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Abstract

We study the Strassen’s law of the iterated logarithm for diffusion processes for small values of
the parameter. For the Brownian Motion this result can be obtained by time reversal, a technique
which is not easy to reproduce for diffusion processes. A number of examples and applications
are discussed. © 1998 Elsevier Science B.V. All rights reserved.

1. Introduction

Let B be a k-dimensional Brownian Motion. The law of the iterated logarithm (LIL)
states that

, | Bu |

lim sup ————1— = /2.

u—>+o£) vJuloglogu
This law has been extended by Strassen (1965) in a functional form: for ¢ € [0, 1] and
u>e set

But

Vuloglogu’

so that for every u B, is a r.v. taking values in the space of paths %. Let 4" be the
set of the absolutely continuous paths f satisfying f(0) = 0 and fol | /(1) |> de<2.
Then {Eu}u>e is relatively compact in the uniform topology and " is the set of its
limit points as u — +oco.

An extension of this law to diffusion processes was proved by Baldi (1986). Con-
sider a diffusion process Y starting from x and let {I}},~0 be a suitable family of
contractions with fixed point x for every a>0. For ¢ € [0,1] and u>e set

Eu(t) =

20 =T friogioge Yuo)-
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Under suitable assumptions on the diffusion coefficients of the SDE driving 7, {Z~M}u>g
is relatively compact in the space of the continuous paths starting from x equipped
with the supnorm and the set of the limit points as u — +oco is given by a compact
set that can be explicitly described as the level set of the rate function associated with
a suitable system of small random perturbations.

One might ask if these LILs hold also when u — O%. It is well known for the
Brownian motion that

B,

lim supézx/z. (1.1)
u—0+ /uloglogu=!

A functional version of this law has been studied by Mueller (1981) and recently

Gantert (1993) has given a new proof of this Strassen’s law for small time: for ¢ €

[0,1] and u<e™!, setting

1
————Bu,
vuloglogu=1

then {B,}o<u<i is relatively compact and the set of its limit points as u — 0% is
again. It should be remarked that whereas Eq. (1.1) can be easily derived from the
classical LIL by time reversal, Eq. (1.2) requires some work.

In this paper we study a functional LIL for diffusion processes (not necessarily
Gaussian): if we consider the family {Z,}o<,<; defined by

Z() =T g (Yu)

for t€[0,1] and u < @i(<e~'), then we prove that it is relatively compact for u — 0
and we determine its limit set C. Such a result holds in the space of the explosive
paths if the explosion time of Y is finite with positive probability. As in the case
u — 400, C is a level set of the rate function A associated to a system of small
random perturbation (l;u, G,), where l;u and 6, are strictly connected with the diffusion
coefficients of Z, (see Eq. (2.4)). This is the content of Section 3, where a general
theorem is proved making use of results of large deviations, which are summarized in

B,(t) = (1.2)

Section 2.

In the following sections we give examples. First, we treat a functional LIL for
iterated Ito integrals, from which a related result for the Lévy’s stochastic area pro-
cess follows, thus giving a small-time counterpart of the LIL obtained by Berthuet
(1986). Also, we show an LIL for small time for the principal invariant diffusion of
the Heisenberg group, as a consequence of a more general result concerning invariant
diffusions of simply connected nilpotent Lie groups.

It is worth to point out that in most of the examples above the limit sets turn out to
be the same both for large and small time, although, in general, such a property does
not hold. It should also be pointed out that, unlike the case u — 400, in these results
the drift coefficient plays no role.

Finally, it is worth mentioning that the technique used to prove the main theorem
is similar to the one which is developed in Baldi (1986). One could even say that our
proof consists on the remark that the techniques developed for u — +oo also work
for u — 0". However, this allows us to study some non-trivial examples which have
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attracted some interest in recent years. See Gantert (1993) in which the case of the
functional LIL for u — 0" has been studied using time reversal, a completely different
technique.

2. Some preliminary results

Let U be an open set of R", %Y be the set of the continuous paths u : [0,1] — U
and €U the subset of €V of the paths starting from x, i.e. u(0) = x. We shall write
%™ and 6™ when U = R™. Endowed with the supnorm, ¢¥ is a Banach space.
We shall denote by d the induced metric.

Let 4, be the Cameron—Martin space, i.e. the subset of %{ of the absolutely
continuous paths whose derivative is square integrable on [0, 1]. It is a Hilbert space
with scalar product (4,g)x, = (#',9")i2o,1))> Where &’ and g' denote the derivatives
of h and g, respectively. We shall denote by | - |; the norm on #, induced by the
scalar product: |h, = ||| 2qo.1). We set Ay = {f € Hw; 3| [ 3 <1}

Let (2, %,P) be a probability space on which a k-dimensional Brownian Motion B
is defined and consider the following diffusion process ¥ on U:

dY, = b(Y,)dt + &(Y;)dB,,
Yo=rx, (2.1)

where x € U, G is a m x k matrix field on U, b is a vector field on U. Its infinitesimal
generator is

R g ;0
L= ;aij<y)m + Zb(y) e (22)

where @ = G6'. We first suppose that

Assumption (G). The explosion time
t=inf{t > 0; ¥, ¢ U}

is a.s. infinite.

Such hypothesis will be relaxed afterwards.

Now, we want to define a family of diffusion processes {Z, }.c(,1), whose elements
are suitable transformations of ¥ which allow to deduce a law of the iterated logarithm
for Y. To this purpose we need the following definition, which has been preliminarly
introduced in Baldi (1986):

Definition 2.1. For « > 0, let I}, : U — U be a %? bijective transformation having
continuous derivatives up to order 2. The family {I},},~0 is said to be a system of
contractions centered at x if

(a) I'(x) =x for every o > 0;

(b) if a=p then | I(y) — I(z) | < | Ip(y) —Ip(z) | for every y, z € U;
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(¢c) I =1d and I,-1 = I,"'. Moreover, for every compact subset K of U and
¢ > 0 there exists 6 > 0 such that if | «ff — 1 | < J then

|F10Fﬁ(y)_y|< &

for every y € K.
Let i =e¢~' AZ. For u € (0,ir), set

G(u) = loglogu™!, Y(u) = VuG(u)
and for ¢ € [0,1]
Z,(1) = Fw(u)(Yut)s (2.3)

where Y is defined by Eq. (2.1) and I' is a system of contraction centered at x, the
starting point of Y. By Ito’s formula and time change, Z, is the solution of the SDE

AZ,(1) = BUZu(1) di + ——6,(Z,(1)) dB™,
u

VG(u)
Z.(0)=x, (2.4)

where BE“) = 1/y/uB,; is a k-dimensional Brownian Motion and

bu(y) = uLTyu(z) (2.5)

2=l ()

G.(y) = Y(u)grad Iy (2)

= (1)) (2.6)

where L is defined by Eq. (2.2).
From now on we set the following hypothesis:

Assumption (4). (i) There exist a matrix field ¢ and a vector field » on U such that
lim By(y) = b(y),
Jim Gu(y) = a(y)

uniformly on compact subsets of U.
(ii) b,,6,,b,0 are Lipschitz continuous on compact subsets of U.
(iii) For f € #} and x € U the solution g = S,(f) of the Cauchy problem

g1 ="b(g:) + a(g) f7,
go=x (2.7)
is defined on the whole interval [0, 1].

Assumption (A) not only ensures the uniqueness of the solution Z, of Eq. (2.4),
but also allows us to apply some well-known results of large deviation theory to the
system of small random perturbation (b,,6,), which are only an improvement of the
classical results due to Azencott and Priouret (see e.g. Azencott, 1980; Priouret, 1982)



L. Caramellino | Stochastic Processes and their Applications 74 (1998) 1-19 5

and whose proofs can be found in Baldi and Chaleyat-Maurel (1986) (see, in particular,
Theorems 1.1 and 2.1). They can be summarized in the following way.
We recall the Cramér functional A and the Cramér transform A:
46V — [0, 400]

Mg)=inf{3 | f[}; g =S} (2.8)
and +oo0 if the above set is empty;

A BEY) — [0, +00]

A(4) = inf Ag), (2.9)

ged
where #(%Y) denotes the Borel o-field.
Under Assumption (A), 4 is lower semicontinuous and for a € R the set {g; A(g9)<a}

is a compact subset of U. Moreover, Assumption (A) ensures that the family of prob-

abilities on #(%Y) induced by {Z,}o<u < satisfies a large deviation principle with the
good rate function 4, i.e. for every 4 € (%), if 4 is open then

1
lim inf logP(Z, € A)= — A(A) (2.10)
u—0t G u)
and if A4 is closed then
1
lim sup logP(Z, € A)< — A(A). (2.11)
u—0*t G(u)

Finally, under Assumption (A) also the following result holds:

Theorem 2.2. Let a > 0 be fixed. For every p > 0, R>0, there exists uy > 0,0(>0
such that for every f with A(f)<a if g = Sx(f) then

B, f> <% dZug) > P) <exp{_Gfu)}

Sfor every u<ugy, o<oy.

3. The main theorem

In this section we shall prove the following:

Theorem 3.1. Under Assumption (A) the family {Z,}o<u<z is relatively compact and
the set

C={g; Mg)<1}
is the limit set of {Z,}o<u<i when u — 0 a.s.

In order to prove Theorem 3.1 we need the next results.
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Proposition 3.2. Under Assumption (A),

lirgl+ d(Z,,C)=0 as.

Proof. If C/={g; d(gy,C)>¢}, then there exists 6>0 such that A(C.)>1 + .
Indeed, if by contradiction A(C.) = 1, by Eq. (2.9) one could build a sequence
{gn}n C C. such that lim, o, A(g,) = A(C]) = 1. Obviously, for every n large g, €
{f; Mf)<2} which is compact: there exists a subsequence {g,, }+ converging to g €
C!. By the lower semicontinuity of 1

I =lim inf X(g,,) > A(9)
so that g € C. Therefore, A(C/)>1+ 6 for some 6>0. By Eq. (2.11)

1
lim sup logP(Z, € C))< — (1 +9).

u—0* G(M)

Thus, for j large and for every ¢ < 1

P(Z.; € C))<exp{—(1 + §)G(c/)} = Cﬁ_llit

so that by Borel-Cantelli lemma P(lim sup,{d(Z.;,C)>¢}) = 0, i.e. lim; oo d(Z.;,C)
=0 as.

Using a procedure similar to that developed in Deuschel and Stroock (1986) (Lemma
1.4.3) or Baldi (1986) (Section 2), it is not hard to prove now that lim,_,o+ d(Z,,C)
=0 a.s. and we give here a sketch of this proof.

Set ¢c€(0,1) and j sufficiently large in order that d(Z.;,C)<e, ¢ being arbitrarily
small. Thus, for u € [¢/1!,c/],

d(Zus C) < ”Zu - ZcfH + d(ZcfsC)
< et [Ty Tyeen(Zer) = Zetll + sup. | Ty (Yur) = Ty (Yer) |-
refo,
By the first part of this proof {Z.}; is a.s. norm bounded: for every ; sufficiently

large, Z.; € K = {z; | z | <M} and notice that M may be choosen such that K C U.
Moreover, for every u € [c¢/*!,c/],

W(u)
1> ) =/,

so that if ¢ is sufficiently close to 1, using (b) of Definition 2.1, we obtain
1Ty Tyer(Zer) = Zes|| <.

Furthermore, recalling that (u) is increasing for any small value of u, by (b) of
Definition 2.1

[Ty (Yur) = Dypy(Yei) | < [ Fyerny(Yur) — Tyerery(Yeir)|-
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We can then write

d(Zua C) <2+ sup |Fl//(c/+‘)(Yut) - FW(C/'“)(YCUN
t€[0,1]

<2+ sup [y (Yur) = Dyeerny(Yeis)|-
0<s<1

Adding and substracting the terms Z,;+1(¢) and Z_;+1(s) and using (c¢) of Definition 2.1,
we have

d(Z,, C)<de+ Sup |Zoi1(t) — Zpini ().
0<s<1

Let now g € C such that || Z.+1 —g|| < d(Z.+1,C)+e¢. Then, in particular, || Z,.+1 —g|| <
2¢ and the above estimate may be written as

d(Z,,C)<8¢+sup sup |g(t) — g(s)|.
geC o

Recalling that C is compact, Ascoli-Arzela’s theorem ensures the existence of a ¢ such
that the second term of the r.h.s. does not exceed ¢, and this concludes the proof. [

Proposition 3.3. Let g € C be such that J(g)<1. Then for any ¢>0 there exists c, <1
such that for every c<c,

Pd(Z.i,9) < ei.0.)=1.

Proof. The statement is well known when k =m, b =0, ¢ =1d, i.e. as

Z(t) = B,(t) = Bus

A/ uG(u)

and the compact C coincides with the set #'y = {f € #i; 1|f ﬁ< 1} (see Gantert,
1993 or Mueller, 1981): for any f € 4,

1 j .
P| || ———=B"" <egilo. | =1.
v G(c))

For the general case we shall make use of the last equation and of Theorem 2.1. Let
g € C be such that A(g)<1: there exists f € A such that g = S\(f). For ¢ > 0 and
o > 0, setting

-/

1 j
Fi=||l——=B“) — 1| < a}, H ={||Z.; —g| < ¢}.
we obtain by Theorem 2.2
2 const
. ¢ — —
PN H) <o | 5 | =
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being R>2, ¢<1, j large and o sufficiently small. Then by Borel-Cantelli lemma
P(F;NH} i.0.) =0 so that

1 = P(F; i.0.)<P(F; N H; i.0.) + P(F; N Hf i0)<P(H; i0.). [

Proof of Theorem 3.1. By Proposition 3.2 for any ¢>0 there exists a.s. uy such that
d(Z,,C)<¢/2 for every u<uy. By compactness of C one can find a finite number of
balls of radius ¢ whose union contains {Z,}o<,<y- Now, let

n : [ug,a] — %Y,
u— 7z,

By Definition 2.1 and Eq. (2.3), n is continuous a.s. so that {Z,},, <u<z iS compact
a.s.

The second part of the proof of Theorem 3.1 now follows from Proposition 3.3
which ensures that all points in C are actually limit points. [

Corollary 3.4. Let E be a topological space and let F:4Y — E be a continuous
mapping. Then {F(Z,)}o<u<z is relatively compact and its limit set is F(C).

We analyze now the asymptotic behavior of the family {Z,}, when the explosion
time of Y is finite with positive probability. In such a case, the diffusion Y takes its
values in the set &Y of the explosive paths (see [Azencott, 1980, Ch. III] for details):
if U UJ denotes the Alexandroff’s compactification of the open set U, then &V is
given by the continuous trajectories ¢:[0,1] — U U such that gy = x and such that if
g, = 0, 0<t9< 1, then g, = J for any ¢ € [ty, 1]. The explosion time 1(g) of g € &V
is defined as

1(g) = inf{r>0: g, = 6}

and 1(g)= + oo if g,€ U for every t€[0,1]. The topology on &Y is induced by
the following convergence: {g,}, C &Y converges to g€ &Y if {g,}, converges to
g uniformly on the compact subsets of [0,7(¢g)[. Notice that the space €Y of the
continuous paths from [0,1] to U, starting from x easily becomes the open subset
{g€ 6,10,11,U); (g) = +oo} of 67,

Let now {I';}4>0 be a family of contraction on U, centered at x (as in Definition
2.1). In the case we are going to study, also the process

Z!' = Iy (Yur)

as u € (0,i1), i < e”!, takes its values in &Y. Under an additional assumption on
the family {I',},, one can generalize Theorem 3.1 to the space &Y. We first prove an
easy result Wthh analyzes the compactness properties in the space V. The symbols

U
a% and A o denote the closure of the set 4 in ¥V and &Y, respectively.

Lemma 3.5. Let A be a relatively compact subset of €V. Then

_(67U _6[1
A" =4"

and so A is relatively compact in Y too.
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=&Y — .
Proof. Let g € A%+ there exists a sequence {g, },CA such that g,"~> g in &,([0,1],U).
_pU
Since Aé" is a compact subset of (gf] , one can determine a subsequence {g,, }x con-
verging in (59 to g € (65 If 7(g)<oo then for every ¢<7t(g) one obviously has
gr =4, and thus 6 = lim,jy) g = limy1¢y) §, € U which gives a contradiction. Thus,

_qpU _oU
i =i o

Theorem 3.6. Suppose that
lim I',(y)=n=x,
o—00

uniformly on the compact subsets of U. Then, under Assumption (A), the family
{Z}o<u<i is a.s. relatively compact in &Y and the set

C={ge%); Ap<1}
determines its limit points as u — 07,

Proof. We shall make use here of standard localization arguments which allow to
apply Theorem 3.1.

Let G be an open subset of U containing x such that, for a suitable 6 > 0, the
closure of its d-neighborhood G° is strictly contained in U. Let us denote ¢ a ¥
function such that ¢ =1 on G and ¢ = 0 out of G°. Set b= b-@ and 6 = G- ¢. Let
now Y denote the (strong) solution of Eq. (2.1) with diffusion coefficients 5 and 6.
Since both drift and diffusion coefficient are equal to zero out of G? and recalling that
Gb C U, the explosion time of the diffusion Y is equal to infinity, a.s. Set 13u and 6,
the fields defined in Egs. (2.5) and (2.6), respectively, built using b and 6. It follows
that

bu(z) = @(Ty1(2)) bu(z) and  Gu(z) = @(T;;1(2))0u(z)
and thus, recalling that ¢ = 1 near x, part (i) of Assumption (A) ensures that
bu(z) = b(z) 6u(z) — o(z) u— 0F as.

uniformly on the compact subsets of U. This allows to prove that Assumption (A) is
verified by the diffusion coefficients driving Y. Therefore, setting Z”; =1 l/,(u)(}; u) and
using Theorem 3.1, the family {Zw}o<u<u— is a.s. relatively compact in ngU and the set
C is the set of its limit points as u tends to 0.

Now, if 75 denotes the exit time of Y from G, we can write

{2 wei = {2 Yocuctona U{Z" Y epnicu<i

For any fixed uy>0, the map 7 : [ug, +00) — &Y, n(u)(t) = Z! = Lyw)(Yu) is contin-
uous and thus {Z"}: ri<u<i = N([f6 A i, i]) is a.s. compact in &Y. Moreover,

{Zu}0<u<fp,/\17 = {Zu}0<u<fGAﬂ C{Z/\u}ugu'- (31)
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Since this last set is relatively compact in €Y (as previously proved), by Lemma 3.5
it is actually relatively compact in &Y. Thus, the first statement is proved. Concerning
the second one, it is sufficient to recall Eq. (3.1): the limit set has to coincide with
the limit set of {Zw}o<u<g and therefore it is just C. [J

4. Applications

The results contained in Section 3 can be applied to the simplest case.

Proposition 4.1. Suppose that b and é are Lipschitz continuous on the compact sub-
sets of R™ and set Y the solution of Eq. (2.1). Then the family
Yu—x

Vuloglogu=!

is a.s. relatively compact in &Y and the set of its limit points when u — 0% is

C:{g; g =x+dx)f, féjk}-

Z,(t) =x+

Proof. Let us suppose x = 0 (otherwise, take ¥, = ¥, —x). To apply Theorem 3.6 we
only need to check Assumption (A) with

Fayzg.

Indeed, in such a case by Egs. (2.4) and (2.5)
Gu(y) = 6)y),  bu(y) = ——b((u)y).

W(u)

By Lipschitz conditions one easily has
lim G,(»)=36(0).  lim b,(y)=0

uniformly on compact sets. Thus (i) and (ii) hold. Moreover, the solution of the Cauchy
problem (2.6) is

g: = 6(0) f
which is actually defined on [0,1]. [J

Obviously, if Y is defined as the solution of Eq. (2.1) up to time 1, the above
compactness property hold in €Y.

The counterpart of the Strassen’s law of the iterated logarithm for small time becomes
now an immediate consequence of the above proposition: if B denote an m-dimensional
Brownian Motion, setting for ¢ € [0,1] and u € (0,e™")

But
vuloglogu=1

then the family {B,} is relatively compact and its limit set as u — 0" is %}, =
{feHy: %\ f |?<1}. Such property has been proved by Gantert and Mueller (see

B,(t) =
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Gantert, 1993; Mueller, 1981). It is worth to mention that although we made use of
a particular case of their results (see Proposition 3.3) Theorem 3.1 may be proved
independently from them so that the Strassen’s counterpart of the LIL is actually a
consequence of Theorem 3.1. Indeed, in Proposition 3.3 we referred to Gantert (1993)
and Mueller (1981) only to deduce that for any f € %%,

1 ) . _
P(HWB f <a1.0.> 1

and this equality can be proved, for example, using large deviation estimates and the
second Borel-Cantelli theorem.

We observe, moreover, that if A, = ¢'(x)6(x) is a non-degenerate matrix then setting
O, =A;'6'(x) one has

C={x+g; g€ HnilOwgli<l}.
In particular, if 6(x) is a unit matrix then
C=x+AH.

We can also give a non-functional LIL (possibly well known) applying Corollary 3.4
to the function F : 67" — R”, F(g) = g(1):

{ o }
—1
v/ uloglogu Ocuzi
is relatively compact on R™ and the set of the limit points as u — 0" is

C'={yeR" ;10 <1}

Remark. The result contained in Proposition 4.1 is actually very simple and of intuitive
meaning. However, it is worth to be remarked that it shows that the LIL may not hold
simultaneously for large and small time and if this should hold then the limit sets
would not necessarily coincide. Indeed, for s>e set
Yy —
V(1) = _dw X +x
v/sloglogs
and consider the family {V;};. Then, for every fixed s, V; is a diffusion process
(see Baldi, 1986) with drift b, and diffusion coefficient (¢(s))~ /26, being ¢(s) =

v/sloglogs and

~ Ky
bo(y)= —
(») o(5)

G5(¥) = (p(s)y +x).

b(p(s)y + x),

Now, in order to apply Theorem 2.1 in Baldi (1986), it is necessary that both b, and
6, do converge as s — + oo, uniformly on compact sets. For example, if b is constant
and different from 0, then the drift explodes and therefore no convergence result can be
deduced for {¥;}; (in contrast to the LIL for small time, which always holds, subject
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to the Lipschitz property of the diffusion coefficients). If on the contrary 5 = 0 and
there exists lim,| _, o 6(y) = o, uniformly on the compact subsets of R™, one can
then apply Theorem 2.1 in Baldi (1986): the family {V;}s~. is relatively compact and
its limit set as s — + 0o is

=19 go=x+af, f€ A}

which, compared with the set C given by Proposition 4.1, is not (in general) the set
of the limit points of the LIL for small time.

In the following, we study situations which have been treated in Baldi (1986) for
u — ~+oo. Our aim is to compare them with the limits as u — 0.

Let B, = (Bi(?),...,Bu(t)) a m-dimensional Brownian Motion and for / <m consider
the following iterated Ito integral

X(t):“ l/@/a,l ,// dB,,(t/)/ / dB; (). 4.1)

</ being a subset of {1,...,m}. We set for 0 < u < e~ ! and z € (0,1)

Zu(t) = —— X (ut).

lﬁ( )

Proposition 4.2. {Z,}o., .- is relatively compact and the limit points asu — 07
are the paths of the form

g(t)= ai., | fi(t)dt, fi(a)dn,
ll;% / ‘ // / 1)dn
where f € A .

Proof. We now define a suitable diffusion process whose last component is X;: let Y,
be the solution of the following SDE:

dri(¢) = dBi(2),

aY,(1) = dBo(1),
inliZ(t) = YildBiz(t)a
: (4.2)

inliz...ik(t) = Yiln.ik_l dBik(t)y

dX() = ai.i Vi, dB;, ().

iy..iy

Yi=(t),..., Yu(t), Yii (), ..., Yiip..i,(2),...,X(¢)) can be rewritten in the shortest
form

t
nz/ &(Y,)dB,.
0
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where ¢ is an N x m matrix defined by Eq. (4.2). Consider now the following family
of contractions:

Y1 Ym Yiiy Vitig.iy i)

F“y_((x s T T g Tk g )
Note that grad, I',z = I', and 6(I", 'z) = I'; '6(z), so that Egs. (2.5) and (2.6) become
by =0, G.(y)=5(») (4.3)

and Assumption (A) is verified. Therefore, we can apply Theorem 3.1 to the process
Vut) = Tyquy Yur

and its limit set is given by the trajectories which solve
g'(t)=36(g())f'(1),
9(0)=0,

where f=(f1,...,fm)€E H . Note that the above Cauchy problem is easy to solve
recursively. Consider now the projection 7 : RY — R

(yla"'9ym>' . 'ayl'll'z“.ika' . '7x) = X.
Obviously, Z, =n(V,) and the statement holds by Corollary 3.4. [

Let F: %} — R be defined by

g—F(g)=g(1).

By Proposition 4.2 and Corollary 3.4 {F(Z,)}o<y<c—1 is relatively compact. By setting
for f € A,

14 5]
IH=3 a. / rignd [ [ i,
i..if€ 0
we can write the limit set C as u — 07 for {F(Z,)}o<y<e-1 @8
C={J(f) fE€Xn}
Let
M, = J(f),
1= max )

M, = ;IEII%ZJ(J[)

Then, by Corollary 3.4, it immediately follows that

Xy
(4.1) lim sup = M,
u—0+  (y/uloglogu=1y
Xy
(42) lim inf = M,.

u—0+ (y/uloglogu=1)
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Example. Let 2,, denote the set of all the permutations of {1,...,m} and ¢, ;,) the
signature of the generic permutation (iy,...,i,). Suppose £ = m and

iy iy = E(it s im)*

Thus, Eq. (4.1) becomes

which is called the m-dimensional Lévy’s Stochastic Area. By Proposition 4.2

{ () }
(Vuloglogu=ty"J

is relatively compact and the set of the limit points as u — 0" is given by the paths
of the form

tm 1)
SU= Z &, lm)/ 13, (tn) dt, / / fi)dy
(it in)EP 0

as f varies in . By Corollary 3.4 we can also deduce a non-functional LIL as
u — 01 for the Lévy’s stochastic area process:

lim sup ZAC)

u—0t  (\Juloglogu=1)m

Ly (u)
'HO* (v/uloglogu=! )’”

:lm—f

where
1 tm 5]
l, = max S =max » &0 s o (tm dtm/ / rnt)dy (44
s SO0 = 30) [ i [ [ siman @)

(indeed, by symmetry, —M, =M, =1,).

Remark. For iterated Ito integrals, it is important to observe that the limit set C is just
equal to that in the LIL for large time obtained in Baldi (1986) (see Proposition 3.1).
Obviously, also the limit values M| and M, in the non-functional LIL turn out to be
the same as u — 400 (see again Baldi, 1986, Corollary 3.2). This shows that for the
Lévy’s stochastic area the limit value /,, in Eq. (4.4) is the same appearing in the
non-functional iterated logarithm for large time which has been proved by Berthuet
(1986, Section 3, Theorem 3), who also computed the exact value of /,, for any m:
setting
o 0, = (a)l,...,(D[m/z]) € R[m/Z];
o (1), t € R, the vector of R?” whose components are ((sin w;t,cos w;t), 1 <j<m)
Famr1(t) = (ram(2),1) € R2m+l;
An(t) = det(rp(t), ..., 7m(tn)), t = (t, ... tn);
D, ={t=(t1,....tn); 1 < -+ <t,, <1}
e M, = maxg, fDm An(t)dt
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then
4m/2
—M,,, m even,
ln={ Jn
m 4m/2 Mm
, m odd.
m /2

It therefore seems that the same situation of the classical LIL turns out, in which the
behavior of the Brownian Motion for small time can be easily deduced by time reversal
from that as u — 4 oo, an analogy which allows to suggest that some time-reversal
principles might hold also for the Lévy’s stochastic area process.

5. Invariant diffusions on nilpotent Lie groups

In this section we shall prove a functional LIL for u — 0% for particular invariant
diffusions of nilpotent Lie groups. Moreover, we shall apply this result to the principal
invariant diffusion of the Heisenberg group. Again we shall compare our result to the
one treated in Baldi (1986). Let us begin by recalling some useful notions.

Let g = (R,[, -]) be a nilpotent real Lie algebra whose underlying vector space
is RV and G = (R,°) be the nilpotent simply connected Lie group whose product is
defined by the Campbell-Hausdorff formula

geh=g+h+1lg.h+ Slg.[g. k]l + 5[h [hgl] + - .

We set g1 =g, g2 = [0, G1],--->8k+1 = [88k],---,8/+1 = {0} the central lower series
of g. Let

€1,€2,...5€i1,€j 11 15.+.5€iy5...,€/ = €N

be a basis of g adapted to the central lower series, i.e. for every j = 1,2,...,N ¢; € gi \
gyt if ix <j<iry1 (ip=1). For g€ g we denote by g* the kth coordinate on such a
basis.

Let Vi, k=1,2,...,/, be spanned by {e,,...,e;,.,—1}: for every g € g we can write

where g; € V. For >0 consider the transformation

l/
Dozg = Z akgky
k=1

which is an endomorphism of the Lie algebra g such that D;'=D, . By setting
I',=D,, ie.

/
1
k=1

then {I';},~0 is a system of contraction centered at 0.
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Let x¢,x1,...,x, be in g and Xy, X1,...,X, be the corresponding left invariant vector
fields (i.e. X;f(y) =d/dt f(yetx;)|,_p» y €R, f € E(RN)). We write

N
; 0
X=X/ (-
] Vi

where X/(y), j=1,...N, are the coordinates of X;(y) with respect to {ej,...,ey}.
Consider now the differential operator on G

1<,
L=Xo+ 5 > o x (5.2)

i=1

A diffusion process ¥ on G whose generator is of the form given by Eq. (5.2) is said
to be left invariant. If B is a k-dimensional Brownian Motion then Y is the solution
of the SDE

dY(¢) = b(Y(t))dt + 6(Y(¢))dB,,
Y(0) =0,

where
- l —
b(y) = Xo(y) + 5 ) grad Xi(y) - Xi(y)
i=1

and ¢(y) is an N X k matrix such that
Gi(y) = X/ ().
For t €[0,1] and u € (0,e") we set
Z,(t) = Tyy(Yur)s
where I';, is defined by Eq. (5.1). Let f € #; and So(f):[0,1] — G be the solution
of

P'(t)y= ) Xi(e)fi(),
; (5.3)
¢(0) = 0.

Remark 5.1. Sy(f) is well defined: by Baldi (1986), Lemma 4.3, there exists a unique
solution of Eq. (5.3) up to time 1.

For i = 1,...,r let us denote x; = Zj:lx,:,, where x;; € V;, and let X;; be the left
invariant vector field associated to x;;, j = 1,...,7.
Set

C={p:[0,11= G; ¢ =So(f), | € Ai}.
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Theorem 5.2. Suppose that
xxeVi®V, and x;€Vy, i=1,... k (5.4)
Then {Z,}uco) is relatively compact and C is the limit set as u — 0" as.

We shall make use of the following lemma, whose proof may be found in Baldi
(1986).

Lemma 5.3. Let x € g and X be the corresponding left invariant vector field. If x € V;
then for « >0 and y € G

OC?iDo:X(y) =X (Dyy),
grad X(y) = o'D; ! grad X(D,.y) - D,.

Proof of Theorem 5.2. In order to apply Theorem 3.1, we have to prove that Assump-
tion (A) holds. Indeed we show that

Gu(y) =a(y),
lim bu(y) =0

uniformly on compact sets.
By Lemma 5.3

G(Lyy) = W) T ()
and keeping in mind Eq. (2.5) 6,(y) = 6(»). Again by Lemma 5.3

- 1 <
LTywz = Xolyw(@) + 5 Y _ X Ty(@)
i=1

1 r
= TyuwXo(z) + 3 Z Ly grad Xi(z) - Xi(z)
i=1
from which we have

bu(y) = ulywyXo( l/,(u)y) + 5 ZF‘//(U) grad X;( l//(u)J/) Xi( l/,(u)Y)

i=1

= ()~ Ty Dy Xo(¥) + 5 5 wa(m ()™

Ty 8rad Xi() - Ty - W)™ - T Xi()

= S o)+ X0+ 550 )Zgrad)c<y)-)c(y)
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and lim,_¢+ b,(y)=0 uniformly on compact sets. Thus, part (i) of Assumption (A)
holds. Also, (ii) holds for the smoothness of 6, and b, and by Remark 5.1(iii) is
verified.

Finally, note that C is actually the same set which appears in Theorem 3.1. [

Remark. It is easy to see that if there exists i >1 such that x; ¢ V; then the divergence
of 6, as u — 0% will follow; again, if xo & V| ® V, then lim,_ o+ b, = oo. Therefore,
condition (5.4) is actually equivalent to statement (i) of Assumption (A), and thus to
the whole Assumption (A). Therefore, Theorem 5.2 holds for any principal invariant
diffusions.

Remark. As well as in the case of iterated Ito integrals, also for invariant diffusions
of simply connected nilpotent Lie groups the limit set C coincides with the limit set of
iterated logarithm for large time (see Baldi, 1986, Theorem 4.1). However, we point
out that a difference arises in the two situations. Indeed, in the present framework the
ILLs both for small and large time might not hold simultaneously: while for our result
we must require Eq. (5.4), when u— + oo the statement depends only on the vector
field Xy since the constraint is xo ¢ V7, if xg #0. On the other hand, the next example
shows a particular case in which the above hypothesis are all satisfied (because xo = 0
and x; € Vy, i=1).

Example. The principal invariant diffusion of the Heisenberg group.
Let g be the Lie algebra generated by {e,es,e3}, with

[e1,e2] = e3, [e1,e3] = [ez,e3] = 0.

Here /=2, V; is spanned by {ej,e;} and ¥, by {es}. Let X; and X, be the left
invariant vector fields associated to e; and e;, respectively:

0 1 0
Xi(y) = o 325 R

11
6 1 0
Xa(y) = + CEA I

The principal invariant diffusion of the Heisenberg group is the diffusion process Y
whose generator is

= 3T+ X3),

i.e. Y is the solution of the SDE which starts from 0 with drift # = 0 and diffusion
coefficient

1
a(y) = 0
1
2
Then

= (Bl(t)aBZ(t)’%/ {Bl(s)dBZ(S)_BZ(S)dBl(S)}>'
0
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In such a case Eq. (5.1) works in the following way:

)Cl Xz X3
sz: VRV RN
o o o

so that for 0 < u < e~! and ¢ € [0,1]
Bi(ut) By(ut) 1
Y(u) ” Pu) " 24(u)?

Theorem 5.2 states that {Z,}y.,<.—1 is relatively compact and its limit points as
u — 07 are the trajectories ¢ of the form

Z,(t) = ( /0 {Bi(s)dBy(s) — Bz(s)dBl(s)}> .

Pr = (f1(f),fz(t),%/0{fl(S)fé(S)—fz(S)fi(S)}dS>,

where f € #,. By Corollary 3.8 also {Z,(1)}g<y<c-1 is relatively compact and the
limit set is the subset of R® of the points (x',x?,x%) such that

1 1
S = A P = # =3 [A6A0 - A

as f varies in % ;.
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