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Entangled Markov chains (EMC) were so baptized on the basis of the conjecture that
they provide examples of states, on infinite tensor products of matrix algebras, which are
in some sense “entangled”.? In this paper we introduce the notion of multiple (or “many-
body”) entanglement and extend the two-body criterion of entanglement obtained in
Ref. 17 to this case. We then apply this extension to EMC and prove that “generically”
they satisfy the entanglement conditions.
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1. Introduction and Preparation

In the recent development of quantum information many people have discussed the
problem of finding a satisfactory quantum generalization of the classical random
walks. The relevance of this problem for quantum information has been emphasized
in a large number of papers, e.g. see Refs. 7, 8, 12-14 and 19. However, these
proposals introduce some features which are not completely satisfactory. Motivated
by such situation Accardi and Fidaleo introduced the notion of entangled Markov
chains which includes that of quantum random walk.?2 They listed the requirement
that should be fulfilled by any candidate definition of a quantum random walk.
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(1) It should be a quantum Markov chain in the sense of Ref. 1 (locality),

(2) it should be purely generated in the sense of Ref. 9 (pure entanglement),

(3) its restriction on at least one maximal Abelian subalgebra, should be a
classical random walk (quantum extension property),

(4) it should be uniquely determined, up to arbitrary phases, by its classical
restriction (amplitude condition).

In order to give an intuitive idea of the connection of their construction with
entanglement, let us note that the key characteristic of entanglement is the superpo-
sition principle and the corresponding interpretation of the amplitudes as “complex
square roots of probabilities”. This suggests an approach in which, given a homoge-
neous classical Markov chain with finite state space S, determined by a stochastic
matrix T" and an initial distribution described by a row vector P, one can construct
such a quantum Markov chain. The construction is as follows.

Let S ={1,2,...,d} be a state space of cardinality |S| = d(< o0). We consider
a classical Markov chain (.S,,) with state space S, initial distribution P = (p;) and
transition probability matrix T' = (¢;5).

Fix the orthonormal basis (ONB for short) {|e;)}i<q of C!5! and fix a vector
leg) in this basis. We consider the infinite tensor product Hilbert space

H = %OCO» clsl, (1.1)

Let T = (t;;) be any stochastic matrix (i.e. t;; > 0, Zj ti; = 1) and let \/%;; be any
complex square root of ¢;; (i.e. |\/%;;|? = t;j). Define the vector

n—1
|\I’n> = Z vV Pjo H vV tjaja+l|ej07"'7€jn>7 (12)
a=0

Jos--5dn

where |€j07 SRR ej'n,> = (®a€[0,n] |eja>) ® (®a€[0,n]c|€0>>'
Let Mg denote the |S| x [S] (i.e. d x d) complex matrix algebra and let A =
Mgy ® Mg ® --- =® Mg be the C*-infinite tensor product of N-copies of Mg.
N

Definition 1.1. An element Ay € A (observable) will be said to be localized in a
finite region A C N if there exists an operator Ay € @M 1S such that
Ap = Ay @ 1pe.

We denote A, the local algebra at A and in the following we will identify Ay = Ax.

The basic property of |¥,) is that, although the limit lim, . |¥,) will not
exist, the following result holds:
Lemma 1.1. For every local observable A € A 1, (k € N) one has

(Wht1, AUpyr) = lm (W, AV) =: 0(A). (1.3)
Accardi and Fidaleo showed that the state ¢ defined by (1.3) is a quantum

Markov chains in the sense of Ref. 1 and they called “entangled Markov chains” the
family of quantum Markov chains that can be obtained by the above construction.
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Definition 1.2. A state ¢ is a (homogeneous) quantum Markov chain (QMC for
short) with initial state po over Mg and transition expectation & : Mg ® Mg —
M‘S‘ if

W(AgRAI R - RA,R101®---)

For entangled Markov chains the transition expectation £ is expressed in terms

of the following linear map:

Definition 1.3. Define the linear map V,, : H,, — H, ® Hp+1 by linear extension
of

Valej) = D Vbijeal€5) ®lejin) s (1.5)
.j'n+1€S

where H,, = Hp41 = C®l for each n € N.

It is easy to show that V*V,, = 1. Moreover, £,(-) =V Vit A, @ Apy1 — A,
becomes a transition expectation and its dual £: A% — (A, ® A,+1)* becomes a
linear lifting in the sense of Ref. 3, where A,, = A, 11 = M|g| for each n € N.

Now let us extend V,, to an isometry still denoted with the same symbol

Vi ®a€[0,n]H0z - ®a€[0,n+l]Hoz (16)
by the prescription
Vn ®a€[0,n] |eja> = (®a€[0,n—1]|eja>) ® Vn|ejn> : (17)

It is easily shown that for each jo € S one has

n—1
|\I/n> = Z vV Pio H */tjaja+1|ejo7 . . .76jn> = prjOVn,l e "/E)|6j0> . (18)
a=0 Jo

.j07~~~yjn
We give an initial pure state ¢ as
@o() = tra(|Wo)(¥ol-) = (Yol - [¥o), (1.9)
where [Wo) = 3, \/Pjs|€jo)- Then from (1.7) and (1.8) we define a pure state ¢,
over ®je(o,n]A; by using the isometric lifting £ given by

E([Wn)(Unl) = Val W) (U |V, (1.10)

pn(-) = tr(Eq 1 (&7 o (- (E7 (& (1W0)(Wol))) ---)) () - (L.11)

Definition 1.4. An entangled Markov chain is a quantum Markov chain ¢ =
{0, €} = {(p;), (ti;), {lej) } } over A where (i) o is a pure state over Mgy, (ii) the
transition expectation £(-) = V* -V is given by (1.5) for some stochastic matrix
T = (ti;) and for some fixed ONB {le;)}.

Accardi and Fidaleo did not prove that the states given by Lemma 1.1 are
entangled. In this paper we will analyze the entanglement of ¢, and also that of
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. For our purpose we give the definitions of the entangled compound state in the
following three cases:

Definition 1.5. Let A; (j € {1,2}) be C*-algebra, then w € S(A; @ Ay) is
separable if

w € Conv{w; @ wy;w; € S(A;),7 =1,2}.

Definition 1.6. Let A; (j € {1,2,...,n}) be C*-algebra, then w € S(®7_;A;) is
separable if

w € Conv ®wj;wj € S(Aj),je{1,2,...,n}
j=1

Definition 1.7. Let A; (j € {1,2,...,00}) be C*-algebra, then w € S(®32,A;) is
separable if

w € Conv ®wj;wj € S(A)),je{1,2,...,00}

j=1

A non-separable state is called entangled. Notice that a separable pure state
must be a product of pure states. We introduce the notion of multiple entanglement
as follows:

Definition 1.8. Let A = ®7_,.A; be the finite tensor product of C*-algebra. A
state w € S(A) is called 2-separable if

w € Conv{wy @ wy;wy € S(Ay),wi € S(Aw) )Y ke {1,2,...,n},

where A = .Ak] ® .A(k = -A[l,k] ® A(k,n]-
A state w € S(A) is called 2-entangled if

w ¢ Conv{wk] ®w(k;wk] S S(Ak]),w(k S S(.A(k)},v ke {1,27 .. .,n} .

Lemma 1.2. If w € §(A) is 2-entangled, then w is entangled.
Proof. It is clear from the definition. |

According to Definition 1.8 we extend the degree of entanglement defined by
Belavkin and Ohya®® to entangled Markov chains (EMC for short).

Entanglement degree for mixed states has been studied by some entropic mea-
sures such as quantum relative entropy and quantum mutual entropy. An exam-
ple of such degree was defined in Ref. 10 using the relative entropy S(6,6y) =
trf(log 6 — log 6p) for a density operator 6 as
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D(H) = mln{S(G, 90); Oy € D} , (112)

where D is the set of all separable densities.

Since, to compute this measure, one has to take the minimum over all separable
state, it is difficult to compute it analytically. Thus another degree of entanglement
was introduced by Belavkin and Ohya®% using the quantum quasi-mutual entropy
defined in Ref. 16.

Definition 1.9. Let 6 be a density matrix on A4; ® A with marginal densities
p and o where Ay, Ay are arbitrary (not necessarily finite dimensional) matrix
algebras

(1) The quantum quasi-mutual entropy of p and o w.r.t. 8 is defined by Iy(p, o) =
trf(logd — logp ® o).

(2) Den(8;p,0) = £{S(p)+S(0)} —Iy(p, o) is called the degree of entanglement
(DEN for short), where S(-) is the von-Neumann entropy.

(3) 01 has stronger entanglement than 6y if

Dex(01;p,0) < Dex(02;p,0). (1.13)

Using the degree of entanglement Dpn Ohya and Matsuoka gave the following
characterization of pure entangled states on A; ® As in Ref. 17 (see the Appendix).

Theorem 1.1. For a pure state 6 with marginal states p and o,
(1) w is separable iff Dex(0;p,0) =0,
(2) w is not separable, i.e. entangled iff Drn(0;p,0) < 0.

In Sec. 2 it will be shown that the EMC generated by a deterministic stochastic
matrix is 2-separable if and only if it is separable. In Sec. 3 we will prove that
2-entangled EMC generated by stochastic matrix with strictly positive elements is
characterized by the entropy of density matrix associated with its stochastic matrix
and that the EMC of a unitarily implementable matrix has the strongest possible
entanglement.

In Ref. 15 the localized state of EMC was considered by taking a partial trace
and it was shown that the conjecture is established in the case d = 2 by means of
the Horodeckies, Peres entanglement criterion'!>'® which is applicable only to the
d = 2 case. In this paper we do not take such a partial trace and will consider a
general state in the Hilbert space with the dimensional d by applying the above
criterion (i.e. Theorem 1.1).

2. Entangled Markov Chains Generated by a Deterministic
Stochastic Matrix

Throughout this paper we analyze the EMC with stochastic matrix T' = (¢;;) and
associated invariant measure P = (p;), i.e. ), pit;j = p; is satisfied for each j. If
the EMC with an invariant measure is restricted to Abelian subalgebra, then it
gives a classical stationary Markov chain.
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In this section we consider an invariant measure P = (p;) of the stochastic
matrix T = (t;;) with only 0, 1 as entries. Such stochastic matrices are called
deterministic.

Let Js be a set of all maps 7w from S into S (i.e. 7(S) € S). Note that if
m(S) = S, then 7 is a permutation. Let us denote w(S) by Sr. In general there
exists an integer k such that, denoting S, = 7*(5), the restriction of 7 on S, is a
permutation on Sy.

Definition 2.1. An orbit of the dynamical system 7 : S — S is a minimal =-
invariant subset of S. R C S is called a minimal 7-invariant subset of S if:
(i)m(R)=R
(ii) R # ¢ and if @ C R is such that 7(Q) = @, then Q = R.

Definition 2.2. To every m € Jg we associate the stochastic matrix T, with
elements ¢ = O r(;), i-e. T is deterministic.

Remark 2.1. Given T as above, there exists an ONB {|e;)} in a Hilbert space H
whose dimension is the cardinality of S such that

Trles) = > tikler) = lengs) - (2.1)
k

From the following well-known theorem we know that such a matrix T, has
many invariant measures.

Theorem 2.1. Let 7 be in J, and let T be the associated stochastic matriz. Then
the set of Tr-invariant measures is precisely the set of probability measures of the
form:

1
kaqul,VkESl7Vl=1,...,m7 (2.2)
1
where {S1,52,...,Sm} is an arbitrary partition of S into w-invariant subsets.

Proof. A T.-invariant measure is characterized by the identity:
pi = _pitiy = ) _Pidnj)i = Pr(j) (2.3)
icS icS

which shows that subsets of S where the map j — p; is constant are m-invariant.

Conversely, if {S1, Sa,...,Sn} is any partition of S into m-invariant sets and S; —
gs, (I =1,...,m) is any probability measure, then the probability measure on S
defined by p; = ﬁsilll (j € ;) satisfies (2.3) and therefore it is Tr-invariant. m|

We will show that the entanglement of ¢,, can be measured by the DEN and
using Theorem 1.1 the 2-separability condition of ¢, is shown. For any k € [1,n]
let Hyj be the tensor product Hilbert space given by Hy) = ®jcjo,kH; and Hx be
the tensor product Hilbert space given by H = ®je(k,n)H;. Then the pure state
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©n can be recognized as compound state w.r.t. the composite system Hy) @ H .
Theorem 2.1 means that |¥,,) is given as

|W,) = Z Z \/pi0|€i07€7r(i0)7 - -7€7r"(io)>

I 10ES;

= Z Z |S |€lov€7r(zo)7 .- '7€7r“(io)>- (2.4)

I 10ES;

Then the marginal densities of ¢,, are given as

Pr] = trw, W) (W

_ Z Z |S | ey, e Em(ig)r -+ ,€wk(ig)><€io7€w(ig)7 e ,eﬁk(i0)| , (2.5)

10 ES]

Ok = [ W) (W

— Z Z | |€ ktl(Gg)s e -+ ,eﬂ.n(ig)><€ﬂ.k+1(io), ce ,eﬂ.n(ig)| . (26)

10651
Note that both decompositions (2.5), (2.6) are Schatten decompositions, i.e. the
spectral decompositions of py), o into one-dimensional orthogonal projectors.
From the purity of ¢,, one can compute its DEN as follows (see the Appendix):

Den(19n)(Yal : prys o)
= —S(o®)(or = —S(py))

Z Z QSL qsl = Z gs, loggs, — Z gs, log |91 <0. (2.7)
I €S |Sl| |Sl| 1 1

DeN(|Wn) (V| : pi), 0(x) has the same value for any k € [1,m], so that let denote
DEN(|\Ijn><\IJn| : pk]70(k) by DEN(|\IJn><\IJn|) Then DEN(|\IJn><\IJn|) =0 if and only
if there exists a number [ € [1,m] such that gs, = |Si| = 1. Since g¢g, log ¢s, < 0 and
—gs, log|Si| < 0 for any [ € [1,n]. According to Theorem 1.1 we know that this
condition gives the 2-separability condition of ¢,. In this case the 2-separability
condition of ¢, is equivalent to the separability condition of ¢,, i.e. ¢, can be
represented by

‘Pn() = tr@je[l,n]')'(j ® |6[><€l|'

Jjeln]
Summarizing the above argument we have the following theorem:
Theorem 2.2. (i) For any n < oo the state @, is a pure separable state if and

only if the Tr-invariant measure is extreme (i.e. the probabilities are concentrated
on a single point of S).
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(ii) For any n < oo the state ¢, is pure entangled state if and only if the
T -invariant measure s not extreme.

In general, we define
DN (|Un)(Unl) = ot Den(|Wn){(Yn| : prys o) (2.8)

and we call it the DEN of the restriction of the EMC ¢ to the interval [0, n]. Then
the following definition introduces to a natural way to measure analytically the
strength of entanglement of an EMC.

Definition 2.3. Let ¢ be the EMC defined by (1.3). The DEN of ¢ is defined by
Den(p) = lim Den([Wn)(Wal) - (2.9)

Theorem 2.3. Let |¥,) be given by (2.4). Then Dpn(|¥,.)(P,]) =
DEN(|\I/n><\IJn|) MO’I“GOUCT’,
(1) the DEN of ¢ is equal to

Den(p) = > qs,logqs, — > qs,log|Si| < 0. (2.10)
=1 =1

(2) When 7 acts transitively on S (so that p; = 3 for V i € S), the strongest
DEN is given by

DI () = —Tog.

3. Entangled Markov Chains Generated by Unitarily
Implementable Matrix

In this section we consider the particular case in which the transition matrix T has
strictly positive elements, i.e. t;; > 0 for any 7, j € S and is unitarily implementable,
i.e. there exists a unitary matrix U = (u;;) such that |u;;|*> = t;; for any i and
j. We show that, in this case, the associated EMC ¢ has the strongest possible
entanglement. We start from the (unique) measure P = (p;) of the stochastic
matrix T = (¢;;). Then the following theorem holds.

Theorem 3.1. To the stochastic matrizT we associate the density matrix o given
as

UTEZP¢|fi><fi|a (3.1)

where |f;) = >, Vtiklex). Then
(1) The state @, is a pure 2-separable state for any n < oo iff S(or) = 0.
(2) The state p, is a pure 2-entangled state for any n < oo iff S(or) > 0.
(3) There always exists the DEN of ¢ such that

—H(P) < Dpn(p) = =S(or) <0,
where H(P) is the Shannon entropy of the probability measure P.



Entangled Markov Chains are Indeed Entangled 387

Before giving the proof of Theorem 3.1 we will show the following lemma.

Lemma 3.1. Puto(1) = or and, with £, given by (1.10), define the density matriz
o(m) as

o(m) =&, 1(Eq o(--- (&l (0(1))) ).
Then
S(o(1)) = S(e(m)),¥Y m € [1,00).
Proof. It is known that von Neumann entropy of a density matrix p is preserved

under isometric transformation (p — VpV*, V*V = 1) and, from (1.5) we know
that each &, is implemented by an isometry. O

Proof. Now ¢, is given by
on () = tr(| W) (Wal-),
-1 .
where |U,,) = Zjo,j1,j2,...,jn /D70 11— \/Tjjess |€jos €jrs - - - €4, ). From the purity

of ¢, one has
Dex(|¥n)(Wn| : prp, o) = —S(o®),V k € [1,n]. (3:2)
Since P is the invariant measure of T, the marginal density o(; is computed as

Ok = try,, [ (W

k—1
= Z DPjo H Godars VEikier /b,
a=0

30 J1se s Jk—1-
Jkodk41sdnslgytso In

\/tjkjk+1 e \/tjn—ljn |ejk+1 yoee e )ejn><€lk+17 ceey eln|

= Y il Vit Ve Vb1

G410 0dn,
L1 In

|ejk+17 R ejn><elk+l7' .- 7eln|

_Zplmn— N{filn = k)l (3.3)

where |fZ(TL - k)> = ij+17~~~7jn \/tijk+1 ce \/tjn71jn |€jk+1 g ,ejn>.

It is easily checked that the norm of | f;(n— k)) is equal to 1 but the set {|f;(n —
k))} is not orthogonal in general because the set {|f;)} is not. Therefore an exact
calculation of S(o(;) is not easy. However, one can estimate the entropy of o(; as
follows:

0< S U(k sz logp; = P)a (34)
where S(o(,) = H(P) holds if {|f;(n —k))} is an orthogonal set (i.e. it is an ONB).
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In the case of K =n — 1 one has
o1 = D_pl iAW =D pil i) (fil = o7 (3.5)

According to the notation of Lemma 3.1 o(,,_,, can be represented as
O(n—m = 0(m).
Lemma 3.1 means that
Den(|¥n)(¥n| : pry, o) = —S(or).
From Theorem 1.1 and the definition of Dgn(p) the statements of this theorem
hold. |

In the above theorem if the stochastic matrix T" = (¢;;) is unitarily imple-
mentable and we take \/7;; = w;;, then the set {|f;)} giving the decomposition of
or by (3.1) becomes an ONB, i.e.

(f5 fi) = wfpua = (UU")ig = 655
k
Thus the following theorem holds.

Theorem 3.2. If EMC ¢ has an invariant measure P of a unitarily implementable
matriz T, then the DEN of ¢ ezists and is equal to:

Den(p) = —H(P). (3.6)

Appendix A

If 6 on H® K is an entangled pure state with marginal states p, o, then von
Neumann entropy S(#) = 0. Moreover, from the Araki-Lieb inequality*:

1S(p) = S(0)] < S(8) < S(p) + S(0). (A1)
the purity of 6 implies that S(p) = S(o). It follows
Tg(p,0) = trf(logf —logp ® o)
=trflogh —trflogp I —trflogl ® o
= S(p) +5(0) = 5(0)
=25(p).
Then the proof of Theorem 1.1 is given by the following:

Proof. In the case of a pure state 8, Dgn(6; p,0) can be computed as

Dix(0:p.0) = 55(p) + S(0)} ~ To(p,0)
= S(p) —25(p)

= —S(p)(or = —5(0)). (A.2)
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If Den(0;p,0) < 0, then S(p) = S(o) > 0 which means that p and o are mixture
states. Therefore p can be written as p = >, A;|z;)(x;| where {|x;)} is an ONB in
Hand Y, A\ =1,0 <)\ <1 and at least two )\; are strictly positive. Then due to
the Schmidt decomposition there exists an ONB {]y;)} of K such that 6 is given by
0 = |U)(¥| where

) = 3 VAl ).

Since at least two \; are strictly positive, this implies that 6 is a pure entangled
state. The converse statement obviously holds.

If Den(6;p,0) = 0, then S(p) = S(o) = 0 which means that p and o are pure
states respectively. Thus 0 is a pure state whose marginals are pure states. This
implies that w is a product of pure states. Conversely, if 6 is pure and separable,
then it is the product of two pure states, hence Dgn(6; p,0) = 0. O

References

1. L. Accardi, Topics in quantum probability, Phys. Rep. 77 (1981) 169-192.

2. L. Accardi and F. Fidaleo, Entangled Markov chains, Ann. Mat. Pura Appl. (2004).

3. L. Accardi and M. Ohya, Compound channels, transition expectations, and liftings,
J. Appl. Math. Optim. 39 (1999) 33-59.

4. H. Araki and E. H. Lieb, Entropy inequalities, Commun. Math. Phys. 18 (1970) 160
170.

5. V. P. Belavkin and M. Ohya, Quantum entropy and information in discrete entangled
state, Infin. Dim. Anal. Quantum Probab. Relat. Top. 4 (2001) 137-160.

6. V. P. Belavkin and M. Ohya, Entanglement, quantum entropy and mutual informa-
tion, Proc. R. Soc. London A 458 (2002) 209-231.

7. T. A. Brun, H. A. Carteret and A. Ambainis, Quantum walks driven by many coins,
Phys. Rev. A 67 (2003) 052317-17.

8. A. M. Childs, E. Farhi and S. Gutmann, An example of the difference between quan-
tum and classical random walks, Quantum Inf. Process. 1 (2002) 35-43.

9. M. Fannes, B. Nachtergaele and R. F. Werner, Finitely correlated pure states, J.
Funct. Anal. 120 (2002) 511-534.

10. L. Henderson and V. Vedral, Information, relative entropy of entanglement, and irre-
versibility, Phys. Rev. Lett. 84 (2000) 2263-2266.

11. M. Horodecki, P. Horodecki and R. Horodecki, Separability of mixed states: Necessary
and sufficient condition, Phys. Lett. A 223 (1996) 1-8.

12. N. Konno, Quantum random walks in one dimensions, Quantum Inf. Process. 1 (2003)
345-354.

13. T. D. Mackey, S. D. Bartlett, L. T. Stephanson and B. C. Sanders, Quantum walks
in higher dimensions, J. Phys. A 36 (2003) 241-253.

14. D. A. Meyer, From quantum cellular automata to quantum lattice gases, Stat. Phys.
85 (1996) 551-574.

15. T. Miyadera, Entangled Markov chains generated by symmetric channels, Infin. Dim.
Anal. Quantum Probab. Relat. Top. 8 (2005) 497-504.

16. M. Ohya, Some aspects of quantum information theory and their applications to
irreversible process, Rep. Math. Phys. 27 (1989) 19-47.

17. M. Ohya and T. Matsuoka, Quantum entangled state and its characterization, Found.
Probab. Phys. 3 750 (2005) 298-306.



390 L. Accardi, T. Matsuoka & M. Ohya

18. A. Peres, Separability criterion for density matrices, Phys. Rev. Lett. 77 (1996) 1413—
1415.

19. B. C. Travaglione and G. J. Milburn, Implementing the quantum random walk, Phys.
Rev. A 65 (2002) 032310.



