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A NEW ALGEBRA IN THE STOCHASTIC APPROXIMATION FOR

THE MODEL OF A PARTICLE INTERACTING WITH A QUANTUM
FIELD

L. Accardi,' I. V. Volovich,? and S. V. Kozyrev3

When the stochastic approximation is used to calculate correlation functions in the model of a parti-

cle interacting with a quantum field, a new algebra with temperature-dependent commutation relations
appears. This algebra generalizes the free (Boltzmann) algebra.

1. Introduction

We consider the model of a particle interacting with a quantum field. Such models have been extensively
studied in elementary particle physics, in solid-state physics, in quantum optics, etc. [1-4]. We investigate
correlation functions using the stochastic approximation method of Van Hove and Friedrichs. Accardi,
Frigerio, and Lu applied this method to quantum optic models [5]. One of these models was analyzed [6]
in the dipole approximation. The method consists in using a scaling limit, where the asymptotic behavior
of the correlation function is considered at large times and small coupling constants. Then, the limiting
dynamics are integrable, in a sense, for a series of problems, and explicit expressions can be obtained for
the correlation functions [6]. The limit is called “stochastic” because free correlators become “d-correlated”
in time in this limit. (That is, we have the white-noise random process.)

Our main result is that in the temperature stochastic limit, a new mathematic structure arises in the
model of particle interacting with a quantum field. We call this structure the free temperature algebra. It
is a Boltzmannian algebra.

We consider correlation functions for special operators (the collective variables). In the stochastic limit,
the theory is simplified and is described by the free temperature algebra; the correlators correspond to some
states of the free temperature algebra. Further investigation of this Boltzmannian algebra, which governs
the limiting dynamics, is interesting in itself. The stochastic limit of this model at zero temperature was
considered in [7-9].

The simplest Boltzmannian algebra is generated by the relations

B(k)BI(K') = 6(k - k'),  k,k' € R%

Such relations have been investigated in mathematics [10-15]; they were obtained in the stochastic limit of
the model of a particle interacting with a quantum field {7] and in the large-N limit of quantum chromo-
dynamics with the gauge group SU(N) [16].

The free temperature algebra below can be schematically described as the Boltzmannian algebra with
the generators b(k), bT(k), and p, which satisfy the relations

S(w(k) + kp)
1 — e~ Buw(k)
b(k)p = (p + k)b(k),

b(k)b (k') = 8k — k'),
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where w(k) is the one-particle energy of the quantum field and 3 is the reciprocal temperature. This algebra
is a deformation of the Boltzmann algebra.

In Sec. 2, we give the general description of the stochastic limit. In Sec. 3, we formulate Theorem 1 on
the stochastic limit and present examples of calculating two-point and four-point correlation functions. In

Sec. 4, we provide Theorem 2, which describes a free temperature algebra. The complete proof of Theorem 1
is in Sec. 5.

2. The stochastic limit

The stochastic limit is a scaling limit in quantum theory. We consider a system with the Hamiltonian
H = Hy + AH;.

The evolution operator Ut()‘) = ¢itHoe—itH gatisfies the Schrodinger equation in the interaction representa-
tion,

15) A . A A

aU§ V= —H MUY, UV =1, (1)

where Hi(t) = e'*HoHie~iHo We take A to be a small constant and consider the accumulated influence

of small perturbations over a long time interval by studying the limiting transitions A = 0, ¢ — oo and
making the replacement t — t/A? in the evolution equation,

o N 1 t (A)
ot t/ i A I A2 t/2%
If the limits

SOV I
lim Uy, = Uk, (2)

.1 t
tim 3 (55 ) = 1 )
exist, then the limiting operator U, satisfies the equation
BtUt = —'I:HtUt, U() =1. (4)

If all the corresponding correlators are regular in this limit, then the limit exists. In the limit A — 0,
many problems become exactly solvable. The replacement ¢t — t/A? with the subsequent limiting transition
A — 0 corresponds to the simultaneous limiting transitions A — 0 and t — oo while keeping A%t = const.
Here, A%t is a “slow” time scale. This limit describes the leading contribution to the dynamics in the weak-
coupling regime at large times, i.e., the effect of accumulated weak perturbations. The physical idea is that
the quantum field behaves as a chaotic object—the quantum white noise—at the “slow” time scale. This
quantum white noise is the d-correlated quantum random process b(t, k), which is also called the “master
field,” and we seek the commutation relations for this object.

We consider a quantum-mechanical system to be the triple of an observation algebra 4, a space of
states, and an evolution operator. Furthermore, we assume that the state space is the Hilbert space of the
Gelfand-Neimark-Segal (GNS) representation generated by a state (-) of the observation algebra. Either
the vacuum or the mean temperature can be chosen as such a functional. The evolution operator is the
operator Ut(’\) (an evolution operator in the interaction representation).

The stochastic limit of the observation algebra is as follows. The free evolution A(t) = eitHo fe—itHo
corresponds to a given element A of the observation algebra. We find elements A; for which expressions of

the type
/1 t 1 tx
l‘ﬂb<x“‘l <§> oy (ﬁ>>
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have nontrivial limits. If we find an algebra B (whose elements are denoted by B;) and a state ((-)) from
B such that the equality

lim <§A1 (;—) A, (i—")> = ((Br(t) ... Be(ta)))

holds, then the algebra B is called the stochastic limit of the observation algebra .A. The GNS representation
of this algebra is generated by the state ((-)). For investigating the evolution determined by Eq. (1), it

is sufficient to calculate the stochastic limit of the observation algebra elements that enter the interaction
Hamiltonian Hj.

Analyzing the perturbation series (see below), we conclude that by virtue of the Wick theorem, a nor-
mally ordered perturbation series can be represented as a diagram series. For some models, only semiplanar
diagrams contribute in the stochastic limit. An algebra of free creation-annihilation operators corresponds

to semiplanar diagrams. In the considered model, the deformation of the Boltzmann algebra we call the
free temperature algebra arises in the stochastic limit.

3. The model of a particle interacting with a quantum field

We study the model of a particle interacting with the quantum field at a nonzero temperature. The

coordinate ¢ = (qi,...,94) and momentum p = (py,...,pq) operators of a quantum particle satisfy the
commutation relations

[q'rnypn] = 1mn. “
The quantum field is described by bosonic operators (operator-valued distributions)

a(k) = (ay(k),... ,aa(k)),  a'(k) = (al(k),... akk)), k € RY,
with the commutation relations

[a;(k), al(K)] = 8;nd(k — K').
The Hamiltonian of the considered system is

1
H = Hy + \Hy = /w(k)a‘f(k)a(k) dk + zp® + M,

where w is a positive function on R?, e.g., w(k) = |k|, and H; determines the interaction between a free
particle and the quantum field. The particle-field interaction is expressed via the potential A(z) of the
quantum field acting on a particle with the coordinate € RY. The interaction potential is

Hi = pA(q) + Alg)p, (5)

where
Ala) = [ di {g(k)e9at () + k) Ta(k)). (©)
The time dependence of Hi(t) is determined by the operator

L i —ik —it 1 —Gk)tkpit
ax(t, k) = Xe artoe lkqa(k)e arflo Xe—A?LLe"kqa(k),

where w(k) = w(k) + k2/2.
We investigate the limit of temperature correlation functions,

)l‘li’no<a§\N (tN, :Ii?]\/)(l;l\‘_l (tN_l, kN-—-l) .. .ai‘ (tl, k1)>



The means

(akyat (k) = 2L
§(k — k)

(a' (K)a(k)) = o —1

are temperature bosonic correlators (other correlators can be calculated from the Wick theorem), and
e = {en,-..,e1} € {1,0}", e € {1,0} (¢ =0 for a and ¢ = 1 for af). The temperature mean (-) is
the Gibbs mean w.r.t. the field degrees of freedom that does not include the quantum particle degrees of
freedom:

tr(Xe—ﬁfw(k)a'(k)a(k)dk)
X0 = tr(e‘ﬁfw(k)af(k)a(k)dk) :

The mean (-) w.r.t. the quantum particle degrees of freedom is the conventional expectation, i.e., (pX) =
p{X).

For N = 2n and for equal numbers of creation and annihilation operators, we consider the partition
o(e) of the sequence ¢ into pairs from zero and unity, which corresponds to the Wick expansion

(a3 (tn, kn)ay" " (tn-1, kn-1) - af (B, k1))

into the creation-annihilation operator pairs. Any such partition corresponds to. a Wick diagram. We are
interested in partitions that correspond to semiplanar nonintersecting diagrams. We call such partitions
nontrivial.

A Wick diagram can be constructed from a partition as follows. We place the indices 0 and 1 of
the sequence £ on an interval in the increasing-number order. We then connect indices for which the
corresponding pair exists in the partition o(e) with arcs. If all arcs of the resulting diagram can be placed
without intersections on one half-plane w.r.t. the interval (line), then we call such a diagram a semiplanar
nonintersecting diagram and the corresponding partition o(e) a nontrivial partition.

Theorem 1. The limit of the temperature correlation functions always exists. Moreover,

1. if the number of creation operators differs from the number of annihilation operators, then the
correlator is zero (even before the limiting transition);

2. if the numbers of creation and of annihilation operators are equal, then the limit of the correlator
}f})(af\z" (tan, kan)ay" " (tan—1, kan—1) .- . a5 (t1, k1)) (8)
is the sum over nontrivial partitions
n
> 1T 6km; — k) emums, (kmy ) 278 (tms ~ tm, ) %

o(e) h=1

X 5<[‘}(kmh) + kmhp + Z(—l)ea X(ma ,m;)(mh)kmo kmh — Ehk?nh), (9)
e 1

where {(m},m;); j = 1,...,n} are partitions of the set {1,...,2n} that correspond to the partitions o(e).
The quantities mj, and my, correspond to the annihilation and creation operators respectively,

1

Ly — !
thm;l(l") - l _ e—'ﬁw(k) [ Tnh > mh7
1 7
Cvnmn'h(k) = e 1 my, < mp,
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(—1)*» = 1 for mj > my and (-1)** = —~1 for m) < my. The function X(ma,mt) is the indicator (the
characteristic function) of the interval (mq, ml,), i.e., the sum over a goes over pairs (mq, m/,) such that

my, is placed between m, and m/,.

We prove Theorem 1 in Sec. 5. Here, we illustrate Theorem 1 by calculating two-point and four-point
correlators.
The two-point correlator is

. . 1 —1 2 (:-J 1 1 —t - iT ‘:’ 2 2
lim (ax(t, k1)a}(7, k2)) = lim o e/ M @IThplemial o)t ir (DR o (k))al (k). (10)

Using the formulas for bosonic two-point correlators, we obtain

Ly L omitsr @k hap) O(k1— k2)

A—0 ,\2 1-— e—ﬁu(kl) )
Using the formula
1 s G kykp) ~

we obtain the following expression for the two-point correlation function limit:

5(ky — ko)

. t _ ~
}\E%(a,\(t’ ki)ay (7, k2)) = 2m8(t — 7)8(w(ky) + klp)m‘ (12)

We now consider the two-point correlation function

1 . . o .
. t BEET ikogq 1 w(k2)+k2 —1 w(k k) —1ik,
}\l_f}})(ClA(T, ka)ax(t, k1)) = )l‘l_l"%ﬁ <aT(k2)e ¢tz (Wlka)+hap) o —i5y (G(k1)+hip) —ik qa(k1)>. (13)
Using the Weyl operator commutation relations
eiapeiﬁq — eiﬁqeiapeiaﬁ’
where [p, ¢] = —1i, we obtain
L (ks — K1) iter (k) 4k pok?
W F et 16 )
for correlation function (13). Using formula (11), we obtain
N _ ~ 2\ (k2 — k1)
il_r%(ax(r, k2)ax(t, k1)) = 2m6(t — )6 (@ (k1) + k1p — kl)m. (14)
We calculate the limit of the four-point correlation function
lim (ax (1, k1)aa(ta, k2)al (85, kpal (¢, k1)), (15)
The Wick temperature theorem implies
(alk)a(k)al (k)a! (k) = —— L —
1/% 2 1 1 — (J"H“-/(kl) 1 — (J_H“J(k2)
X (0(ka = ky)8(ky — kY) + 6(ky — k5)8(ka — k). (16)
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Formula (16) for the bosonic correlation function (a(k;)a(kz2)a’(k%)at(k})) contains two terms, which are

proportional to é-functions and correspond to the Wick diagrams. The result for the first term £, propor-
tional to §(ky — k1)0(ka — kb)) is

) 1 1 / /
L= }1_1;% ool T = e—Bu(kg)é(kl — k1)6(k2 — k5) %

. %e_itl_;rti(a(kl)+klp)6_i‘2_;,ﬁ(a(k,)+kzp)e—iz2;¢fz kika (17)

From formula (11), we obtain

1 1 1 7 1
L1 = (20) sy 1= ey Ok — KB (ke — K)6(t — 1)8(t2 — th)

X (5(&)(’61) + klp)é(&')(kg) + kzp + klkg). (18)

The second term L, of the correlation function is proportional to §(k; — k5)d(k2 — k7), and formula (11)
implies

1
[:2 = lim

! l
A501 — e~ Bwlkr) 1 — e—ﬁw(kz)é(kl — k3)6(ko — kp) x

« %e—i‘—‘ﬁi (@(k1)+1p) =i 2L (@(ka) +hop) =i g2 kika _

Therefore, formula (18) is the four-point correlation function.

4. The free temperature algebra

We want to construct the algebra B and the states ({-)) of this algebra. Then, the correlation functions

of the algebra B w.r.t. the state ((-)) must reproduce the stochastic limits of the temperature correlation
functions of the observation algebra A, i.e., the identities

iif,r(l) (a5 (tw, kn)ay " (Eno1, kvo1) a5t (B, k) = (05N (En, kN )OSY 2 (En—1, kn—1) - - % (21, k1))

must be valid.

The correlation function from Theorem 1 that corresponds to the index sequence € is equal to the sum
over semiplanar diagrams corresponding to partitions o(¢). The contribution of each semiplanar diagram is
the product of arc terms. An arc term consists of the momentum §-function with the temperature weight
(this comes from the bosonic correlation function), the 2wé-function w.r.t. the corresponding times, and the
phase -function. The phase is the sum of the arc factor and the factors of all arcs that lie inside the given

arc. This simple structure permits the correlation function to be expressed as the state of the algebra B
whose structure is given by the following theorem.

Theorem 2. Correlation functions of Theorem 1 are reproduced if the quantity b(t, k) is the sum of

two independent random quantities
b(t, k) = bu(t, k) + b3(t, k), (19)
which satisfy the free temperature algebra relations, and if the functional ({-)) is equal to the mean vacuum

for the fields b;(t, k). The generators {p,bi(t, k), bI(t, k), i = 1,2}, of the free temperature algebra satisfy
the relations

bl(t, kl)b];(’r, kz) = 27('(5(t — T)(;(l:)(kl) + klp)%, (20)
balt KB} ko) = 28(t — T)O@(k) + kalp — b)) o= Ke), (21)
bi(t, k1)bh (7, ka) = ba(r, k2)bl(t. k1) = 0. (22)
bi(t.k)p = (p+ k)bi(t, k). (23)
ba(t, k)p = (p — k)ba(t. k). (24)

1055



Proof. The proof is by direct calculation. We expand the correlation function
(Y (EN, KNIV (En—r, k1) .- 0% (E1, k1))

in the sum of correlation functions of monomials in the generators b5(t, k). We use relations (20)-(22) for
canceling in the monomial correlation functions. We push the obtained é-functions between the b¢(¢, k)
using relations (23) and (24). We continue this procedure until the monomial is normally ordered. Because
the functional {{-)) is the mean vacuum, the correlation function contains only the d-function contribution.

By virtue of relations (20) and (21), the pairings b (tm/ , km;')b;(tmh, km, ) and bz (tm,,, km,‘)b;(tm; vkm: )
are

8(kmy, = k) emarm, (b )28 (b, = £y J8(@ (Kimy ) + Kimy P = €1K2,, ). (25)

Relations (23) and (24) contribute
Z(—l)EGX(ma,m;)(mh)

Qa

in the phase shift (the argument of the last é-function in (25)), which arises when pushing the d-functions
through the b{(¢, k). This completes the proof of Theorem 2.

The fields b; of the free temperature algebra appear in the stochastic limit of the Araki-Woods con-

struction, which permits the temperature boson state in its bosonic variant to be represented through the
vacuum state of the bosonic pair.

We introduce two independent bosonic fields ¢1(k) and cy(k) with the commutation relation

[ci(k), cl(K")] = 6:;6(k — K').

7

Each of the fields c;(k) acts in the Fock representation. Performing the Bogoliubov transformation

a(k) = Vm(k)ey (k) + /m(k) — Tch(k), (26)
at(k) = Vm(k)c! (k) + Vm(k) — Leg(k), (27)
we obtain
[a(k),a (k)] = 6(k ~ &').

For the mean vacuums, the relation

holds. If we take

T 1 —eAun’
then the temperature state arises.

In the stochastic limit, the operator a, (¢, k) becomes the sum of two white noises, by(t, k) + b;(t, k).
Formula (26) then becomes

b(t, k) = lim — e~5 (@R HkP) o —ikay (1) =

A=—=0
. 1 —i - w(k o —ik . 1 4t 3 -
= /{m}) = e iz Wk)Hkp) ik m(k)e (k) + lm}) ~ g7ta Wk Hhp) o ~ikq m(k) — leb(k) =
- —

= by(t k) + b (e k).



5. The n-point correlation function

Here, we calculate stochastic limits of n-point correlation functions for a particle interacting with a
nonrelativistic quantum field, i.e., we prove Theorem 1.

Using the Weyl-operator product rules
ei@PiBa — ilap+Ba) izl

we obtain the free energy of field operator (7)

. 1 P 1
a5(t, k) = 3 exP [—z(—l) {F(w(k) + kp) + kq — §Fk2}] (k). (28)
For the index sequence € = {egn,..., €61} € {1,0}?", we obtain
2n 2n 1 ¢ 1t 2n
<H 0% (¢, kj)> - H{X exp[-—i(—l)fj { F(B(k) + kyp) + ksg — ;2 kj” }<H aeh(kh)> o (29)
i=1 j=1 h=1
while

2n n
<Ha“(kh)>: > T 0kmy = kmp)empmy, (kmy)s (30)

h=1 mj #my h=1

which is equal to the sum of pairings of all creation—annihilation operators. The operators are assumed to
be ordered from right to left in these products; therefore, we obtain

o) B s s
x D H5 = kmy)emumy, (kma)- (31)

h;émh h=1

Using the Weyl-operator product rules, we find

2n
1 . c t: _
Jl_lzl{ 3 &P [_Z(—l) ; {/\—g(w(kg’) + k;ip) + kjq - Eﬁk?}] } _
:exp{—i Z ( )6]+€1k k tl}x
21gs /\
1<5<i<2n
1 2n 2n s
X (X) (’X})li—lz(_l)fj{;\%(g)(k])-’rk]p)-{-qu 2/\]216]2}] (32)
Jj=1

. . PR . . Gn‘l m _
Because the indices mj, and my, range over disjoint halves of the 2n indices . (1) ™» =1, and (—=1)mr =
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—1, we obtain the following expression for the phase factor entering formula (32):

—% DD (FNE k(1) =
Z n
- 2 Kk ( tm;x) - Z (_l)ekakmh(tj - tmh) =
1<]<mh 1<j<my

;o m! <m mg<mj,
BREY: { D hmikmy (g, = tm) = D Kmghong (b ~ g )
a 8
L <m mg<mp
z lv - tmh) + Z kmakmh(tm& - tmh)} =
v 8

If
|
[\p[ X
NE
~_~
i
&
+
]
e
=
o

(33)

Here, we have used k,, = Em; . Unifying the first term with the third term and the second term with the

fourth term, we obtain
ml <mj m'.,<mh

I, = Z km, kmh(tm'a - tm;;) - Z kmvkmh (tm; ~tmi) =
a i

i 1 1 1 1
M, <my m, <m, m, <my

= Z kma kmh(tm; - tmh) + Z kmn kmh (tmh - tm’h) - Z km‘y kmh. (tmﬂ, - t‘mh) =
a a Y

mp<m, <mj ml <mj
= E kmokmh(tm’ tmh E kmakmh my m;‘)
a

for mj, > my and

my <m), <my my, <mj
Ih = - Z kmo kmh (tm; - tmh) + Z kma km,l (tm,1 - tmj,) + kmhkmh (tmh - tm;.)
a o

for mj < my. The sum of the second and fourth terms is

'
mg<my ms<mp

~1II, = Z kmgkmh (tma - tm',l) - Z kma kmh (tma - tmh) =
8 é

i
mg<my ms<mp mg<mp

Z kmgkmh (tmg - tm‘h) - Z kma kmh (tma - tm}l) - Z km& kmh (t
B é s

mi = tm,) =

mp<mg<my

mg<mp
= Z kmﬂk’mh (tmu o tm;) + Z kma kmh (tmh - tm;) + kmh kmh (tmh - tm‘h)
A )
for mj, > m,, and
my <my<my ms<my
— Hh = - Z kmgkmh(tmj - m Z kma*l"mh g T m;‘)

I5]
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for mj, < mp. We now have

mp<m! <m, mg <mj
I tlh = Y kmokmy(tmy, = tma) + D kmoKm, (tmy — tmg )~
a a
my<mg<my mg<my
- Z km,s kmh (tmg - tm;‘) - Z kmg kmh (tmh - tm’h)_
B B
- kmh kmh (tmh - tm;!) (34)
for m, > m) and
mj, <m, <mp m, <my,
Ih + IIh = - Z kma kmh (tm; - tm;.) + Z kma kmh (tm,, - tm;‘)+
a a
my <mg<mp mg<mp
+ Z kmgkmh (tmg - tm;‘) - Z kmg kmh (tm,l - tm;,‘)'{'
B B

+ kmp kmy (bm — tme)

for m}, < mp.
We consider the following term in formula (32):

2n 2n n
1 . et~ 1¢;
(5) e [—Q (9 @) + ksp) + g - 5:\%]%2'” TT (s, — By )emurns, ()
my #my h=1

i=1

Because

Z (—l)eltlkl = - Z (tmh —tm;‘)kmha

1<i<2n 1<h<n

Z (_1)6‘ qu = 01

1<i<2n

the desired term becomes

1 2n . tmp _tm;‘ ~ 1,
(X) exp (¢ Z —/\Z——(w(kmh) +kmhp— §kmh>
1<h<n

After the change of variables

we can formulate the following lemma.

Lemma 1. For the correlation function in Theorem 1, we have

2n . n 2n
<Haf\1 (tj’kj)> = exp I:—-;—% Z{Ih+llh}] (%) exp I:Z Z U:\T;h (‘;(kmh) + kmhp_ %kglf-):\ X

1<h<n

x> ] kg, = ks )empmy, (kmmy)- (37)

my #my h=1
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The phase factor in (37) is

! ! !
my<m, <my ml <my

S kmokma(~Umg  Uma — Uma) + D Ky By U,

a

my<mp<my mg<mp
- E kmgkmh (Umh + u‘ma - u’mh) - § : kmakmh vmh - kmh kmhvmh (38)
B 8
for my > my and
my, <ml, <mp m, <mj,

a

- Z km kmy (—Vm, + Um, ~ Um,) + Z km, km, Vm, +
a

my, <mg<mp mg<mp
‘+‘ Z kmg kmh (Umh + umg - umh) - Z kmg kmhvmh + kmh kmh Umh
B B

for mj < my.

The Riemann-Lebesgue lemma implies that the oscillator factors of type exp(ik?u/A?) vanish in the

limit A — 0. Therefore, the partition {(ms, m})} in (8) survives in this limit iff for arbitrary fixed h =
1,...,n and for any ¢, either

mp < Mg < M) & my <ml, <my,
or
mp > Mg > My, & my > my, > my
i.e., we have a partition corresponding to a semiplanar nonintersecting diagram. Correspondingly, only

nontrivial partitions of the sequence € = {€zn,...... ,e1} € {1,0}?" contribute to the correlation function
in the limit. Letting {(ms,m})} denote the partition, we find the corresponding phase factor (38),

’ ! .
mp <m,, <my, m,<my mg<mp

Z Kok (—Uma = Um,) + Z kmokmpUm, — Z ks kmpVm, = kmy kmy U, (39)
« a B

for mj > my and

i I
my <m,<mta

m, <mj mg<mp
= Y Emekm(Ume —Um) Y kmakmaUm, = Y kmgkim Ums + Ky by U,
a a B

for m, < ma.
We investigate the obtained phase factor. For m} > mj, we have

! ’ ! ’ '
m,<m, mpy<m, <my m, <mp

Z "’Cmo krnhvmh = Z kma kmhvmh + Z kmo kmhvmh‘
o a

a

Because m/, # my.

1 !
m, <my m, <my

§ kmu km,. Umy = § 'l‘:mo k'm,h Umy, -
(a3 x
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Hence, the phase factor is

mp <m, <my ml <mj mg<mp
- Z kmo kmhvmo + Z k'ma mpUmy, — Z kmgkm;,vm,l kmh kmhvmh‘
a a

In the case m) < my, the condition for the absence of intersections implies

my <m[ <my my <ma<mp
- E km,kmp(—Vm, — Um,) = — E ko kmy, (—Uma — Umy)-
o 4 a

Therefore, the phase factor is

my <m, <mp m, <mj mg<my
E kmgy kmyUm, + E km kmpVm, — E kmgkmyUmy + kmy bmy Umy, -
a a B

Introducing the notation
I +1I, = &, — (—1)Ehkmhkmhvmhv

where (—1)°* =1 for m} > my and (—1)* = —1 for mj, < ms, we obtain the formulas for the phase factor,
®) = — 3 (=1)* k. K, Um, — > (=1)% k. kmp Vs
a€(mp,m})or(mj ,ms) ah€{mg,m/)or (m/, ,my)
D W=-2 ), > (~1)% ko kmy U, =
1<h<n 1<h<n a:h€(mq,m))or (m),ma)
=-2 Z Z(_l)eaX(ma,m;)(mh)kmukmhvmh-
1<h<n o

Here, X(m, m.) 18 the indicator of the interval (mq,m.,) or (m,, my). Therefore, the following lemma is
proved.

Lemma 2. The contribution of nonintersecting diagrams in the correlation function is

2n
1 , U - c
(X) exp |:l E Azh ((w(kmh) + km,p) + E (-1) OX(ma,m;)(mh)kmakmh'“
[ 4

1<h<n
1 ep 1.2
B Ekzﬂh + 5( 1 hk ):l E , | I 5 km L kmh)cmhmh(kmh)

mh;émh h=1

Using Eq. (11) and keeping only nontrivial partitions, we obtain
hm <a,\ tzn, kzn) /\2"_‘ (t2n—1a an——l) .. .af\‘ (tl, k1)> =

> T 6km;, = kmy)emum, (kmy)276(tms — tim, ) %

my #mp h=1
<8 (B06m) o S X (o s -enk?, )

where { Lmg)ig o= 1o n} is the nontrivial partition {1,...,2n} associated with £. Theorem 1 is
proved.
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