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1. Introduction

The notion of interacting Fock space (IFS) was introduced in Ref. 2 and axiom-
atized in Ref. 3 where it was conjectured that the category of IFS could play for
general probability measures the same role as the usual Fock space for the Gaussian
measures. The first confirmation of this conjecture came from the paper! of Accardi
and Bozejko who showed that the theory of one-mode interacting Fock spaces is
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canonically isomorphic to the theory of orthogonal polynomials in one variable.
The isomorphism is canonical in the sense that it carries the multiplication oper-
ator by the independent variable to a linear combination of creation, annihilation,
and number operators on the corresponding interacting Fock space.

The problem to extend the Accardi-Bozejko isomorphism to the case of several
variables has been recently solved by Accardi and Nahni* and extended to the infi-
nite dimensional case by Accardi, Kuo and Stan. A new feature in the multi-mode
case is that not all interacting Fock spaces are canonically isomorphic to spaces of
orthogonal polynomials. Those being so are characterized in terms of a sequence of
quadratic commutation relations among finite dimensional matrices. Moreover, the
quantum decomposition of an arbitrary vector-valued random variable with finite
moments of any order can be easily written down as a sum of creation, annihilation
and number operators.

This result opens the way to the program of coding the whole information of a
probability measure into a set of commutation relations canonically associated to it
in full analogy to what happens with the codification of the properties of a Gaussian
measure into the Heisenberg commutation relations plus the Fock property.

In this paper we begin to realize this program by showing how some properties of
a probability measure on R? are reflected by the actions of its creation, annihilation,
and number operators.

2. Fundamental Identities

Let d € N be fixed. Let u be a probability measure on the Borel subsets of R<.
Throughout this paper we fix the canonical basis in R? and identify vectors x =
(r1,...,24) € R? with ordered d-tuples of real numbers. However, all the results
below can be formulated in an intrinsic, i.e. coordinate independent way and this
will be discussed in a future paper. We assume that p has finite moments of all
orders, i.e. for all 1 <p < oo and j € {1,2,...,d}, [pa|z;[Pu(dz) < co. We denote
the inner product on L2(R¢, i) by (,).

Let Fp = C -1 be the complex multiples of the constant function equal to 1
in L2(R?, 1), and for n > 1 let F, be the complex vector space of all polynomial
functions of variables x1, x2, ..., x4 of degree less than or equal to n. We have:

FpCcF CFC---CF,C---CL*R%pu).

Let Go = C-1 and for n > 1 let G,, be the orthogonal complement of F,,_; in
F,. Notice that F,_; and F), are finite dimensional (therefore closed) subspaces
of L2(R%, ). Then the Hilbert spaces G,, n > 0, are orthogonal subspaces of
L?*(R%, i1). Let H denote the orthogonal direct sum of G,,, n > 0:

H= @ G (Hilbert space sense) . (2.1)
n>0

For any j € {1,2,...,d}, we denote by X; the multiplication by x; operator. This
operator is densely defined on H. Its domain contains F,,, V n > 0, since p has finite
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moments of any order. Note that, for every n > 0, X; maps F), into F;, 1 and is a
symmetric operator.

Lemma 2.1. For any j € {1,2,...,d} and n > 0, we have
X;Gn L Gy, Vk#n—1,nn+1.
Proof. Let ¢ € G,,. Then X;¢ € F,,41. Hence X;¢ L Gy, for all kK > n+2. On the

other hand, for any ¥ € Gy with & < n — 2, we have X;¢ € Fj,_; hence, by the
symmetry of X

(Xj0,9) = (¢, X;j1p) = 0.
Thus X;¢ L Gy for all k <n — 2. |
For any n > 0, let P,, denote the orthogonal projection of H onto G,,.

Theorem 2.1. (Recurrence relations) For any j € {1,2,...,d} and n > 0, the
following equality holds:

X;Py = Puy1X; Py + P, X; P, + Py 1 X; Py, (2.2)

where P_1 = 0 by convention.

Proof. Equation (2.2) is equivalent to

Xip =P Xjo+P. X0+ P 1X;0, Voed,. (2.3)
Let ¢ € G,,. By Lemma 2.1, X;¢ can be written as
Xjp=u+v+w, (2.4)

where u € Gpy1, v € G, and w € Gy —1. Apply P41 to both sides of Eq. (2.4).
Since Pp11u =w and Pp41v = Pppiw = 0, we get u = P,,11.X;¢. Similarly, we can
apply P, and P,,_; to both sides of Eq. (2.4) to get v = P, X;¢ and w = P,_1X,¢.
Thus Eq. (2.3) is proved. |

Now for each j € {1,2,...,d} and n > 0 we define the following operators:

D;’L‘_(.]) :Pn-l-lXan :Gn_>Gn+17 (25)
D)(j) = PuX;Py: Gn — Gy, (2.6)

We define F_; and G_; to be the null space {0}.
Theorem 2.2. For any i, j € {1,2,...,d} and n > 0 the following identities hold:
« DILG)DF() =Dy (D7), (2:8)
« D (i)D5 () + Dif (i) Dy (4)
= Dya () D3t () + Dy () Dy (0) (2.9)
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e D, (i)D;}(j) + Dy (i)D) () + Dy, (i) Dy, ()
= D, 1 (j)D;} (i) + DS () DY (i) + Dyt () Dy, (i) . (2.10)

Proof. Apply P,12X; to both sides of Eq. (2.2) to obtain
P oX;X;P, = P2 Xs Py 1 XG Py + P o Xy P X Py
+ P2 XiPp 1 X P, .
Observe that
Poi2XiPo1 X; Py = Dy () D35 ()
PooXi Py X Py = Prypo XiP 1 X;P, =0.

Therefore, we obtain the equality:

P2 XiX;Py = D,y (1) D) (j) - (2.11)
Interchange the role of ¢ and j to get

PraaX;X,Py = D)1 ()DS ). (2.12)

Since PryoX;X; P, = PrioX; X Py, Egs. (2.11) and (2.12) yield the identity in
Eq. (2.8).
Similarly, apply P,+1X; to both sides of Eq. (2.2) to get

P 1 XiX;P, = P 1 Xy P 1 X3Py + P Xy P X Py
+ P XiP 1 X P, .

Observe that

Ppi1XiPo1 X;P, = DY 1 (0)Df(5),

Pps1 XiPoX Py = Dy (i) D) (j)

Py XiP1 X;P, =0.

Therefore, we obtain the equality:
Po1 XiX; Py = Dy () Dy (5) + Dy () D () -

Interchange the role of ¢ and j. Since P,,11X;X; P, = P,11X;X;P,, we obtain the
identity in Eq. (2.9).

Finally, apply P, X; to both sides of Eq. (2.2) and interchange the role of i and
Jj to obtain the identity in Eq. (2.10). O

Proposition 2.1. For any j € {1,2,...,d} and n > 0 the operators D} (j), D2(3)
and D;, (j) satisfy the identities:

(D) =Dy (i), (DY) =Dy (4).
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Proof. Since X7 = X; we have the equalities
(D (1)) = (PataX; )" = PoX;Poy1 = Dy (5)
(DR = (PaX;Pn)" = PaX; Py = Dy(j),

which prove the proposition. O

For each j € {1,2,...,d}, we define the densely defined linear operators a™(j),
a’(j) and a=(j), on H, by

at(Nle, =DFG),  Ule, =DnG), a (e, =D, (),  (2.13)

for all n > 0.
Equation (2.2) becomes now:
X;=a"(j)+a"G)+a"(5), Vjie{l,2,...,d}. (2.14)

Theorem 2.3. If i is any probability measure on R having finite moments of any
orders, thenV i, j € {1,2,...,d}

a”(i)a”(j) =a"(jla” (i),  a*(i)a’(j) =a"(j)a* (). (2.15)

Proof. The equality a™(i)at(j) = a*(j)a™ (i) is a restatement of Eq. (2.8). Taking
the adjoint on both sides of this relation we obtain a™(j)a™ (i) = a~ (:)a™(j). O

For all j € {1,2,...,d} and n > 1, we have a™ (j) : G, — Gp—1. The constant
polynomial 1 is called the vacuum vector. We have a=(§)1 =0,V j € {1,2,...,d}.

Lemma 2.2. Let j € {1,2,...,d}. We have a°(j)1 = 0 if and only if

(xj) = /Rd zjpu(dr) =0. (2.16)
Proof. We have
DY(j)1 = PyX;Pyl = (x;,1)1 = (/Rd a:ju(da:)> 1.
Thus a°(j)1 = 0 if and only if [, z;u(dx) = 0. O

3. Polynomially Symmetric Measures

For any monomial z'2% - 2%, we define its degree to be iy + iz + - + 4.
Definition 3.1. A measure p on R? is called polynomially symmetric if all of its
mixed moments of odd order vanish, i.e. for all monomials z{'z% - - -z} of odd
degree, we have [,, z7' 2% - -z p(dx) = 0.

Definition 3.2. A measure p on R? is called symmetric if for any Borel subset A
of R? we have p(A) = u(—A), where —A := {—z|x € A}.
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Observe that if p is symmetric, then p is also polynomially symmetric. The
converse is not true. In Example 5.1 of Sec. 5 we present a polynomially symmetric
measure that is not symmetric.

Let P be the set of all polynomials in the variables z1, xs, ..., x4. Let Weyen be
the vector subspace of P spanned by the set of all monomials of even degree and
Wodd the vector subspace of P spanned by the set of all monomials of odd degrees.

Let us assume that p is polynomially symmetric. If f € Weyen and g € Woqq,
then, since g is polynomially symmetric, E[fg] = 0, where E denotes the ex-
pectation with respect to p, i.e. the polynomials f and g are orthogonal. Thus
Weven L Wodaa. We may apply the Grahm—Schmidt orthogonalization procedure
first to Weven and obtain a complete orthonormal set S7 for Weyen. After this we
may apply the Grahm—Schmidt orthogonalization procedure to W,qq4 and obtain
a complete orthonormal set Sy for Wyqq. Since S1 C Weyen, S2 C Woad, and
Weven L Woaa, we have S7 L Sy. Thus S := 57 U S5 is a complete orthonormal set
for the space P of all polynomial functions. Using this complete orthonormal set S
for P, we can see that all polynomials in GG,,, when n is even, are linear combina-
tions of monomials of even degree. When n is odd, all polynomials in G,, are linear
combinations of monomials of odd degree.

Theorem 3.1. If i is a probability measure on R?, having finite moments of all
orders, then p is polynomially symmetric if and only if for all j € {1,2,...,d},

Xj=a"(j) +a"(5).
This means that for all j € {1,2,...,d}, a®(j) = 0.
Proof. (=) Let us assume that y is polynomially symmetric. Let j € {1,2,...,d}.
To show that a®(j) = 0, we must prove that for any n > 0, P, X, P, = 0. To prove
this, we will show that for any polynomials f and g, we have <PnX iPuf.g) =0.
Let n > 0 be fixed. Let f and g be two polynomials. Since P,f € G, and

P,g € Gy, P,f and P,g are linear combinations of monomials that are either all
of even degree if n is even or all of odd degree if n is odd. We have:

(PnX;Pnf,g) = (X;Puf, Pag)
= E[X;(Pnf)Png]
(o St ) (b o)
=F {Z Ay ooty by oty oy T ~'~$§j+lj+l . ~x§d+ld}

= Dbk B Bl T et
Observe that:
(ki+l)+- 4+ ki +1L+1)+ -+ (ka+ lg)

= (ky+ -+ kg) + (L4 lg) + 1
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= n(mod 2) + n(mod 2) + 1(mod 2)
(2n + 1)(mod 2)
= 1(mod 2).

Since p is polynomially symmetric, we have:

E[Z‘]flJrll . x?jJFljJFl . ,xgd-i-ld] —0.
(<=) Let i be a probability measure on R? having finite moments of all orders, such
that for all 1 < j < d, a®(j) = 0. We will prove by induction on k that for all
monomials m(z) = zi'z¥ - 2%, of degree 2k + 1, we have Jga m(z)p(dx) = 0.

For k = 0, the only monomials having degree 1 are m;(z) = z;, for 1 < j < d.
Since a®(j)1 = 0, it follows that PyX;1 = 0. Since Py is the projection on the one-
dimensional vector space C for which 1 is an orthonormal basis, we have Py X;1 =
(z,1)1. Thus (x;,1) = 0, which means [, z;u(dx) =0, for all 1 < j < d.

Let us assume now that the expectation of all monomials of odd degree less than
or equal to 2k — 1 is zero, where k > 1. We want to prove that the expectation of
all monomials of degree 2k + 1 is 0. Let m(z) = z{' 2% --- % be a monomial such
that 41 +i2 + -+ + 44 = 2k + 1. Let us a choose a number j € {1,2,...,d} such
that i; > 0. We can write m(z) = x;q(z)r(x), where ¢(z) and r(z) are monomials
of degree equal to k. Let F} be the vector space spanned by the monomials of even
degree less than or equal to k. Let F be the vector space spanned by the monomials
of odd degree less than or equal to k. According to our induction hypothesis F} and
FP are orthogonal subspaces of L?(R%, 1). Thus if we choose an orthonormal basis
{€e;i}ier of F and an orthonormal basis {f;},cs of FY, then {e;}icr U{f;} e is an
orthonormal basis of the space F} of all polynomials of degree less than or equal to
k. Using this particular basis for Fj, according to our induction hypothesis, we can

see that: Pyg(x) = q(x) — ugp—2(x) — ug—g(x) — -+ - and Prr(x) = r(x) — vp—o(x) —
vg—a(x) — - -+, where u; and v; are linear combinations of monomials of the same
degree 1.

Since a®(j) = 0, we have P,X;Pyg(z) = 0. Thus we obtain:
0 = (PpX;Prq(x),r(z))
= (X Pea(), Pyr(z))
= (;(q(x) = ur—2(2) — up—a(z) — ), r(2) = Vp—2(2) = Vp—a(@) — )
= (zjq(2),r(2)) = Y Elw(x)],

where all the w(z) are monomials of odd degree less than or equal to 2k — 1. By the
induction hypothesis E{w(z)] = 0. From the last equality we obtain (z;q(z), r(z)) =
0. This means E[m(z)] = 0.

Thus we have proved by induction that the expectation of all monomials of odd
degree is zero. Hence p is polynomially symmetric. O
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Definition 3.3. Let p be a probability measure on R? and ¢ € R%. We say that
w is polynomially symmetric about c, if for any monomial m(z) of odd degree, we
have:

m(z —c)u(dz) =0.

Rd
Let us observe that if pu is a polynomially symmetric probability measure on
R?, then for any ¢ = (c1,¢2,...,¢cq4) € R?, the probability measure s, defined by
pe(B) := u(B — c), where B is a Borel subset of R? and B —c:= {x —c|z € B}, is
polynomially symmetric about ¢. We do the same construction for . as we did for
1, and call the corresponding spaces G,,, n > 0, and the corresponding operators
P,,n>0,a",a" and at. Since for any integrable function f with respect to ,
we have [p, f(x)u(de) = [z f(x — c)uc(dz), we can see that a polynomial Q(x)
belongs to G, if and only if Q(z — ¢) belongs to G,,. Moreover, {e;(x)}icr is an
orthonormal basis for G, if and only if {e;(x—¢)};es is an orthonormal basis for G.,,.
Since P, X;P, =0,V 1 < j <d, we conclude that P,(X; —¢;)P, =0,V1<j<d.
Thus, for all n > 0, we have:
@ (j)le, = PaX;Pn

= Pu(Xj —¢j) P+ ¢ Py

= Can .
Hence a°(j) = c¢;I. Therefore, we obtain the following:

Theorem 3.2. If i is a probability measure on R%, having finite moments of all

orders, then p is polynomially symmetric about the point ¢ = (c1,ca,...,cq) € R?
if and only if for all j € {1,2,...,d}, we have:
a’(j) = ¢;1I. (3.1)

4. Polynomially Factorizable Measures

Definition 4.1. If 4 is a probability measure on the Borel subsets of R?, having
finite moments of any order, then we say that p is polynomially factorizable if for
any non-negative integers 41, t2,...,1q we have:
Blay'wy - af] = Blay' | E[ey] - Elay].
In the above definition F denotes the expectation with respect to u.
Observe that if i is polynomially factorizable, then for any polynomial functions

fi(z1), fa(z2),..., fa(zq), we have:
E[fi(z1)f2(22) - - fa(wa)] = Elfi1(x1)]E[f2(22)] - - - E[fa(xa)] -

If there exist d probability measures w1, o, ..., g on R, such that for all By,
Bs, ..., By Borel subsets of R,

u(By X By X -+ x Bg) = p1(B1)p2(Be) - - - pra(Ba)
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then p is polynomially factorizable. The converse is not true. In Example 5.2 of
Sec. 5 we present a polynomially factorizable measure that is not a product measure.

Let 4 be a polynomially factorizable measure on the Borel subsets of R?. For any
i €{1,2,...,d}, let H; be the closure of the space P;, of all polynomial functions
of the variable x;, in the space L?(R?, p). Every function in P; is a polynomial
function depending only on the variable x;. Let H be the closure of the space P, of

all polynomial functions of d variables: x1, o, ..., 24, in the space L2(R, i). The
multilinear function T : Py X Py X - -+ X Py — P, defined by T(f1, fo,..., fa) = [,
where f(z1,xa,...,2q4) = f1(x1)fo(x2) -« fa(xq), generates a linear map U between

the algebraic tensor product P; ® P2 ® --- ® Py and the space P. Because p is
polynomially factorizable, U preserves the inner product. Indeed, for any fi1, g1 €
P1, f2, g2 € Po, ..., fa, ga € Pa, we have:

Uhefo@ - ®f),Ug1®g @ ®ga))
= (fi(z1) fa(z2) - fa(za), 91(z1)g2(22) - - - galza))
= E[fi(z1)g1(z1) f2(z2)g2(22) - -~ fa(za)Fa(za)]
= E[fi(z1)g1(z1)]E[f2(22)g2(22)] - - E[fa(xa)ga(za)]
= (f1,91)(f2,92) -~ (fa, 9a)
=((®f®  ®fa1,01©92® & ga).

U is onto since any monomial belongs to its range. Since P1 @ P2 ® - - - ® Py is dense
in the Hilbert space H1 @ Ho ® - - - ® Hg and P is dense in H, the operator U can
be uniquely extended to a unitary operator U from Hi ® Ho ® -+ - ® Hg onto H.
Thus we may identify the Hilbert spaces H1 @ Ha ® - - ® Hq and H.

Forany i € {1,2,...,d} and k a non-negative integer, let F,Sl) be the vector space
., 2. Let G\ be the orthogonal
complement of F,@l into F,Ei), where Fﬁil) := {0}. To compute this orthogonal

spanned by the polynomial functions 1, z;, =2

i

complement we consider F, ,51_)1 and F,Si) as being subspaces of the Hilbert space
H;. We denote by P,Ei) the projection operator from H; onto GEj) and by Xi(i)
the densely defined operator on H; given by the multiplication by the polynomial
function x;.

For any ¢ € {1,2,...,d} and n a non-negative integer, we define the operators
D} ; and Dt ., from H; into H;, in the following way:

D n,i’

D, =PY xOPW DY =POXPPO  and D, =P xP PO,
Lemma 4.1. Let p be a polynomially factorizable probability measure on the Borel
subsets of R%. If we identify the space H with the space Hy @ Ha @ --- @ Hq, then
for any n > 0, we have:
p= Y PPePPe -0P?. (4.1)

t1+i2+-Fig=n

In the above sum all the indices i; are considered to be non-negative.
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Proof. Since the tensor product of orthogonal projections is an orthogonal projec-
tion, it follows that each term Pi(ll) ® Pi(f) ® @ Pi(dd) is an orthogonal projection.
If i; # kj;, then Pl(J] )P,g ) = 0 and thus the terms in the sum from the right-hand
side of (4.1) are orthogonal (i.e. the composition of any two different terms is zero).
Thus the right-hand side of (4.1) is an orthogonal projection. If P and @ are two
orthogonal projections of the same Hilbert space H, then we say that P > Q if the
range of P contains the range of Q. If i1 +i9 + -+ +i4 = n and f(z) € F,,_1, then
flx)y=> ajhj%”,jdlellx%z . -xff with j1 + jo + -+ ja < n — 1. Thus there exists
ke {1,2,...,d} such that iy, > j; and so pr ® - ® Pi(dd)(;zc{1 ---2)) = 0. Hence
Pi(ll) ®--® Pi(dd) f(z) = 0. Therefore the range of Pi(ll) ®: - ® Pi(dd) is orthogonal to
the space F,_1. It is obvious that the range of Pl,(ll) Q@ Pi(dd) is contained in F,.

Thus P, > Pi(ll) R ® Pi(dd). Therefore P, > @, where @,, denotes the right-hand
side of (4.1).

We prove now by induction on n, that P, = Q. For n = 0, this is obvious since
both Py and Q)¢ are projections on the one-dimensional vector space spanned by
the vacuum vector 1. Let us assume that Pr = Qp, for all kK < n — 1, and prove
that P,, = Q,. To see this, we must show that for any monomial m(z) = z% - - -xgd,
such that i1 + -+ +iq = n, we have P,m(z) = Q,m(x). We can write:

i1—1
xlil _ Pi(ll)xlil + Z Pj(l)xlf ,
j=0

td

ig—1
wit = POy 4 3 PO
§j=0

Multiplying these relations and keeping in mind that we have identified H with
H1 ®@Ha ® -+ @ Hy, according to our induction bypothesis, we can see that:

Pom(x) = P(l)x?ﬂ(j)x? ---Pv(d)xgd

i1 td
_ (Pi(ll) ® Pl(f) R ® Pidd))(mil 33‘22 - agzld)
= Qnm(x). O
Let 4 be a polynomially factorizable measure on R?. If we identify the space H

with the space H1 ® Ho ® - - - ® Hyq, then for any 1 < j < d, we have the operatorial
relation:

Xj=ho 0L 19X) 0L ol (4.2)
where I is the identity operator of the space Hy, for any k # j.

Theorem 4.1. Let p1 be a polynomially factorizable measure on R, If we identify
the space H with the space H1 @ Ho ® «-- @ Hy, then for all1 < j < d andn >0
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the following three operatorial relations hold:

— . 1 )—1 — +1 d
D;H= > PPe--ePVeD; 0P e 0P,
i1+ t+ig=n
. 1 j—1 j+1 d
Dg(]): Z Pi(1)®...®P7;(_7l']—1)®D?j,j®P7§j:;)®...®Pi(d)7
-
. 1 )—1 +1 d
Dy (4) = Z Pi(1)®“'®Pi(j]—1)®D;;,j®Pi(jJ+1)®“'®Pi(d)'
i1+ t+ig=n

Proof. We will check only the first relation. The other two will be proved similarly.
We have:

D (4)
= n—lXan
= nfl(h@"'@X;j)@'“@Id)
x > pPlVe-epVe..op?
i1+ t+ig=n

=Py Y. (P )e 0 xRy e @ 1PY)

i14-+ig=n

= > pPls-erPe - ep?
ki+-+kg=n—1

% Z Pi(ll) Q- ® (Xj(j)Pz(]J)) ® - ® Pi(dd)
i tia=n

> > YR e BIx P
kyttkg=n—1i1+-+ig=n

d d
®- @ (PP,

where “X” means composition of operators.

Observe that if

1 1 j j j d d
(PP e 0 (PPXP Py e @ (PYPY) £0,

id
then i, = k17...77;j,1 = kjfl, ij+1 = j+17...7id = kq. Since i1 + -+ - +1ig = n and
ki +---4+kq=mn—1, it follows that ¢; = k; + 1. Thus we obtain:

Pii= X Ao s (RO 6 P
i1+ t+ig=n
’ O

i1+ t+ig=n
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Theorem 4.2. Let p be a polynomially factorizable probability measure on the
Borel subsets of RY. Then, for all j # k, we have:

a”(j)a’ (k) = a* (k)a" (j), (4.3)
a’(j)a* (k) = a* (k)a’(j) , (4.4)
a®(j)a” (k) = a™ (k)a’(5). (4.5)

Proof. To check the commutation relation a™(j)a™ (k) = a™(k)a=(j), we need to
check that for all n > 0, we have D, ., (j)D;; (k) = D;}_,(k)D,, (j). Let us assume

that j < k. The case j > k can be treated similarly or by duality. From the previous
theorem we know that:

D, 1 () Dy (k)
= Y Ple--ePiVeD. @PitVe. . .oPY
ri+-tra=n+l

Y PWg...@PtVeDt, @Pkeg...q P

Sk—1 Sk+1
S1+-+sq=n

= > > PP e oD PY)
rit-t+ra=n+lsi+--+sq=n

k d d
@ ® (PYDY )@@ (B P

Sk,k‘

To have Pr(ll)Ps(ll) # 0, for all I € {1,...,d} \ {j, k}, we must have r; = s, for all
le{l,...,d}\{jk}. |

Since D P =P XD PP it DS PP #£0, then rj = s;. If rj = s,
then D P =D .

Since P DY, = PP PY XPPY it PDY | #£ 0, then 1y = sp + 1. If
rr = Sk + 1, then PT(S)D;;’,C = D:kk

Thus we obtain:

D, 1 (j)Dy (k)

= Y PVe..eD ;00D @ 0P,
S1+--tsa=n

In the same way, we can show that:
Dy, (k)D5, (5)

= Z PS(11)®...®D* ®"'®D;€,k®"'®Ps(j)'

85,7
s14+tsa=n

Thus D, (j) D} (k) = Dy, (k) Dy, (j).
The commutation relationships (4.4) and (4.5) are proved similarly. m|
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Proposition 4.1. If y is a probability measure on R such that for any j # k, the
operators a~ (j) and a* (k) commute, then for any j, k € {1,2,...,d} we have:
a®(j)a’(k) = a"(k)a"(j) - (4.6)
Proof. Let j, k € {1,2,...,d} be fixed.

If j = k, then it is obvious that a°(j) and a°(k) commute.
If j # k, then, according to Eq. (2.10), for any n > 0, we have:

Dy 1 (7)D3f (k) + Dy (5) Dy (k) + D1 () Dy, (k)
= D, 1 (k)D5; (5) + Dy (k) Dy () + Dy (k) Dy (7) -

Since a=(j)at (k) = a™(k)a~(j) it follows that

Dy 1 ()D3 (k) = Dy, (k) D5, (5) -
Since at(j)a™ (k) = a= (k)a™(j) it follows that

Dy _1(j)Dy (k) = Dy, (k) Dy} (5)
Thus we obtain

Dy (5)Dy (k) = Dy (k) D (7) -

Since this is true for all n > 1, we obtain a®(j)a’(k) = a°(k)a®(j). |

Proposition 4.2. Let p be a probability measure on R? having finite moments of
any order. Let j, k € {1,2,...,d}. Then the following two statements are equivalent:

(1) a®(j)a* (k) = a*(k)a®(j) and a®(j)a’(k) = a®(k)a’(j)-
(2) a°(j) Xk = Xpa®(j).

Proof. (1) = (2) Let us assume that a°(j)a™ (k) = a™(k)a’(j) and a®(5)a’(k) =
a’(k)a’(j). Taking the adjoints on both sides of the first equality we obtain
a” (k)a®(j) = a°(j)a” (k). Thus:

a®(j) Xy = a°(j)la* (k) + a" (k) + a” (k)]
= a"(j)a™ (k) + a’(j)a" (k) + a"(j)a (k)
= a* (k)a’(j) + a’(k)a’ (j) + a” (k)a’(5)

= [a* (k) + a®(k) + a” (k)]a" ()
= X" (j).

(2) = (1) Let us assume now that a®(j) Xy = X,a"(j). Let n > 0 be fixed. For any
¢ € Gy, we have a®(j) Xy = X,a®(j)p. This means

a®(j)a* (k)p + a’(5)a’ (k) + a’()a” (k)¢
= a™(k)a"(j)p + a’(k)a®(j)¢ + a™ (k)a" ().
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Since a’(j)at (k)¢ € Gny1 and at(k)a®(j)e € Gni1, a®(j)a’(k)e € G,
a®(k)a®(j)p € Gn, a®(j)a=(k)p € Gn—1 and a=(k)a’(j)¢ € G,_1, and the
spaces G, 11, G, and G,,_1 are orthogonal, we obtain: a®(j)a™ (k)¢ = at(k)a®(5)e,
a’(j)a’ (k)p = a°(k)a®(j)¢ and a®(j)a” (k)¢ = a™ (k)a’(j)¢- m

Combining Theorem 4.2, Proposition 4.1, and Theorem 2.3 we obtain the fol-
lowing:
Corollary 4.1. Let p be a polynomially factorizable probability measure on the

Borel subsets of R, If 5, k € {1,2,...,d} and j # k, then for any Y €
{a™(5),a%(j),a* ()} and Z € {a™ (k),a’(k),a™ (k)}, we have:

YZ=Z7Y.

Theorem 4.3. If p is a polynomially factorizable probability measure on the Borel
subsets of R, then for all i, j, k € {1,2,...,d}, we have:

[a°(i), [a™ (j),a* (R)]] = 0, (4.7)
where [A, B] := AB — BA for any two operators A and B.

Proof. We analyze three cases:
Case I. If j # k, then Theorem 4.2 implies [a™(j),at (k)] = 0. Thus

[ao(i)v [aﬁ (])7 aJr(k)]] =0.

Case II. If j = k and i # j, then according to Theorem 4.2, a®(i) commutes
with both operators a~(j) and a*(j). Thus a°(i) commutes with the commutator
of a=(j) and a*(j).

Case I1II. If ¢ = j = k, then according to Theorem 4.1, for any n > 0, we have:

a®(j)la” (), et ()]c,

_ (1) 0 - - (d)
- Z Pll ®...®Dlj7j(Dlj+l7jD;’;»j—Dltflerljvj)®.“®f)ld .
Lt fla=n

We also have:

[a=(5),a* (e’ (e,

— (&) - + + - 0 (d)
- Z B, ®“'®(Dlj+1,lej,j _Dlj_lalejvj)Dlj»j®“.®'F)ld :
lit-+lag=n
D?j’j and Dl;+1,let,j — Dl*;_l,le;j are linear operators from the space G

into itself. Since the vector space Gg ) has dimension at most 1, any two linear
operators from Gg) into Gg) commute. Thus, we have:

0 (- + o+ - N (P- + _p+ — PO
Dy Dy D1 5 = Dif oy D ) = (D D = D Dy ) D3 -

Therefore, we obtain:
a®(Pla™ (), (Dlja, = la= (), (D]’ (),
for all n > 0. Thus [a°(j), [a(4),a™ ()] = 0. O
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We prove now the converse of Theorem 4.2.

Theorem 4.4. Let i be a probability measure on the Borel subsets of R% such that,
for all j # k, we have:

Then p is polynomially factorizable.

Proof. Since for all j # k, a°(j)a™ (k) = a*(k)a®(j), taking the adjoints on both
sides of this equation, we obtain: a~(k)a’(j) = a®(j)a~ (k). Because for all j # k,
the operators a™(j) and a* (k) commute, according to Proposition 4.1, for any r,
s € {1,2,...,d}, the operators a’(r) and a°(s) also commute. Using Theorem 2.3,
we conclude that, for all j # k, any operator from the set {a=(j),a%(5),a™(4)}
commutes with any operator from the set {a~(k),a’(k),at(k)}.

For any 1 < j < dand n > 1, we define a j-word of length n, to be any operator
of the form w = a®*(j)a®2(j) - --a°"(j), where ¢; € {—,0,+}, V1 < i < n. The
operators a®*(j), a®2(j),...,a°"(j) are called the letters of the word w.

The identity operator I, of L2(R¢, i), is considered to be a j-word of length 0,
forany 1 <j <d.

Let m(z) = 23" 2% - - 24 be a monomial. Let ¢ = 1 be the vacuum vector (the
constant polynomial function 1). We have

m(z) = X' X2 X
= (a” (1) +a’(1) +a* (1)) -+ (a”(d) + a°(d) + a™(d))"* ¢
- Z(aa%(l)aeé(l) . gfh 1)) (@ (d)a (d) - - g (),

where €5 € {—,0,+}, forall 1 < s <d and 1 <r < i,. Thus

mw) = 3wy wag,

where w; is a j-word of length i;, V 1 < j < d. According to our hypothesis, if
j # k, then any j-word commutes with any k-word.

Since for any 1 < j < d and any integer n, a™(j)p, : Fn — Fn_1, We say
that a™(j) represents one step backward. Similarly we say that a™(j) represents
one step forward, while a®(j) represents a neutral step. Thus a~(j) is considered
to be a negative letter, a*(j) a positive letter, and a”(j) a neutral letter. If n is a
negative integer, then we declare F,, to be the null space {0}. We define the signum
s(w) of a word w, to be the number of positive letters of w minus the number of
negative letters of w. If w* denotes the adjoint of w, then s(w*) = —s(w).

All the terms wiws - - -wq¢, containing at least one word wj, that has more
negative letters than positive letters, are equal to 0. Indeed, for such a term,

WIWs -+ - WP = Wy -+ - Wiy 1Wjg 11 - - - Wa(wj,d) = 0,
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since wj,¢ = 0, because we start from the vacuum space and do more steps back-
ward than we do forward. Thus m(z) = > wiws - - - wq¢, where each term contains
only words having the number of negative letters less than or equal to the number
of positive letters. Hence:

E[m(z)]

(m(z), ¢)
= > (w1 wag, o)

s(w1)2>0,...,5(wq) >0

= > (fwy - wid).

s(w1)2>0,...,s(wa) >0
Observe that in the last sum all the terms, for which at least one of the words
{w;}1<j<q has a positive signum, are equal to zero. This is true, because if there
exists j € {1,2,...,d} such that s(w;) > 0, then s(wj) < 0 and, it follows, as
before, that w} - - - wj¢ = 0. Therefore, we have:

E[m(x)] = Z (w1 -+ wad, P) .

s(w1)=0,...,s(wq)=0
Observe that, since s(wq) = 0, wqg¢ € Fy, and thus wgd = Po(wqd) = (wad, p)p =
Elwq¢]¢. Applying wg—1 to both sides of the equality: wa¢p = Elwq¢p]d, we get
wi—1wqp = Elwgd] Elwg—1¢]¢. Tterating this process we obtain finally:

wy - wyd = Elwgd)] - - - Elw19]¢.

Thus we obtain:

Elm(z)] = Z (wrws - - - wq, P)
s(w1)=0,s(w2)=0,...,s(wq)=0
= > (E[wag]Elwa-19]- - - E[w19]é, 6)
s(w1)=0,s(w2)=0,...,s(wq)=0
= > Elwag|E[wa-19] - - - E[w19](, )
s(w1)=0,s(w2)=0,...,s(wq)=0
= > Elwy ¢ E[ws¢] - - E[wag]

s(w1)=0,s(w2)=0,...,s(wq)=0
= Y Elw¢l Y, Elwe]--- Y Elwd].
s(w1)=0 s(w2)=0 s(wq)=0
Applying the last equality to the particular monomials mi(z) = z ma(z) =
xz?,...,mg(x) = z, we can see that: E[z]'] = Ps(wy=o Elw1¢], Elzy] =
D s(wa)=0 Blwa2d], ... Elzg'] =3, =0 Elwa¢]. Thus:
E[m(z)] = E[2}']E[x3] - Elzj] .

Therefore i is polynomially factorizable. O
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From Proposition 4.2, Theorem 4.2 and Theorem 4.4 we obtain the following:

Theorem 4.5. A probability measure 1 on R, having finite moments of any order,
is polynomially factorizable if and only if for all j, k € {1,2,...,d}, such that j # k,
the commutators [a=(j),a™ (k)] and [a®(j), Xk] are both equal to zero.

Corollary 4.2. A polynomially symmetric about a point probability measure on
R? is polynomially factorizable if and only if for all j # k we have a~(j)a* (k) =
a*(k)a”(j).

5. Examples

In this section we will give an example of a polynomially symmetric probability
measure that is not symmetric and an example of a polynomially factorizable prob-
ability measure that is not a product measure.

Let us consider the following function, introduced by Stieltjes in Ref. 12: f :
(0,00) = R, f(t) =t~ Mtsin(2rInt).

Claim 5.1. For all non-negative integer n, we have:

/OO " f(t)dt = 0. (5.1)
0

We present below the proof of this claim as it appears in Ref. 11. Indeed, for
n+41
any non-negative integer n, making the change of variable t = e+ 3

/ T f(t)dt

0

, we have:

= / t"t~ 0t sin(27 Int)dt
0

- / Pt = ) gy (27r (u + —n; 1>) o
R

= (")’ / e [sin(27u) cos((n + 1)) + cos(2mu) sin((n + 1)7)]du
R

= (—1)"“6(%)2 / e sin(27u)du
R

=0.
The last integral is zero since the integrand is an odd function.

Example 5.1. Let u be the probability measure on R given by the density function
g: R —[0,00), defined by:
cft(z) ifx>0,
glx)y=<0 ifx=0,
cf~(—z) ifx<0,
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where a* = max(a, 0) ~ = —min(a,0), V a € R, and c is a positive constant
chosen such that [, g(z)dz = 1.

It is easy to see that p has finite moments of any order.
Claim 5.2. p is polynomially symmetric.

Indeed, if n is an odd natural number, then we have:

/Rx"u(dx) :/Rx"g(x)dx

:c/o x”f(—x)d;v—i—c/ooox”ﬁ(x)dx

—00

=c Oo—"7 COO”Jr
—(A(t)f@MH—A £ £ ()t

_ _ oonf Oon+
= c/o t"f (t)dt+c/0 t"fH(t)dt

—c / Tl - f()de

= c/o " f(t)dt

=0.
Claim 5.3. u is not symmetric.

Indeed, for any interval [a,b] contained in the set: {m > 0|f(x) > 0} we
havef:g( dac—cffJr (z)dz > 0, but [~ g(z) d;v—cff z)dr = 0. Thus
p(la; b)) # p([=b, —a]).

Let f1 : (0,00) — [0,00), f1(t) =t~ ™[I +sin(27 Int)] and f» : (0, 00) — [0, 00),
fa(t) = t7 1 — sin(27 Int)]. Since, according to (5.1), [, t"t~ " sin(27 Int)dt =
0, for any non-negative integer n, we have:

/ ﬂﬁ@ﬁ:/’ﬂﬁ@ﬁ, VneNU{0}. (5.2)
0 0
In particular for n =0, let k := [;° fu(t)dt = [ fa(t)

Example 5.2. Let u be the probability measure on R? given by the density func-
tion h : R? — [0, 00), defined by:

1 c 2 2 —y :

— S : f 0 and 0
Wz, y) = k[fl(x)sm y + fa(z) cos” yle if z>0and y>
0 otherwise.
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For any non-negative integers m and n, we have:

/ z"y"™ p(dzdy)
]R2

k 0 0

= l/ y"e Y [/ a:"fl(m)da:] (sin? y + cos? y)dy
0

0

[ o] [

Thus we obtain:

/R? 2"y pu(dxdy) = % {/0 x"fl(m)da:] /0 y"e Vdy.

In particular for m = n = 0, we obtain:

/R u(drdy) = L [ /O - fl(a:)da:] /0 vy

k-1

Il

Hence p is a probability measure on R2.

Taking m = 0 in formula (5.3), we can see that:

/ 2" p(dxedy) = 1/ x"fl(x)dx/ e Ydy
R2 k Jo 0

= E/o 2" f1(x)dx .
Hence

1 oo
"u(dxdy) = — " dx .
/R2x w(dzdy) k/ " f1(z)dzx

0

Taking n = 0 in formula (5.3), we can see that:
1 o0 o0
/ y" uldedy) = + / fi(z)dz / y"e Vdy
R2 0 0

-k-/ y"e Ydy
0

o0

y"e Ydy.

> =

I
S—

1 o0 o0 o0
=_ / y"e Y [Sin2 y/ z" f1(2)dx + cos? y/ x" fo(x)dx
0

|
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(5.3)

(5.4)
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Hence
/RQ y" u(dedy) =/0 y"e Vdy. (5.5)

From formulas (5.3)—-(5.5), we can see that:

[ a"vrutdady) = [ au(dody) [ ymatdady). (5.6)
R 0 0
Thus p is polynomially factorizable.

Claim 5.4. p is not a product measure.

Let us assume that two probability measures, p; and ps, on R, exist, such that
for any two Borel subsets By and By of R, we have u(By X Bg) = p1(B1)u2(B2).
Since p is absolutely continuous with respect to the Lebesgue measure on R?, it
follows that p; and pg are absolutely continuous with respect to the Lebesgue
measure on R. If 4 and v are the density functions of pq and pe, respectively, then
we must have for almost all (z,y) € R?, h(z,y) = u(x)v(y), which is impossible
since h(zx,y) cannot be written as a function of x times a function of y.
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