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1. Introduction
1.1. Statement of the problem

The possibility to write stochastic differential equations as white noise Hamiltonian
equations is one of the main advantages of white noise calculus with respect to
stochastic calculus.

This approach evidences the role of regularization (through the choice of the
constant in the causal commutation relations, cf. Sec. 2.2 below) which, in the
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classical case, is essentially equivalent to the choice of a notion of stochastic integral
(Ito, Stratonovich, .. .).

Moreover, the formal unitarity condition, for white noise equations, simply
amounts to the formal self-adjointness of the white noise Hamiltonian, in agree-
ment with the physical intuition. In the bounded case (the only one considered
here), formal unitarity implies unitarity.

Usual Hamiltonian equations generate one-parameter unitary groups (unitary
cocycles, in the interaction representation) and these define inner Heisenberg evolu-
tions, i.e. inner one-parameter automorphism groups of the algebra of observables.

However, there are many important physical systems whose Heisenberg dynam-
ics is not inner (e.g. infinite lattice systems), i.e. the generator of the dynamics is
a *-derivation which is not expressible as the commutator with an element of the
algebra of observables (an outer derivation).

Since white noise Hamiltonian equations generate inner Heisenberg evolutions, it
is natural to ask oneself if one can introduce some non-inner white noise Heisenberg
equations so to obtain non-inner dynamics.

In this paper we prove that the answer to the above question is affirmative
and that the causally normally ordered form of a white noise Heisenberg equation
(cf. Definition 2.2 below) is an Evans-Hudson flow.%:!® As a corollary we obtain the
microscopic structure of the Evans—Hudson structure maps in terms of the original
white noise derivation just as Accardi, Lu and Volovich obtained the microscopic
structure of the coeflicients of an Hudson—Parthasarathy equation in terms of the
original white noise Hamiltonian.

In both cases the coefficients of the stochastic equations are nontrivial (in partic-
ular nonlinear) functions of the coefficients of the white noise equations and, while
the latter coefficients have a direct physical interpretation, the former in general
have not.

The plan of this paper is the following. In Sec. 1.2 we introduce some basic
notations. In Sec. 2.1 we prove a weak form of the time consecutive principle which
is sufficient for the purposes of this paper. This result is used, in Sec. 2.2 to extend
to maps the original result obtained by Accardi, Lu and Volovich® on the causal
normal order of white noise equations and extended by J. Gough to more general
(not necessarily causal) Stratonovich type white noise integrals.!?17

In Sec. 2.3, in order to clarify the difference between Schrédinger or Heisenberg
evolutions and their white noise analogue, we recall some terminology concerning
various types of Heisenberg evolutions: inner, outer, backward, forward, . ...

In Sec. 2.4 we rewrite an inner white noise Heisenberg equation in such a way to
suggest a natural outer generalization (cf. Definition 3.1). The problem here is to
separate the outer part, which is entirely due to system operators, from the white
noise part, which is inner.

Once this is done, using the time consecutive principle, we can put in causal
normal order the white noise Heisenberg equation (cf. Sec. 3).
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At this point we can use the equivalence between stochastic equations and nor-
mally ordered white noise equations (equivalence principle). However, what we get
with this equivalence is not yet an Evans—Hudson flow but its backward version.
In Sec. 4 we deduce the structure equations for the homomorphic backward white
noise Heisenberg equations.

On the other hand, using the equivalence principle, one can immediately write
the normally ordered white noise equation associated to an Evans—Hudson flow
(cf. Sec. 5). We prove that the homomorphism conditions for these flows coincide
with the Evans—Hudson condition and with the homomorphism conditions for the
backward Heisenberg evolutions.

We conjecture that there is a full identification of the Evans—Hudson flows with
the causally normally ordered form of a white noise forward Heisenberg evolution.
This problem will be discussed elsewhere. The difficulty lies in the fact that, the
forward equations are more delicate than the backward: their causually normally
ordered form cannot be deduced from the time consecutive principle without a
series expansion (which is not discussed here).

Sections 6 and 7 are included to help the reader in bridging the outer and the,
now well known, inner case. We have included a proof of the unitarity condition: here
the difference between forward and backward evolution is reflected by the difference
of the approaches needed to prove the isometry and the co-isometry conditions.

1.2. Notations

This paper is the second one of a series where we continue the program of giving
a rigorous mathematical basis to the white noise approach to stochastic calculus.
For this reason here we will keep notations to a minimum and we refer to Accardi,
Ayed and Ouerdiane,’ for a detailed description of the quantities involved.

All operators here act on the Hilbert space H := Hg ® I" where I' is the Boson
Fock space over L2(R; K) and K, Hg are Hilbert spaces (always complex separable
unless explicitly stated) called respectively initial (or system) space and multiplicity
(or polarization) space. The initial algebra Bg is a C*-subalgebra of B(Hg) (the
algebra of all bounded operators on Hg). The observable algebra Bg is A := Bs®@Bg
where Bg := B(T') is called the noise algebra and the tensor product is closed under
the natural topology on Hg ® I'. We enlarge the noise algebra so as to include
the polynomials, in the sense of distributions, in the field operators® for a detailed
description of this algebra and of the domain where it acts.

If bs € Bs and br € Br, we will often write bgbgr instead of bg ® bg.

A bounded linear map ZA := Bs ® B — A on the observable algebra is called
of system type if it commutes with the noise, i.e. if it satisfies:

Z(brably) = bpZ(z)bly ; z € A; b, br € Br.

This is equivalent to saying that Z has the form Z = Z® idg,, for some linear map
Z : Bs — ®Bg. Noise type linear maps are defined analogously. Notice that, if a.
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is a system type map and Xpg is a noise type map, then
a. 0 Xp = Xgao..
2. Causal Normal Ordering

2.1. The time consecutive principle

Definition 2.1. Let

A, e=-1,
D B, e=+1, 1)
° C, e=0, '
T, e=2.
be
(i) either bounded linear operators on the initial space Hg,
(ii) or bounded linear maps of system type.
A solution of the white noise equation:
0;U; = —i(Aby + Bb + b/ Th; + C)U; = b5 DUy , Uy=1, (2.2)
where
bt ) e=-—1 ’
b, e=+41,
b = 2.3
i 5 c—0, (2.3)
b?bt y e = 2,

is a white noise adapted process U; (in the sense of Sec. 4 of Ref. 6 satisfying the
identity:

t t
U =1- z/ (Abs + BbY + b Ths+ C)Ugds =1 — z/ bD.U,ds (2.4)
0 0

in the sense that the white noise integral on the right-hand side exists on the
maximal algebraic domain Djy;4 and the identity holds.

Definition 2.2. A normally ordered form of Eq. (2.2) is an equation of the type
U, = —i AU, — iBUbS — ibf TUb, —iCU,,  Upy=1 (2.5)
which has the same solutions as (2.2). In case (i), if the symmetry conditions:
A* =B, T=T", c=C (2.6)

are satisfied, (2.2) is called a white noise Hamiltonian equation.

Remark. Notice that the symmetry conditions (2.6) are equivalent to the formal
self-adjointness of the operator valued distribution:
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Such an operator valued distribution will be called a white noise Hamiltonian.

Remark. In Ref. 6, the authors obtained the estimates on the white noise inte-
grals and used them to prove the existence and uniqueness theorem and a priori
bounds on the solutions, for white noise equations with bounded coefficients in
the non-normally ordered case. Once these estimates are given and keeping the
boundedness assumption, the existence proof is based on routine arguments on
the iterated series and can be extended without difficulties to the case (ii) and to
non-normally ordered equations. In the following we will freely use such extensions
without spelling out, due to space constraint, the simple modifications required in
the two above-mentioned cases.

The normal order problem consists in giving prescriptions which, given an equa-
tion of the form (2.2), allow to write it in the form (2.5) and to explicitly compute
the new coefficients A, B, T', C'.

Definition 2.3. The pair {b],b;} is said to satisfy the causal commutation rela-
tions with parameter v_ € C

Rey_ >0 (2.7)
if V¢, for any pair of white noise adapted processes Fs, G5 and for any x,, ys €
{bs, b, 1}:

t t
/ 23 Fy[b, bT|Gsysds = v— / s Fs0y (t — 8)Gsysds = y_x Fy Gy, - (2.8)
0 0

Moreover, all the remaining commutators are zero under the integral sign. In this
case we write:

[bs, b ] = v_64(t —8); Vs, teR; s<t. (2.9)

Remark. For the origins of the causal commutation relations (2.9) we refer to
Accardi, Lu and Volovich.! The meaning of the symbol 6, (t — s) is defined in
Sec. IX of Ref. 5. In this paper we will use this symbol only in the identity (2.8)
which can therefore be considered as a definition of the right-hand side of (2.9).

The Hudson—Parthasarathy calculus corresponds to the choice:

7725

In the following, we will write Eq. (2.2) in the form

WUy = 05U, =b;D.U;,  Up=1 (2.10)
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where summation over the repeated index ¢ € {—1,0,+1,2} is understood and
where, by definition
U.1s=—iAUs;  Uyprs=—iBUy;  Ups = —iCUs;  Usy= —iTUs.
(2.11)

Theorem 2.1. (Time consecutive principle: weak form) Let U; be the unique solu-
tion of the white noise equation (2.10) with bounded coefficients D.. Then, for any
teRy and any e, 0 € {£1,0,2}

t t
/ bi[bY, U. J]ds :/ D.bE[bY, U,)ds = 0. (2.12)
0 0

Proof. Clearly (2.12) will follow from
t
/ b LU Jdt = 05 Ve, € {+1,0,2) (2.13)
0
and for U; the unique solution of (2.10). Since [b?,1] = 0, (2.13) is equivalent to

t t1
/ b;, / 60,651 DUy, )dt 1 dto
0 0
t tl tnfl
:/ dty dt2-~-/ dt, b5, (b, Dey -+ Do b2 - b7 Uy, |
0 0 0

=D.,---D., dty - dtpb§, [ b5 b U,
At

+D., D, N dty - dt b b2 - b b Uy ) = Iy +

The integral in I, is a sum of terms each of which contains a

S (t—t;);  j>2.
From the theory of distributions on the standard simplex (see Ref. 5), we know
that, since

t>2ti2te>--- 21
then any term containing 64 (¢ — ¢;) vanishes. Thus

I, =0. (2.14)

Now consider the norm of the matrix element of the term J;,, with respect to two
vectors (p, 1 of the maximal algebraic domain. This is less than or equal to a finite
sum of integrals of the form

/A dtl"'dtnfl(tl)"'fn(tnxgv [bg»Uth» (2'15)

t
n
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where € € J(¢), n € J(¢) (in the Accardi, Fagnola and Quaegebeur notations?). In
particular both &, 1 € Dar4 and the fi,..., f,, are positive functions that can be
assumed to be bounded. Therefore (2.15) is less than or equal to

@ [, {08 Ul + 146 U b))
Since &, 1 € Dasa, this term is a sum of terms of the form
"f(t) | dtyr--dt]|(6, U,
or of the form

o(t) [ dtedt € )l

where f, g are bounded functions, and & € J(&), n1 € J(n).

But, from the a priori estimates on the solutions of Eq. (2.10) given in Theo-
rem 5.1 of Ref. 6, we know that, for £, 1’ € Dara there exists a constant c¢s . (t)
such that:

g, U )l < cerp (B) s Vs €[0,2].

Since, in our case, the &', 1’ can vary in a finite set, we finally obtain that (2.15) is
less than or equal to

(ct)"

Cso,w(t)cn/ dty - - dbn = cpy(t)——
A n.

t
n

Since this is true for any n € N, we conclude that the matrix element of the integrals
t
/ bib, UJds; Ve, e {£1,0,2}
0
are zero for any pair of vectors ¢, ¥ € Dpsa and this proves (2.12). O
2.2. Causal normal order of white noise equations

Corollary 2.1. If U; is a solution of Eq. (2.2), then one has:

[bt, Ut} = —i’)/_(BUt + TbtUt) , (216)
b, U] = —i7-(U;B* + Ujb/ T"), (2.17)
[be, U] = iy_U; A* + in_U;b T, (2.18)

(b, U] = iy AU, +i7_Tb Uy . (2.19)
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Proof.

t
b, U)] = {bt,l—i/ (Abs+bjB+bijs+O)Usds]
0
t t t
_ —z'A/ [bt,bsUS]ds—z'B/ [bt,bjUs}ds—iT/ [be, b b, U ds
0 0 0

t
—iC/ lbe, Usds
0

Developing the commutators with the Leibnitz rule and using Theorem 2.1 we see
that this is equal to

t t
—iB / by, b Usds — iT / [be, b7 b Usds
0 0

= —i’y_B/Ot 04 (t — 8)Usds — iv_T/Ot 04 (t — 8)bsUgds
= —iy_(BU, +TW\Uy) ,
b, U] = —iA /0 b b Uuds — iT /0 b bulusds = i AUy + iy T U,
biU, = Ub/ +iy_ AUy +iy_Tb Uy,

(1 —i7y_T)bf U, = Upb) + iy_ AU,

and this proves (2.16). Similar arguments applied to the commutator [b;, U;] lead
to:

t
b, U] = [bt,l +i/ U (bt A* + B*by + b+ T*b, + C*)ds
0
t t
:i/ [bt,U:bj]A*ds—i-z'/ (be, U B*b.ds
0 0
t t
+i/ [bt,U;‘bjT*bs]ds+i/ (be, U*C*ds
0 0
t t
:i/ Us*[bt,bj]A*ds+i/ U* by, b T*bsds
0 0

¢ ¢

:i'y,/ 5+(t—s)U:A*ds—|—i'y,/ 04 (t —s)UrT*bsds
0 0

=iy U A" + iy U b, T*

and this proves (2.18). The remaining two identities are proved by taking the ad-
joint. O
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Corollary 2.2. In the above notations, if (1+ivy-T) and (1+iy-T*) are invertible,

then denoting:
K=(1+i#y-T)"; K' =(1+iy-T")

one has

btUt = —Z")/,KBUt + KUtbt 5

Ubt = —iy_ AU, + K *b} U, .
Proof. From Corollary 2.1 one deduces that:

btUt = Utbt - ’L’)/,(BUt + TbtUt)
or equivalently
(1 + Z’)/_T)btUt = —i’y_BUt + Utbt

and this proves (2.21). Similarly

bU; = Upby + iy_Up A* +iy_UpbT* = iy_Uf A* + U by(1 + iy_T*)

or equivalently
b U =iy UfA* + Ufb K’
and this proves (2.22).

2.3. Forward and backward evolutions

(2.20)

(2.21)

(2.22)

A forward Heisenberg evolution is a two-parameter family of automorphisms of A

j:t:A—mA, s<t,s,teR
satisfying
j:soj::t:j:t’ r<s<t
jiy =idg.

The inverse of a forward Heisenberg evolution
js_,t = (j:,_t)il
is called a backward Heisenberg evolution. It satisfies
Jst OJrs = Jrts r<s<t
Jss =1ida.

A smooth forward Heisenberg evolution satisfies an equation of the form

atj;t = Z.];t © 615 ) .7:,_3 = 1dA7

(2.23)
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where i2 = —1 and §; is a *-derivation on A (or on an appropriate subspace). The
associated backward evolution satisfies the equation
atj;t = —id; 0 st Jss=1dA. (224)

)

A forward Heisenberg evolution j7, is called inner if each of the automorphisms j;,
is inner, i.e. if for any s < ¢ there exists a unitary operator Us; € A such that

Jii(@) =U,2Usy,  weA. (2.25)
The associated backward evolution j,, is also inner and satisfies
Jsi(®) = Us42UZ 4, reA. (2.26)

One way to produce such evolutions is to start from a forward unitary operator
evolution, i.e. a two-parameter family Uy ; of unitary operators in A satisfying

U::tUTJ;:U:t, r<s<t,

and to define j, using (2.25).
If such an evolution is smooth, it satisfies an equation of the form

U, =—iHUS,, Ul =1. (2.27)
The associated backward evolution is defined by

Ui,t = (UsJ,rt)*

through (2.26) and, in the smooth case, it satisfies the equation
OUs, =UgiHy, U, =1. (2.28)
For inner evolutions the Heisenberg equations (2.23), (2.24) become respectively
Ojdy(@) = jly(ile, Hi]),  5li(z) ==
atjs_,t(x) = Z[Htvjs_,t(x)] )

where x € A.
When H; is a self-adjoint operator, Eq. (2.27) is called a Schrédinger equation.
When H; has the form

H; :Abj -I-Bbt‘f‘szrbt'FC,

where bti is a boson Fock Brownian motion and A, B, C, T are system operators
satisfying

A* =B T"=T, C"=0C,

)

then (2.27) is called a white noise Hamiltonian equation.
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2.4. Inner white noise Heisenberg evolutions

Lemma 2.1. If {-,-} denotes the anticommutator, then the following identities
hold:

{a,zy}t = {a,z}y + z[y,q] , (2:29)
{a,zy} = x{y,a} + [a, 2]y . (2.30)

Proof. Equation (2.29) follows from the identity

{a, 2y} = axy + zya = {axy + zay} — zay + zya,
and (2.30) follows from the identity:

{a,zy} = axy + zya = x{ya + ay} — xay + axy .

Recall that, in the notations (2.3), (2.1) a backward inner white noise Heisenberg
equation has the form:

Oji(x) = 6r,e(Je(x)) = i[He, je(z)] = [Debi, je(2)] = [De, jie(2)]b§ + De[by, ji ()] -
But, since D.b; = b7 D,, one also has
Oeji(x) = [b; De, ji(x)] = [b, je(x)] De + b;[De, ji(x)] -

Therefore, summing the two, we obtain:

Oji(x) = %{[Dg,jt(x)]bf + 07 [De, jie(x)] + [b7, ji (2)] De + De[by, ji(2)]} -

Now denote
Tt = jt (LU) ’
and notice that

{st [bfvxt]} = [bf’ {DEv'rtH :

Then
1 £ £ 1 £
Oy = §stxt bt +bt §stxt + [bta{stxt}] .
Therefore, with the notation
1
66(2) = |:§DEaZ:| ) Oég(Z):{DE,Z},

we see that the 0., are derivations and the equation satisfied by x; becomes
Opwy = 6c(w)b7 + b5 0c (1) + [0, e ()]
equivalently
Opwy = {7, 0c(we)} + [bf, e (w1)] = Se(e) -
Notice that both a. and . act on the system algebra. O
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3. Normally Ordered Backward Heisenberg Evolutions

Definition 3.1. A bounded white noise derivation is a set of bounded linear maps
{6c, e} (e € {£1,0,2}) on A, both of system type and such that each d. is a
x-derivation on Bg and:

{65, 0: ()} + [bF, e ()] =2 074
is a *-derivation on Bg ® Bg.

Lemma 3.1. The maps {0, a:} (¢ € {£1,0,2}) are a white noise derivation if
and only if, for any z, y € A and any € € {£1,0,2},

(b7, = (wy)] — [b7, e (2)]y — 2[bf, e (y)] = 0=()[by, y] + [z, b7]0=(y) - (3.1)
Proof. The derivation property of 65 ; gives:
ore(zy) = ore(x)y + 2014 (y) (3.2)
= {7, 0=(zy)} + [bf, e (zy)] - (33)
Using (2.29) and the derivation property of d.
{07, 0c(z)yt + {bF, 2= (y) } + [bF, o= (zy)]
= {0}, 0= () }y + 0c (@) [y, bF] + x{bf, 6= (y) } + [bF, 2]0= (y) + [bF, ac(2y)] -
On the other hand,
Sr4(x)y +@dre(y) = [{b7, 0= (2)} + [0, e (@)]]y + 2[{b, 0= (y) } + [bF, o= (y)]] -
This is equivalent to
b (2)[y, b7] + [b, 2]0c (y) + [bF, e (zy)] = [bf, e (2)]y + z[b, = (y)]

and this is equivalent to (3.1). m|

Theorem 3.1. In the notations of Definition 3.1, assume that the map 1 —~v_ (02 +
a) is invertible and define

T =(1—7-(02 +a2)", (34)
- =1+7-(62 — ). (3.5)
Then the normally ordered form of the white noise backward Heisenberg equation:
() = 01,4(Je(@)) = {b, 0¢ (e ()} + [bF, e (e ()] (3.6)
18:
Ouji()

=0 [01{(1 + 7172 )je(@)} + an{(1 — 7177)je(2)} + 27— (02 + a2) (7401 (je (2)))]



White Noise Heisenberg Evolution and Fvans—Hudson Flows 123

+ [0 {(rem— + 1)je(2)} + aca{(747-1)je(2) } + 27— (02 — a2) (7367 (j(2)))]be

+ 0 [(02 + ca) (14 mjjt (x)) + (62 — v2) (7577 e ()]s

+27y-(0-1 + a—1) (761 (je(2))) + 29— (61 — 1) (7307 (je(2))) + 200(je (2)) -
(3.7)

Proof. Equation (3.6) is equivalent to

Julw) =z + / dsbr o(ju(z)
—o+ / ds (b5, 6:(ja(2))} + 05, 2 (a(2))]

ot / ds({bT, 61(u(2))} + b7, 0 (s ()] + {05, 61 (ju(2))}

+ [bsvafl(jS(x))] + {b:bsv(sQ(jS(x))} + [bjbm a2(]8(x))}
+ {17 (50(]3(£U))} + [17 aO(]s(x))]) .

To put the last equation in normally ordered form, we use the time consecutive
principle and the relation [b:,d:(js(x))] = -([bt, Jjs(2)]), then by applying same
technic as Corollary 2.2, we get:

(1= 7 (82 + aa))bifi (@) = 201 G () + (147 (62 — az)je(@lbr . (3.8)
From the definition of (3.4), (3.5) we obtain
beje(@) = 297401 (je () + T4 7 ()b . (3.9)
Then
Je(@)bf = 277761 (je(w)) + 71770 je(2) - (3.10)
Now, let us use (3.9) and (3.10) to put (3.6) in normally ordered form:
Oeje(x) = 81(bf je(x)) + 61(je(2)b]) + ar (b je(w)) — a1 (je(2)b])
+0-1(beje(2)) + 6-1(Je()be) + 1 (beje(2)) — a—1(je()br)
+ 82(b beje () + 02(je ()b be) + (b beji ()
— az(Je(2)by be) + 200 (je(2)) |

B () = 01(bf jie()) + 01 (27-767 (Je (x)) + TE720] i ()
+an (b je(@)) — 1 (27-7767 (e (2)) + 75770, je(2))
+6-1(2y-74:01 (e () + 747G (@)be) + 61 (je(2)be)
+a1(2y-7161(Je(2)) + T 7 jie(2)be) — a—1(Ge(2)be)
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+ 8o(b) [27_ 7161 (e () + T+th
+02([27-7167 (e () + 7720/ e
+ o (b [2y-7101 (G (2)) + 77— js
— a([2y-7161 (Je(2)) + TE7Ib i (@
this leads to
Aji(w) = by 01(je () + 27-01 (7567 (e () + bf 617577 jie ()

+ b e (ju(2)) — 27— (767 (G () + b an (77 e ()

+27-0-1(74:01 (e () + -1 (T4 7— e (2))be + -1 (je(2))be

+ 2y (1461 (e () + a1 (77— e (2))be — -1 (je(2)) by

+ 27-b 02(74:01 (e ())) + b G2 (T 7o () )by + 27-02(7767 (e ())) e

by 0o (T o (%)) be + 29 2 (7401 (e (2))) + b o (47— o () be

— 2y aa(7107 (Jie(2)))br — b (T2 i ()b + 260 (e () -

Then, the normally ordered form of (3.6) is equivalent to Eq. (3.7). m|

4. Homomorphic White Noise Backward Heisenberg Evolutions

Theorem 4.1. Let o, 61, 61 and dg be bounded linear maps acting on the bounded
operators on the initial space and let us denote with the same symbols the linear
extensions of these operators to B(Hs @ T') = B(Hg) ® B(T') characterized by:

bs @ br € B(Hs) @ B(T') — 6-(bs) ® br € B(Hs) @ B(T); g€ {£1,0,2}.
The unique solution of the backward flow equation
Aji(x) = bf 62(je(2))be + b 01 (ju(x)) + -1 (e (2))be + 8o (je(2)) ; (4.1)
Jo(z) == Vo e B(Hs),

is an identity preserving *-homomorphism if and only if the maps 6. (¢ € {£1,0,2})
satisfy the following conditions:

62(1) = 01(1) = do(1) =6-1(1) =0, (42)
o_1(x) = é1(2")", (4.3)

Su(z) = 61 (z")" (4.4)

do(z) = do(z")", (4.5)

52(.13) = 52(.13*)* s (46)
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d2(zy) = 02(2)y + 202(y) + 2Rey-02(x)d2(y) , (4.7)
61(zy) = 01(x)y + 201 (y) + 2Rey-02(x)d1(y) , (4.8)
6-1(zy) = 0-1(x)y + xd-1(y) + 2Rev-_5-1(2)02(y) , (4.9)
50(xy) = 50($)y + x(SO(y) + 2 R67,5,1($)51( ) . (4 10)

Proof. The condition j:(1) = 1, is equivalent to 9;j:(1) = 0 and leads to:
b 02(je(1))be + by 01 (5o (1)) + 61 (je (1))be + o (i (1)) = 0.
The independence of the basic noises then implies that
62(1) = 61(1) = 00(1) =6-1(1) =0

and, evaluating this at ¢ = 0, we find (4.2). Replacing = by * (5.1) becomes:

Ouje(x") = bf 82(je(2))be + b 01(je(2™)) + 0-1(e(@™))be + o (e (7)) . (4.11)

On the other hand, by the *-homomorphism condition, this must be equal to:

Oeje(w)” = b 02(je (%)) be + 01(je () "0e + b 0-1(je ()" + So (e ()™ . (4.12)

By the same argument as above we obtain the conditions (4.3)—(4.6).

To exploit the homomorphism condition we calculate the causal commutators

[bs, 7 (z)] and [bs, ji(«*)]. The former gives:

[be, je(2)] = 7-02(je(2))bs + 701 (je (7)) ,

or equivalently:

beje(x) = (1 +7-02)(Je(2))be + v-01(je (%)) = p(je())be +¥-01(je(2)) 5

where we denote

pi=(1+7-02).
Similarly, one has:

[b, je (x)"] = v-02(je(2)) bt +7-0-1(jie(2))" ,
and, taking adjoint:
Je(@)b = b (1475-02) (e (2)) +7-0-1(je(2)) = by p' (je(@)) + F-0-1(je(2)) 5

where we denote

p=1+7-02).
Equation (5.1), applied to xy gives:

Ouje(zy) = b 62(ji (xy))be + b 61 (Ge (zy)) + 6-1 (e (2y))be + S0 (jie (zy))
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but, from j;(xy) = ji(x)j:(y) and the Leibnitz rule for white noise derivatives, we
deduce also:

Ocje(xy) = Oje(@) e (y) + Ji ()0 (y)
= {b 82(je (2))bs + b 61(je () + -1 (Gi (2))bs + G0 (e (=)}t ()
+ 5o (@) {01 02.(3 () be + b7 01 (3 (y)) + -1(Ge(y))be + Jo (5 (y)) }
= b+52(jt($)){ﬂ(jt(y))bt +7-01(e ()} + b 01(je (2)) e (v)
—1(Ge(@){p(Ge(y))be +7-61 (3¢ ()} + do(Je (%)) e (y)
+ {07 0’ (Ge (@) + =01 (e (2)) Y02 (5 (y)) be
+ {07 0’ (Ge (@) + 7-0-1 (e ()) Y01 (Ge (y))
+Je(2)0-1(J:(y))be + je ()30 (e (y))
= by {82(7e(2))p(5e (1)) + o' (G2 (2)) 02 (je (y) e
+ b7 {7-02(je ()01 (G () + 61(e ())7e (y) + o' (G (2))81 (e () }
+{0-105e(2))p(Ge (y)) + 7-0-1(e(2))02(Je (1)) + Je ()01 (je (y)) }br
+{7-0-10(2))61(Ge (y)) + 0o (jie(2)) e ()
+7-0-10je(2))d1 (Je (y)) + Je(2)d0 (e (y)) } -
Using the independence of the basic noises as before, one then gets:

da(zy) = d2(x)p(y) + p'(2)02(y)

)
(

d1(zy) = 7y-02(2)d1(y) + d1(x)y + ' ()01(y)
o_1(zy) = 0-1(x)p(y) +7y-0-1(x)d2(y) + 261 (y)
do(zy) = v-6-1(x)01(y) + do()y +7-0-1(2)é1(y) + 2o (y) -
Eventually, replacing p and p by their expressions,we obtain (4.7)-(4.10). O

5. White Noise Evans—Hudson Flows
The following theorem is a white noise extension of the the Evans—Hudson structure

equations which are recovered when Rey_ = 1/2.

Theorem 5.1. Let d2, 61, 0_1 and &y be norm bounded linear maps acting on the
algebra of all bounded operators on the initial space. Then the unique solution of
the normally ordered forward flow equation:

Auje(x) = b ji(02(x))br + bf i (61(x)) + je(6-1(2))bs + ji (S0 (2)) (5.1)

and

Jo(z) == Vz € B(Hgs),
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is an identity preserving x-homomorphism of B(Hg) if and only if the maps .
(e € {£1,0,2}) satisfy the same conditions as Theorem 4.1.

Proof. The steps of the proof are similar to those of the proof of Theorem 4.1. O

6. Inner White Noise Heisenberg Equations

Corollary 6.1. The causally normally ordered form of the equation
0:U; = —i(Aby + Bb + b/ Tby + C\U; ; Up=1, (6.1)
is, in the notation (2.20)
0U; = —ibf KBU; —iAKUb; — iT Kb/ U;by + (—y_AKB —iC)U; . (6.2)

Proof. Equation (2.2) can be written:
0,U, = —iAb U, — iBbf U, — ibf Th, U, — iCU,
= —iBbU; — iA[by, Uy] — i AUy — b} T[by, Uy] — b TU;by — iCUy .
Therefore, from Corollary 2.2, we obtain:

BtUt = —’LBbert - ZA(—Z’}/,KBUt + KUtbt) - ’Lber(—Z’}/,KBUt + KUtbt) - ZCUt 5

equivalently,

U, = b (—iB —y_TKB)Ur — iAKUb, — iT Kb Upby + (—y_AK B — iC)U; .
(6.3)

Therefore (6.3) becomes (6.2). m|

6.1. The forward inner Langevin equation

Proposition 6.1. Let U; be the unique solution of Eq. (2.2). Define, for any
bounded operator x on the initial space Hg and for any t € R :

jt(.’E) = Ut*.’EUt . (64)

The equation satisfied by ji(z) is called the forward inner Langevin equation. Its
causally normally ordered form is:

Orji(x) = b i (iK*A*x +y_K*T*xKB — iK*xB — v_ K*xTK B)
+j(iB*zK —4_B*K*T*sK — izAK +~5_B*K*2TK)b,
+ b j (i K T 2K — iK*zTK)b + ji(yv-B*sKB — 5_B*K*A*x
+ily_?B*K*T*zsKB +iC*x +5_B*K*xB — v_rAKB
—ily_*B*K*sTKB — izC); (6.5)
where K is given by (2.20).
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Proof. The white noise equation satisfied by j:(z) is:
Ojir(x) = 0y(Uy xUy)
= U (iB*by + ib] A* 4 ib] T*b; 4 iC*)xU,
+ Uz (—iBb} —iAb, — ib] Tby — iC)Uy .
From Corollary 2.2 one deduces that:
Oji(x) = U (iB*z)(—iy- K BU, + KUyby) + (i5_U; B*K* + b U K*) (i A*x)U;
+ (bf U K* +iy_U; B*K*)(iT*z)(—iy_ K BU; + KUyby) + U; (iC* ) U,
+ ((7_UB*K* + b/ U; K*)(—izB)U; + U; (—iAz)(—iy_ K BU; + KU,b;)
+((7_UB*K* + b/ U; K*)(—iTx)(—iv_K BU, + KU;b;) + U} (—iCx)U,
= ji(y_B*xKB) + ji(iB*xK)b; + b} ji (i K*A*z) + ji(—y_B*K*A*z)
+0 5 (v K*T*xKB) + b/ 5, i K*T*xK)b; + j,(i|y_|*)B*K*T*xK B)
+ i (=y-B*K*T*zK)b; + j:(iC*x) + b/ j;(—iK*xB) + j: (- B*K*zB)
+je(=y_xAK B) + ji(—iz AK)b; + b} js(—y_K*zT K B)
+ b i (—i K 2T K )by + j:(—ily— | B*K*2TK B)
+5t(3- B*K*2TK)b; + ji(—ixC),

Y
Y

and this is equivalent to (6.5). O

6.2. White noise backward inner Heisenberg evolutions

In the previous section we have discussed the normally ordered form of the equation
satisfied by the forward flow (UjfxUy), associated to the white noise Hamiltonian
equation (6.1). In this section we solve the same problem for the backward flow
associated to the same equation.

Theorem 6.1. Consider the white noise Hamiltonian Hi(t) given by:
H(t) = Db} 4+ b,DT +Tb/ b, + C; (6.6)

where D, T and C are elements of B(Hg) such that T and C are self-adjoint. Then
the causally normally ordered form of the white noise Heisenberg equation:

Oje(x) = —i[H1(1), je(@)], (6.7)
dvjs () = bf (—iK Djp(z) + iK* 'ji () K*D + v_TKji(2)D)
+ (ije(x) DT K* — iDVY Kjy(2) K~ +4_D% i () K*T)by
+ b (—iT K jy(2) K~ 4+ i K () K*T)b,
+ (=7_[je(x), DY|K*D — v_DTK[D, j,(x)] — iCj(z) + iji(2)C). (6.8)
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Proof. Consider the following white noise Hamiltonian equation:
Oji(x) = —i[Hi(t), ji (x)] (6.9)
We want to put in causal normal order the equation:
Biji(x) = —i(Dbf ji(x) — ji(2) Db + by DT jy ()
— ji(@) Dby + Thf byji (x) — jie(2)bf 0T + Chiy(2) — ji(2)C) .

To this goal we calculate the commutators [b, j:(z)] and [bt, j:(«*)] using the time
consecutive principle. This gives:

[be, ji(2)] = —iv-[D, ji(z)] — iy (Tbje(x) — ji(2)beT) .
In the notation (2.20) (i.e. K = (1 +iy_T)~!) this is equivalent to
bji(z) = —iv_K[D, ji(2)] + Kji(z)by K.
From the equation for j;(z*) we deduce:
beje(a™) = iv-K[ji(z"), D] + K je(2" )b K,
it follows that:
Ge(@)bf = +i7-[je(w), DYIK" + K* 70 jy(w) K™
Then
duje(w) = =i(b) Djs(x) — {iv-lje(w), DK™ + K* 7'} jy () K*} D
+ D {~iy-K[D, ji(2)] + Kjo(x)be K} = je(x) Db,
+Tbf {—iy_K|D, ji(z)] + K (z)b K~}
—{i7-[je(@), DTIK* + K* 7o} ji(@) K30, T — iCjs(w) + ije(x)C)
= b/ (=iDji(x) + iK™ je(@)K*D —4-TK[D, ji(x)))
+ (ijul@)D* = iD* Kju(a) K" = 7_[ju(x), DY KT,
+ b (—iTKj(x) K~ +iK* 5, (2) K*T)by
(=7-lje(x), D*]K % D —v-D* K[D, ji(2)] + Cje(x) — ji(2)C)

and this is equivalent to (6.8). |

The following is the analogue of Theorem 8.1 for backward flows.

6.3. The structure maps in terms of the Hamiltonian coefficients

Combining the results of Theorems 4.1 and 6.1, we obtain the expression of the
structure maps as functions of the original Hamiltonian coefficients.
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Corollary 6.2. In the notations of Theorem 6.1, the structure maps are given by:

Sa(z) = —iTKaK ' +iK* s K*T,
61(z) = —iKDz +iK* '2K*D +~_TKzD,
§_1(z) =izDTK* —iDYKaK ' +5_DTaK*T,
So(z) = —y_[z, DT|K*D —y_DV'K|[D,z] + Cz — 2C'.

6.4. The backward inner Langevin equation

Proposition 6.2. The backward flow is defined, for any bounded operator x on the

initial space Hg and for any t € R by:

jt(.’E) = Ut.’EUt* .

(6.10)

The causally normally ordered form of the backward inner Langevin equation sat-

isfied by ji(x) is:

Oji(x) = bzr(—z'B —v_-TKB)ji(z) + 'y,berKjt(x)A* + iK/*bjjt(x)K*A*
— AR ju(@)b K + jo(@) (iB* — 5B K*T*)b, + 5 Aji () K*T*by

— b TKjy(2)b K’ + iK' b/ j;(2) K*T*b,
— i A(—iy- K Bji(x) + iy- Kji(x)A")
—iCj(x) = J—Ji(z) B K* A" + 5_Aj(x) K*A* + ij,(x)C™ .
Proof. Differentiating by the Leibnitz rule the product U;zU; one finds:
Oji(x) = 0 UpUy = (0,Uy)xU; + Uy (0, Uy)
= (—iBb/ — iAb; — ib/ Tb, — iC)U,zU;
+ UpzU; (iB*by + ib) A* +ib T*b, +iC*) .
From Corollary 2.2, and in the same notations, we obtain:
beji(x) = bUpaU} = (—iy— K BU; + KU;by)zU}
= —iv_KBji(z) + KUz (iv-U;A* + U0, K")
= —iv_KBji(z) +iv_Kji(x)A* + Kji(z)b K’ .

Therefore:

(6.11)

Oijs(x) = —iBb/ js(x) — i A(—iv_ K Bji(x) + iv_ Kji(x)A* + Kji ()b K")

= —ib T(—iv_ K Bji(z) + iv_Kji () A* + Kji(2)b K')
= —iCjy(x) +ij:(2)bs B* +i(i7_js(x) B* K* — iy_Ajy(x) K*
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+ kb G (2) K*) A
= +i(i7_js () B* K* —iy_Ajy(2) K* + Kb} §i () K*)T*by + iji(x)C* .
By grouping together the homogeneous terms we find (6.11). O

7. The Unitarity Conditions
7.1. The isometricity condition

The following theorem shows that the isometry condition on an adapted solution
of the equation

O Uy = —i(Aby + Bb + b, Tb, + C)Uy, Up=1, (7.1)
is equivalent to the formal self-adjointness of the operator valued distribution:

Ab, + Bbf + b Tb, + C.

Theorem 7.1. Let A, B, C and T be bounded operators on the initial space Hg
then, for the unique solution U, of Eq. (7.1), the following statements are equivalent:

(i) U is isometric, i.e.
Uil =1

and both (1 +iy_T) and (1 +iy_T") are invertible.
(ii) The coefficients A, B, T and C satisfy the relations:

T=T1", (7.2)
B*=A, (7.3)
c=cC" (7.4)
so that Eq. (7.1) takes the form
OuUs = —i(Aby + A*bF + b Th, + C)U; Up=1. (7.5)

Proof. The isometry condition is equivalent to
r1)=1 vt (7.6)

where j; is given by (6.4). Thus condition (7.6) is equivalent to the fact that the
right-hand side of (6.5) vanishes for all . The independence of the basic noises
implies then that the coefficients of the various terms on the right-hand side of
(6.5) vanish separately. The vanishing of the b, b;-term gives:

K'T*"K =K'TK & K*(T*-T)K =0,
with K given by (2.20). Since K is invertible by assumption this is equivalent to
(7.2).
The vanishing of the b;-term gives:

0=iB*K — y_B*K*T*K — iAK +7_B*K*TK .
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Using again the invertibility of K and its explicit form (2.20), this is equivalent to
(7.3).
The vanishing of the constant term gives:
0=+v_B*KB—-#5_B*K*A* +i|y_|?B*K*T*KB
+iC* +4_B*K*B —~v_AKB —i|y_|?)B*K*TKB — iC,
and, since the conditions (7.2) and (7.3) are satisfied, it is equivalent to (7.4).
Conversely, suppose that conditions (7.2)-(7.4) are satisfied. Then, since

Revy_ # 0, it follows that 1 4+ iy_T is always invertible. In fact, assuming the
contrary, the identity

1
1+iy_T =dvy_ (— +T>
Y-
and the fact that y_ # 0 would imply that also 1/(iy_-) + T is not invertible,
i.e. 1/(iy—) should be an element of the spectrum of 7. But this is a contradiction
because T is self-adjoint. Therefore the same arguments as in the first part of the

proof show that the right-hand side of (6.5) is identically zero and, since jo(1) =1
by assumption, U, is an isometry for every t. This proves the statement. O

7.2. The co-tsometricity condition

There are two ways to handle the co-isometries condition for U: one is through the
multiplicativity of the forward flow (6.4); another is through the conservativity of
the backward flow (6.10) we begin to discuss the latter.

Theorem 7.2. Let A, B, C' and T be bounded operators on the initial space Hg
then, for the unique solution U, of Eq. (7.1), the following statements are equivalent:

(i) Uy is co-isometric, i.e.
UUr =1

and both (1 +iv_T) and (1 +iy_T*) are invertible.
(ii) The coefficients A, B, T and C' satisfy the relations (7.2)—(7.4) so that Eq. (7.1)
takes the form (7.5).

Proof. The co-isometricity condition is equivalent to:
pl)=1 Vt; (7.7)

where j; is given by (6.10). Thus condition (7.7) is equivalent to the fact that the
right-hand side of (6.11) vanishes for all ¢. The independence of the basic noises
implies then that the coefficients of the various terms on the right-hand side of
(6.11) vanish separately. The vanishing of the b, b;-term gives:

TKK' = K'"K*T* (7.8)
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with K and K’ defined by (2.20). From (51) and (73), under our assumptions this
is equivalent to:

TKK' =T +iy-T) "1 +iy-T*) = (1 +iy-T) ' T(1 +iy_T¥)
=K'K*'T*=(1—-i7-T)1 —i7-T*)'T* = (1 -7 T)T*(1 —i7_T*) ",
which is equivalent to:
1+iv-T)A—y_-T)T* =T 4+ iy_T*)(1 —i75_T%)
& (11— |y PTTHT* =T(1 — |y_*TT").

Therefore for any polynomial P

P — |y_PPTT*T* = TP — |y_*TT*).
This implies, by approximation, that for any measurable function f

FOU = - PTTT = Tf(1 = - [PTT).
Since f is arbitrary, one also has

LT NT* =TF(T) -
Now, let
T =|T*|V
be the polar decomposition of T, so that
T=V*T".
Then
FATDITH|V = VAT f(IT7]) = V(T DIT™]
Since f is arbitrary this implies that, for any measurable g one has
g(T vV =vrg(IT*) .
In particular the choice g(z) = x gives
T =|T*|\V=V*T"=T.
The b/ -term gives, again using T = T*:
—iB—~y_TKB+~vy. TKA*+iK"K*A*=0. (7.9)

Since

i =7 TK = —i(1 — i7_TK) = —i <M>

144y T
A1+ T -y T , 1 ;
= — - = —1 T — == _ZK7
14y T 144y T

—iB—~_TKB = —iKB.

it follows that:
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Combining this with KK’ =1 and with (7.9), we find
—iKB+vy_TKA*+iA* =0,
which implies
—iKB+(y_TK+i)A* = —iKB+(y_T(1+iy_T) ' +i)A* = —iKB+iKA* =0,

and this too is identically satisfied because K is invertible and B = A* holds by
assumption (7.3).

Using the above results, the vanishing of the drift term becomes equivalent to
C = C* which is also true by assumption. This completes the proof. |

Remark. Notice the asymmetry in the proof of the isometry and of the co-isometry
conditions even in the bounded case.

8. Expression of the Hudson—Parthasarathy Coefficients in Terms
of the White Noise Hamiltonian

Corollary 8.1. Let A, C and T be bounded operators on the initial space Hg
satisfying the unitarity conditions (7.2), (7.4). denoting:

1—iy_T
= 8.1
1+iy T’ (8.1)
Dt mid— (82)
1+4y T’
the causally normally ordered form of the white noise Hamiltonian equation
0 U; = —i(Aby + A*bf + b Tb, + C)Uy Uy=1, (8.3)
18
1
U, = SDbf U, — DY Uby + ————(S — 1)b Upb
Ut ¢ Ut tt+2Re(7_)( )b Ushy
+(=y-D D +i|y_|>?DTTD —iC)U;, (8.4)
which is equivalent to the stochastic differential equation
1
dU; = | SDdB;" — D*dB; + ————(S — 1)dN,
k ( ¢ et 2Re('y,)( JaN:
+(=v_D™D +ily_|*DTTD — z'C’)dt) U, . (8.5)

Remark. It is known that Eq. (8.5) is the most general unitary stochastic differ-
ential equation in the sense of Hudson-Parthasarathy.
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Proof. We have seen that the causally normally ordered form of Eq. (6.1) is, in
the notation (2.20):
0U; = —ibf KA*U; —iAKUby — iTKb Usb; + (—y_ AKA* —iC)U;.  (8.6)
Now notice that

. T Y SO o S
tA* —y_TKA* = —i(1 —iv_-TK)A* = z(l l—i—i’y_T)A

_ (AT T e (L ) 4o ks
14y T 144y T

Let S be defined by (8.1) so that S := KK*~!, then

G L= T 1= T-1-ipT
1+ T N 1+iy T
—i(y— +v-)T  —2iRe (v-)T .
_ _ — _2iRe(v_)TK . 8.7
T+iy T T+ T iRe(7-) (8.7)

Therefore, using this, (8.6) becomes

1
BtUt = —Zb?_KA*Ut — ’LAKUtbt + 2]_:{67(’)/)(5 — 1)b?_Utbt + (—’)/_AKA* — ’LO)Ut .
(8.8)
In the notations (8.2) one has:
1
D=—i—A"
T T

this leads to:

KA = it Ay (1 - ”T> L 4 —sp.

14y T 1+ -T)1—-4_T
For the drift term in (8.8), one has:
1 1— iy T
— v _ AKA* = -~ A——  A* =~ A— 1 A*

K LT Tt T

1 T
=y A A iy PA————— A
A A T AT T
— DDty PA— 4"
|1+ iy_T)|?

Then (8.8) is a rewriting of (8.4). Since (8.4) is a normally ordered white noise
equation, it is equivalent to the stochastic differential equation (8.5). O

Theorem 8.1. Let ji(x) := UfxU; be the forward inner flow associated to the
white noise Hamiltonian equation (6.1) and define:

o(x) = S*zS, (8.9)
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0t (x) :==o(x)D — Dz,
0~ (x) == DYo(x) —axD™T,
op =T, x) =iTx — ixT,
Op(z) :=i[H,z]| =iHx —ixH ,

H :=ilm(y_)D"D — |y_|?D*TD + C,

L(z) :== 2Re(y-) <D+a(x)D - %{DJFD,x}) +u(z).

(8.10)
(8.11)
(8.12)
(8.13)

(8.14)

(8.15)

Then, with K given by (2.20), ji(x) satisfies the following causally normally ordered

equation:

Oji(x) = bf i (0 (K 2K )by + ji (67 (2))be + b jie (67 (2)) + jie(L(x))

which is equivalent to the stochastic differential equation:

djie(x) = je (67 (K2 K))ANy + je (67 (2))dBe + jo(0F (2))dB]" + jo(L(x))dt .

Proof. Using Eq. (8.4), one has:
Ojr(x) = 0y (U{ aUs) = 0,U{ aU; + U{ 20, Uy

= |Usb, DY S* — b U;D + biUFb(S* — 1)

_r
2Re(7-)

+ U} (=y-D*D —i|y_|>?DTTD +iC) | 2U;

+Ut*.13 SDbert — D+Utbt + (S — 1)b?_Utbt

_
2Re(7-)

+(=y_D'D +ily_*DTTD —iC)U,

)

using the identities:
bUp = ~v_SDU, + KUb, ,
Ubf =5 UDYS* +bfUK*,
one finds
0iji(z) = U D' S*2(y_SDU;, + KU;b,) — b U} DaU,

1

— b U (S* — 1)z(y_SD K
+2Re('y,)bt Ut (S )x(’Y S Ut"‘ Utbt)

(8.16)

(8.17)
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+(J_UD*S* + b U K*)xSDU,

£ 1 — * * * £
—U;xDTU;b; + W(V‘Ut DYS* + b U K*)2(S — 1)Ush,

+ U (=5_D*D —ily_|?DTTD +iC)2U,

+Ufx(=y-D*D +i|y_|>D*TD —iC)U,

1
= b} g, <7(S* - 1)zK +

ST K*a(S — 1)) by

_
2Re(7-)

- =+ Q* _ + ’7* —+ Q* _
+ (DY S*xK — xD +72Re(7_)p S*z(S —1))b,

+i (—Dx + K*2SD + — = (8* — 1)2SD
+btjt< x4+ K*zS +2Re('y,)(s )xS)

+ ji(y- Dt S*2SD) + j (- Dt S*2SD)
+ji(=y_-D Dz —i|y_|*DTT Dz + iCx)
+ji(=y_2DT D +i|y_|P=DTTD — izC),

therefore using (8.7), (8.1), one has:

Oji(z) = bf ji(iK*TaK — i K*aTK)b, + ji (D" S*2K — D" —i5_ DT S*2TK)b,
+ b, 5 (=Dx + K*xSD +i(y_)K*TxSD) + ji(2Re(y_)D* S*xSD)
+je(—Re(v-){DT D, z} +ilm(y-)[D* D, a]) + jo (—i[|y-|* DT TD - C, 2])

= b5 (i[T, K*zK])bs + ji (DT S*z(1 — iy_T)K — 2D )b,
+ b/ 3¢ (=Dx 4+ K*(1 +i(y_)T)xSD)

1
+ j:(2Re(v-) <—§{D+D, x}+ D+S*mSD>

+ilm(y-)[D* D,a)) + ju(~ill-[2DTD — C,a))
— b JuGIT K" K)oy + ju([D* 5", 2] )by + bf ji (S~ [a, SD))

+ j:(2Re(v-) (—%{D"‘D, x}+ D+S*xSD> +iIm(y_)[DT D, x])

+ji(illy- PDFTD - Cal)
In the notations (8.9) and (8.10) we see that:
5" (zy) = o(zy)D — Dy = o(x)o(y)D — Dy
(@)[o(y)
T)o\y

(@)[o(y)

=0 D — Dy] + o(x)Dy — Dxy
=0 D — Dy| + [0(z)D — Dzly = 6t (z)y + o(z)6 " (y) .

[
[
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Thus §V is a right-o-derivation. Similarly §~, defined by (8.11) is a left-o-derivation.
In fact

5 (zy) = DV o(xy) — 2yD' = DVo(x)o(y) — xyD™
= [D*o(y) —yD*]o(y) + xDTo(y) —xyD* =6~ (x)o(y) + x5~ (y).
It follows that:
Opjie(w) = b §i(i[T, K*2K))by + je(D o (x) — 2D )by + b ji(o(x)D — Da)

+ jt(2Re(v-) (—%{D*D, z} + D+a(x)D> +iIm(y_)[DT D, x])

+ ji(=i[|[y-|?DTTD - C, z]), (8.18)

which, in the notations introduced above, coincides with (8.16). m|

Remark 8.1. Combining the results of Theorems 8.1 and 5.1 we obtain the ex-
pression of the structure maps as functions of the original Hamiltonian coefficients.
In fact, in the notations of Theorem 8.1, these are given by:

02(x) := op(K"zK),
01 (x) =6 (),
0_1(z) :=0" (),

00(y) = 2Re(v-) (—%{DJFD,x} + D+a(x)D> +dm(x).
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