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SOLUTIONSNo problem is ever permanently 
losed. The editor is always pleasedto 
onsider for publi
ation new solutions or new insights on past problems.We belatedly a
knowledge a 
orre
t solution to #3340 by \Solver X",dedi
ated to the memory of Jim Totten, whi
h we had previously 
lassi�edas in
orre
t. Our apologies.3376. [2008 : 430, 432℄ Proposed by D.J. Smeenk, Zaltbommel, the Neth-erlands.The verti
es of quadrilateral ABCD lie on a 
ir
le. Let K, L, M , and

N be the in
entres of △ABC, △BCD, △CDA, and △DAB, respe
tively.Show that quadrilateral KLMN is a re
tangle.Comment by Fran
is
o Bellot Rosado, I.B. Emilio Ferrari, Valladolid, Spain.This problem has already appeared in Crux. The proof of the resultand the proof of its 
onverse was published together with 
omments andreferen
es in [1980 : 226-230℄.Solutions, 
omments, and other referen
es were sent by GEORGE APOSTOLOPOULOS,Messolonghi, Gree
e; �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia andHerzegovina; RICARDO BARROSO CAMPOS, University of Seville, Seville, Spain; MICHELBATAILLE, Rouen, Fran
e; CAO MINH QUANG, Nguyen Binh Khiem High S
hool, VinhLong, Vietnam; CHIP CURTIS, Missouri Southern State University, Joplin, MO, USA; OLIVERGEUPEL, Br �uhl, NRW, Germany; JOHN G. HEUVER, Grande Prairie, AB; WALTHERJANOUS, Ursulinengymnasium, Innsbru
k, Austria; V �ACLAV KONE �CN �Y, Big Rapids, MI, USA;TAICHI MAEKAWA, Takatsuki City, Osaka, Japan; MADHAV R. MODAK, formerly of SirParashurambhau College, Pune, India; DUNG NGUYEN MANH, High S
hool of HUS, Hanoi,Vietnam; JOEL SCHLOSBERG, Bayside, NY, USA; ALBERT STADLER, Herrliberg, Switzerland;PETER Y. WOO, Biola University, La Mirada, CA, USA; and the proposer.Geupel provides the link www.mathlinks.ro/viewtopic.php?t=137589. Janous pro-vides the link http://www.gogeometry.com/problem/p035_incenter_cyclic_quadrilateral.Kone�
n �y and S
hlosberg found a solution at www.cut-the-knot.org/Curriculum/Geometry/

CyclicQuadrilateral.shtml S
hlosberg also gives two other links, forumgeom.fau.edu/

FG2002volume2/FG200223.ps and mathworld.wolfram.com/CyclicQuadrilateral.html.
3377. [2008 : 430, 432℄ Proposed by Toshio Seimiya, Kawasaki, Japan.LetABC be a triangle with∠B = 2∠C. The interior bise
tor of∠BACmeetsBC atD. LetM andN be themidpoints ofAC andBD, respe
tively.Suppose that A, M , D, and N are 
on
y
li
. Prove that ∠BAC = 72◦.Solution by Mi
hel Bataille, Rouen, Fran
e.Wewill use the familiar notations for the elements of the triangleABC.First, we note that from ∠B = 2∠C, we have

b2 = c(c + a) (1)(this has been proven in the April 2006 issue of this journal, [2006 : 159℄).
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It then suÆ
es to prove that a = b, for then we will have B = A, and then

A =
2

5

�
A + A +

A

2

�
=

2

5
(A + B + C) = 72◦ .From DB

c
=

DC

b
=

a

b + c
, we obtain DB =

ac

b + c
and DC =

ab

b + c
, so that

CN =
ab

b + c
+

ac

2(b + c)
=

a(2b + c)

2(b + c)
.Sin
e A, M , D, and N are 
on
y
li
, we have CM · CA = CD · CN , or,after a simple 
al
ulation,

c2b = c
�
a2 − 2b2

�
+ b

�
2a2 − b2

� . (2)The relation (1), rewritten as c2b = b3 − abc, together with (2) yields
c(a − b)(2b + a) = 2b(b − a)(b + a) .Now, if a 6= b, then c < 0, whi
h is impossible. Therefore, a = b, whi
h
ompletes the proof.Also solved by MIGUEL AMENGUAL COVAS, Cala Figuera, Mallor
a, Spain; GEORGEAPOSTOLOPOULOS, Messolonghi, Gree
e; �SEFKET ARSLANAGI �C, University of Sarajevo,Sarajevo, Bosnia and Herzegovina; CHIP CURTIS, Missouri Southern State University, Joplin,MO, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; JOHN G. HEUVER, Grande Prairie, AB;WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; V �ACLAV KONE �CN �Y, Big Rapids,MI, USA; KEE-WAI LAU, Hong Kong, China; TAICHI MAEKAWA, Takatsuki City, Osaka,Japan; SOUTHEAST MISSOURI STATE UNIVERSITY MATH CLUB; MADHAV R. MODAK, for-merly of Sir Parashurambhau College, Pune, India; ALBERT STADLER, Herrliberg, Switzerland;HAOHAO WANG and JERZY WOJDYLO, Southeast Missouri State University, Cape Girardeau,Missouri, USA; PETER Y. WOO, Biola University, La Mirada, CA, USA; TITU ZVONARU,Com�ane�sti, Romania; and the proposer.Amengual Covas noted that the relation (1) had already appeared in several other issuesof CRUX, namely, [1976 : 74℄, [1984 : 278℄, and [1996 : 265-267℄.

3378. [2008 : 430, 432℄ Proposed by Mih�aly Ben
ze, Brasov, Romania.Let x, y, and z be positive real numbers. Prove thatX
y
li
 xy

xy + x + y
≤

X
y
li
 x

2x + z
.

Counterexample by George Apostolopoulos, Messolonghi, Gree
e.The inequality is false in general. For example, if x = 2 and y = z = 1,then the inequality be
omes 2

5
+

1

3
+

2

5
≤ 2

5
+

1

4
+

1

3
, or 2

5
<

1

4
, whi
h is
learly false.Also disproved by �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia andHerzegovina; MICHEL BATAILLE, Rouen, Fran
e; CHIP CURTIS, Missouri Southern State
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University, Joplin, MO, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS,Ursulinengymnasium, Innsbru
k, Austria; RICHARD I. HESS, Ran
ho Palos Verdes, CA, USA;PAOLO PERFETTI, Dipartimento di Matemati
a, Universit �a degli studi di Tor Vergata Roma,Rome, Italy; STAN WAGON, Ma
alester College, St. Paul, MN, USA; and TITU ZVONARU,Com�ane�sti, Romania.Let f(x, y, z) =

P
y
li
 x

2x + z
−
P
y
li
 xy

xy + x + y
. Then Curtis showed that

f(x, x, x) < 0 for all x > 1. Perfetti showed that, in general, f(x, y, z) < 0 if x, y, zall lie in (1, ∞), while f(x, y, z) ≥ 0 if x, y, z all lie in (0,1].Janous reports that a similar inequality, P
y
li
 xy

xy + x2 + y2
≤
P
y
li
 x

2x + z
, where

x, y, z are positive, was problem 4 of the 2009 Mediterranean Mathemati
s Competition.
3379. [2008 : 430, 433℄ Proposed by Mih�aly Ben
ze, Brasov, Romania.Let a1, a2, . . . , an be positive real numbers. Prove that

nX
i=1

ai

ai + (n − 1)ai+1

≥ 1 ,where the subs
ripts are taken modulo n.Solution by Mi
hel Bataille, Rouen, Fran
e.Set xi =
(n − 1)ai+1

ai
for ea
h i; the problem is then to prove that

nX
i=1

1

1 + xi
≥ 1 (1)subje
t to the 
onstraint x1x2 · · · xn = (n − 1)n.Let yi =

1

1 + xi
for ea
h i, so that xi =

1 − yi

yi
.Suppose on the 
ontrary that nP

i=1

yi < 1. Then 1 −
nP

i=1

yi > 0, andhen
e for ea
h i we have by the AM{GM Inequality that
1 − yi >

X
j 6=i

yj ≥ (n − 1)

�Y
j 6=i

yj

� 1

n−1 . (2)
Multiplying a
ross the inequalities in (2) over all i, we then obtain

nY
i=1

(1 − yi) > (n − 1)n
nY

i=1

yi ,
or nQ

i=1

�
1−yi

yi

�
> (n − 1)n, whi
h violates the 
onstraint on x1, x2, . . . , xn.This 
ontradi
tion establishes (1), and we are done.
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Also solved by ARKADY ALT, San Jose, CA, USA; GEORGE APOSTOLOPOULOS,Messolonghi, Gree
e; CAO MINH QUANG, Nguyen Binh Khiem High S
hool, Vinh Long,Vietnam; CHIP CURTIS, Missouri Southern State University, Joplin, MO, USA; OLIVERGEUPEL, Br �uhl, NRW, Germany; JOHN G. HEUVER, Grande Prairie, AB; WALTHER JANOUS,Ursulinengymnasium, Innsbru
k, Austria; SALEM MALIKI �C, student, Sarajevo College,Sarajevo, Bosnia and Herzegovina; DUNG NGUYEN MANH, High S
hool of HUS, Hanoi,Vietnam; CRISTINEL MORTICI, Valahia University of Târgovi�ste, Romania; PAOLO PERFETTI,Dipartimento di Matemati
a, Universit �a degli studi di Tor Vergata Roma, Rome, Italy; ALBERTSTADLER, Herrliberg, Switzerland; PETER Y. WOO, Biola University, La Mirada, CA, USA; andthe proposer.For positive α Janous proved the generalization

nX
i=1

ai

ai + αai+1
≥ min

n
n

1 + α
,1

o .
3380. [2008 : 430, 433℄ Proposed by Mih�aly Ben
ze, Brasov, Romania.Let a, b, c, x, y, and z be real numbers. Show that
(a2 + x2)(b2 + y2)

(c2 + z2)(a − b)2
+

(b2 + y2)(c2 + z2)

(a2 + x2)(b − c)2
+

(c2 + z2)(a2 + x2)

(b2 + y2)(c − a)2

≥ a2 + x2

|(a − b)(a − c)|
+

b2 + y2

|(b − a)(b − c)|
+

c2 + z2

|(c − a)(c − b)|
.

Similar solutions by Arkady Alt, San Jose, CA, USA; and Mi
hel Bataille,Rouen, Fran
e.Let
u =

Ê
(a2 + x2)(b2 + y2)

(c2 + z2)(a − b)2
; v =

Ê
(b2 + y2)(c2 + z2)

(a2 + x2)(b − c)2
;

w =

Ê
(c2 + z2)(a2 + x2)

(b2 + y2)(c − a)2
.Then

uv =

Ê
(b2 + y2)2

(a − b)2(b − c)2
=

b2 + y2

|(a − b)(b − c)|
,and similarly

uw =
a2 + x2

|(a − b)(c − a)|
; vw =

c2 + z2

|(b − c)(c − a)|
.The original inequality now follows from the well-known inequality

u2 + v2 + w2 ≥ uv + uw + vw .Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; �SEFKETARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia and Herzegovina; CHIP CURTIS,
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Missouri Southern State University, Joplin, MO, USA; OLIVER GEUPEL, Br �uhl, NRW,Germany; WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; SALEM MALIKI �C,student, Sarajevo College, Sarajevo, Bosnia and Herzegovina; DUNG NGUYEN MANH, HighS
hool of HUS, Hanoi, Vietnam; PAOLO PERFETTI, Dipartimento di Matemati
a, Universit �adegli studi di Tor Vergata Roma, Rome, Italy; CAO MINH QUANG, Nguyen Binh Khiem HighS
hool, Vinh Long, Vietnam; TITU ZVONARU, Com�ane�sti, Romania; and the proposer.
3381⋆. [2008 : 431, 433℄ Proposed by Shi Changwei, Xi�an City, ShaanXi Provin
e, China.Let n be a positive integer. Prove that(a) �1 − 1

6

� �
1 − 1

62

�
· · ·
�
1 − 1

6n

�
>

4

5
;(b) Let an = aqn, where 0 < a < 1 and 0 < q < 1. Evaluate

lim
n→∞

nY
i=1

(1 − ai) .
Solution to part (a) by Peter Y. Woo, Biola University, La Mirada, CA, USA.We have (1 − aq)

�
1 − aq2

�
> 1 − a

�
q + q2

�. In general, if we knowthat nQ
k=1

�
1 − aqk

�
> 1 −

nP
k=1

aqk holds for some n ≥ 2, then
n+1Y
k=1

�
1 − aqk

�
>

�
1 − aqn+1

� 
1 −

nX
k=1

aqk

!
= 1 −

n+1X
k=1

aqk + aqn+1

 
nX

k=1

aqk

!
> 1 −

n+1X
k=1

aqk .
By indu
tion, the inequality holds for ea
h n ≥ 2, and furthermore we have

nQ
k=1

�
1 − aqk

�
> 1 −

nP
k=1

aqk > 1 − aq

(1 − q)
. Taking a = 1 and q =

1

6
yields�

1 − 1

6

� �
1 − 1

62

�
· · ·
�
1 − 1

6n

�
> 1 − 1

5
=

4

5
.Also solved by ARKADY ALT, San Jose, CA, USA (part (a)); GEORGE APOSTOLOPOULOS,Messolonghi, Gree
e (part (a)); PAUL BRACKEN, University of Texas, Edinburg, TX, USA;OLIVER GEUPEL, Br �uhl, NRW, Germany; RICHARD I. HESS, Ran
ho Palos Verdes, CA, USA(part (a)); WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; ALBERT STADLER,Herrliberg, Switzerland; and STANWAGON, Ma
alester College, St. Paul, MN, USA. There wasone in
orre
t solution to part (b) submitted.Although it is a fundamental problem to evaluate the limit in part (b), there appears tobe no simple way to tame this in�nite produ
t.
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Bra
ken notes that the produ
t is related to Ramanujan's q-extension of the Gammafun
tion, the 
ustomary notations being (a; q)k = (1 − a)(1 − aq) · · ·

�
1 − aqk−1

� and
(a; q)∞ =

∞Q
k=0

�
1 − aqk

�. The q-binomial theorem implies that for |x| < 1, |q| < 1 we have
1

(a;q)∞

=
∞P

n=0

xn

(q;q)n
, whi
h leads to an expression for the required produ
t.Geupel gives the expansion

∞Y
k=1

�
1 − qk

�
=

1
√

3
· 1

24
√

q
· ϑ2

�π

6
, 6

√
q
� ,where ϑ2 is a Ja
obi theta fun
tion. For further information he refers to the online survey

http://mathworld.wolfram.com/q-PochhammerSymbol.html.Stadler provided six di�erent expansions related to the required produ
t, one involvingthe Dedekind eta fun
tion and the others due to Euler and Ja
obi. He refers the interestedreader to Marvin I. Knopp, Modular Fun
tions in Analyti
 Number Theory (2nd ed.), Chelsea,New York (2003).Wagon also refers to the Wolfram website, as well as B. Gordon and R.J. M
Intosh,\Some Eighth Order Mo
k Theta Fun
tions", J. London Math. So
. 62, pp. 321-335 (2000).There is given the asymptoti
 estimate (q; q)∞ =
p

π
t

exp
�

t
12

− π2

12t

�
+o(1); t = −1

2
ln q,whi
h yields a value for (1/6; 1/6)∞ that is within 2 · 10−10 of the true value.

3382. [2008 : 431, 433℄ Proposed by Jos �e Luis D��az-Barrero and JosepRubi �o-Masseg �u, Universitat Polit �e
ni
a de Catalunya, Bar
elona, Spain.Let n be a positive integer. Prove that
sin

�
Pn+2

4PnPn+1

�
+ cos

�
Pn+2

4PnPn+1

�
<

3

2
sec

�
3Pn + 2Pn−1

4PnPn+1

� ,where Pn is the nth Pell number, whi
h is de�ned by P0 = 0, P1 = 1, and
Pn = 2Pn−1 + Pn−2 for n ≥ 2.Solution by Oliver Geupel, Br �uhl, NRW, Germany.For all real numbers x and y with 0 < y <

π

2
, we have

sin x + cos x =
√

2 sin
�
x +

π

4

�
≤

√
2 <

3

2
≤ 3

2
sec y .Setting x =

Pn+2

4PnPn+1
and y =

3Pn + 2Pn−1

4PnPn+1
gives the desired result, if we
an show that 0 < y <

π

2
.Be
ause the Pell numbers form a stri
tly in
reasing sequen
e, we obtainfor positive n that

0 <
3Pn + 2Pn−1

4PnPn+1

<
5Pn

4P 2
n

≤ 5

4
<

π

2
,whi
h 
ompletes the proof.
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Also solved by ARKADY ALT, San Jose, CA, USA; GEORGE APOSTOLOPOULOS,Messolonghi, Gree
e; �SEFKET ARSLANAGI �C, University of Sarajevo, Sarajevo, Bosnia andHerzegovina; MICHEL BATAILLE, Rouen, Fran
e; CHIP CURTIS, Missouri Southern StateUniversity, Joplin, MO, USA; WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria;SALEM MALIKI �C, student, Sarajevo College, Sarajevo, Bosnia and Herzegovina; ALBERTSTADLER, Herrliberg, Switzerland; PETER Y. WOO, Biola University, La Mirada, CA, USA;TITU ZVONARU, Com�ane�sti, Romania; and the proposers.It is 
lear from the featured solution that on the right side of the inequality 3

2

an berepla
ed by the smaller 
oeÆ
ient √

2.
3383. [2008 : 431, 433℄ Proposed by Mi
hel Bataille, Rouen, Fran
e.Let ABC be a triangle with ∠BAC 6= 90◦, let O be its 
ir
um
entreand let M be the midpoint of BC. Let P be a point on the ray MA su
hthat ∠BPC = 180◦ − ∠BAC. Let BP meet AC at E and let CP meet ABat F . If D is the proje
tion of the midpoint of EF onto BC, show that(a) AD is a symmedian of △ABC;(b) O, P , and the ortho
entre of △EDF are 
ollinear.A 
omposite of solutions by Madhav R. Modak, formerly of Sir Parashu-rambhau College, Pune, India and the proposer.We �rst show that there is a unique point P on the ray MA su
h that
∠BPC = 180◦ −∠BAC, and P 
an be 
onstru
ted by extending the median
AM to where it meets the 
ir
um
ir
le Γ of △ABC at P ′. Claim: The linethrough B parallel to P ′C meets AM at P and AC at E. To see this, notethat△PBM ∼= △P ′CM (BM = MC and 
orresponding angles are equal),when
e PBP ′C is a parallelogram. It follows that ∠BPC = ∠CP ′B. But
P ′, A lie on opposite ar
s BC of Γ, so ∠BPC =∠CP ′B =180◦ − ∠BAC,when
e P is the unique point on the ray MA that forms the required angle.Moreover, sin
e ∠BAC 6= 90◦, P is di�erent from A. The homothety with
entre A that takesP ′ toP will takeC toE, B to F , and Γ to the 
ir
um
ir
le
Γ′ of the quadrilateral AFPE. Note that EF is parallel to BC; its midpoint,
all it N , lies on AP .We turn now to part (a). Sin
e AP and FE interse
t at N , by the
lassi
al 
onstru
tion N is the pole of the line BC with respe
t to Γ′ (be
ause
B and C are the diagonal points other than N of quadrilateral AFPE). Thepolar of D, therefore, passes through N and, sin
e DN passes through the
entre of Γ′ and is perpendi
ular to EF , this polar is a
tually EF . As aresult, DE and DF are tangent to Γ′ at E and F . It follows that AD isthe symmedian from A in △EAF . (See, for example, Roger A. Johnson,Advan
ed Eu
lidean Geometry, (Dover, 2007), page 215, no. 347, or NathanAltshiller Court, College Geometry, (Dover, 2007), page 248, Theorem 560.)The result in (a) follows sin
e △BAC and △FAE are homotheti
. For part(b) note that the homothety that takes the 
ir
le BAC (namely Γ) to FAE(namely Γ′) will take OB to the radius of Γ′ through F ; sin
e DF is the
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tangent at F , its preimage is tangent to Γ atB, and is therefore perpendi
ularto OB. We 
on
lude that OB ⊥ DF . Similarly, OC ⊥ DE. Let H ′ denotethe ortho
entre of △EDF . The homothety with 
entre P that takes B to Ewill take C to F . Sin
e OB‖H ′E and OC‖H ′F , this homothety must take
O to H ′, when
e H ′, P , and O are 
ollinear, whi
h 
ompletes the proof ofpart (b).Also solved by CHIP CURTIS, Missouri Southern State University, Joplin, MO, USA;OLIVER GEUPEL, Br �uhl, NRW, Germany; and PETER Y. WOO, Biola University, La Mirada,CA, USA.All the submitted solutions ex
ept Bataille's were based on the property that AD is asymmedian of △ABC if and only if D divides the side BC in the ratio c2 : b2 (Court, page248, Theorem 561).
3384. [2008 : 431, 434℄ Proposed by Mi
hel Bataille, Rouen, Fran
e.Show that, for any real number x,

lim
n→∞

1

n2

n−1X
k=1

k ·
�
x +

n − k − 1

n

�
=

⌊x⌋ + {x}2

2
,

where ⌊a⌋ is the integer part of the real number a and {a} = a − ⌊a⌋.Solution by Ri
hard I. Hess, Ran
ho Palos Verdes, CA, USA.Let Tn =
n−1P
k=1

k ·
j
x +

n − k − 1

n

k. Given an integer n ≥ 2, let m bethe unique integer su
h that m

n
≤ {x} <

m + 1

n
. Note that m = m(n) is afun
tion ofn, and that m

n
→ {x} asn → ∞ sin
e ���{x} − m

n

��� <
1

n
. Now, the�rstm−1 terms of Tn are �⌊x⌋+1

��
1+2+· · ·+(m−1)

�, and the �nal n−mterms of Tn are ⌊x⌋
�
m+(m+1)+ · · ·+(n−1)

�. Colle
t all terms involving
⌊x⌋ and 
lose the sums to obtain 1

n2
Tn =

1

2
⌊x⌋

�
n − 1

n

�
+

1

2

�
m

n

� �
m − 1

n

�;it then follows that 1

n2
Tn → 1

2

�⌊x⌋ + {x}2
� as n → ∞.Also solved by ARKADY ALT, San Jose, CA, USA; CHIP CURTIS, Missouri Southern StateUniversity, Joplin, MO, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS,Ursulinengymnasium, Innsbru
k, Austria; MISSOURI STATEUNIVERSITY PROBLEM SOLVINGGROUP, Spring�eld, MO, USA; JOEL SCHLOSBERG, Bayside, NY, USA; ALBERT STADLER,Herrliberg, Switzerland; and the proposer.TheMissouri State University Problem Solving Group redu
ed the problem to 
al
ulatingR 1

0
y⌊x + 1 − y⌋dy by noting that the required limit is the limit of a Riemann sum for theintegrand on [0,1] plus a term that vanishes as n → ∞.
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3385. [2008 : 431, 434℄ Proposed by Mi
hel Bataille, Rouen, Fran
e.Let p1, p2, . . . , p6 be primes with pk+1 = 2pk + 1 for k = 1, 2, . . . , 5.Show that X

1≤i<j≤6

pipjis divisible by 15.A 
omposite of similar solutions by �Sefket Arslanagi �
, University of Sarajevo,Sarajevo, Bosnia andHerzegovina; Chip Curtis, Missouri Southern State Uni-versity, Joplin, MO, USA; Cristinel Morti
i, Valahia University of Târgovi�ste,Romania; and Titu Zvonaru, Com�ane�sti, Romania.If p1 = 3, then p2 = 7 and p3 = 15, when
e p3 is not prime and,therefore, our sequen
e 
annot begin with the prime p1 = 3. Nor 
an itbegin with p1 ≡ 1 (mod 3), otherwise we would have p2 ≡ 0 (mod 3), sothat p2 
ould not be prime. We 
on
lude that ne
essarily, p1 ≡ −1 (mod 3),and hen
e that pi ≡ −1 (mod 3) for ea
h pi. The resulting sum satis�esX
1≤i<j≤6

pipj ≡
X

1≤i<j≤6

(−1)2 ≡
�
6

2

�
≡ 0 (mod 3) .

Similarly, working modulo 5, we see that(a) If p1 = 5, then p5 ≡ 0 (mod 5) and is not prime.(b) If p1 ≡ 1 (mod 5), then p4 ≡ 0 (mod 5) and is not prime.(
) If p1 ≡ 2 (mod 5), then p6 ≡ 0 (mod 5) and is not prime.(d) If p1 ≡ 3 (mod 5), then p3 ≡ 0 (mod 5) and is not prime.On
e again, the only possible value for pi is −1 (mod 5), when
eX
1≤i<j≤6

pipj ≡
X

1≤i<j≤6

(−1)2 ≡
�
6

2

�
≡ 0 (mod 5) .

We have seen that the sum is divisible by 3 and by 5, and thus by 15 as
laimed. Finally, we note that the result is not va
uously true: 89, 179, 359,
719, 1439, 2879 is an example of su
h a sequen
e (and is easily seen to bethe smallest example).Also solved by OLIVER GEUPEL, Br �uhl, NRW, Germany; RICHARD I. HESS, Ran
hoPalos Verdes, CA, USA; WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; DAVIDE. MANES, SUNY at Oneonta, Oneonta, NY, USA; JOEL SCHLOSBERG, Bayside, NY, USA;ROBERT P. SEALY, Mount Allison University, Sa
kville, NB; ALBERT STADLER, Herrliberg,Switzerland; PETER Y. WOO, Biola University, La Mirada, CA, USA; and the proposer.Manes points out that a prime p is 
alled a Sophie Germain prime if 2p + 1 is also aprime; moreover, a sequen
e of n −1 Sophie Germain primes, p, 2p + 1, 2(2p + 1) + 1, . . . ,that 
annot be extended in either dire
tion (that is, the �rst prime is not of the form 2q + 1for q a prime, while the �nal prime of the sequen
e is not a Sophie Germain prime) is 
alled aCunningham 
hain of the �rst kind of length n. Aside from the Cunningham 
hain of length 5that begins with 2 (namely, 2, 5, 11, 23, 47), the �nal digit of any prime in a Cunningham 
hainof length four or greater must be a 9 (be
ause the �nal digit 
y
les 1, 3, 7, 5, . . . ). A

ording
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to the Cunningham Chain Re
ords web page, the longest known Cunningham 
hain of the �rstkind has length 17.On a related note, 
ompare Problem 10 on the Mathemati
al Competition Balti
 Way2004 [2008 : 212; 2009 : 153℄ where one is asked to prove a result implying that a Cunningham
hain 
an never be in�nite.
3386. [2008 : 432, 434℄ Proposed by Ovidiu Furdui, Campia Turzii, Cluj,Romania.Evaluate the integralZ ∞

0
e−x

�Z x

0

e−t − 1

t
dt

�
ln x dx .

Solution by Walther Janous, Ursulinengymnasium, Innsbru
k, Austria andGerhard Kir
hner, University of Innsbru
k, Innsbru
k, Austria.We will use the fa
t that ∞P
n=1

(−1)n

n
= − ln 2 and ∞P

n=1

(−1)n

n2
= −π2

12
.Also, from the produ
t representation of the Gamma fun
tion, we have

1

Γ(x)
= xeγx

∞Y
k=1

�
1 +

x

k

�
e−x/k

=⇒ −Γ′(x)

Γ(x)
=

1

x
+ γ +

∞X
k=1

�
1

x + k
− 1

k

�
=⇒ −Γ′(n + 1)

Γ(n + 1)
=

1

n + 1
+ γ +

∞X
k=1

�
1

n + 1 + k
− 1

k

�
= γ −

�
1 +

1

2
+

1

3
+ · · · +

1

n

� ,where γ is Euler's 
onstant. [Ed. For properties of the Gamma fun
tion see
http://en.wikipedia.org/wiki/Gamma_function.℄We now 
omputeZ ∞

0
e−x

�Z x

0

e−t − 1

t
dt

�
ln x dx

=

Z ∞

0
e−x

 Z x

0

∞X
n=1

(−1)n

n!
tn−1 dt

!
ln x dx

=

Z ∞

0
e−x ln x

∞X
n=1

(−1)n

n!

xn

n
dx =

∞X
n=1

(−1)n

n · n!

Z ∞

0
e−xxn ln x dx

=
∞X

n=1

(−1)n

n
· Γ′(n + 1)

Γ(n + 1)
=

∞X
n=1

(−1)n

n

 
−γ +

nX
k=1

1

k

!
= γ ln 2 +

∞X
n=1

(−1)n

n

nX
k=1

1

k
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= γ ln 2 +

Z 1

0

Z 1

0

∞X
n=1

(−1)nxn−1
nX

k=1

yk−1 dxdy

= γ ln 2 +

Z 1

0

Z 1

0

∞X
n=1

(−1)nxn−1 yn − 1

y − 1
dxdy

= γ ln 2 +

Z 1

0

Z 1

0

−y

1 + xy
+

1

1 + x

y − 1
dxdy

= γ ln 2 −
Z 1

0

�Z 1

0

1

(1 + xy)(1 + x)
dy

�
dx = γ ln 2 −

Z 1

0

ln(1 + x)

x(1 + x)
dx

= γ ln 2 −
Z 1

0
ln(1 + x)

�
1

x
− 1

1 + x

�
dx

= γ ln 2 −
Z 1

0

ln(1 + x)

x
dx +

1

2
ln2 2

= γ ln 2 +
1

2
ln2 2 +

∞X
n=1

Z 1

0

(−1)n

n
xn−1 dx

= γ ln 2 +
1

2
ln2 2 +

∞X
n=1

(−1)n

n2
= γ ln 2 +

1

2
ln2 2 − π2

12
.

Also solved by KEE-WAI LAU, Hong Kong, China; DUNG NGUYEN MANH, High S
hoolof HUS, Hanoi, Vietnam; MADHAV R. MODAK, formerly of Sir Parashurambhau College,Pune, India; MOUBINOOL OMARJEE, Paris, Fran
e; PAOLO PERFETTI, Dipartimento diMatemati
a, Universit �a degli studi di Tor Vergata Roma, Rome, Italy; ALBERT STADLER,Herrliberg, Switzerland; NGUYEN VAN VINH, Belarusian State University, Minsk, Belarus;and the proposer. There were two in
omplete solutions submitted.
3387. [2008 : 432, 434℄ Proposed by Ovidiu Furdui, Campia Turzii, Cluj,Romania.Let k > l ≥ 0 be �xed integers. Find

lim
x→∞

2x
�
ζ(x + k)ζ(x+k) − ζ(x + l)ζ(x+l)

� ,where ζ is the Riemann zeta fun
tion.Similar solutions by Paolo Perfetti, Dipartimento di Matemati
a, Universit �adegli studi di Tor Vergata Roma, Rome, Italy and Albert Stadler, Herrliberg,Switzerland.For real-valued fun
tions f(x) and g(x) de�ned on the interval (1, ∞)the notation f(x) = O
�
g(x)

� will mean that there exists an x0 > 1 and apositive 
onstant C su
h that |f(x)| ≤ C|g(x)| whenever x ≥ x0.
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We have ζ(x) = 1 + 2−x + 3−x +

∞P
k=4

k−x and
1

(x − 1)4x−1
=

Z ∞

4

ds

sx
≤

∞X
k=4

k−x ≤
Z ∞

3

ds

sx
=

1

(x − 1)3x−1
,

hen
e ∞P
k=4

k−x = O
�
3−x

� and ζ(x) = 1 + 2−x + O
�
3−x

�. Moreover,
ζ(x)ζ(x) = exp

��
1 + 2−x + O

�
3−x

��
· ln

�
1 + 2−x + O

�
3−x

���
= exp

��
1 + 2−x + O

�
3−x

��
·
�
2−x + O

�
3−x

���
= exp

�
2−x + O

�
3−x

��
= 1 + 2−x + O

�
3−x

� .Finally, we have
lim

x→∞
2x
�
ζ(x + k)ζ(x+k) − ζ(x + l)ζ(x+l)

�
= lim

x→∞
2x
�
2−x−k − 2−x−l + O

�
3−x

��
= 2−k − 2−l .Also solved by OLIVER GEUPEL, Br �uhl, NRW, Germany; WALTHER JANOUS, Ursulinen-gymnasium, Innsbru
k, Austria; and the proposer.

3388. [2008 : 432, 434℄ Proposed by Paul Bra
ken, University of Texas,Edinburg, TX, USA, in memory of Murray S. Klamkin.For all real x ≥ 1, show that
1

2

√
x − 1 +

(x − 1)2
√

x − 1 +
√

x + 1
<

x2

√
x +

√
x + 2

.Solution by Paolo Perfetti, Dipartimento di Matemati
a, Universit �a deglistudi di Tor Vergata Roma, Rome, Italy, modi�ed by the editor.The inequality holds for x = 1, so let x > 1. Sin
e √
x + 1 >

√
x − 1and √

x +
√

x + 2 < 2
√

x + 1 by the 
on
avity of √
x, it suÆ
es to prove

1

2

√
x − 1 +

1

2
(x − 1)3/2 <

x2

2
√

x + 1
, (1)as the right side of (1) is less than the right side of the desired inequalityand the left side of (1) is greater than the left side of the desired inequality.Inequality (1) is su

essively equivalent top

x2 − 1 +
p

x2 − 1(x − 1) < x2 ,
x
p

x2 − 1 < x2 ,p
x2 − 1 < x ,and the last inequality is true. The proof is 
omplete.
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Also solved by GEORGE APOSTOLOPOULOS, Messolonghi, Gree
e; CHIP CURTIS,Missouri Southern State University, Joplin, MO, USA; OLIVER GEUPEL, Br �uhl, NRW, Germany;WALTHER JANOUS, Ursulinengymnasium, Innsbru
k, Austria; RICHARD I. HESS, Ran
hoPalos Verdes, CA, USA; PAOLO PERFETTI, Dipartimento di Matemati
a, Universit �a degli studidi Tor Vergata Roma, Rome, Italy (two solutions); ALBERT STADLER, Herrliberg, Switzerland;PETER Y. WOO, Biola University, LaMirada, CA, USA; and the proposer. One in
orre
t solutionwas submitted.STAN WAGON, Ma
alester College, St. Paul, MN, USA veri�ed the inequality using a
omputer algorithm.
In this small spa
e that remains, we again put out the 
all for moreproblem proposals from our readers in the areas of Geometry, Algebra, Logi
,and Combinatori
s. We have a vast store of interesting inequalities and wewill 
ontinue to pro
ess them and a

ept new ones, but the other areas arewanting!Regarding arti
les, we now have a small ba
klog. This is due to thediligen
e of the Arti
les Editor, James Currie, but also due to the fa
t thatspa
e for arti
les in Crux is extremely limited. For this reason we ask that,if possible, authors with arti
les appearing in Crux wait about 18-20 monthsbefore submitting another manus
ript to Crux. In the meantime, we willgear up and attempt to 
lear the ba
klog in 2010 by running the o

asional96 page issue. V �a
lav Linek
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