—(2), then v = 0 on %.

Proof Since v is a continuous function, it suffices to prove that v = 0 on X. So,
let us fix any xg € ¥ and choose ¢ > 0 sufficiently small such that B, (xg) C €.
Then, for any x € B1(0) set

dy(x) = d(xg + ex) — d(xp) o)

ve(x) 1= V(o + £1), o) = f(x0 + £x).
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By construction, for any ¢ > 0 as above d(0) = 0 and |Dd.(x)| = |Dd(xo +
ex)| = 1 almost everywhere in B;(0). Hence, there exist a sequence {¢;} en,
gj — 0" and a 1-Lipschitz function dy : B;(0) — R such that dgj — dp in
the uniform topology in B;(0). Moreover, being |Dd;;(x)| = 1 in the viscosity
sense in B1(0), by [2, Proposition 2.2] also |Ddp(x)| = 1 in the viscosity sense in
B1(0), which gives |Ddy(x)| = 1 almost everywhere. Thus,

lim w@gm&u=wn=/ |Ddo(x)|*dx,
j=o JB,©) B (0)

which implies, together with the uniform convergence of dg_/. to dyp, the conver-
gence of Dd;; to Ddp in the L? topology.

Also, Dzdgj(x) = 8jD2d(xo + &;x) < ¢;C in the sense of distributions,
because the function d is a semiconcave function with linear modulus in B, (xq) C
Q. Therefore, dy is a concave function. Finally, the functions v, i and f, i defined
above uniformly converge to v(xo) and f (xo) respectively and the pair (d¢;, v;)
solves

—div(ve; Ddg;) = € fe; in B1(0)

in the weak sense, because (d, v) solves (1)—(2). Passing to the limit as j — o0
we then obtain that dj is a weak solution of

—div (v(x0)Ddp(x)) =0 x € B1(0).

Now, if v(xg) # 0, the previous equation turns out to be the classical Laplace
equation

Adyp =0 1in B(0)

and it is well-known that any weak Lipschitz solution in the ball of this equation is
actually analytic. On the other hand, dy cannot be differentiable in x = 0, because
dp is the ‘blow up’ of the distance function around a singular point xo. Hence
v(xp) = 0 and the proof is complete. m|

The last two propositions allow us to prove Theorem 4.1 as a simple corollary.
Indeed, we already know by Proposition 4.4 that if (u, v) is a solution of system
(1)—~(2), then u = d on the set Q,, = {vy > 0}. So it only remains to prove that
v = vy in 2, where v is given by (10). But Proposition 4.6 guarantees that v = 0
in =, while Proposition 4.5 tells us that for any zg € '\ > and 6 € (0, 7(z0))

n—1

1 — (d(z0) + 0)k; (z0)
v(zo) — l—[ 1 — d(z0)ki (z0)

v(zo +60Dd(zp))

i=1

1 —(d(z0) + Z)Ki(Zo)dt
1 —d(z0)ki(z0)

0 n—1
= /O fzo+1Dd(zo) [ ]
i=1

Hence, letting & — t(z¢)~ and using the continuity of v we obtain the coinci-
dence of v and v at the point zo.
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5 Minimization of integral functionals

In this section we shall prove the existence of minimizers in WO1 ’I(Q) for the
integral functional

Jo(u) = / [h(IDul) — f(uldy, ue Wy '(), (33)
Q

where f € L°°(R) is a nonnegative function and #: [0, +00) — [0, +00] is a
lower semicontinuous function (possibly with extended values) satisfying

h(R) =0, h(s) > max{0, A(s — R)} forsomeconstants R, A > 0. (34)

More precisely, under suitable assumptions on the domain €2, the function
uo(x) = Rd(x), x € €, is a minimizer of Jy. As remarked in the Introduc-
tion, the set 2 need not to be convex, as required in previous results (see [8, 24]).
The main assumption on £2 is that it can be approximated, in the Hausdorff metric,
by smooth domains satisfying a suitable uniform bound on the mean curvature of
their boundaries (see Definition 5.1 below). We shall show in Proposition 5.2 that
such class of domains contains Federer’s sets with positive reach (see [14]).

The link with the system of PDE (1)—(2) is that (11) is the Euler—Lagrange
equation associated to the integral functional Jy in ug, provided that the solution
vy satisfies a suitable upper bound. This bound can be obtained using the ex-
plicit representation (10) of v and the bounds on the mean curvature of 92 (see
Proposition 5.9 below).

Definition 5.1 We say that a set Q2 is a smooth K -admissible domain, K € R, if it
is a connected open bounded subset of R” with C? boundary, such that the mean
curvature of 92 is bounded below by K, that is

n—1

1
H(y) = nTlZ/q(y) >K VyedQ.

i=1

A set @ C R" is a K -admissible domain if it is a connected open bounded subset
of R" and there exists a sequence (2 j)j» with ; smooth K j-admissible domain,
such that lim; K; = K and the Hausdorff distance dp (€2, 2) tends to 0 as j —
+00.

We remark that every connected bounded open set Q C R” with C? boundary
is a K -admissible smooth domain for every K satisfying

K < min H(y).
_yrrelérsl2 6))

Furthermore, it is readily seen that every convex domain Q C R"” is a K-
admissible domain, for every K < 0. Namely, every convex domain can be ap-
proximated, in the Hausdorff topology, by smooth (C°°) convex domains (see [22]
Sect. 3.3). Then, it is enough to observe that a smooth convex domain satisfies
k;(y) > 0 forevery i and every y € 0€2.

Another class of possibly nonsmooth and nonconvex admissible domains is
given by connected domains satisfying a uniform exterior sphere condition. These
sets are also known in literature as sets of positive reach (see [14]).
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Proposition 5.2 Let Q@ C R” be a connected bounded open set satisfying a
uniform exterior sphere condition for some radius R € (0, +o0o]. Then Q2 is a
(—16/R)-admissible domain.

Proof Let us denote by dg(x), x € R", the distance of x to Q and set
Q2= {x e R" : dg(x) < R/2}.

We will first prove that dg(x) + %l)cl2 is convex locally in Qg2 \ Q. It is
well known (see for instance [15]) that the exterior sphere condition implies the
uniqueness of the projection of any point x € Qg2 \ €2 onto the set €2, so that the

gradient Ddg(x) is well defined. Consider any x, y € Qg2 \ Q. Suppose first that
dg(x) = dg(y) =: p. By the exterior sphere condition, we have that

x ¢ B(y+ (R—p)Ddg(y),R—p) and y ¢ B(x+ (R —p)Ddg(x), R — p).

Hence,
Ix — y1? = 2((R — p)Ddg(y), x —y) =0

and
Ix — y12 4+ 2((R — p)Ddg(x), x —y) = 0.

Adding the above inequalities we obtain

1 2
uwam—D@mmx—wz—R_pu—sz—Eu—ﬂ? (35)

Suppose, on the other hand, that dg(x) # dg(y)—say dg(x) > dg(y)—and

consider the point z := x — (dg(x) — dg(y))Ddg(x). It is clear that z € Qg/7,
dg(z) = dg(y) and Ddg(z) = Ddg(x). Then, by (35), we have

2
(D%ﬂU—D%ﬂwﬁ—y)Z—EV—yﬁ

Writing the previous inequality in terms of x and using the Lipschitz properties of
the distance function dg, we finally obtain

(Ddg(x) — Ddg(y), x — y) = (dg(x) — dg(y))(Ddg(x) — Ddg(y), Ddg(x))
2 2 4
= =y = 2 dg() = dg(y)? + £ (dg(x) — dg(y){Ddg(x), x = )
8
Lt
This actually proves that dg(x) + %|x|2 is convex locally in Qg /2 \ Q.
Let us now construct the approximating sequence of (—16/R)-admissible do-

mains. Forany 0 < 0 < § and 0 < ¢ < %, consider the sets

Q= {x e R": (ps xba)(x) < o},
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where bg, is the signed distance b (x) := dg(x) — drm\q(x) and p; is the family
of mollifiers defined by

Pe(x) = gnp (;—C) ,

S SR
o(y) = (Jzone "~ dz) ey <1
0 |yl > 1.

Note that our choice of o and ¢ assures that Q5 C Qpg/2. Set d; = pg * bq.
Then d, € C*°(R") and d,, Dd; uniformly converge to bg, Dbg on any compact
subset of R” and of Qg /2 \ €2, respectively, as ¢ — 0. This actually gives that

008 == {x € R" : (ps xbo)(x) =0}

are C* boundaries for any 0 < o < R/8 and ¢ < o/2, converging to 92
as 0 — 0. We also claim that the above conditions on o and ¢ guarantee that
also 9% C Qg/2—¢ \ 2. Indeed, there exists (o) such that for any ¢ < g(o)

|de (x) — ba(x)| < o/2,forany x € Qg2 \ Q. Hence, for any x € 0Q2%,

o 3 R
ba(x) = (bo(x) —d;(x)) +d;(x) < - +0o =70 < - —¢
2 2 2
and
ba(x) = ds(x) — (de(x) — ba(x)) > 0 — % = %0 > g,

which means that bo(x) = dg(x) and & < dg(x) < % — ¢£. As a consequence of
the inclusion 9Q25 C Qp/—¢ \ Q. we also obtain a bound from below for Dd,
on 925, provided o (and then ¢) is small enough. Indeed, since Dd, uniformly
converges to Dbg on any compact subset of Qg2 \ Q as ¢ — 0, we can take
o so small that for ¢ < min{o/2, (o)} we have |Dd;(x) — Dbq(x)| < 1/2 for
any x € 0€25 and then |Dd (x)| > 1/2 for any x € 9QZ. Let us now prove
that the maps d, are semiconvex in Qg2 \58 with constant 4/R. Indeed, since

dg(x) + %lx|2 is convex locally on Qg /2 \ Q, our choice of & gives that, in the set
QR2—e \ Qe,

4, 4 5 4 )
Pe * bQ+E|‘| = Pg * d§+E|'| :pa*d§+Epa*|'|

is still convex locally. Being also the map p; * (d§ + %| . |2> regular, we deduce

4 8
0<D? (pe * (dg + 21 |2>) = D+ 1, (36)

which is the desired semiconvex property of d;. In order to complete the proof,

it suffices to look at the curvature matrix of 9Q2%. As a matter of fact, for any

x € 02¢ the outer unit normal of d€2% at x is given by v5 (x) = \gjiggl‘ Hence,
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the principal curvatures of 922 at x are the eigenvalues of the matrix D(M)

Vds ()]
restricted to the subspace V¢ orthogonal to Vd, (x). But

D( vde(x) ) - D?dy(x) — ———
[Vde(x)] [Vde(x)] |Vde (x)]3

so that
D( Vd,(x) ) _
|Vde(x)| ) Tve [Vde(x)]

Thus, recalling that |Vd,(x)| > 1/2 and using (36), we conclude that any principal
curvature of Q¢ at x is bounded from below by —1—R6, yielding

D?d, (x)Vd.(x) ® Vdg(x),

D2%d,(x)| .
Vé‘

16
Hg(x) > R
for any x € 0€25. O

Our main existence result concerns integral functionals more general than the
one defined in (33). In the following, rq will denote the inradius of the set €2, that
is, the supremum of the radii of the balls contained in 2.

Theorem 5.3 Let h: [0, 4+00) — [0, +00] be a lower semicontinuous function
satisfying (34), let Q@ C R" be a K -admissible domain, and let g: 2 x R — R be
a measurable function, Lipschitz continuous with respect to the second variable,
satisfying
g, 0) e L'(®), (37)
0<Dyglx,u)y <L, ae (x,u) e 2xR. (38)

IfL-c(K,rq) < A, where

1-(1—Krg)" -
(Korg)yi=| ok TKFO (39)
rQ, ifK =0,
then the function uq(x) = Rd(x), x € 2, is a minimizer of the functional
) = / [h(1Dul) — g(x, wldx (40)
Q

inWy ().

Remark 5.4 1If g satisfies —L < D,g(x,u) < 0 for a.e. (x,u) € 2 x R, then
Theorem 5.3 still holds with ug(x) = —R d(x).

Remark 5.5 If Q@ C R”" is a convex domain, then condition L ¢(K,rq) < A is
certainly satisfied provided that

Lrg < A. 41)

Namely, it is enough to observe that a convex domain is a 0-admissible domain,
and that ¢(0,rg) = rg. Condition (41) was first introduced in [8] in the case
g(x, u) = u.In [6] it was proven that, if (41) does not hold, then the functional J

need not have minimizers in W(} )1 (2).
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Example 5.6 The assumptions of Theorem 5.3 for the existence of a minimizer
of J are optimal in the following sense. Let 2(s) = max{0, A(s — R)} for some
positive constants A and R, let g(x,u) = u and let @ = B,.(0) C R". Then
rq =r,and Qis a (1/r)-admissible domain.

Since ¢(1/r,r) = r/n, Theorem 5.3 states that the function ug(x) = Rd(x)
is a minimizer to J provided that < nA. This condition is optimal: indeed, we
are going to show that the functional J is not even bounded from below if r > nA.

Let us define the sequence of functions in WOl o1 ()

k(r —|x|), ifnA <|x| <7,

uie(x) = {R(r —xD. if x| < nA, kel

A straightforward computation shows that, for k > R,

Wy
n+1

where w, is the n-dimensional Lebesgue measure of the unit ball of R”, A is a
constant independent of k, and ¥ (p) = "t — (n 4 1)Ap™. Since the function v
is strictly increasing for p > nA, and r > nA, we have that Y (nA) — ¥ (r) <0,

hence lim J(u;) = —o0.
k——+o00

J(up) =

[V (nA) =¥ )]k + A,

The remaining part of this section will be devoted to the proof of Theorem 5.3.

The relation between the existence of solutions to (1)-(2), given by
Theorem 3.1, and the existence of minimizers of J, can be better understood start-
ing from the following particular case of Theorem 5.3.

Proposition 5.7 Let h: [0, 4+00) — [0, +00] be a lower semicontinuous func-
tion satisfying (34), let 2 C R" be a smooth K -admissible domain, and let
f € L°°(2) be a nonnegative Lipschitz continuous function.

If | flloo.@ ¢ (K, rq) < A, then the function uq(x) = R d(x) is a minimizer in
W(}’l (R2) of the functional Jy defined in (33).
Proof Let vy be the continuous function defined in (10). We claim that the fol-
lowing bound on v ¢ holds true:

0<vr(x) = |flloc. c(K,ra), Vx € Q. (42)

In order not to interrupt the main flow of the arguments, we postpone the proof of
(42) to Proposition 5.9 below.
By assumption, we clearly have

0<vr(x) <A VxeQ. (43)
Letu € WOl ’I(Q). Since h satisfies (34) and v s satisfies (43), we have that

h(|Du(x)]) = vy (x)(|Du(x)| — R)
> h(|Duq(x)]) + v (x){(Dd(x), Du(x) — Dug(x)),

hence
Jo(u) > Jo(ug) + 46,
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where
8= fQ [vF()(Dd(x), Du(x) — Dug(x)) — f(x)(u(x) — ug(x))] dx.

Since vy is bounded, by a density argument the equation (11) holds for every
¢ € Wé’l(Q). Choosing ¢ = u — ug, we obtain that § vanishes, so that Jo(u) >
Jo(ug). Since u was an arbitrary function in WO1 ’1(9), we have proven that uq is
a minimizer of Jy in W(}’l (2). O

The estimate (42) used in the proof of Proposition 5.7 is an easy consequence
of the following lemma.

Lemma 5.8 Let v: [0, r] — R be the function defined by

v(t) _/,n i ds, (44)
1 — tk;
where (k1, ..., ky—1) belongs to the set
1 n—1
C:=1{(@1,....,00_1) e R"L; - Vi, Y o= (- DK

j=1

for some constant K < 1/r. Then, for every t € [0, r],

(-t K)'=(1—-r K)" lfK ?é 0

0<v(t) <v(t) := { nK (1—t K)—1 43)

r—t, ifK =0.

As a consequence, v(t) < c(K,r) for everyt € [0, r], where c(K, r) is the con-
stant defined in (39).

Proof Since K < 1/r, the closed set C is not empty. Moreover, given a point
(o1, ...,0n—1) € C, for every i one has

n—2
—>0, E oj — E oj > -

JF#

so that C is a nonempty compact subset of R”~!.
Let us consider the function ¢’: C — R defined by

n—1
o
t J
Oly .., Op_1) = E
(p(l n 1) 1—[0’]
j=1

where ¢ € [0, r) plays the role of a parameter. Since g%; = (- toj)_2 > 0,

@' does not have critical points in the interior of C. Moreover, it is clear that ¢’
attains its minimum on the constraint

Za,- =1 - DK.
j
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Using the Lagrange multipliers rule we get that the minimum is attained at the
point oy = --- = 0,1 = K, hence
. (n— DK

e ———— 46

T T Tk (46)

The function v: [0, 7] — R, defined in (44), is differentiable in [0, ). More-
over, 0 < v(t) < [/ (1 +rlkl)" ' ds = (1 +r[kl)"~'(r — 1), where
[kl :=max{[k;]” :i={1,...,n =1}, (ky,..., ky—1) € C}.

Hence lim,_,, v(t) = 0 = v(r). Let us compute the derivative of v: for every
t € [0, r) we have

n—1
.
V() = —1 J v(t) = —1 ety oot k1) v(2).
() +j2_;1—m, (1) + ' (k1 k) V()

From estimate (46) we deduce that v satisfies the differential inequality

V() > —1+8=DK ), refo,r],

1—K
v(r) =0. “7)

It is easily seen that the function vg: [0, 7] — R, defined in (45), is the solution
to the Cauchy problem

() = =1+ U=2E vo(r), 1 e(0,r],

vo(r) = 0.

Since v satisfies the differential inequality (47), we have
0=<v(@) <) vt € [0,r].
Moreover,

1 —-rK)"

'y = - = A=K
Yol = nkn Doz

+ 1i| <0 vt € [0,r],

hence we conclude that

0<v(@) =< max vo = vo(0) = c(K, 1),
I

and the lemma is proven. m|

Proposition 5.9 Let Q be a smooth K -admissible domain, and let f > 0 be a
nonnegative bounded continuous function in 2. Then the function vy defined in
(10) satisfies the bound

0<vr(x) = [ flloo,@ ck (d(x), T(x)), Vx € €2, (48)

where

(A=dK)"-(I-d+DK)" ¢ p 20
cx(d, ) = 2K (1—dK )1 , 1 , 49
Ko {“ ifK = 0. (49)

In particular, (42) holds.
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Proof From the explicit representation (10) of v ¢, we have that

dx)+t(x) "= 1— S‘K, (x)
0<vr) < IIf] Q/
! i A T—dwm
The conclusion now follows from Lemma 5.8. O

As a second step toward the proof of Theorem 5.3, we prove the analogous of
Proposition 5.7 without the regularity assumptions on 9€2 and f.

Proposition 5.10 The conclusions of Proposition 5.7 still hold under the assump-
tions of Q@ C R" be a K -admissible domain, and f € L°°(Q2) be a nonnegative
function.

Proof For j € N, let ; be a smooth K j-admissible domain, such that the se-
quence (£2;) converges to Q in the Hausdorff topology, and lim; K ; = K. Let us
extend the functlons ug;(x) = Rdgq;(x) and uq(x) := Rd (x) to zero outside
€2; and €2 respectively. (Here do; denotes the distance function from the bound-
ary of ©2;.) We extend in the same way the function f outside 2. Let B be a ball
containing €2 and all the 2, and let (f;); be a sequence of Lipschitz continuous
functions on B satisfying

tim £ = fllig =0, 0= /i) <1 flleo VxeB.

Let us define
c(Ki,rg;)
e =—220 4 jen, (50)
c(K,ro)

where ¢(K, r) is the quantity defined in (39). Since (£2;) converges to €2 in the
Hausdorft topology, we have that rq; — rq for j — +00, hence limj €; = 0.
Let us define the functions

hj(s) =1 +¢€j)h(s), s=0.
From the assumption (34) on & we deduce that, for every J,
hj(R)=0, hj;(s)>max{0,(14+€;))A(s —R)}. (51)

From the definition (50) of €;, and the fact that || f;|lcc < || f [0, it is straightfor-
ward to verify that

[ filloc(Kj,ra;) = [ flloo(l +€j)c(K,ro) = (1+€;)A. (52)

From Proposition 5.7 we conclude that ug ;= Rdg ; is a minimizer of the func-
tional

Jj(u)=f [7j(IDu)) = f()u(x)]dx

J
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in WO1 o1 (£2). We recall that the sequence (uq ;) converges uniformly to ug in B.
Since (f;) converges to f in L'(B) we have that

limJj(ug;) = —lim/ fiug; (x)dx = —lir_n/ fiug; (x)dx
J I Jea; Jj JB

= —/ fuqx)dx = Jo(ug). (53)
B
On the other hand, if u € W(;’l (2) and if we set u = 0 outside 2, we obtain

Jo(u) = /Q [h(|Dul) — f(x)uldx = lijr_nfQ [Aj(IDul) — fj(x)u]dx
J

=limJ;(u) > 1imJj(qu) = Jo(ug).
J J

Hence ug is a minimizer of Jy in Wol’ ! (R2), and the proof is complete. O

We are now in a position to conclude the proof of Theorem 5.3.

Proof of Theorem 5.3 Letus fix u € W&’I(Q), and prove that J (#) > J(ugq). Let
us define the function

gru(x)—gxuex))
@ ;={ CSaal) ifu(x) # ug(n).
0

, ifu(x) =uq(x).

From the very definition of f and (38) we have that

gx,u(x)—gx,uqx)) = fX)ux)—uqlx)), 0<f(x)<L, ae xeq.

From Proposition 5.10 we have that uq is a minimizer of the functional
Jo(u) = /Q (A([Du(x)]) — f(x)ux)]dx
in W, (). Finally, we have that

J (W) = Jo(u) + /Q [f(ue(x) — g(x, ug(x))]dx

> Jo(ug) + /Q [f(Dua(x) —gx, ug(x)]dx = J(ug),

and the proof is complete.
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