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1. Introduction

The difference between the standard, classical, R%valued Brownian motion and
the associated increment process, the white noise, is just in the initial (i.e. time
0) random variable. In many cases one chooses the initial random variable to be
concentrated at a point (e.g. the origin of R?) and one identifies the two spaces.
This identification, however, cannot be extended to the time shifts of the corre-
sponding processes. In fact the time shift of the Brownian motion brings the initial
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random variable Wy to the random variable at time ¢, Wy (cf. Sec. 2.1) and this
induces a shift in the increments.

On the contrary, the shift of the white noise only translates the increments but
leaves the initial random variable (hence the functions of it) invariant (cf. Sec. 2.2).

A consequence of this fact is that the Markov semigroup, associated to the
Brownian motion, is the heat semigroup while the one associated to the white
noise, is the identity semigroup.

In the context of the Hudson—Parthasarathy theory, the white noise space is
identified to a Fock space (cf. Secs. 2.2 and 2.3) and the classical white noise time
shift is extended to an automorphism of the algebra of bounded operators on the
Fock space.

In the Obverwolfach workshop on Quantum Probability in 1987, Meyer?” posed
the problem of the existence of a quantum extension of the time shift of the Brow-
nian motion (cf. Sec. 2.3) for a precise formulation).

A first solution to Meyer’s problem was given by Accardi,! during the Ober-
wolfach meeting and is based on the following idea. The classical Brownian motion
time shift

WQHWt:WO—f—(Wt—W())

can be obtained by adding the increment to the initial random variable.

Notice that, in order for the addition to make sense, the initial random variable
Wo must take values in the same space where the increments take values. In order
to extend this obvious requirement to a more general context, one is led to consider
a white noise whose multiplicity space coincides with the (complexification of the)
Hilbert space where the initial distribution takes values (cf. the discussion at the
end of Sec. 2.1).

The construction in Ref. 1, of a solution to Meyer’s problem, considered only an
R-valued Brownian motion and was based on the remark that the increment process
Wi — Wy corresponds, in the Fock space, to the momentum field Py 4 (cf. Sec. 3.1).

Identifying the initial random variable with the position operator gy, one is led
to the identification

Wi=Wo+ (W =Wo)=q@1+13® Py, (1.1)

where the tensor product emphasizes that the two operators act on different spaces.
Replacing the position operator gg by an arbitrary operator on the initial space,
one obtains a quantum extension of the classical Brownian motion—time shift which,
after exponentiation, leads to 1-parameter endomorphism group with the property
that the associated Markov semigroup, when restricted to the position algebra,
gives the usual heat semigroup.

Several problems were left open in Ref. 1. In particular:

(i) The shift (1.1) is not fully quantum because the noise algebra is generated

by (P[o,t]) and (Q[o,t])-
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(ii) Do there exist “quantum time shifts” which involve both position and mo-
mentum and still produce solutions to the Meyer’s problem. Shifts with this prop-
erty are constructed in Sec. 3.2, they are called “Lie algebra type shifts”. The
associated “Laplacians” are described in Sec. 4.1. A class of quantum diffusions,
leading to these Laplacians, is described in Sec. 4.2. In Sec. 5 we discuss a quan-
tum analogue of the “Euclidean invariance” of the classical Laplacian and we show
that, if we take the full symplectic group as quantum analogue of the Euclidean
group, then rotation invariant generators cannot be implemented by Lie algebra
type shifts.

On the other hand, if we drop this requirement, i.e. if we allow “quantum time
shifts” of a more general kind, then we can construct “quantum heat semigroups”
which extend the usual Laplacian in a stronger sense than what was required by
Meyer’s problem, namely: their restriction to both position and momentum algebras
give the classical Laplacian. Finally, in Sec. 6 we apply these ideas to the Lévy
Laplacian and we prove that our “quantum extension” allows to unify the notion
of Volterra—Gross and Lévy-Laplacians, and to prove that the difference between
them can be reduced to a different choice of the “multiplicity space” of the white
noise which, according to the previous discussion, is the complexification of the
Hilbert space where the classical Brownian motion takes values.

2. From Classical to Quantum Laplacians
2.1. The time shift of the Brownian motion

Let (W)¢>0 be the Wiener process on R¢ with initial condition Wy, assumed to
be independent of (W);>0, and let Py denote the distribution of Wy. It is known
that, if f € L (R?) is a bounded (Borel) measurable complex valued function on
R, then for any t > 0

E(f(Wh)) = Eqoy(Eq)(f (W) = y Po(dao)(e"/2 f)(Wo)

o~ lz—Wol?/2t

_ /R Byldwo) [ o 1 (@), (2.1)

where E, Froy and Ey denote respectively the expectation, Fygj-conditional ex-
pectation and the Fg-conditional expectation with respect to the Wiener measure
and A is the Laplacian on LZ(R%).

Denote v; the time shift for the Wiener process:

v (F(WE, . W) =FWe ... . W),
where F' : R™ — R is Borel measurable and denote j; the flow of the Wiener process:

jet f € LERY) = LE(Wo) — ji(f) = FW]) € LE R LE(WT)),
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where LZ(W?) denotes the L2-space on the Wiener space. Then the identity (2.1)
can be rewritten as

e~ () (Wo) = Eq)(v7 (jo(f))) = €22 f (Wo). (2.2)

In this sense we say that the generator of the semigroup associated to the Wiener
process on R? is the Laplacian.

Notice that, if Hg := Lg° (RY) = L (Wy) is the space of possible initial data
(Wo), then the space of the Wiener process is

Hs ® Lg(W?) = L (R% LE(WT)).

We say that the time shift vy can be unitarily implemented if there exists a 1-
parameter unitary group

VP i Hs @ LA(W?) — Hg @ LA(W?)
such that
vp () = Vo,V s LERG LE(WY)) — LE(RE LE(WT)),

where L (R%; L2(W?)) is identified to an Abelian algebra of bounded operators
acting by pointwise multiplication on LZ(R%; LZ(W?)). In this case the time shift
of the Wiener process can be extended to a 1-parameter (semi)-group of endomor-
phisms, still denoted vy, of the algebra (of bounded operators)

B(Hs ® LE(W*)) = B(Hs) @ B(LE(W?))
which respects the quantum time filtration, in the sense that:
v7 (bo) € By := B(Hs) @ B(L{, y(W?)), Vbo € B(Hs).
The extension property means that, for any f € L¥(R?)
vf (My) = Mygyay

where My denotes multiplication by the function f.
Now notice that

(W% = LW o C

and C? can be considered as the complexification of the real Hilbert space R<.
Furthermore,

LE(R;RY) = LE(R) ® C¢ = T(CY),

where I" denotes the Fock space. Therefore, replacing R? and C¢ by a real Hilbert
space Kg,, and its complexification Kg, respectively, we can extend the above pic-
ture replacing C? by an arbitrary complex Hilbert space Kg with a real structure

Ks=Ksr ®iKs,,
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the initial L2-space LZ(R?) = I'(C%) by the Fock space Hg = I'(Ks) over Kg and
the noise space
LE(Wh ®C? = LA (W' CY)

by L2 (WY Ks) = LA(W1)®Ks. This corresponds to replacing the R%-valued Brow-
nian motion by a Kg ,-valued Brownian motion. It is known that this extension
allows to deal with the usual infinite dimensional Volterra Laplacian. We will prove
that it includes also the Lévy—Laplacian.

From now on W = W1 will denote the 1-dimensional (R-valued) classical Wiener
process starting from the origin in R. This is canonically identified to the space of
the increments of the Wiener process in the sense that the filtration generated by
{W;;0 <t < p} coincides with the filtration generated by {W; — W;;0 < s,t < p}.
Here p is an arbitrary fixed positive real number. We will see that this identification
cannot be extended to the corresponding time shifts.

2.2. The shift of white noise
There is a known natural identification
LE(W) =T(L*(R)) (2.3)
which induces the identification
Hs @ LE(W) = Hs @ T(L*(R). (2.4)

Moreover, one can choose this identification so that the operator of multiplication
by W, goes into

Wi = Af + Ay
where (A;) is the boson Fock-Brownian motion characterized by
[A:, AT =sAt,
A® =0
and @ is the vacuum vector. Denote by 6; the right shift on L2(Ry, Kg),
<0tf><s>:{f(8_t)’ e
0 0<s<t

0, is isometric with left inverse 07 (f)(s) = f(s+t). Notice that, for f € L?(R, Kg),
we have

G:Mfet = Mf(_;’_t) .

Let T'(6;) be the second quantization of §; acting on I'(L*(R4,Kgs)) and char-
acterized by its action on exponential vectors ¥(f) € I'(L?(Ry,Ks)) by

L(0:)(f) = ¢(0:f) .-
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According to the discussion in Sec. 1, the time shift uy is the 1-parameter endo-

morphisms semigroup of B(Hs) ® B(I'(L?(R,Ks))) characterized by the property
uf (bg @ b) = bo @ T(O)I(0;), bo € B(Hs), beBI(L*(R4,Ks))).

The shift u; is a normal (o-weakly continuous), left invertible, injective -
endomorphism and satisfies the following:

(i) For s,t >0, ug ouf = ug ;
(ii) For s >0,

ug(B(Hs) @ B(D(L* (R4, Ks)))) = B(Hs) ® 1jo,q @ B(L(L*([s, +00), Ks)))
where 1j 4 is the identity of B(I'(L?([0, s]), Ks)).

2.3. The vacuum conditional expectations

In the identification (2.4), the conditional expectation Ey) is mapped into the partial
vacuum expectation value

Eg(bo ®b) = (2,b®)bg, by € B(Hs), beBI(L*Ry)®Ks)).

More generally, the vacuum conditional expectations {Ej; ;0 < s <t < oo} onto
the algebras B(Hg) ® B(I'(L?([s,t]) ® Ks)) exist and are characterized by

Epg(bo ®b) = (@, b5 g ®)bo @ bls 4y, bo € B(Hs), beB(I(L*(Ry)®Ks)),
(2.5)

where [s,t]¢ = [0, s[U]t, +oo] and
b= bjo,s] @ bfs,1) @ bt, oo
is the decomposition of b through the canonical factorization isomorphism
B:=B(I(L*(Ry) ® Ks)) = Bio,s) @ Bls,g) @ By, 4o0f
with
Bjo,q = By := B(D(L*([0,1]) ® Ks)) © 11,

Bit 4oo) = By := 15 @ B(L(L*([t, +00)) @ Kg))
and more generally
By = 1 @ B(D(L*([s,1]) © Ks)) © 1 -

As is easily understood, 14, 1;; and 1,4 stand for the identity of B(I'(L*([0,t]) ®
Ks)), B(L'(L*([s,t]) ® Ks)) and B(I'(L?([t, o)) ® Ks)), respectively.
The Ej, ;s satisfy the condition:

Egyo By =Epgy, if [s,t] C[s,t].
We shall write Ey) for Ejg 4.
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It is easily checked that, for any s,t > 0, the following identity holds
uy o By = Eg qgouy. (2.6)
Moreover, the usual properties of conditional expectations hold, for example
Eo)(a1baz) = Eg(a1Ey(b)az) (2.7)

for arbitrary a1, az, b € B and ¢ > 0. From this and the preceding discussion (see
Sec. 2.1), it follows that, for any by € B(Hs), one has

ug (bo) = bo = bo ® Lp(re(w)) =: jo(bo) (2.8)
and therefore the associated Markov semigroup is also trivial:
Eg)(ug (b)) = bo - (2.9)

2.4. Meyer’s problem

From (2.8) it follows that, in the identification (2.4), the time shift of the Wiener
space is not identified with the time shift in the corresponding Fock space because
the former gives rise to the identity semigroup while the latter to the usual heat
semigroup. This remark motivated Meyer to pose the problem of the existence of a
“time shift”, i.e. a 1-parameter endomorphism semigroup v; of

B(Hs) ® B(T(L*(R))) (2.10)
with the property that for any f € LZ(R)
P'(My) = Eo)(v; (jo(My))) = Mearay - (2.11)

Suppose that the answer to Meyer’s question is positive and notice that, since
by assumption jo is defined on B(Hg) and vy is defined on the whole algebra (2.10),
the left-hand side of (2.11) can be extended to the whole of B(Hs). In other words,
the expression

Eoj(v7 (jo(bo))) == P*(bo)

makes sense for each by € B(Hg). If P* is a Markov semigroup, then it has a
generator L:

Eo) (v (jo(bo))) = P*(bo) = e~ (bo); Vo € B(Hs).
Because of (2.11) the generator L has the property that
L(Myg) =M _1ap) (2.12)

i.e. the restriction of L to the multiplication operators coincides with the classical
Laplacian. Therefore, we come to a first path to a quantum extension of the Laplace
operator.

Definition 2.1. A quantum Markov generator L on B(L?(R)) is called a quantum
extension of the classical Laplacian on L?(R) if the multiplication by twice differ-
entiable bounded functions are in the domain of L and on such functions (2.12)
holds.
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3. The Quantum Heat Flow of the CCR Algebra
3.1. The Heisenberg Lie algebra

Let H; be a complex Hilbert space with a real structure, this means that there exists
a real Hilbert subspace H; , of H; with real-valued scalar product characterized by
the condition

<f7 Zg>7'(1 = Z<fa g>H1,7‘ ’ fag € Hl,r (31)

and an identification:
Hi =Hiyr + iHay, (3.2)

where the symbol + denotes that the Hilbert space sum is direct, but not orthogonal
(cf. (3.1)). This means that, in the identification (3.2), each z € H; has a unique
decomposition

z=a-+1tb, a,becH,

and the conjugation map

*

22" =Z=a—1ib (3.3)

is well defined. For example in the 1-dimensional case H; = C and z* = Z is the
usual complex conjugation.

In the identification (3.2) the scalar product (.,.) = (.,.)%, on H; is uniquely
determined by its restriction (.,.), on Hi, through the algebraic identities:

Im(f +ig, f' +ig") = (f,9")r — (9, f')r»
Re(f +ig, f' +ig') = Im(f +ig,—g" +if') = (f, [')r +(9:9")r-

Definition 3.1. The complex Heisenberg Lie algebra over H; is the complex *-Lie
algebra with generators qo(2), po(2), z € H1 and central element Ey, i.e.

Ls := Lie{qo(2), po(2), Eo; 2 € H1} (3.5)

(3.4)

and relations
po(2)" =po(z"); q(2)" =q(z"); Ey=—Eo; qliz) =po(z), z€H
[X,E)] =0, VXeCLs (3.6)
[po(2),q0(2")] = —iRe(z,2"VEoy; V 2,2/ € Hy
2+ po(2), 2+ qo(z) are real linear maps.
We will denote Lg,, the Lie algebra obtained replacing H; by Hi - in (3.5).

Definition 3.2. A representation of Lg is a triple {H, D, 7} where H is a Hilbert
space, D C H is a dense subspace and 7 is a *-homomorphism of Lg onto a Lie
algebra of linear operators on ‘H having D as a common invariant domain.
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We will discuss various representations of Lg, acting on the boson Fock space
H :=T'(H1), over one of the following three spaces:
Hi =Ks,
Hi = L*(R;Ks) = L’(R) ® K , (3.7)
Hi = Ks & L*(R; Ks).

Here Kg is a complex Hilbert space as in the previous section. For the defini-
tion of the basic operators acting on the Fock space, we refer to Parthasarathy’s
monograph.3! We only recall that the creator map

FeHy— AT (F)
is complex linear and the CCR hold
[A(F), AT (F")] = (F,F')1; F,F' €™M, (3.8)
where 1 is the identity of B(I'(H1)). The Weyl operators are defined by
FeHy— Wo(F):= AT (P)FAME)

They are unitary and the norm closure, in I'(H1 ), of the algebra generated by them,
denoted W (H;), will be called the Weyl algebra over H;. For each pair F,G € H;
the CCR in bounded form hold:

W(F)W(G) = e ™EOW(F + Q) (3.9)

and {W(F); F € H;} is irreducible on I'(H;). The position (resp. momentum) field
operators are defined, for F' € Hy, by:

q(F) := %(A(F) + A*(F)), (3.10)
p(F) = —=(A(F) = A*(F) = o(iF). (3.11)

or equivalently
A(F) = %@(F) Fin(F): () = (o)~ (). (3.12)

In particular, if W (F') denote the unitary (Weyl) operator at F' € H;
W(F) i (HAEEAYE) _ V2F) . (i) = oiV2(F)
For each F', G € Hi, q(F), p(F) are essentially self-adjoint and satisfy the CCR
[9(F),q(G)] = [p(F), p(G)] = iIm(F, G)1, (3.13)
[p(F),q(G)] = —iRe(F,G)1. (3.14)
The Kg,-valued (boson Fock) white noise space is the Fock space

I(L*(R; Ks)) = T(L*(R) © Ks) .
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For t € Ry we denote
Al 2eKs— AT (X0, © 2) = Af (2)

which is a complex linear map. Similarly we define, for ¢ > 0 and z € Kg, the
operators

qt(2) == q(Xj0,1 ® 2)5  pe(2) = p(X[o,4 @ 2) (3.15)

which are real linear maps in z.
We fix the initial space (space of “initial values”) to be

Hs :=T(Ks) (3.16)
and the noise space to be (cf. the discussion at the end of Sec. 2.2)
[(L2(Ry.Ks)) = T(ZA(Ry) © Ks). (3.17)
With these choices the space of this process is
Hs @ T(L*(Ry;Ks)) = T(Ks) @ T(L*(R4; Ks)) = T'(Ks @ L*(R4; Ks)) .

For the constructions we are going to do, it is necessary that the “multiplicity” (or
“polarization”) space of the noise coincides with the initial space.

From the above considerations, we see that any real structure on Kg uniquely
induces a real structure on L?(R;Kg) given by

L*(R+;Ks) = L*(R4; Ks,r) + iL* (R4 Ks,r)

where L?(R; Ks.r) is the space of Kg ,-valued functions on R with scalar product

(F,G), ::/R (F(t),G(t))kg.,.dt.

3.2. A class of Markov flows

In this section we define a family of representations j; of Lg, acting on the Fock
space over the space (3.7), through the identities (z € Kg,t > 0)

Je(po(2)) == po(2) ® 1+ 1o ® Yio,q(T12) = po(2) + Yo, (T12) (3.18)
jAt(qo(z)) = qo(2) ® 14+ 19 ® X0,41(T22) = qo(2) + Xo,4(T22), (3.19)
J'At(EO) = FEo+ Zjo,q (3.20)

where T7 and T3 are real linear operators on Ks and Xig 4, Y{o4, Z[o,g (t > 0) are
the real linear maps:
z € Ks— Xjo,q(2) = X (X0, @ 2) 1= aqi(2) + Bpe(2)
U

= ﬂAj(z) + ﬁAt(zL (3.21)
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2z € Ks = Yo4(2) =Y (X0, ® 2) :=7q:(2) + 6ps(2)

= ﬁAj(z) + ﬁAt(z), (3.22)

Zjo €B(N(L*(Ry) ® Ks))

where the symbol “&” means that the operator is not necessarily bounded, o, 3, v,
0 € R and u:= a+1if8, v := v+ i are non-zero complex numbers.

Since we want the j; to be *-maps, the processes X0,4(2), Yjo,(2) must be
self-adjoint:

Xio,g = X097 Yo = Yo

and Zo 4 satisfies Zjg s = —Z[’B "t The processes X, Y and Z are assumed to be
additive, i.e.

Xist) + Xptr) = Xisls Yist) T Yier) = Yisrls Zis) + Zigr] = sl -
Moreover, if (s,t) N (u,r) = @, they satisfy
(X(s,0 Xl = Yot Yiurll = 25,61, Zju] = 0.
The maps j; are then extended to L£g by complex linearity.

Lemma 3.1. In the above notations, for any t € Ry and u,v € C, the map jAt
given by (3.18)—(3.20) is well defined if and only if

vTh(2) = uTs(iz); V z€Ks. (3.23)

In particular, j; differs from the trivial embedding only if both u,v # 0 and there
exists a nonzero real linear operator T : Kg — Kg such that jAt takes the form
(z € Kg,t > 0):

Gpo(2)) = po(2) + %[A: (T2) + A(T2)], (3.24)
Gula0(2) = qo() — %[Aimiz)) + AT (i), (3.25)
Jit(Eo) = Eo + Zjo,q - (3.26)

Proof. By definition, for any z € Kg
Je(po(z)) = po(z) + Yjo,q(T12),
J1(a0(2)) = a0(2) + Xo,41(Toz)
Since the position and momentum field operators are related by
po(2) = qo(iz); Vz2€Ks

7¢ must satisfy

Jt(po(2)) = jilao(iz)); V2 €Ks
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or equivalently
Yio,q(T12) = Xjo,q(T2(iz)); Vz€Ks
which is equivalent to
wAf (T (i2)) + 0y (To(iz)) = vA} (Ty(2)) + 9A(T1(2)); V2 € Ks
equivalently
(Af + A)(uTa(iz) —vTi(2)) =0; Vz€Ks.

This implies (3.23) because: (A; + A;)(2) =0 < 2 = 0.
We see that the solutions of Eq. (3.23) define three nontrivial classes of
parameters:

(i) v=0; T, =0;
(il)) u=0Ty =0;
(iii) w # 0, v # 0 and T, T» nonzero real linear operators such that (3.23) holds.

In cases (i) and (ii), we have respectively:

~ ~

Jt(Po(2)) =po(2);  Ji(qo(2)) = qo(2); Vz€Ks
and j; is a trivial embedding. If u # 0 and v # 0, then

U U 1 1
X[O,t] (ng) = EA?_(TQZ) + ﬁAt(TgZ) = EA:’_(UTQZ) + ﬁAt(ung)
= —%A?‘(Uﬂ(iz)) — %At(le (iz)) .
Thus, denoting T' = vT; one has
1 ) .
Xjo,4(T22) = —E[Af (T'(iz)) + A(T(i2))] ,
1

Yio(T12) = SlAF (T2) + A1)

and this completes the proof. O

Proposition 3.1. In the notations of Lemma 3.1 with u # 0, v # 0, for any t > 0,
the map j; defined by (3.24)(3.26) is a homomorphism of -Lie algebras if and only
if

Im(z,2") Zjg ) = tIm(T2, T2")1; V z,2' € Kg. (3.27)
Proof. For any z € Kg we have (A} (2))* = A;(2). This implies
Ju(Eg) = jie(=Eo) = —ji(Eo) = —Eo — Zjo .5 = (ju(Eo))"

and therefore, the x-property of j; is satisfied.
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The commutation relations give, for any z, 2’ € Kg

[e(po(2)), Je(ao(2"))]

= Ipo(2), 0(=)] — 5[AT (T2) + A(T2), AF(T(i')) + AUT(2')]
= ~iRe{z, 2')Bo — 5 (A7 (T2), AT(2)] + [A(T2), A (i)

= —iRe(z,2")Ey — %t(—(T(iz’),Tz)l + (T2, T(iz'))1)
= —iRe(z,2YEg — it Im(Tz,T(i2"))1.
On the other hand
Je([po(2), 40 (2")]) = je(—i Re(z, 2') Ey)
= —iRe(z,2')ji(Eo) = —iRe(z, ') Eg — i Re(z,2) Zjg 4 -
Therefore the commutation relations are preserved if and only if
Re(z,2") Zjo ) = tIm(T2, T(iz"))1; V2,2 € Ks.

Replacing 2’ by iz’ and using the fact that Re(iw) = —Imw, (w € C), this becomes
(3.27). O

Lemma 3.2. Under condition (3.27), there exists ¢ € R (independent of t) such
that

clm(z, ') = Im(T2,T2"y; V2,2 € Kg (3.28)

Z[O,t] =ct; Vt>0. (3.29)

Proof. We distinguish two cases:
Im(Tz,TZ)=0; Vz2z2€ekKs
Im(T'z1,T29) #0; for some 21,20 € Kg.

In the first case one must have Zjg; = 0. In the second case one must also have
Im(z1, z2) # 0 for the same pair 21, 22 € Kg and (3.27) implies that

Im(T 21, Tz2)

Zioy =t
[0.¢] Im(z1, 22)
Therefore the quotient

Im(Tz,Tz)
Im<21, Z2> o

is a real number independent of z;, z2. In both cases the identity (3.28) holds. O



228 L. Accardi, A. Barhoumi & H. Ouerdiane

Definition 3.3. Let 0 : Kg x £s — R be a symplectic form, i.e. a bilinear form
such that

o(z,2")=—0(z',2); V22 €Ks.
A real linear map T : Kg — Kg is called symplectic if
o(Tz,T2")=0(z,2"); V22 €Ks.
T is called anti-symplectic if
o(Tz,TZ)=—0(z,2)=0(,2); Vz2€Ks.

Proposition 3.2. LetT : Kg — Kg be a real linear map and let ¢ € R denotes the
constant given by (3.29). If ¢ # 0, then for any t > 0, Ji is a *-homomorphism of
x-Lie algebras if and only if there exists w € C such that WT is either a symplectic
or an anti-symplectic map with respect to o(.,.) = Im(.,.).
Proof. Using (3.29), condition (3.27) becomes

clm(z, 2"y = Im(T2,TZ'); V22 €Ks.
Then we have the following two cases:

e If ¢ > 0 there exist w € C such that

In this case
Im(z, 2") = Im(wTz,wT?2"); V2,2 €Kg

which proves that wT is a symplectic map with respect to o(z, z") = Im(z, 2’).
e If ¢ < 0 there exist w € C such that

2

‘ 1
c=—|—
w
then
Im(z,2") = —Im(wT2,wT2"); Vz2€Ks.

This means that w7 is anti-symplectic map on Kg with respect to o(z,2') =
Im(z, ). m|
Remark 3.1. From the above discussion, we see that jAt(Eo) must have the form

Ji(Fo) =Fo®1+1g®ctl=Ey+ctl; ceR. (3.30)

From now on, in this paper, { Jet > 0} will be a family of *-homomorphisms of
x-Lie algebras specified by the conditions (3.24), (3.25), (3.30).
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Theorem 3.1. For anyt > 0, there exists a unique injective linear map j;, defined
on the algebraic linear span of the Weyl operators in the Weyl algebra Wo(Ks) over
Ks, and characterized by the identity

Gy =X X e g, (3.31)
On the Weyl operator Wy(z) = ei(ao(=)+ag () (z € Kg), ji is given by:
3t Wo(z)) = Wo(z) @ W(=xjo,g ® T(i2)) - (3.32)
Moreover, j; extends to a x-homomorphism of C*-algebras (still denoted j;)
3 = exp(je) : Wo(Ks) — Wo(Ks) @ W(L*(R1) © Ks) (3.33)
if and only if
Im(Tz,T2')=0; Vz2z2ekKs. (3.34)

Under this condition j; is a x-isomorphism onto its image and we have only one
choice for 3:(FEop), namely:

jAt(EQ) =Fh®1=1.

Remark 3.2. Here and in all the remainder of this paper, ag(z), ag (z) denote the
annihilation and creation operators on the initial space.

Proof. For z=Rez+ilmz € Kg, we have
W (2) = €@ (D400 = exp iv/2(go(Re 2) + po(Im 2)).
Then by definition
37 (Wo(2)) = exp iV2(ji(ao(Re 2)) + je(po(lm 2)))
n 1

= exp iV2 |qo(Re z) + po(Im 2) —2Aj(T(Imz) —T(iRez))

+ LAt(T(Im z) — T(iRez))

V2
— W(2) @ exp il AF (T(i2)) — A(T(62))]
= Wo(z) @ W(—xj0,qy ® T'(i2)). (3.35)

This proves the equivalence between (3.31) and (3.32). Since the Weyl operators are
linearly independent, the map defined by the right-hand side of (3.32) extends by
linearity to the x-algebra algebraically generated by them. Moreover, j; is injective
because it maps Weyl operators into Weyl operators and these are linearly inde-
pendent. Using (3.9) and (3.35) one has for any z,2’ € Kg:

3 (Wo(2)Wo(z)) = e M52 (Wo (= + )
= eI W (2 +2) @ exp il(— AT (T(02)) — AT (2))
+ (AT (T(i) = AT (i)
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= Wo(2)Wo(2) @ exp i[(=Af (T(iz)) — A(T(i2)))
+(=AS (T(i2") — AT (i2")))]
= j; Wo(2))j¢ (Wo(2)) exp %[A? (T'(iz))
+ A (T (i2)), Af (T (i) + Ae(T(i2"))]
= j; (Wo(2))i; (Wo(2')) exp %([A:_ (T(iz)), AT (i2"))]
+[A(T(i2)), A (T(i2))])
= j; Wo(2))ji (Wo(2)) exp %(—ﬂT(iZ’), T(iz)) + ¢TI (iz), T(iz")))
= ji (Wo(2))jy (Wo(2")) exp it Im(T'(iz), T (iz")) -
This proves that j¢ is a *-homomorphism of associative *-algebras if and only if
Im(T(iz), T(iz")) =0; V z,2' € Ks.
Or equivalently if and only if
Im(T2, T2y =0; V22 €Ks.

In this case ji will be automatically continuous hence it extends to a *-
homomorphism of the whole Weyl C*-algebra. Since the same is true for (j7)71, it
follows that j; is a *-isomorphism of the Weyl C*-algebra Wy (Kg) onto its image.
Finally, from Remark 3.1 we know that

jAt(Eo) =FEy+ctl; ceR

and in Proposition 3.2 it is proved that ¢ # 0 if and only if there exists w € C\ {0}
such that wT is either a symplectic or an anti-symplectic map with respect to the
symplectic form on Kg given by o(z, 2’) = Im(z, 2’). Then, under condition (3.34),
the constant real number ¢ must be equal to zero. Therefore

Ji(E)=Ey®1=1

as desired. O

4. Semigroups Associated to the Heat Flows
4.1. Construction scheme

Recall that the initial and noise spaces are given respectively by (3.16) and (3.17)
and define

Je = jf @up : Wo(Ks) — Wo(Ks) @ W(L*(Ry) ® Ks), (4.1)

where j7 stands for the process defined in Theorem 3.1 and wuy is the time shift
defined in Sec. 2.2.
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Proposition 4.1. The family {j;t > 0} is a l-parameter semigroup of
x-homomorphisms of B(Ks @ I'(L*(R4) ® Kg)).
Proof. For z € Kg, b € B(T(L?*(R;) ® Kg)), recall that

Wo(z) = eilao(2)+ad (2)) _ 4iv2q0(2)

and

J¢(90(2)) = qo(2) — %[Af (T'(iz)) + A(T (i2))]

To simplify the notations let us write:
1

\/5[14? (T'(i2)) + A (T (i2))]

\If[oyt] (Z) =
so that

Je(a0(2)) = qo(2) + V(o 4(2) .

Notice that the process W[ is additive and covariant with respect to the time
shift uf, i.e.

ug(Wio,4(2)) = Vs 14 (2) -
Therefore, for any s,t > 0:
(57 @ uf)(Wa(2) ® )] = (2 @ u)[(j5 (Wo(2)) ® u (b))
(G5 (Wo(2)) @ 1) (1 @ g (b))]
[(Wo(2) @ V2V 00 @ 11,) (1 @ ug (b))

Js 0 jt(Wo(2) ® b) = (js @ u

w O

w O

=[S (Wo(2)) ® 11][1g ® ug (1o @ e™V200E) @ g (b))

= (Wolz) © /01 @ 1) (1 © V1) @2, (1)

=Wo(z) ® eV2V0rra() g g4 (b) = Jo e (Wo(2)) ® ugy(b)

=I5+ @ ugy)) Wo(2) ©b) = jsrt(Wo(2) © ). O
By the quantum Feynman-Kac formula,? the Markovian cocycle (j;) defines

a Markovian semigroup on B(Hg). We shall focus on the evolution j; and the
associated semigroup

P! := Eg 0 ji, (4.2)
where

Eyy: B(Hs) ® B(F(Lz(R+) ® ICS)) . B(Hs) = B(Hs) ® 1
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denote the vacuum conditional expectation (cf. Sec. 2.3), i.e
Eg(bo ® b) = (®,b®)by; by € B(Hs), beBI(L*(Ry)®Ks)).
Proposition 4.2. In the above notations, the transformation
Pt .= EO] 0 Jy : Wo(Ks) — WQ(ICs) (4.3)

18 a Markovian semigroup.

Proof. Let s,t > 0 and Wy(z) € Wy (Ks)

PP (Wo(2)) = Eg[(75 @ ug)(Eg (37 ® ug)(Wo(2)))]

= Eg[(js @ u3) (Lo (7 (Wo(2)) ® ug(1)))]
= Eg[(js @ u3) (Lo (Wo(2) ® W(=x[o,q ® T(i2))))]
= Eo)(js (Wo(2)) ® ug (1)) Eoy(W (—x(s,s541 © T(i2)))
= Eo (Wo(2) ® W(=x[0,5) ® T(i2))) Eo)(W (= X[s,5+1) ® T'(i2)))
= Wo(2) Eq (Wo(=X[0,5] ® T(i2))) Eo)(W (=X [s,5+t) ® T'(i2)))
= Wo(2) Eq) (W (=X0,s+4 ® T(i2))) = Eo) (o1 ® ugy(Wo(2)))
= P (Wo(2))

where we have used the identities (2.6) and (2.7). O

Proposition 4.3. Let Pt = el be the semigroup defined in Proposition 4.2. Then
the Weyl operators are eigenvectors of L. More precisely, for any z € Kg, one has

L(Wo(=)) = 3 ITi2) P Wo(=). (4.4)

Proof. For z € g write
Wo(2) = exp i(ag (2) + ao(2)) = exp iv2qo(2),
then by definition
Jt(Wo(2)) = exp iv/2j:(qo(2))
— (=) @ exp il AF (T(i2)) — A(T(62))]
Wi (z) @ e—iAT (T(2) g=idd(TG2) o~ ST (4.5)
Therefore
P (Wa(e)) = exp( ~ 5T ) Wo(e)s ¥ = € Ks (4.6

tL

and therefore, from P?* = e~ '~ one has

L(Wo(2)) = %||T(iz)||2W0(z); VzeKs. .
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The following proposition shows that the class of Markov generators on Wy (Kg)
for which the Weyl operators are eigenvectors, is much larger than the class of
generators of Lie algebra induced time shifts.

Proposition 4.4. Let S(-,-) be a positive semi-definite real bilinear form on
Wo(Ks). Then there exists a unique linear operator L satisfying

1
L(Wo(2)) = 55(272)W0(Z); z€Ks.
Moreover, the 1-parameter family
e T Wy(2)) = e 25CAW(2); t>0,2€Kg

is a completely positive identity preserving semigroup on Wo(Kg). In particular,
formula (4.4) defines a Markov generator for arbitrary real linear operator T .

Proof. To prove complete positivity we have to show that
VneN, Val,...,an,bl,...,bnEWO(/CS)

one has

Z bie " (afaj)b; > 0.

ij=1
Let n € N. For 1 <3 <n take

bi = \iWo(ui); a; = uiWo(2i),
where \;, u; € C and u;, 2z; € Kg. In these notations one has
bre " (ala; )by

= NiWo(us)*e ™" (1iWo(z:)* Wo(z) )\ Wo (u;)
_ ) t
= NiWo(u;)* €™ %) exp <—§ S(zj — zi, 25 — Zi)) Wo(=2i + 2j) 1 AjWo(u;)
t Y * — *
= exp (—55(23 — 2, 2j — Zi)) AiWo (ui)* s Wo (2i)" Wo(z;) 115 A Wo (u;)
t *
—onp (=0~ 203~ ) ) (@) (ash).
Thus it is sufficient to prove that
t
exp (—55(,2]- — 2, 25 — zz))

is positive definite and this follows from Schur’s lemma. O
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4.2. The associated quantum diffusion

Let Ks be a complex separable Hilbert space and g = (g;)32; be an orthonormal
basis of Kg,r. For z =3, A; g; € Ks, A; € C, define

Re A, := Re(gn,2) = (gn,Rez),
Im A, :=Im{gy, z) = (gn,Im 2),
Rez := ZRG()\k)gk €Ksr; Imz:= Zlm(/\k)gk € ks, (4.7)
k k

Then one has:

DN | =2 Nl (9s) (4.8)

g0(2) = Y —=(Njaolgy) + Njag (95)) (4.9)

where all series are strongly convergent on the maximal algebraic domain. Therefore

Wo(2) := exp i(ag (2) + ao(2)) = exp i Z_Ajag(gj)Jerao(gj)

= exp V2 ZRe )q0(95) Zlm )po(g;)

= exp iV2[qo(Re 2) + po(Im 2)] . (4.10)

The following commutation relations are well known and we include the proof for
completeness.

Lemma 4.1. For z,2' € Ks we have

[ao(2"), Wo(2)] = i(2, 2)Wo(2), (4.11)
[ad ('), Wo(2)] = —i(z, 2/)Wo(2) (4.12)
[po(2"), Wo(2)] = V2Re(2', 2) Wy(z) (4.13)
[a0(z"), Wo(2)] = —V2Im(2’, 2) Wy (=) (4.14)
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Proof. By definition for any z € Kg one has:
Wo(z) = pilad (2)+ao(2)) _ giad (2) giao(2) p— 312 ||2
moreover
[ao ("), emg(z)] =iz, z>emg(z) o [ad (), €3] = —i(z, 2)eta0 =) |
Hence, using Leibnitz formula, one get
[a0(="), Wo(2)] = [ao(="), €' Deieo@e 211"
_ ([ao(z/)7eia0+(z)]eiag(z) + eiaar(z)[ao(z/)’eiag(z)])e_%”z”?
=i, 2)Wo(2) .
In a similar way, we obtain the second identity. For 2,2’ € Kg we have

1

[po (=), Wo(2)] = m(ao(/)—ao( 2')), Wo(2)

= —(a0l). W ()]~ o (). Wa )
1. . /

= m(z(z ,2) + iz, 2" ) Wo(2)

= V2Re(z', 2)Wy(2) .

Similarly, one has

lgo(='), Wo(2)] = %mo(z’) +ag (1), Wo(2)
- 7([ o('), Wo(2)] + [ad ('), Wo(2)))

:ﬁwz 2y =iz, 2)Wo (2)
= —V2Im(z', 2)Wo(z) .

235

Theorem 4.1. The algebraic stochastic process j = {j¢;t > 0} acting on Wy(Ksg),

given by (4.1), satisfies the following classical diffusion equation

il Z]t(_ (o).l ) Vi (i)

+Zyt(‘ (o(gn).al) AW (T () ~ (L@, (1.15)

where g = (gi) is an arbitrary orthonormal basis of Kg ,, L is the generator of the

semigroup P? defined in Proposition 4.2 and
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Proof. From (4.5) we have, for any z € Kg:
5 (Wo(iz)) = Wo(iz) ® e (T2) giAd(T2) o= 3t T2)]? (4.16)

To deduce the equation for j;(Wy(iz)) it is convenient to introduce white noise
notations:

o = tai S.
AF(F) = [ ¥y

Since the right-hand side of (4.16) is normally ordered, its equation is obtained tak-
ing t-derivative and using the usual Leibnitz rule. This gives the normally ordered
white noise equation:

Orje(Wo(iz)) = iaf (T2)ji(Wo(iz)) + ije(Wo(iz))ar(T2) — %HTZszt(Wo(iZ))

which is equivalent to the quantum stochastic differential equation

n(W(62) = (A7 (1) + idA(T2) = 1Tl ) 3 Wa(i=)

= <ith(Tz) — %||Tz||2> Gt (Wo(i2)),

where we have introduced the classical Wiener process dW; := alA;r + dA;. This
can be written as a classical Evans—Hudson flow introducing coordinates. Namely,
writing, for z =37, A\igr € Ks,

2= Re(Ar)gr + Y Tm(\x)(igr)
k k

= gk Re(Ae))gr + Y _{gr, Im(Ax)) (igi)

k k
then
Tz = 3 {ge, ReOu ) T(ge) + 3 (ge, Im(Ae)) T (igi)
k k
and the stochastic differential equation becomes:
djr(Wo(2)) = iy (gr, Tm 2) e (Wo (2))dWi (T (gx))
k
. . . 1 ) .
—i) {9k, Rez)j (Wo(2))dW, (T (igr)) — S IT )75 (Wo(2))dt .
k
Then, using (4.13), (4.14), we obtain
i (Wo = Zﬁ( 10(91). Wo(2)] ) W4T 41

+Z]t ( [po(gr), WO(Z)]> AW (T (igr)) — je(L(Wo(z)))dt

and this proves the statement. O



A Quantum Approach to Laplace Operators 237

5. Quantum Laplacians

The classical d-dimensional Laplacian can be characterized as the only second order
differential operator on R? which annihilates the multiples of the identity and is
invariant under the Euclidean (translations and rotations) group. In order to extend
this notion to a general x-algebra A one has to extend to this context:

(i) the notion of second order differential operator;

(ii) the notion of Euclidean group.

It is natural to add the further requirements:

(iii) there should exist (at least) one abelian #-sub-algebra of A, isomorphic to
C*>(R?), such that the restriction of the quantum Laplacian to this sub-algebra
coincides with the usual Laplacian on R%;

(iv) the quantum Laplacian should be the generator of a quantum Markov semi-

group.

In the classical case these requirements are not independent. In the quantum
case they are. Moreover, in the quantum case these requirements can be real-
ized in a multiplicity of different ways (cf. for example Refs. 5 and 9, ...) and
the best way to discriminate among the various possibilities is to accumulate a
sufficiently large class of interesting examples against which to check the general
definitions.

In this paper we investigate this problem in the special context in which the
x-algebra A is the Fock representation of the Weyl algebra over a 1-particle space
of the form (3.7). In this context the Weyl operators are the quantum analogue of
the trigonometric exponentials hence the Markov generators L = L characterized
by (4.4) are natural candidates for the role of second order differential operators.
Among them we want to single out the natural Laplacians in terms of an invariance
property with respect to the action of a group which generalizes the usual Euclidean
group.

The natural symmetry group of the Weyl algebra is the symplectic group asso-
ciated to a symplectic form o.

Definition 5.1. Let F' be a real Hilbert space and let o(-,-) be a nondegenerate
symplectic form on F'. The group of real linear maps R on F' leaving o invariant,
ie.

o(Rz,RY)=0(2,2"); V2,7 €F (5.1)
is called the o-symplectic group on F' and is denoted O, (F).

In this paper (according to the notations of the previous sections) we start from
a complex Hilbert space Kg and consider it as a real Hilbert space with real scalar
product given by the real part of the original scalar product (-,-) = (-, -)xg:

(f,9)r :==Re(f, g)
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and with a nondegenerate symplectic form given by the imaginary part of the
original scalar product:

o(z,2') :=Im(z, 2"). (5.2)

The corresponding symplectic group on Kg will be denoted O, »(Ks).
To any R € O, ,(Kgs) we associate a linear map ar on Wy(Kg) characterized
by:

ar(Wo(z)) = Wo(Rz); VzeKs.

Such a map is well defined by the linear independence of the Weyl operators and
one easily checks that:

(i) it is an automorphism in Aut(Wy(Ks));
(ii) the map R — agr is an injective group homomorphism from O, ,(Kg) to
Aut(Wy(Ksg)).

Remark 5.1. The following lemma shows that O, ,(Kg) contains the usual Hilbert
space “rotations”, i.e. the group Un(Kg) of (complex) unitary operators on Kg.

Proposition 5.1. In the above notations, the following inclusion holds
Un(Ks) C O0,6(Ks) .
Conversely, an element R € O, »(Kg) lies in Un(Kg) if and only if
iz=RYiRz; VzeKs. (5.3)

Proof. If R € Un(Kg) then, for any z, 2’ € Kg, we have
o(Rz,RZ) = Im(Rz, RZ') = Im(z,2') = 0(z, 7).

Hence R € O, ,(Kgs). Conversely, assume that R € O, ,(Kg). Then R € Un(Kg) if
and only if

(Rz,R2') = (2,2'); V2,2 €Kg.

On the other hand, from the algebraic identity (cf. (5.2))
(2,2'y = 0(z,i2") +io(2,2"); 2,2/ € Kg,
we deduce that
(Rz,R2') = 0(Rz,iRZ') + io(Rz, Rz") = 0(Rz,iRz') +i0(z,2').
Thus, using (5.1), we see that R € Un(Kg) if and only if
0(z,i2') = 0(Rz,iRZ') = o(z, R"YiRZ); Vz,7 € Ks.
Since o is nondegenerate this is equivalent to
iz’ = RYRZ;, Vi eKg

and this completes the proof. O
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Definition 5.2. A linear operator L : Wy(Kg) — W(Kg) is said to be O, +(Kg)-
invariant if

Loagr=agroLl; VReO,,(Ksg). (5.4)

Proposition 5.2. Let L = Ly be any Markov generator satisfying (4.4). Then L
is Oy o (Kg)-invariant if and only if T satisfies

ITz|| = ||ITR(2)||; VYR€O,,(Ks), VzeKs. (5.5)
Moreover, (5.5) holds if and only if, denoting T* the adjoint of T in the real Hilbert
space {Kg, (-, )r}, T*T is a positive multiple of the identity operator on Kg.
Proof. From (4.4) it follows that, for any z € Kg,
1 .
L(agr(Wy(2))) = LWy (Rz)) = §HT(ZR2)||2WO(RZ); VR € O0,+(Ks).

On the other hand, for any R € O, ,(Kg),
1 ) 1 .
ar(LWa(:)) = an SITGWo(:) ) = ST PWa(R2).

The rotation invariance condition (5.4) is then equivalent to
ITGR)|* = T (i2)|*s VR € Oro(Ks).

Since the original scalar product (-,-) on Kg gives the same norm as (-, -),, this is
equivalent to

(R*(T"T)Rz,z), = (IT"Tz,z),; VzeKs, VReO,,(Ks),
or equivalently
R*(T*TYR=T"T; VR€ O,,(Ks).
Finally, a standard argument shows that this is equivalent to
T°T =\

for some positive real number A\, where I stands for the identity operator on
Ks. O

Remark. Proposition 5.2 and identity (4.4) imply that the action of an O, »(Kg)-
invariant generator L1 on the Weyl operators depend on 7T only through a mul-
tiplicative constant. Choosing this constant equal to 1 (i.e. T isometric) we fix a
unique generator independent of T'. This justifies the following definition.

Definition 5.3. The quantum Laplacian on Wy(Kg) is the unique Markov
generator A9 on Wy(Kg) characterized by:

AP (Wo(z)) = %HzHQWO(z); z€Kg. (5.6)
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Proposition 5.3. The generator Ly of a nontrivial (i.e. not the identity) Lie
algebra time shift cannot be Oy o (Kg)-invariant.

Proof. By Proposition 5.2 the O, ,(Kg)-invariance of a generator Ly is charac-
terized by the existence of a real number A\ such that T*T = AI. If the time
shift, associated to Ly, is not the identity, then A > 0. In particular T is bounded
invertible, hence its range is the whole of Kg. But, due to (5.2), this is incompatible
with the condition

Im(T2,T2') =0; V2,2 €Kg

which, according to Theorem 3.1, is necessary for Ly to be associated to a Lie
algebra time shift. O

Remark 5.2. The above result shows that, if we want the quantum Brownian
motion to be canonically associated to a notion of “quantum Laplacian”, then we
have to relax at least one of the following two requirements:

(i) the Markov generator associated to the time shift is O, ,(Kg)-invariant;
(ii) the time shift is of Lie algebra type.

Definition 5.3 pursues the latter alternative. The proposition below shows that,
in this case, the quantum Laplacian has a very strong extension property.

Proposition 5.4. Let Ks = Kg, + Ks, be a complex Hilbert space with real
scalar product, L = Ly be a linear operator on Wy(Kg) satisfying (4.4) for some
real linear operator T on Kg and g = (gr)r be any orthonormal basis of Kg . Then
the generator L of the semigroup P* introduced in (4.2) is a second order, constant
coefficients, differential operator characterized by

L(Wo(2)) = 1 S lao(T*(91): lao(T* (90)), Wo(2)]
k

£33 ol (90), o(T" (90), Wo(2)]); Ve €Ks. (5.7
k

Furthermore, if L is the quantum Laplacian A, one can choose T = I in (5.7)
whenever T maps Kg,» into itself. In this case the restrictions of L to the (Abelian)
polynomial algebras generated respectively by the position and momentum fields,
coincide with the infinitesimal generator of the classical Wiener process, i.e. with
the usual Volterra Laplacian Ay .

Remark. Proposition 5.4 shows that the restrictions of A? to both Abelian al-
gebras L*°(qp) (the “position algebra”) and L*(py) (the “momentum algebra”)
coincide with the classical Volterra Laplacian Ay . Moreover, Theorem 4.1, com-
bined with the Hudson—Parthasarathy theory shows that the flow, giving rise to
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AQ, can be unitarily implemented. However the Remark 5.2 shows that it cannot
be a Lie algebra type time shift.

Proof. Denoting, for z, 2’ € Kg,
(z,2")r :=Re(z,2') = (Rez,Rez’) + Imz,Imz2’); V2,2 € Kg,
one has
2117 := (2, 2)r = [Rez||* + [Imz]|* = ||2]*.

We know that the generator of the semigroup P! defined in (4.3) is given by

L(Wo()) = 5 IT(62)|*Wo(=) = 5 (IReT(i2) | + [Tm T(52)]1?)Wo )

= % > ((gr: Re T(i2))} + (gk, Im T(i2))7) Wo (2)
k

N =

> [(Re(gr, T(i2)))* + (Imgr, T(i2)))*|Wo (=)
k

N =

D I(Re(T*(gr), 2))* + (Im(T* (g), 2))*]Wo(2) ,
k

where T* is the (-, -),-adjoint of T. Then, by using Lemma 4.1, we have

LWo(2)) = Y lao(T*(90): lao(T* (6)). Wo(2)]
k

1 Y o(T (90, o (T (90)), Wo(2)].
k

This proves (5.7). If L is the quantum Laplacian and if T' maps Kg,, into itself,
then T'g := (T'gx)r is also an orthonormal basis of Kg, and one can choose T' = I
in (5.7). The last statement follows from the identity:

Po(91)- 2(a0)(€)] = 196, 2(@0)(E): & = V3l €

which follows from Lemma 4.1 and is valid for any k and for any smooth cylindrical
function (in the (gy)-basis) of the form ¢(qo(€)), £ € Kg,r. Using multiple polariza-
tion, any element of the polynomial algebra generated by the go(§) with £ € Kg,»
can be expressed as a linear combination of polynomial of the form ¢(go(£)). This
implies that

[Po(gk), [Po(gk), ©(q0(€))]] = Oe, p(a0(£))

and therefore,

A9(pla0(6))) = 1 3202, 9)(a0(€)) = 1 (Ave)(ao(©))
k
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which shows that the restriction of the quantum Laplacian to the position algebra
coincides with the Volterra Laplacian on the smooth cylindrical functions. Exchang-
ing the roles of py and qg, the above considerations are still valid. This completes
the proof. O

6. Quantum Lévy—Laplacian

In this section we construct a quantum extension of the Lévy—Laplacian in the sense
of Definition 5.3. We prove that the construction, used for the Volterra Laplacian,
can be repeated with the only difference that now the space g has to be a suitable
extension of the Cesaro Hilbert space. This notion will be briefly recalled in Sec. 6.1.
For more details we refer to our previous paper® and the references cited therein.

6.1. The Cesaro Hilbert space

Denote E = S(R) the space of rapidly decreasing functions on R so that E* =
S’(R) is the space of tempered distributions on R. The standard number operator
D = —(d/du)? + u® + 1 is a densely defined self-adjoint operator on L?(R) and
there exists an orthonormal basis e = (e, ),, for L?(R) such that De,, = 2(n+1)e,,.
We define the norm | - |, by |f|, = |DPf|o for f € E and p € R, where | - |o is the
L?(R)-norm, and let E, be the completion of E with respect to the norm |-|,. Then
E, is a real separable Hilbert space with the norm |- |, and the dual space E, of E,
is the same as E_,, (see Ref. 16). The space E is the projective limit of {E,;p > 0}
and E* is the inductive limit of {£_p;p > 0}. Then E becomes a nuclear space
with the real standard triple

ECHCE",

where H = L?(R). We denote the complexifications of H, F and E, by K, N and
Np, respectively. i.e.

N:=F +iE; K=H +iH; N,:=N,+iN,; N*=E"+iE". (6.1)
Then we obtain the complex standard triple
NCKCN*. (6.2)

The scalar product (-, ) of K will be assumed to be linear on the right.

Definition 6.1. For f,g € N*, the Cesaro scalar product (g, f). is defined by
1 . 1
<gaf>c = nlLHéo ETI'(P7L]|f><g|Pn]) :nhm _Z<gvej><ejaf> (63)

whenever the limit exists (on a proper space), where (-, -) is the canonical C-bilinear
form on N* x N, (ej, f) = (f, ;).
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|f)gl:x € N—(g,x)f € N*,

Py =Y lej) el
j=1

and Tr is the usual trace on operators.

Let S be the interval (0,7). For any A € S, let Hy denotes the complex vec-
tor subspace of K algebraically generated by {e"*e,;n € N} and consider the
pre-Hilbert bundle over S with fibers (Hy) (A € S). Define the sections

AES — sy :=Zem>‘en€N*, (6.4)
n=1

where the limit in (6.4) is in the sense o(N*, Hp). One can prove that the distri-
butions sy are in the domain of (-, ). and that (s, sx)c = 1. The set Ha(S) of all
“weighted sections”

) S5}
3y ::/ gp(/\)sAd/\E/ Hyd\; ¢ € L*(S,d\)
S S

is a complex vector space on which we define the pre-scalar product

(801 8y)Ha(s) = </S69 P(A)sadA, /S@iﬁ(/\)sx\dk> = /S<<P(>\)SA,¢(>\)SA>cd/\~

H2(S)
Due to the identity

(B B0)ra(s) = /ﬂ BOVDN) (53, 53)edA = {9, 1) 225,03

the correspondence
52
o L2(S,d)) & 5, — / H(\)sxdA € Ha(S)
s

is a unitary isomorphism between Hz(S) and L%(S, d)).

Theorem 6.1.% The linear map
st € L*(S,d\) — s, = / ©(N\)sxd\ € N*
s

is well defined. Moreover, if we denote by H(S) the space of all distributions s,, ¢ €
L3(S,dX\) and

Pn](8¢) :Z/SQD(/\)PR](S)\)d/\7

then the sesquilinear form

o1 R
(Spr80) sy = lim =Tr(Pylsp)(sylPy); @, ¢ € L*(S,d)) (6.5)

n—oo n

is well defined and satisfies

<Stpa S¢>H(s) = <Stp7 STZJ>C = <@7¢>L2(S,d)\) . (66)
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Definition 6.2. In the notations of the above theorem, the separable Hilbert space
H(S) with scalar product (-, ). will be denoted H. and called the Cesaro Hilbert
space associated to e = (e,)n-

6.2. The a-extended Cesaro pre-Hilbert spaces

Let H., be the Cesaro Hilbert space constructed over the real standard triple
ECHCE"

with respect to the orthonormal basis e = (ey), C E of H. We consider the complex
Hilbert space H. obtained by complexification of H. ,; i.e.

Hc - Hc,r + Z.,’_(c,r .

Lemma 6.1. The space (6.1) H. coincides with the Cesaro Hilbert space con-
structed over the complex standard triple N C K C N*, (cf. (6.1)).

Notice that the hermitian scalar product on K is defined, for £ = & + i€ € K,
n=m-+in € K, by:

(€ mr = (& +i&2,m +im)k
= (§,m)m +(Easm2)m — (€2, m)m + (€1, m2) 1 - (6.7)

Moreover, the compatibility of the hermitian scalar product on K and the duality
(N*,N) is given by:

(2,Nxn=(2,8)k; V2€K, VEEN. (6.8)
Lemma 6.2. For z € H. C N*, we have, for any n € N

Re((z,en)n+xn) = (Rez,en)prxp; Im((z,en)nxn) = (Imz,en)p-xp. (6.9)

Proof. Let z € H.. By writing z = Rez + ¢Im z, with Rez and Im z elements of
H.,r C E*, we have

(zyen)N*xn = (Rez+ilmz,e, +i0)n+xn = (Rez,en)pxp +i{Imz, e, pr B

from which the identities (6.9) follow. m|

We recall the following lemma from Ref. 3.

Lemma 6.3. In the notation (6.1), for each o > 1/2, we have the continuous
embedding

He CN_q. (6.10)
More precisely,

€126 < CalléllZ; V€ €He, (6.11)
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where

> 1
Ca:ﬂ'<zm>.

k=1

In the following, « is a fixed real number such that o > 1/2. Since

e=(en)n CE= ﬂEp

p=>0

one has, for any n € N, e,, € E,. Moreover, Lemma 6.3 guarantees that the duality
(He, N, is well defined by the pairing (N*, N). On the other hand, any element of
N, has zero Cesaro-norm, therefore

H.N N, ={0}.
This allows one to introduce the direct sum of vector spaces
G =H. DNy CN*. (6.12)

On this vector space we define the following sesquilinear form: for &, n € H,,
T,y € Ng,

EDz,n®Y a0 =CallsMn. + (&Y H.xN. T (@, NexH. + (@, y)n,  (6.13)

where C,, is given in Lemma 6.3.

Lemma 6.4. The sesquilinear form (6.13) is a pre-scalar product on Hg,.

Proof. For £ € H, and x € N,, one has
(@2, £ D )g,0 = CalléllZ + |zll5 + 2Re((&, ). xN.) -
This gives
1
(€, ) va | < [El-alzla < §(|€|2_a +|z2) .

Then, by (6.11), we obtain

6 @)l < 5 (CallEl? + lal2).
Therefore
2Re(€, 2)pexna [l < 218 @) rexnva] < Call€llZ + N2
which implies
2Re(€, 2)p. v, + Call€ll? + ]2 > 0. O
Definition 6.3. Let o > 1/2 be a fixed real number. By the a-extended Cesaro

pre-Hilbert space we mean the vector space (6.12) equipped with the pre-scalar
product (6.13).
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6.3. The associated quantum Lévy—Laplacian

In the notations of the previous section, take Kg = H§ and T a real linear operator
T on Kg. By definition, for any z € H., we have

1201 0 = Callzll2 = Ca(|Re 2|12 + [|Tm 2[|2)

. 1
=C, ngrilm - ;“ek,Rez)%XE* + (e, Im 2)%, g ) -

On the other hand, since Hg contains both H. and the vectors e, k € N, we can
use the identities (4.13), (4.14), so that for any k € N, z € H,
[po(ex), Wo(2)] = V2Re({ex, 2) nxn-)Wo(2) = V2(ex, Re 2) px g+ Wo (2)
and
[q0(ex), Wo(2)] = =V2Im((ex, 2) nxn=)Wo(2) = —V2{ek, Im 2) px - Wo(2) -

Hence
[pO(ek)v [po(ek), WO(Z)]] = 2<ek7 Re Z>2E><E*W0(Z)

[q0(ex); [qo(ex), Wo(2)]] = 2(ex, Tm 2) ;. 5 Wi (2) -
It follows that, for any z € H,,

1
Szl o Wo 2)

— ot LS loten): Ipofen), Wo(2)]) + lao(en). lolen). Wo()])

4 n—+oomn
k=1

Definition 6.4. The quantum Lévy-Laplacian associated to H. , is the operator,
denoted A?, defined, with respect to the basis e = (eg) of H, by

%= S m LS (po(en. Iolen). ]+ lwolen). (e, ). (614)

n—4oco n
k=1

where H is the middle Hilbert space of the real standard triple on which the real
Ceséaro Hilbert space H, , is constructed.

Remark 6.1. From the previous discussion we have, for any z € H,,
1 Cq
AF(Wo(2)) i= 512113 aWo(2) = SE2IWo(2) = Call¥(Wo(2) . (6.15)

This means that the quantum Lévy-Laplacian A% is proportional to the quantum
Volterra Laplacian A2 = AQ. Moreover, for any z € He, the Weyl operator Wy (z) is
an eigenvector for A% associated to the eigenvalue % ||z||c2. So that the spectrum of
A? contains the interval [0, 00). In fact, this is the quantum analogue of the classical
picture with Lévy-Laplacian A, and distributions 6., z € H,, (see Ref. 6).
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