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isometries of a Riemannian manifold) or too big (e.g. the group of all diffeomorphisms
of a manifold ). For this reason the theory could not go much beyond the framework of
homogeneous spaces, which is too narrow for the applications to quantum physics.

The difficulties of constructing concrete examples (not to speak of a general classifica-
tion theory ) of unitary representations of non locally compact groups such as the group of
diffeomorphisms of a manifold are well known and they are related to the non-existence of
a satisfactory analogue of the Haar measure on such groups as well as to the non-existence
of a natural exponential map onto these groups from the formal analogue of their Lie
algebras, i.e. the Lie algebra of all the smooth vector fields on the manifold.

On the other hand, as soon as one tries to restrict oneself to sub-classes of vector fields,
better behaved with respect to the exponential map (complete vector fields), one runs into
difficulties, provided by well known counterexamples, which show that these vector fields
are not even a linear space 2.

For this reason, the considerable information presently available on infinite dimen-
sional Lie algebras, is essentially of an algebraic type and does not allow to construct a
class of unitary representations sufficiently wide for the basic applications to physics.

A new approach ! to the problem was based on the idea of constructing a representa-
tion, not of the Lie algebra of vector fields, but of the family of flows associated to them.
If v is a vector field (all objects mentioned are smooth, unless otherwise is specified) on
a manifold M, the flow associated to it, in the time interval [s,t], shall be denoted by
T,(s,t). Thus, by definition, T,(s,t) € Dif f(M) and for any point £ € M, the curve

X(2):=Ty(s,2)X ; z € [s,1] (1.1)

is the trajectory of the vector field starting at z at time s.

Notice that, in this approach, a flow is determined by a diffeomorphism of M and a
time interval [s,t]. The family of flows, associated to a given family of vector fields, has a
natural structure of groupoid (heuristically a groupoid is a group in which the compostion
law is not defined for all pairs of elements).

This structure is defined by the prescription that the composition of the flow T,(z, s)
with the flow T,,(2',s") is well defined if and only if s = 2z’ and in this case it is given by
the piecewise smooth flow T(z,s'), defined by

_[Tlzr)  ifrelss
T(z,r) = ﬁﬂs?,l ifr€s,s] -

which, intuitively, means that a trial particle would follow the trajectory of the v-field, in
the time interval [z, s], and the trajectory of the w-field in the time-interval (s,s] (recall
that 2/ = s)).

The groupoid obtained by applying this construction to the family of all vector fields,
was called ! the symmetry groupoid of the manifold M and it was suggested that the
kinematical quantum observables associated to the manifold M arise from unitary rep-
resentations of this symmetry groupoid through considerations similar to those used to
deduce the form of standard kinematical observables (position, momentum, spin, ...) from
symmetry arguments based on unitary representations of a locally compact Lie group (the
symmetry group of the theory).

The first step to realize this program was to construct a family of concrete non-trival
unitary representations of this symmetry groupoid and to ma:m_w 25.: generators. It was
shown ! that, if M is an orientable manifold and = : H — M is a Hilbert v:.:&a over M
(i-e. a fiber bundle with base M and fiber a Hilbert space), then to every unitary vE.v.:&
transport on the bundle H, one can associate, in a natural way, a unitary representation
of the symmetry groupoid of M acting on the space of square integrable (for any fixed
volume form on M) cross-sections of the bundle H. . . .

In the present paper we start from a generalization of this noan_dn:m.v: based on the
following remark: To the flow T,(s,t) on M, we can associate the continuous oriented
curve (cf.section(5))

r € [s,t] > Ty(s,r) € Dif f(M) (1.3)

on Dif f(M). Now, the family of all continuous curves on UQMQ(C has a E&.:ZL mnﬁmnn:nm
of groupoid: the curve v can be composed with the curve § if the end voE.n of v is the
starting point of §; in this case their composition gives u,:ﬁ.v:\ the curve A;:nF as w.mon,
coincides with the union of v and § (i.e. of their points) with an orientation .&mnﬂ.._.Eu&
by the fact that the points of v preceed those of §. We call this the path groupoid of M (see
section (3) for a precise definition). N

From the above considerations it is clear that the path groupoid includes pvm symmetry
groupoid of M. It is therefore natural to try to extend to the path mnocvo-m‘ the above
mentioned construction of the unitary representation of the symmetry m«ocvo&.

We achieve this extension by means of a generalization to groupoids of the theory
of induced representations, as described, e.g., by Warner 16, .; »...p.nn our results can be
considered as a confirmation of Warner’s statement '®: “..it is mn..:ﬂnza ne. have at hand
a geometrical interpretation of the inducing Snmwnz..udr.:,. What is the ueu:.s of the Mng.
cedure? It appears to be this: once the... definition of ::Ntm.n& .ﬂnﬁﬂnuaann?a:.. has been
formulated in the language of fiber bundles, important generalization of the entire process
1 iately suggest themselves...” ) )
~SSMNMMMM nommn::nnm& a class of unitary representations of the path mno.:vo_@, acting on
the space of square integrable sections of the bundle H, we prove that if V is any such
representation and v any continuous curve on Dif f(M v., the unitary owonwno._. v, moow. not
depend on 7 itself, but only on its equivalence class (with respect to a relation described
i tion (3)). o
" mmoﬂrw @mucvwann groupoid of the path groupoid by Smw equivalence relation is %ros. to
be a group, and in fact it is nothing but the path group introduced by Z.Zw:mrvr .mnwnsum
from a completely different point of view. In fact zobmwK had wrﬁ.u considered, in some
particular cases the construction of the unitary representation mentioned above.

REMARK. One should be aware that we are using the words “path group” and ;_oo.v
group” with a meaning different from that of Pressley and Segal 13 where the product is

defined pointwise.

2. Unitary induced representations and Hilbert G-bundles

In this section we shortly recall the geometric version '*'® of the induced representa-
tion and outline its equivalence to the usual way of introducing it.
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3. Groupoids of curves and their actions

Let X be a topological space. A parameterized oriented curve on X, shortly a curve
on X, is a continuous function v : [a,b) — X where a,b€ R. Let I'(X) denote the family
of curves on X. If v : [a,b] — X is such a curve, we denote

iy = y(a) = initial point of ~; ©+ = v(b) = final point of v (3-.1)

Composition between two curves + : [a,6) = X; §: [b',c'] — X is defined if and only if
b=1b"; ¥(b) = §(b")

In this case the composite curve is denoted by & 0 v and is defined by

IS m:i
(Fo )i = ﬁ 504 1 e T a_w (22)

Notice that the orientation should be read from right to left: first one runs along «,
then along 6. This composition law defines, on I'(X), a natural structure of groupoid. If
I' C I'(X) is a subgroupoid and H 5 M is a Hilbert bundle, a parallel transport on H
along the curves of I' is a map U such that

Y€T = U, € Iso(H,,;H,,) (3.3)

(where Iso(H.; Hy) denotes the unitary isomorphisms from H. to H,) with the property
that, if 7,6 € I' can be composed in the sense of (3.2), then

Usoy =Uso U, € Iso(Hi ;H,.) (3:4)

We shall be interested in the case in which it is given a manifold M and one considers
groupoids of curves on

X := G = a subgroup of Dif f(M)
If v: [a,b] = G is such a curve we associate to 7 a family of curves on M defining
Qﬁ?v = AQAWVVA@V te TfS«Nv € M

For each p € M, v, : [a,b] = M is called the p-projection of v. Notice that, in the
notations (3.1):
= 1(P) = 9(a)P) = (@) @y, = () = 9(D)(p) = 4(b,p);  VpeE M

Moreover, if v : [a,b] = G and & : [b,c] = G can be composed in the sense of (3.2) then
for any p € M one has

(609)p = 8yyp 0%

This identity implies that, for any p € M, and for § and + as above,

P(som), = Sxymyp(c) = (c)[¥(b)p] = pspy(p)
i.e. the map v + . defines an action on M, of the groupoid of all the curves on G.

Let G be a groupoid of curves on G and denote by Pp(G) the groupoid of all the
p-projections of the curves of G on M, when p varies among all the points of M. If H 5 M
is a Hilbert bundle and U is a parallel transport H along the curves of P (G), one can
define an action of G on H by:

yv:i=U,v Y€G, PEM, vEH; , = al_ﬁmqﬁv (35)

The action is well defined because any point z € M can be written in the form z = i,p
for some p € M, since i, is a diffeomorphism of M. Moreover this action is admissible, in
the sense of Definition (2.1), in fact:

74, =U,H;, =H, ; ~v€GpeM

THEOREM (3.1)
Let be given:
- a manifold M,
- a subgroup G of Dif f(M);
- a groupoid G of curves on G
- a Hilbert bundle H 5 M.
Then any parallel transport U on H, along the curves of Pys(G), defines a structure

of G-bundle on H.
PROOF.

From the discussion above.

If M is orientable and w is a fixed volume form on M, we can associate to the G-bundle
H, the induced representation (2.2). This representation will be called the representation
induced by the parallel transport U. It is a natural generalization of the representation
constructed by Accardi '. In the following Section we shall prove that, in the conditions
of the Theorem (3.1) above, there exists a group P(G) canonically associated to G and an
homomorphism «, from G onto P(G) with the property that for any parallel transport U
the projection of G on M and the representation of G, induced by U, factorizes through
the homomorphism a and a representation V of P(G) so that V,(y=V,.

Moreover, we shall prove that P(G) coincides with the path group introduced by
M.Mensky °.
The path group and its subgroups

We outline here the construction of the path group. We refer to the works of Mensky
9:10.11 for more details. Let X and I'(X) be defined as before. Two curves of I'(X) are
called equivalent if one of them can be obtained from the other by the following operations:
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Therefore for any 7o € A, one has
d'(p,q) —d'(7,m0) < d'(n0,6) Vy€A,, Vs€A4,

so

d"(p,q) — d'(v,m0) < ,n%\m d'(no,6) =d"(r,q) Vye€A,

This implies
d'(p,q) = d"(r,q) < d'(v,m) V7Y€ A4,

and therefore

d"(p,q) —d"(r,q) < inf d'(v,m) = d"(p,r)
YEA,

which is the triangle inequality.

The following result ® will play a crucial role in the investigation of the irreducibility
conditions for imprimitivity systems associated to induced representations of G-bundles.

THEOREM (3.3). If G is a polish group, i.e. a metrizable, separable, complete
topological group, then also the path group P(G) is polish.

The importance of polish groups in representation theory is due to the following

THEOREM ($.4). (Dixmier *) If G is a polish group and K is closed normal subgroup
then there exists a Borel section for the canonical projection 7 : G — G/K

For the use of Borel section see section (6) in the present work. More extensive
treatment is given elsewhere °.

4. Induced representation of path groups and parallel transports

Suppose now that H 5 M is a Hilbert fiber bundle on the orientable manifold M with
the volume form w and associated measure u. Let G be a transitive group of diffeomor-
phisms of M and U a unitary parallel transport on a groupoid A of curves in G.

PROPOSITION (4.1). On HS M there is a natural structure of Hilbert P(G)-
bundle.

PROOF.

We have to construct a compatible action of P(G) on M and H. To do this one has just
to mimic the preceding procedure for the path groupoid. If we define (7, z) := c(pq, ),
where ¢(+, ) is the function defined in section (2), then the induced representation has the
canonical form

V@) =l 2)2yf (v (=) v € P(G),  fe LA(M,dy;H) (41)

In the case M = G the isotropy group of any point p € M is given by L(G), the loop
group. The image under the inducing representation is just Hol(U) i.e. the holonomy
group of the parallel transport.

1"

5. One parameter subgroups and generators

There is a natural way to associate one parameter groups of P(G) to one parameter
groups of G. Let g(y : R — G be a one parameter group of G. Define

Y%:[0,] =G ;5 y(s)=g, ; Vse0t] (5.1)

It is possible to prove that different s,t give rise to different elements of the path group,
1.e.

s#t= [yl # ) (5.2)

This allows us to define
qe = 7] (5-3)

Moreover one can prove that
9t9s = Qt+s (5.4)

Thus q(.) : R — P(G) is a one parameter subgroup of P(G). Now let g, be a one-parameter
subgroup associated to a complete vector field v so that

Vg 5= % : VreM (5.5)

t=0
and let 7¢, g¢ be as in (5.3),(5.4). Then (q.) is a one-parameter subgroup of P(G) and it is
not difficult to see that for any f,h € L?(M, u; H) the map t € R — (V,, f,h) = (V,, f, h)
is measurable (where V' is the representation (4.1)). Von Neumann theorem implies that
Vy. = V,, is strongly continuous so we can apply Stone theorem to get the existence of a

selfadjoint operator A such that )
<4. = <e. = n.:»

In order to compute the explicit form of A we need two preliminary results.

LEMMA (5.1)

In the above notations, if V denotes the covariant derivative, then:

(Vuf)(z) = lim > (v~ f(7ez) - £(2))

t—0 ¢

PROOF. By definition of covariant derivative

(Vo)) =
= lim (Ut 2((302))™ ou(=) = £(2)
= wﬁw:quﬁ.V:x?rvv-_:ss?: - f(2))

= lim WAQ.I_\.AQ.HV - \A.ﬂvv

t—o ¢t
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