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1. INTRODUCTION

It is known (see [1]) that, in the stochastic limit of
strongly nonlinear interactions dramatically new phys-
ical and mathematical features arise, for example, the
breaking of the usual commutation relations and their
replacement by new “entangled commutation rela-
tions,” which are responsible for richer and more inter-
esting statistics, the replacement of usual Fock by
“interacting” Fock space, and the emergence of Hilbert
modules rather than Hilbert spaces as natural quantum
state spaces.

In the present paper this class of phenomena will be
illustrated with the case of the stochastic limit of QED
without dipole approximation. More precisely we
prove that, in this limit, the photon statistics, although
more complex, can still be explicitly calculated and is
expressed by a series whose coefficient can be split into
a product of two terms, one that is a matrix element of
the atomic part and a combinatorial one that is given by
a hypergeometric series (see [2]).

In Section 4 (see formula (1)) we introduce the main
object studied in the present paper, i.e., the vacuum
mean value, denoted 

 

V

 

(

 

t

 

, 

 

T

 

G

 

), of any function 

 

G

 

 of the
time–

 

t

 

–evolved number operator, i.e., the photon statis-
tics at time 

 

t

 

. Our main result is condensed in formula (9)
of Section 5, which expresses this distribution as a
hypergeometric series whose coefficients have a simple
expression given in terms of the atomic momentum 

 

p

 

and the generalized (moment dependent) susceptivities
(

 

F

 

g

 

|

 

F

 

g

 

)

 

–

 

 (see formulas (4), (5)).
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The text was submitted by the authors in English.

 

1.1. Notations

 

For a nonrelativistic particle with mass 

 

m

 

 and charge

 

e

 

 interacting with the quantum electromagnetic (QEM)
field with vector potential 

 

A

 

, the total Hamiltonian 

 

H

 

has the form

 

(1)

 

where: (i) 

 

H

 

S

 

 is the free Hamiltonian of the particle

 

(2)

 

(ii) 

 

H

 

R

 

 is the free Hamiltonian of the QEM field

 

(3)

 

(iii) 

 

H

 

I

 

 is the interaction Hamiltonian between the par-
ticle and the QEM field which has the form

 

(4)

 

and if we assume that the QEM field considered is not
very strong, then the 

 

A

 

 · 

 

A

 

–term in the interaction
Hamiltonian can be neglected i.e.,

 

(5)

 

We have proved elsewhere that effectively, in the sto-
chastic limit, the 

 

A

 

 · 

 

A

 

–term tends to zero.

H HS HR HI,+ +=

HS := –
�

2

2m
-------∆ V x( ),+

HR := �ω k( )ak
+
ak,

k

∑

ie�
m

--------A ∇ e
2

2m
-------A A,⋅+⋅

HI := 
ie�
m

--------A ∇.⋅
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It is well known that, for the Hamiltonian 

 

H

 

S

 

, one
has two typical choices:

(a) 

 

H

 

S

 

 has a discrete spectrum, e.g., 

 

H

 

S

 

 =

, where , 

 

b

 

j

 

 are independent Fermi cre-
ation–annihilation operators, 

 

E

 

j

 

 are positive (the sim-
plest case is that of a two-level particle for which 

 

H

 

S

 

 =

 + ).

(b) The particle has a continuous energy spectrum.

In the present paper we assume that scalar potential

 

V

 

 is so small that it can be neglected. Thus the “free”
particle Hamiltonian is the Laplacian on full space

(therefore, the energy spectrum is absolutely continu-
ous).

The interaction Hamiltonian can be put in the form

 

(6)

 

where 

 

p

 

, 

 

q

 

 are the momentum, position operator of the
particle and 

 

u

 

h

 

 is a constant depending on the velocity
of light and the Planck constant 

 

�

 

.

In order to obtain useful information on the QEM
field, some approximations are usually introduced to
simplify the problem. Among them, the most widely
used is the so-called 

 

dipole approximation

 

, which
replaces the exponential factor 

 

e

 

±

 

i

 

k

 

 · 

 

q

 

 in (6) by 1.

This approximation is reasonable when the wave
length of the QEM field is larger than the Bohr radius
of the particle. But it is inadequate for super-short
impulses and also for multi–mode photons. Therefore,
an important problem is to study the interaction of the
QEM fields with a particle outside the dipole approxi-
mation. This problem was first investigated in [3, 4] and
in this paper we study again the case (b).

For notational simplicity we neglect the explicit
form of all constants appearing in Hamiltonians and
write

(7)

 

(8)

E jb j
+
b jj∑ b j

+

E0b0
+
b0 E1b1

+
b1

HS
�

2

2m
-------∆–=

e
m
----

uh

ωk

----------A
k σ,
∑ p⋅

=  
e
m
----

uh

ωk

----------pσ ak σ,
+

e
ik– q⋅

ak σ, e
ik q⋅

+( ),
k σ,
∑

HS := –∆/2,

HR := ω k( )ak
+
ak

k

∑ ω k( )ak
+
ak k,d

R
d

∫≈

(9)

where λ is the coupling constant; g0 is a Schwartz func-
tion which comes from the combination of the disper-

sion function 1/  with a cutoff; the polarization
index σ runs over a two elements set, e.g., {0, 1}. More-
over, the usual boson commutation relations are
assumed:

(10)

In the following investigation, we shall also neglect
the polarization index {0, 1}.

1.2. Previous Results on Stochastic Limit of QED

In this section as a way to introduce our notations,
we quickly summarize our previous results on the sto-
chastic limit of QED and we refer to the book [1] for a
systematic exposition and more details.

The evolution operator in the interacting picture is

(11)

In QED the quantity e/m, i.e., the coupling constant
λ is small. The basic idea of the stochastic limit is to
single out the asymptotic behavior of the relevant
dynamical quantities when the time t tends to infinity
by the rescaling t and the coupling constant λ to zero.
This is equivalent to replace the time parameter t
by t/λ2.

It was proved in [3, 4] that, without assuming the
dipole approximation, the limit

(12)

exists and satisfies a new type of quantum stochastic
differential equation of the form

(13)

where

(i) all quantum stochastic processes live on the QED
Hilbert module Γ, over the momentum algebra � of the
atom,

(ii) � is the momentum W*-algebra L∞(p) generated
by {eip · k; k ∈ Rd},

HS λ pσ ak σ,
+

e
ik– q⋅

g0 k( ) ak σ, e
ik q⋅

g0 k( )+( )
k σ,
∑=

≈ λ p ak σ,
+

e
ik– q⋅

g0 k( ) ak σ, e
ik q⋅

g0 k( )+( ),
σ
∑

R
d

∫

ω k( )

ak σ, ak' σ',
+,[ ] δσ σ', δ k k'–( ).=

Ut
λ( )

 := e
it HS HR+( )

e
it HS HR λHI+ +( )–

.

U
t /λ2

λ( )
 =: U t( )

λ 0→
lim

U t( ) 1 As
+

Fg( ) –ip( )d ip( )+
As Fg( )d–(

0

t

∫+=

– ip( )+
Fg Fg( )– ip( )ds )U s( ),
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(iii) � is defined as the �-linear module generated
by the set,

(14)

(15)

(iv) for each n ∈ N, the module inner (not scalar)
product on (L2(Rd) ⊗ �)⊗n, as a right module on L∞(p),
is defined as

(16)

(v) As,  in Eq. (3) are free annihilation and cre-
ation operators on the Free Fock module Γ character-
ized by the commutation relations

(17)

and, if p1 denotes the momentum operator on the one-
particle space of the QEM field,

(18)

The two relations (7) and (8) characterize the Fock
module as a right Fock module over L∞(p) in the sense
that the scalar product

computed using (8) and (7) gives exactly the expres-
sion (6).

F f t( ) := St f( ) k( )e
ikq–

e
ikp

k,d

R
d

 

∫
⎩
⎪
⎨
⎪
⎧

∫ f  is Schwartz function on Rd

⎭
⎪
⎬
⎪
⎫

,

St f k( ) := e
itω k( )–

f k( ),

α1 F f 1
⊗( ) α2 F f 2

⊗( ) ⊗(

⊗ … αn F f n
⊗( ) β1 Fg1

⊗( ) β2 Fg2
⊗( ) ⊗

⊗ … βn Fgn
⊗( ) ) := αh βh,〈 〉

L
2

R
d( )

h 1=

n

∏

× u1… un k1… kndd

R
d

∫dd

R
d

∫

× e
iuhkhp

f h kh( ) Suh
gh( ) kh( )( )e

i Σ
1 r h n 1–≤ ≤ ≤

urkrkh 1+

,
h 1=

n

∏

As
+

A α F f⊗( )A
+ β Fg⊗( ) α β,〈 〉 F f Fg( ),=

F f Fg( ) u ke
iukp

f k( ) Sug( ) k( ),d

�
d

∫d

�
n

∫=

pA
+ α F f⊗( ) A

+ α Fp1 f⊗( )p.=

〈A
+ α1 f 1⊗( )…A

+ αn f n⊗( )Φ,

A
+ β1 g1⊗( )…A

+ βn gn⊗( )Φ〉

The meaning of the limit (2) is the following. One
introduces the so-called collective creation–annihila-
tion operators:

(19)

(20)

where S, T ∈ R with S ≤ T and f is a Schwartz function.

With these notations, the main result of [3, 4] can be
stated as follows: for any n, m ∈ N, S1, T1, …, Sn, Tn, ,

, …, ,  ∈ R, f1, …, fn, and Schwartz functions

, …, , the matrix element of the evolution opera-

tor  

(21)

converges, as λ  0, to the corresponding matrix ele-
ment of the evolution operator Ut which solves the limit
equation (3), i.e.,

(22)

where U† means U or U* and Ψ (resp. Φ) is the vacuum
vector of the QED Hilbert module Γ ((resp. the original
Fock space).

A simpler proof of this result was given in [5] and a
diagrammatic approach to the result was developed in
[6, 7].

In the following we will study the same type of con-
vergence for the expectation values of the evolved num-
ber operator.

2. PHOTON STATISTICS: 
STATEMENT OF THE PROBLEM

In this paper, we consider the following problem:
given the dynamics defined by the evolution equation (3)
of Section (1.2), determine the photon statistics at time
t under the condition that the field was in the vacuum
state at time 0.

Aλ S T f, ,( )

:= λ t e
itkp–

e
ikq

ak⊗( )St f k( ) k,d

R
d

∫d

S/λ2

T /λ2

∫

Aλ
+

S T f, ,( )

:= λ t e
itkp

e
ikq

ak
+⊗( )St f k( ) k,d

R
d

∫d

S/λ2

T /λ2

∫

S1'

T1' Sm' Tm'

f 1' f m'

U
t /λ2

λ( )

〈Aλ
+

S1 T1 f 1, ,( )…Aλ
+

Sn Tn f n, ,( )Φ,

U
t /λ2

λ( )†
Aλ

+
S1' T1' f 1', ,( )…Aλ

+
Sm' Tm' f m', ,( )Φ〉

〈A
+ χ S1 T1,[ ] f 1⊗( )…A

+ χ Sn Tn,[ ] f n⊗( )Ψ,

U† t( )A
+ χ S1' T1',[ ] f 1

'⊗( )…A
+ χ Sm' Tm',[ ] f m

'⊗( )Ψ〉,
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Since the photon statistics is determined by the
number operator, we introduce a generalized number
operator of the form

(23)

for a sufficiently regular measurable function G:
�d  � (what we need is that, for any pair of
Schwartz functions f, f ', the integral

(24)

is a bounded operator on �S). Given the operator (23)
as input, we define, for any time t > 0, the forward out-
put process as

(25)

and the backward number process as

, (26)

which describe the interacting radiation statistics.

3. THE NUMBER DISTRIBUTION 
IN THE WCL

The commutation rule between (S, T, f ) and the
number operator N(G) defined by (23) of Section 2 is

(27)

N G( ) := G k( )ak
+
ak

k

∑ 1 G k( )ak
+
ak

k

∑⊗≅

≈ 1 G k( )ak
+
ak

R
d

∫⊗

F f ' TGF f,〈 〉  := τ k f 'GSτ f( ) k( )e
2iτkp

d

R
d

∫d

R

∫

Λ+
λ( )

t( ) := U
t /λ2

λ( )
1 G k( )ak

+
ak

k

∑⊗
⎝ ⎠
⎜ ⎟
⎛ ⎞

U
t /λ2

λ( )*

Λ–
λ( )

t( ) := U
t /λ2

λ( )* 1 G k( )ak
+
ak

k

∑⊗
⎝ ⎠
⎜ ⎟
⎛ ⎞

U
t /λ2

λ( )

Aλ
+

G k( )ak
+
ak

R
d

∫⎝ ⎠
⎜ ⎟
⎛ ⎞

Aλ
+

S T f, ,( ),

=  λ t G k( ) kd

R
d

∫d

S/λ2

T /λ2

∫

× e
itk'p

e
ik'q

ak
+
ak ak'

+,[ ]⊗( )St f k'( ) k'd

R
d

∫

=  λ t e
itkp

e
ikq

ak
+⊗( )G k( )St f k( ) k.d

R
d

∫d

S/λ2

T /λ2

∫

Denote by MG the multiplication operator, in momen-
tum representation, by the function G. By the definition
of the unitary group {St}t  0 (see (5) of Section 1.2) the
operator MG commutes with any St.

We will investigate the matrix elements of the num-
ber operator N(G) in the collective number vectors, i.e.,
expressions of the form

(28)

,

where in order to have nontrivial result, we consider n,
m, and ε such that

(i) n + m = 2N is even;

(ii) ε ∈ {0,  and |{j ∈ {1, …, n} : ε( j) = 0}| >
|{j ∈ {1, …, n} : ε( j) = 1}|; |{j ∈ {n + 1, …, n + m} :
ε( j) = 1}| > |{j ∈ {n + 1, …, n + m} : ε( j) = 0}|.

We fix two atomic vectors ξ, η ∈ �S and we study
matrix elements of the form

(29)

,

where

(i)  < n/2;

(ii) (n + h) > m/2;

(iii) n + m = 2N,  = N for some N.

By the definition (9), (10) (see Section 1.2) of ,
(29) is equal to

Φ A
ε 1( )

S1 T1 f 1, ,( )…A
ε n( )

Sn Tn f n, ,( ) G k( )ak
+
ak

R
d

∫⎝ ⎠
⎜ ⎟
⎛ ⎞

 ,

× A
ε n 1+( )

Sn 1+ Tn 1+ f n 1+, ,( )

× …A
ε n m+( )

Sn m+ Tn m+ f n m+, ,( )Φ

1}+
2N

ξ Φ Aλ
ε 1( ), S1 T1 f 1, ,( )…Aλ

ε n( )
Sn Tn f n, ,( ) ∫,

× G k( )ak
+
ak kd

R
d

∫ Aλ
ε n 1+( )

Sn 1+ Tn 1+ f n 1+, ,( )

× …Aλ
ε n m+( )

Sn m+ Tn m+ f n m+, ,( )Φ η

ε h( )
h 1=
n∑

ε
h 1=
m∑

ε h( )
h 1=
n m+∑

Aλ
±
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(30)

An important step in our investigation is to understand
the second scalar product of (30), i.e., denoting 2N =
n + m,

(31)

The CCR imply that for any x, y,

(32)

and this formula allows one to bring all the  in
(31) near to η. Repeatedly using (32), the scalar product
(31) becomes the product of

(33)

and

(34)

By the CCR, the first scalar product in (30) can also be
calculated, and is equal to

(35)

where  means that the corresponding object is
absent.

λn m+
t1… tn m+ k1… kn m+dd

R
n m+( )d

∫d

Sn m+ /λ2

Tn m+ /λ2

∫d

S1/λ2

T1/λ2

∫

× Sth
f h( )ε h( )

kh( )
h 1=

n m+

∏

× kG k( ) 0〈 |ak1

ε 1( )…akn

ε n( )
ak

+
akakn 1+

ε n 1+( )…akn m+

ε n m+( )
0| 〉d

R
d

∫

× ξ e
it1k1p–

e
ik1q

( )
ε 1( )

… e
itn m+ kn m+ p–

e
ikn m+ q

( )
ε n m+( )

η,〈 〉 .

〈ξ e
it1k1p–

e
ik1q

( )
ε 1( )

e
it2k2p–

e
ik2q

( )
ε 2( )

,

× … e
it2Nk2Np–

e
ik2Nq

( )
ε 2N( )

η〉.

e
ixq

e
iyp

e
ixy–

e
iyp

e
ixq

=

e
ik jq±

ξ i 1–( )ε h( )
thkhp

h 1=

2N

∑–
⎝ ⎠
⎜ ⎟
⎛ ⎞

ηexp,

i trkhkr 1–( )1 ε r( )– ε h( )+

1 h r 2N≤ ≤ ≤
∑–

⎝
⎜
⎛

exp

+ i thkhkhδ1 ε h( ),

h 1=

2N

∑ ⎠
⎟
⎞

.

δ k kα–( )δ k kβ–( )

α r n: ε r( ) = 0≤{ }∈
β r m: ε n r+( ) = 1≤{ }∈

∑

× 0〈 |ak1

ε 1( )…akα
…akn

ε n( )
akn 1+

ε n 1+( )…akβ

+ …akn m+

ε n m+( )
0| 〉,

…

Now we introduce a shift to rewrite the , .
Let us denote

(36)

(37)

(38)

(39)

and

(40)

With these notations, we know that

(41)

(42)

t j's k j's

u := tα, v  := tβ,

s j := 

t j, if j 1 2 … α, 1–, ,=

t j 1– , if j α 1 … β 1–, ,+=

t j 2– , if j β 1 … 2N ,, ,+=⎩
⎪
⎨
⎪
⎧

S j'  := 

S j, if j 1 2 … α, 1–, ,=

S j 1– , if j α 1 … β 1–, ,+=

S j 2– , if j β 1 … 2N ,, ,+=⎩
⎪
⎨
⎪
⎧

T j'  := 

T j, if j 1 2 … α, 1–, ,=

T j 1– , if j α 1 … β 1–, ,+=

T j 2– , if j β 1 … 2N ,, ,+=⎩
⎪
⎨
⎪
⎧

f  := f α, g := f β

g j := 

f j, if j 1 2 … α, 1–, ,=

f j 1– , if j α 1 … β 1–, ,+=

f j 2– , if j β 1 … 2N ,, ,+=⎩
⎪
⎨
⎪
⎧

z j := 

k j, if j 1 2 … α, 1–, ,=

k j 1– , if j α 1 … β 1–, ,+=

k j 2– , if j β 1 … 2N, ,+=⎩
⎪
⎨
⎪
⎧

εα β, j( ) := 

ε j( ) j, if j 1 2 … α, 1–, ,=

ε j 1–( ), if j α 1 … β 1–, ,+=

ε j 2–( ), if j β 1 … 2N ., ,+=⎩
⎪
⎨
⎪
⎧

0〈 |ak1

ε 1( )…akα
…akn

ε n( )
akn 1+

ε n 1+( )…akβ

+ …akn m+

ε n m+( )
0| 〉

=  0〈 |az1

εα β, 1( )
…az2N

εα β, 2N 2–( )
0| 〉,

i 1–( )ε h( )
thkhp

h 1=

2N

∑–

=  –i 1–( )
εα β, h( )

zhp iuk– p+ivkp,
h 1=

2N 2–

∑

trkhkr 1–( )1 ε r( )– ε h( )+

1 h r 2N≤<≤
∑
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(43)

,

and

(44)

So, (30) is equal to

(45)

=  srzhzr 1–( )
1 εα β, r( )– εα β, h( )+

1 h r 2N 2–≤<≤
∑

+ v zhk 1–( )
εα β, h( )

h α=

β 2–

∑ shzhk 1–( )
εα β, h( )

h β 1–=

2N 2–

∑+

– shzhk 1–( )
εα β, h( )

v zhk 1–( )
εα β, h( )

h 1=

α 1–

∑+
h α=

2N 2–

∑

– u zhk 1–( )
εα β, h( )

h 1=

α 1–

∑ vkk–

:= srzhzr 1–( )
1 εα β, r( )– εα β, h( )+

1 h r 2N 2–≤<≤
∑

+ � sh'zh{ }h 1=
2N 2– ε α β u v k, , , , , ,( ) vkk–

thkhkhδ1 ε h( ),

h 1=

2N

∑ vkk shzhzhδ1 εα β, h( ), .
h 1=

2N 2–

∑+=

λ2
u vd

Sβ/λ2

Tβ/λ2

∫d

Sα/λ2

Tα/λ2

∫
α r n: ε r( ) = 0≤{ }∈

β r m: ε n r+( ) = 1≤{ }∈

∑

× k G Su f α( )Sv f β( ) k( )λ2N 2–
s1d

S1' /λ
2

T1' /λ
2

∫d

R
d

∫

× … s2N 2– z1… z2N 2–dd

R
2N 2–( )d

∫d

S2N 2–' /λ2

T2N 2–' /λ2

∫

× Ssh
gh( )

εα β, h( )
zh( ) 0〈 |az1

εα β, 1( )
…az2N 2–

εα β, 2N 2–( )
0| 〉

h 1=

2N 2–

∏

× ξ i 1–( )
εα β, h( )

zhp
h 1=

2N 2–

∑– iukp– ivkp+
⎝ ⎠
⎜ ⎟
⎛ ⎞

ηexp,

× i srzhzr 1–( )
1 εα β, r( )– εα β, h( )+

1 h r 2N 2–≤<≤
∑–

⎝
⎜
⎛

exp

+ i shzhzhδ1 εα β, h( ),

h 1=

2N 2–

∑ ⎠
⎟
⎞

× i� sh'zh{ }h 1=
2N 2– ε α β u v k, , , , , ,( )–( ).exp

Comparing with [4], what is really new is the factor

�({sh'zh , ε, α, β, u, v, k), which according to the
definition, is equal to

(46)

Since there is no zhzr–factor in the term �({sh'zh ,
ε, α, β, u, v, k), we can repeat the discussion of Sec-
tions 4 and 6 of [4] to find the limit of (45). This gives
the following result:

Lemma 1. If ε ∈ {0,  (this implies that for any
α ∈ {r ≤ n: ε(r) = 0} and β ∈ {n ≤ r ≤ n + m: ε(r) = 1},

εα, β defined as before is in {0, ), the limit of
(45), as λ  0, exists and is equal to zero

Now we consider an ε ∈ {0,  (with 2N = n + m).
It is known (see [4] for the proof) that there is exactly

one noncrossing pair partition, say {lh,  of the
set {1, 2, …, 2N}, such that

(47)

(48)

Now we introduce some new notions about pair par-
titions.

Definition 1. A pair (α, β) is said to be admissible

for {lh,  if there is an h = 1, 2, …, N, such that
α = lh and β = rh. For a given n ≤ 2N – 1, (α, β) is said

to be the minimum admissible pair of {lh, 
around n, if

(i) (α, β) is admissible to {lh, ;

(ii) α ≤ n, β ≥ n + 1;
(iii) for any for any j = 1, …, N, if lj > α (it follows

form the non-crossing principle that rj < β), then either
rj ≤ n or lj ≥ n + 1.

Remark 1. Clearly, for each N ∈ N, n = 1, 2, …2N – 1

and a noncrossing pair partition {lh, , there

}h 1=
2N 2–

v zhk 1–( )
εα β, h( )

h α=

β 2–

∑ shzhk 1–( )
εα β, h( )

h β 1–=

2N 2–

∑+

– shzhk 1–( )
εα β, h( )

h α=

2N 2–

∑ v zhk 1–( )
εα β, h( )

h 1=

α 1–

∑+

– u zhk 1–( )
εα β, h( )

h 1=

α 1–

∑ v zhk 1–( )
εα β, h( )

h α=

β 2–

∑=

– shzhk 1–( )
εα β, h( )

h α=

β 2–

∑ v u–( ) zhk 1–( )
εα β, h( )

.
h 1=

α 1–

∑+

}h 1=
2N 2–

1}–
2N

1}–
2N 2–

1}+
2N

rh}h 1=
N

lh{ }h 1=
N

j 1 … 2N, ,{ }: ε j( ) = 0∈{ };=

rh{ }h 1=
N

j 1 … 2N, ,{ }: ε j( ) = 1∈{ };=

l1 l2 … lN; lh rh, h∀< < < < 1 … N ., ,=

rh}h 1=
N

rh}h 1=
N

rh}h 1=
N

rh}h 1=
N
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exists a unique minimum admissible pair of {lh, 
around n.

Lemma 2. For any N ∈ N, ε ∈ {0,  which

determines the noncrossing pair partition {lh, 
and α, β ∈{1, 2, …, 2N} (with α < β). Define

(49)

Then, ,  is the noncrossing pair
partition of the set {1, 2, …, 2N – 2} determined by

εα, β ∈ {0,  if (α, β) is admissible for

{lh, .

Proof. A trivial calculation.
Again, thanks to the fact that there is no zhzr-factor in

�({sh'zh , ε, α, β, u, v, k)

the contributions to the limit (45) of the factor

 

are (as argued in [4]) zero except for the term deter-
mined by the noncrossing pair partition

, 

That is, the only possibly nonzero contribution if the
factor

�({sh'zh , ε, α, β, u, v, k)

could be forgotten and has the form

(50)

rh}h 1=
N

1}+
2N

rh}h 1=
N

l j
α β,( )

 := 

l j, if j 1 2 … α, 1–, ,=

l j 1– , if j α 1 … β 1–, ,+=

l j 2– , if j β 1 … 2N ,, ,+=⎩
⎪
⎨
⎪
⎧

r j
α β,( )

 := 

r j, if j 1 2 … α, 1–, ,=

r j 1– , if j α 1 … β 1–, ,+=

r j 2– , if j β 1 … 2N ., ,+=⎩
⎪
⎨
⎪
⎧

{lh
α β,( )

rh
α β,( )

}h 1=
N

1}+
2N 2–

rh}h 1=
N

}h 1=
2N 2–

0〈 |az1

εα β, 1( )
…az2N 2–

εα β, 2N 2–( )
0| 〉

{lh
α β,( )

rh
α β,( )

}h 1=
N

.

}h 1=
2N 2–

χ Sα Tα,[ ] χ Sβ Tβ,[ ],〈 〉
α r n: ε r( ) = 0≤{ }∈

β r m: ε n r+( ) = 1≤{ }∈

∑

× χ
S

rh
α β,( )' T

rh
α β,( ),

χ
S

rh
α β,( )' T

rh
α β,( )',

,
h 1=

N 1–

∏

× τ τ1… τN 1– k k1… kN 1– f αGSτ f β( ) k( )ddd

R
Nd

∫ddd

R
N

∫

× g
lh

α β,( )Sτh
g

rh
α β,( )( ) kh( )

h 1=

N 1–

∏

,

where the following changes of variables have been
performed:

(51)

(52)

For this, possibly nonzero, contribution, we have also to
consider the role of the factor

�({sh'zh , ε, α, β, u, v, k). 

This consideration does not eliminate our unique possi-
bly nonzero, term only if under the changes of variables

(52), the factor �({sh'zh , ε, α, β, u, v, k) could be

represented as a function of τ, k, {τx, .

Lemma 3. The quantity �({sh'zh , ε, α, β, u,
v, k) can be represented as a function of τ, k,

{τx,  if (α, β) is the minimum admissible pair of

{lh,  around n.

Theorem 1. The limit, as λ  0, of (30) exists and
is equal to 

(53)

where {α, β} = { , } is the minimum admissible

pair of {lh,  around n; {lh,  is the restric-

× ξ i τhkhp
h 1=

N 1–

∑ iτkp+
⎝ ⎠
⎜ ⎟
⎛ ⎞

ηexp,

× i τxkxkyχ ly ry,( ) lx( )
1 x y N 1–≤<≤

∑⎝ ⎠
⎜ ⎟
⎛ ⎞

exp

kx := z
rx

α β,( ), x∀ 1 2 … N 1,–, , ,=

u' := λ2
u; τ := v u'/λ2

; sx'  := λ2
s

lx
α β,( );–

τx := s
rx

α β,( ) sx' /λ
2
, x∀– 1 2 … N 1.–, , ,=

}h 1=
2N 2–

}h 1=
2N 2–

kx}x 1=
N

}h 1=
2N 2–

kx}x 1=
N

rh}h 1=
N

χ Sα Tα,[ ] χ Sβ Tβ,[ ],〈 〉 χ
S

rh
α β,( )' T

rh
α β,( ),

χ
S

rh
α β,( )' T

rh
α β,( )',

,
h 1=

N 1–

∏

× τ τ1… τN 1– k k1… kN 1– f αGSτ f β( ) k( )ddd

R
Nd

∫ddd

R
N

∫

× g
lh

α β,( )Sτh
g

rh
α β,( )( ) kh( )

h 1=

N 1–

∏

× ξ i τhkhp
h 1=

N 1–

∑ iτkp+
⎝ ⎠
⎜ ⎟
⎛ ⎞

ηexp,

× i τxkxkyχ ly ry,( ) lx( )
1 x y N 1–≤<≤

∑⎝ ⎠
⎜ ⎟
⎛ ⎞

i τhkhk
h h0=

j0 1–

∑⎝ ⎠
⎜ ⎟
⎛ ⎞

,expexp

lh0
rh0

rh}h 1=
N

rh}h h0=

j0
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tion of the noncrossing pair partition {lh,  on the
set {α, α + 1, …, β}.

Theorem 2. As λ  0, the limits of the forward
(36) and the backward (II) output number operators
exist. Moreover, the limit of the forward output number
operator (36) is equal to

(54)

and the limit of the backward output number operator
(37) is

(55)

where N(TG) is the usual number operator on the Free
Fock module Γ, which is defined

for any n ∈ N, ε ∈ {0, 1}n, such that ∀k = 1, 2, …, n,

(56)

and

(57)

Remark 2. Notice that in (40), we have e2iτkp but not
eiτkp, since the number operator also contributes a fac-
tor eiτkp.

4. MEAN VALUES
OF OUTPUT NUMBER OPERATORS

Denote, for any atomic state ξ (Ψ being the vacuum
state after the stochastic limit),

(58)

using the techniques of quantum stochastic calculus on
the QED module [8], one has

(59)

rh}h 1=
N

Λ+ t( ) := U* t( ) 1 N TG( )⊗( )U t( )

Λ– t( ) := U t( ) 1 N TG( )⊗( )U* t( ),

j = k k 1+ … n: ε j( ) = 1, , ,{ }
≥ j = k k 1+ … n: ε j( ) = 0, , ,{ } ,

N TG( )A
+ χ1 F f 1

⊗( )…A
+ χn F f n

⊗( )

:= A
+ χ1 TGF f 1

⊗( )…A
+ χn F f n

⊗( ),

N TG( )B BN TG( ) := N BTG( ), B∀ �.∈=

V t TG,( ) := ξ Ψ U* t( ) 1 N TG( )⊗( )U t( )( )Ψ,〈 〉ξ,〈 〉 ,

V t TG,( ) ξ Ψ at1

� 1( )
at2

� 2( )
 d

0

t1

∫d

0

t

∫
� 0 1±,{ }n∈

∑
n 0=

∞

∑,,=

× … at2

� n( )
1 � TG( )⊗( )d

0

tn 1–

∫

× bs1

σ 1( )
bs2

σ 2( )… bsm

σ m( )Ψd

0

sm 1–

∫d

0

s1

∫d

0

t

∫
σ 0 1±,{ }m∈

∑
m 0=

∞

∑ ξ ,

where

(60)

and

(61)

(62)

Lemma 4. In (59) the sum  (resp.

) can be replaced by the sum 

(resp. ).

Proof. If �(k) = +1, then the operator  =

(Fg)(–ip) must act on the vacuum state which

gives zero. So we can replace the sum  by

the sum . Similarly, the sum 

can be replaced by the sum .

Lemma 5. Denote

(63)

Then
(i) V0, n(t, TG; �, σ) and Vn, 0(t, TG; �, σ) are zero;
(ii) for n, m ≥ 1, Vn, m(t, TG; �, σ) = 0 if

(64)

is not verified.
Proof.
(i) In the term V0, m(t, TG; �, σ) (resp. Vn, 0(t, TG; �, σ),

we have always a quantity like 〈Ψ, (1 ⊗ �(TG))γ〉 (resp.

dau
�
 := 

dAu
+

Fg( ) ip–( ), if �– 1=

ip–( )+
dAu Fg( ), if � 1–=

X+du, if � 0,=⎩
⎪
⎨
⎪
⎧

dbv
σ
 := 

dAv
+

Fg( ) ip–( ), if σ 1=

ip–( )+
dAv Fg( ), if σ– 1–=

X–du, if σ 0,=⎩
⎪
⎨
⎪
⎧

X+ := – ip–( )+
Fg Fg( )–+ ip–( ) p

2
Fg Fg( )–,–=

X– := – ip–( ) Fg Fg( )–– ip–( ) p
2

Fg Fg( )–.=

� 0 1±,{ }n∈∑
σ 0 1±,{ }m∈∑ � 0 1–,{ }n∈∑

σ 0 +1,{ }m∈∑
datk

� k( )

dAtk

+
–

� 0 1±,{ }n∈∑
� 0 1–,{ }n∈∑ σ 0 1±,{ }m∈∑

σ 0 +1,{ }m∈∑

Vn m, t TG; � σ, ,( )

:= ξ Ψ at1

� 1( )
at2

� 2( )… at2

� n( )
1 � TG( )⊗( )  d

0

tn 1–

∫d

0

t1

∫d

0

t

∫,,

× bs1

σ 1( )
bs2

σ 2( )… bsm

σ m( )Ψd

0

sm 1–

∫d

0

s1

∫d

0

t

∫ ξ .

1 � h( )
h 1=

n

∑+
⎝ ⎠
⎜ ⎟
⎛ ⎞

2

1 σ h( )
h 1=

n

∑–
⎝ ⎠
⎜ ⎟
⎛ ⎞

2

+ 0=
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〈γ, 1 ⊗ �(TG)Ψ〉) with γ ∈ Γ. Therefore, V0, m(t, TG;
�, σ) = Vn, 0(t, TG; �, σ) = 0.

(ii) If (64) is not true, then we have, in the expression
Vn, m(t, TG; �, σ),

(iia) more dA less dA+, or
(iib) more dA+ less dA, or
(iic) r'sdA (in the left hand side of the number oper-

ator) and r's dA+ (in the right hand side of the number
operator) with r ≥ 2.

In the cases (iia) and (iib), we have always an anni-
hilator acting on the vacuum vector, which gives zero.
In order to treat the case (iic), denote the time variables
of the r’s dA (resp. the r’s dA+) as  > … >  (resp.

 > … > ). Since we are considering the vacuum
state, in order to be different from zero, all operators
must be “used” to produce inner products among them-
selves (by mean of the Ito formula). By the noncrossing
principle, denote h := hr, j := j1; the annihilator (g)

should be paired with the creator (Fg). Thus, by
the Ito formula, for such n, m and �, σ,

(65)

By the Ito formula and the property of the number
operator, we know that, for any choice of the functions
M1(t), M2(t), one has

(66)

So, for any x, y ≤ r,  should be larger than 

since  > τ > . The consequence of this fact is that

 commutes essentially with . In the stated

case, we have at least one annihilator acting on the vac-
uum vector giving zero.

Theorem 3. In the notations (61), (62) one has

(67)

Denote, for each n, m, N ∈ N, n, m ≥ 2,

(68)

then

(69)

Remark 3. The forward output number operator can
be investigated similarly. In fact, if in the above discus-
sion we exchange X+ with X–, the forward output oper-
ator is obtained. In the following section we will com-
plete our calculation of the expectation value (58) of
Section 4 by explicitly computing the coefficients
cm, n(t, N).

th1
thr

s j1
s jr

dAth

dAs j

+

Vn m, t TG; � σ, ,( )

:= ξ Ψ at1

� 1( )
at2

� 2( )… ath 1–

� h 1–( ) th
n h–

n h–( )!
------------------  

0

th 1–

∫d

0

th 2–

∫d

0

t1

∫d

0

t

∫,,

× s1… s j 1– ip–( )+
Ath

Fg( )d

0

s j 1–

∫d

0

s j 2–

∫d

0

t

∫

× X+
n h–

1 � TG( )⊗( )X–
j 1–

dAs j

+
Fg( ) ip–( )

× bs j 1+

σ j 1+( )… bsm

σ m( )Ψd

0

tm 1–

∫d

0

s j

∫ ξ .

M1 th( ) ip–( )+
Ath

Fg( )d

0

s j 1–

∫
0

th 1–

∫
× X+

n h–
1 � TG( )⊗( )X–

j 1–
dAs j

+
Fg( ) ip–( )M2 s j( )

=  M1 τ( ) ip–( )+
Fg X+

n h–
TGX–

j 1–
Fg( ) ip–( )

0

th 1– s j 1–∧

∫
× M2 τ( ) τ.d

thx
s jy

thx
s jy

dAthx
dAs jy

+

V t TG,( ) ξ X+
h 1–

ip–( )+
Fg X+

n h–
TGX–

j 1–
Fg( ) ip–( )X–

m j– ξ,〈 〉
1 h n≤ ≤ 1 j m≤ ≤,

∑
n m, 1=

∞

∑=

×

t1 t2… th 1– s1 s2… s j 1– th 1– s j 1–∧( )n m 1 h– j–+ +
d

0

s j 2–

∫d

0

s1

∫d

0

t

∫d

0

th 2–

∫d

0

t1

∫d

0

t

∫
n m 1 h– j–+ +( ) n h–( )! m j–( )!

---------------------------------------------------------------------------------------------------------------------------------------------------------.

cn m, t N,( ) := t1 t2… tn s1 s2d

0

s1

∫d

0

t

∫d

0

tn 1–

∫d

0

t1

∫d

0

t

∫

× … sm tn sm∧( )N
,d

0

sm 1–

∫

V t TG,( ) X+
h 1–

ip–( )+

1 h n≤ ≤ 1 j m≤ ≤,
∑

n m, 1=

∞

∑=

Fg X+
n h–

TGX–
j 1–

Fg( ) ip–( )X–
m j–

×
ch 1– j 1–, t n m 1 h– j–+ +,( )

n m 1 h– j–+ +( ) n k–( )! m j–( )!
-----------------------------------------------------------------------------------.
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5. THE EXPLICIT FORM 
OF THE cm, n(t, N)

From the above discussion, we know that in order to
determine completely the output operators, we have to
determine the explicit form of the coefficients {cm, n(t,
N)}. This section is devoted to this purpose.

Lemma 6. The coefficients cm, n(t, N) (cf. (11) of
Section 4) satisfy the relations

(70)

(71)

(72)

Proof (70) and (71) are obtained by direct calcula-
tion. The equality (72) can be obtained as follows. First
notice that

Denoting

then one has

(73)

Proof. In fact,

cn m, t N,( ) cm n, t N,( ), n∀ m N,∈,=

d
dt
-----cn m, t N,( ) cn 1– m, t N,( ) cn m 1–, t N,( ),+=

cn m, 0 N,( ) 0, cn 0, t N,( ) N!t
N n+

N n+( )!
--------------------,= =

cn 1, t N,( ) n 1+( )nt
N n 1+ +

N 1+( ) N 2+( )… N n 1+ +( )
-----------------------------------------------------------------------.=

n 2.≥

cn 1, t N,( ) c1 n, t N,( )=

=  s1 s2… sn t1 t1 sn∧( )N
.d

0

t

∫d

0

sn 1–

∫d

0

s1

∫d

0

t

∫

s1 sm
k … sm =: Im k( ),ddd

t s1 … sm 1–≥ ≥ ≥
∫

Im k( ) t
k m+ k!

k m+( )!
--------------------.=

Im k( )
sm 1–

k 1+

k 1+
------------ s1… sm 1–dd

t s1 … sm 2–≥ ≥ ≥
∫=

=  Im 1– k 1+( ) 1
k 1+
------------ Im 2– k 2+( ) 1

k 2+( ) k 1+( )
----------------------------------=

=  … Im α– k α+( ) k!
k α+( )!

-------------------=

=  I1 k m 1–+( ) k!
k m 1–+( )!

-----------------------------

and, thus, 

Consider that the integral (73) follows

This implies that, form m ≥ 2,

In conclusion, c1, m(t, N) is given by formula (72).
Therefore,

I1 ν( ) s1s1
ν

d

0

t

∫ t
ν 1+

ν 1+
------------.= =

t1 t1 s∧( )N
d

0

t

∫ t1t1
N

d

0

s

∫ s
N

t1d

s

t

∫+=

=  
t

N 1+

N 1+
-------------

0

s

s
N

t s–( )+ s
N 1+

N 1+
------------- s

N
t s

N 1+
–+=

=  s
N 1+ 1

N 1+
------------- 1–⎝ ⎠

⎛ ⎞ s
N
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=  –
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-------------s
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N
t
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-------------s–⎝ ⎠
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c1 m, t N,( ) := s1 s2… sm s1 sm∧( )N
d

0

sm 1–

∫d

0

s1

∫d

0

t

∫
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N

t
N

N 1+
-------------sm

N 1+
–⎝ ⎠

⎛ ⎞dd

t s1 … sm 1–≥ ≥ ≥
∫

=  t
t

N m+
N!

N m+( )!
--------------------- N

N 1+
-------------t

N 1 m+ + N 1+( )!
N 1 m+ +( )!

-------------------------------–

=  t
N m 1+ + N!

N m+( )!
--------------------- 1 N N 1+( )

N 1 m+ +( ) N 1+( )
------------------------------------------------–

=  t
N m 1+ + N!

N m+( )!
---------------------

× N
2

N N 1 mN m N
2

– N–+ + + + +
N 1 m+ +( ) N 1+( )

--------------------------------------------------------------------------------------

=  …( ) N 1 mN m+ + +
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------------------------------------------------
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Lemma 7. cn, m(t) has always the form

(74)

Proof. From (71), one obtains that

(75)

By applying again (71) to the second term of the right-
hand side of (75), we find that

(76)

∂tc1 1, t N,( ) = 2t
N 1+ N!

N 1+( )!
-------------------- = c0 1, t N,( ) c1 0, t N,( ).+

Cn m, t N,( ) an m,
N!

N n m+ +( )!
-------------------------------t

N n m+ +
.=

cn m, t N,( ) cn 1– m, t1 N,( ) t1d

0

t

∫=

+ cn m 1–, t1 N,( ) t1.d

0

t

∫

cn m, t N,( ) cn 1– m, t1 N,( ) t1d

0

t

∫=

+ cn 1– m 1–, t2 N,( ) t1 t2dd

0

t1

∫
0

t

∫

+ cn m 2–, t2 N,( ) t1 t2dd

0

t1

∫
0

t

∫ cn 1– m, t1 N,( ) t1d

0

t

∫=

+ cn 1– m 1–, t2 N,( ) t1 t2dd

0

t1

∫
0

t

∫

+ cn 1– m 2–, t3 N,( ) t1 t2 t3ddd

0

t2

∫
0

t1

∫
0

t

∫

+ cn m 3–, t3 N,( ) t1 t2 t3ddd

0

t2

∫
0

t1

∫
0

t

∫ …=

=  … cn 0, tm( ) t1… tmdd

0

tm 1–

∫
0

t1

∫
0

t

∫

+ … cn 1– m h–, th 1+( ) t1… th 1+ .dd

0

th 1–

∫
0

t1

∫
0

t

∫
h 0=

m 1–

∑

By (72), the first term of the right-hand side of (75)
is equal to

Moreover, the second term of the right-hand side of
(75) depends only on n – 1, therefore (75) gives an iter-
ation formula to determine {cn, m(t)}n, m ∈ N.

Lemma 8. The coefficients (am, n) in (74) have the
form

(77)

Proof.

Now suppose that

…
ntm

N n+

N 1+( ) N 2+( )… N n+( )
-------------------------------------------------------------- t1… tmdd

0

tm 1–

∫
0

t1

∫
0

t

∫

=  
nt

N n m+ +

N 1+( ) N 2+( )… N n m+ +( )
-------------------------------------------------------------------------.

am n,
n m+

m⎝ ⎠
⎛ ⎞ n m+( )!

n!m!
--------------------.= =

a1 1, a0 1, a1 0,+ 2,= =

a2 1, a1 1, a2 0,+ 2 1+ 3,= = =

a3 1, a2 1, a3 0,+ 3 1+ 4,= = =

an 1, n 1+ n 1+
1⎝ ⎠

⎛ ⎞ ,= =

an 2, an 1– 2, an 1,+ an 1– 2, n 1+( )+= =

=  an 2– 2, m m 1+( )+ + an 2– 2t, k
k n=

n 1+

∑=

=  an 3– 2, n 1–( ) k
k n=

n 1+

∑+ + an 3– k
k n 1–=

n 1+

∑+=

=  … an α– 2, k,
n α– 2+

n 1+

∑+=

α 1 2 … n 1; an n 1–( )– 2,–, , , a1 2, a2 1, 3,= = = =

an 2, 3 k
k 3=

n 1+

∑+ k
k 1=

n 1+

∑= =

=  1/2 n 1+( ) n 2+( ) n 2+
2⎝ ⎠

⎛ ⎞ .=

an α,
n α+

α⎝ ⎠
⎛ ⎞ ,=
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then

we stop at n – β = 1 ⇔ β = n – 1, which gives

So the induction is true if

.

By induction this is equivalent to

which is identically satisfied. In fact the left-hand side
of the identity

is equal to

In conclusion, (76) holds.

an α 1+, an 1– α 1+,
n α+

α⎝ ⎠
⎛ ⎞+=

=  an 2– α 1+,
n 1– α+

α⎝ ⎠
⎛ ⎞ n α+

α⎝ ⎠
⎛ ⎞+ +

=  an 2– α 1+,
k α+

α⎝ ⎠
⎛ ⎞

k n 1– n 2–( ) 1+= =

n

∑+

=  an 3– α 1+,
n 3– α+

α⎝ ⎠
⎛ ⎞ k α+

α⎝ ⎠
⎛ ⎞

k n 2–( ) 1+=

n

∑+ +

=  an 3– α 1+,
k α+

α⎝ ⎠
⎛ ⎞

k n 3–( ) 1+=

n

∑+

=  … an β– α 1+,
k α+

α⎝ ⎠
⎛ ⎞ ;

k n β–( ) 1+=

n

∑+=

an α 1+, a1 α 1+,
k α+

α⎝ ⎠
⎛ ⎞

k 2=

n

∑+=

=  1 α+
α⎝ ⎠

⎛ ⎞ k α+
α⎝ ⎠

⎛ ⎞
k 2=

n

∑+ k α+
α⎝ ⎠

⎛ ⎞ .
k 1=

n

∑=

k α+
α⎝ ⎠

⎛ ⎞
k 1=

n

∑ n 1 α+ +
α 1+⎝ ⎠

⎛ ⎞=

n α+
α 1+⎝ ⎠

⎛ ⎞ n α+
α⎝ ⎠

⎛ ⎞+ n α 1+ +
α 1+⎝ ⎠

⎛ ⎞ ,=

n
k 1+⎝ ⎠

⎛ ⎞ n
k⎝ ⎠

⎛ ⎞+ n 1+
k 1+⎝ ⎠

⎛ ⎞=

n!
k 1+( )! n k– 1–( )!

----------------------------------------------

+
n!

k! n k–( )!
----------------------- n!

k! n k– 1–( )!
-------------------------------- 1

k 1+
------------ 1

n k–
-----------+

=  …( ) n k– k 1+ +
k 1+( )n k–

------------------------------ …( ) n 1+
k 1+( )n k–

----------------------------=

=  
n 1+( )'

k 1+( )! n k–( )!
------------------------------------- n 1+

k 1+⎝ ⎠
⎛ ⎞ .=

Combining Lemma 8 with (74) we obtain

Therefore, using the notation:

we find

and from the identity

we finally obtain

(78)

cn m, t( ) n m+
m⎝ ⎠

⎛ ⎞ N!
N n m+ +( )!

-------------------------------t
N n m+ +

=

=  
n m+( )!
n!m!

-------------------- N!
N n m+ +( )!

-------------------------------t
N n m+ +

=  
1

n!m!
----------- N n m+ +

n m+⎝ ⎠
⎛ ⎞ 1–

t
N n m+ +

.

Φ h j n m, , ,( )

:= X+
h 1–

ip–( )+
Fg X+

n h–
TGX–

j 1–
Fg( ) ip–( )X–

m j–
,

V t TG,( ) Φ h j n m, , ,( )
1 h n≤ ≤ 1 j m≤ ≤,

∑
n m, 1=

∞

∑=

×
ch 1– j 1–, t n m 1 h– j–+ +,( )

n h–( )! m j–( )! n m 1 h– j–+ +( )
-----------------------------------------------------------------------------------

=  Φ h j n m, , ,( )
h j,
∑

n m,
∑

× 1
n h–( )! m j–( )! n m 1 h– j–+ +( )

---------------------------------------------------------------------------------

× 1
h 1–( )! j 1–( )!

------------------------------------- n m 1–+
h j 2–+⎝ ⎠

⎛ ⎞ 1–
t

n m 1 h– j– h 1– j 1–+ + + +

=  Φ h j n m, , ,( ) n m 1–+
h j 2–+⎝ ⎠

⎛ ⎞ 1– n m h– j–+
n h–⎝ ⎠

⎛ ⎞
h j,
∑

n m,
∑

× h j 2–+
h 1–⎝ ⎠

⎛ ⎞ 1
h j 2–+( )!

---------------------------t
n m 1–+

h j 2–+( )! n m 1 h– j–+ +( )!
n m 1–+( )!

--------------------------------------------------------------------------

× h j 2–+
h 1–⎝ ⎠

⎛ ⎞ 1
n m h– j– 1+ +( )! h j 2–+( )!

--------------------------------------------------------------------------

=  
1

n m 1–+( )!
-----------------------------,

V t TG,( ) X+
h 1–

ip–( )+

j 1=

m

∑
h 1=

n

∑
m n, 1=

∞

∑=

× Fg X+
n h–

TGX–
j 1–

Fg( ) ip–( )X–
m j–

× t
n m 1–+

1
n m 1–+( )!

----------------------------- n m h– j–+
n h–⎝ ⎠

⎛ ⎞ h j 2–+
h 1–⎝ ⎠

⎛ ⎞ .
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