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ABSTRACT. Let U be a complex vector space endowed with an orthogonal or symplectic form,
and let G be the subgroup of GL(U) of all the symmetries of this form (resp. O(U) or Sp(U)); if
M is an irreducible GL(U)—module, the Littlewood’s restriction rule describes the G—module
GL(U)

Mg

M in a tensor power U®/ and using Schur’s duality we reduce to the problem of describing the
restriction to an irreducible Sy-module of an irreducible module for the centralizer algebra
of the action of G on U®/; the latter is a quotient of the Brauer algebra, and we know the
kernel of the natural epimorphism, whence we deduce the Littlewood’s restriction rule.

. In this paper we give a new representation-theoretic proof of this formula: realizing

”Non potrai dir che quest’ e cosa dura:
usando la dualita di Brauer
dimostrazione dar, novella e pura”

N. Barbecue, ”Scholia”

Introduction

Let U be a complex vector space, endowed with an orthogonal or symplectic form, and
let G be either O(U) or Sp(U) respectively. Consider a simple polynomial GL(U)-module
Vy (associated in a standard way to a partition \), and restrict it to G; if A{ + \§ <
dim(U) (in the orthogonal case), A\! being the dual partition to A, or A} < dim(U)/2
(in the symplectic case) then its decomposition into simple G—modules is described by the
Littlewood’s restriction rule (cf. [L]), which gives a formula for the multiplicity in V) of
each simple G—module. The main aim in this article is to prove this formula.

It is well known (cf. e.g. [W], [H]) that one can realize a copy of V) inside the tensor power
U®/ where f is the sum of parts of A (i.e. A is a partition of f); by the general theory
of centralizer algebras, a bijection V) <— M) exists between simple GL(U)-modules
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2 LITTLEWOOD’S RESTRICTION RULES

and simple modules over Endqr, ) (U ®f ) (the centralizer algebra of the GL(U)—action
on U®1) occurring in U®/, which interchanges dimensions and multiplicities; similarly,
a bijection W, <— N, exists between simple G-modules and simple modules over
Endg (U®7) (the centralizer algebra of the G-action on U®7) occurring in U®/ (which
is now thought of as a G—module), which interchanges dimensions and multiplicities: then
we have an identity [VA : Wﬂ} = [Nu M A] , thus to get the multiplicity [VA : Wﬂ} we
can compute the above right-hand-side term instead: in other words, instead of studying

GL(U) Endg(U®7)
A‘ we study NV, . So if
G EndGL(U)(U‘X’f)
(VA :W,] = C;‘ (%)
is the identity given in Littlewood’s restriction formula, our aim is to prove that
(N2 My] = C;\ (%)

Now, one has that Endgr) (U®) = C[Sf], with Sy acting on U®7 by index permu-
tation; on the other hand, EFndq (U ®f ) is a quotient of the Brauer algebra BEfN), where
N = dim¢(U) and € is the ”sign” of the form on U ("+” for orthogonal and ”—" for
symplectic case); the kernel of m : B}GN) —» Endg (U®f ) is also known, essentially
from the Second Fundamental Theorem of Invariant Theory (for the group G). In the
stable case (i.e. when f < N / 2 in the symplectic case and f < N in the orthogonal case)
my is an isomorphism, and Littlewood’s formula can be proved as a corollary of a suitable
description of V ®/ (cf. [GP]). In the general case a different approach is necessary.

To describe B;x) we can display an explicit basis Dy — whose elements are certain graphs
— and assign the multiplication rules for elements in this basis — based on ” composition”
of graphs. Then from the previously mentioned description of Ker (7TU> we take out an
explicit set of linear generators of this kernel.

In addition, the simple G-modules IN,, are quotients of certain B}EN)fmodules N L which
have a nice combinatorial description (in terms of graphs related to those of D); moreover,
we prove that the kernel of the epimorphism N, l: —» N, is just Ker (7TU>.N L Now, the
multiplicity [NV, LM »] is exactly equal to the right-hand-side part of (x); then it is enough
for us to show that in Ker (7rU) .N/Q ,asa C [Sf]fmodule, there are no components of type
M), for X such that A{ + A5 < dim(U) (in the orthogonal case) or A} < dim(U)/2 (in the
symplectic case): this we deduce from the description of Ker (7TU).
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§1 Reminders of Invariant Theory

1.1 The Fundamental Theorems of Invariant Theory. In this section we recall
some well-known facts of Classical Invariant Theory; the general source is [We|, nevertheless
we shall also mention more specific — and recent — references.
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Let f € Ny be fixed. Consider n € N; let V' be a C—vector space of dimension n, en-
dowed with a non-degenerate symmetric bilinear form ( , ), and let O(V') be the associated
orthogonal group. On the other hand, let W be a C—vector space of dimension 2n, endowed
with a non-degenerate skew-symmetric bilinear form (, ), and let Sp(W) be the associated

symplectic group. In this setting, we have canonical isomorphisms ViV*, v (v, - ),
WiW*, w +— (w, - ), which also gives isomorphisms

Oy : VRV —— End(V) Ow :WeW —=— 5 End(W)
v ® v = Oy (v ® va) <v — (vl,v)v2> w1 @ wy > O (w1 ® wo) (w — <w1,w>w2>

Then V&2 =, (V2/)* yo2f = yelgyel = prd(VeS), and (VE2)* =5 End(VEH),

A O0V) ~ Oo(V)
whence also Uy : ((V®2f) > ;><End(V®2f)) = Endov)(V®/); and similarly
A SPV) o Sp(V)
for W, in particular Wy : ((W®2f) ) —>(End(W®2f)) = Endgpmw (W®7).

Finally, we define ¢y := O ! (idy), Yw = Oy (idw).

Definition 1.2. Fiz f € N, ; for each pair p,q € {1,2,...,f} with p # q we define
(a) a contraction operator ®,,:VOUI+2) V& (for p < q, say)

By (1 @ V2 @ ©vpia) = (U, 0g) VOGO DGO DUy

(b) an insertion operator W, , : V& ——— VU+2)  obtained inserting the
element Yy in the positions p, q;
(c) an operator T, ,: V& ——— VO defined by 7,4 := V¥, , 0P, ,.
The same definition with ( , ) instead of (, ) gives operators ®, ,: WUI+2) — y&Ff
Vg wel — wel+2), Tp,q Wef — W®7F in the symplectic case.

In addition, the symmetric group Sy acts on V®/ or W®/ by

OiUl QUs @ @UF > Uy—1(1) Uy-1(2) @+ DUs-1(p) Vo €Sy

Theorem 1.3. (I Fundamental Theorem for O(V') and Sp(W)) The operators 7, 4 (0 # q)
and o (€ Sy) generate the whole centralizer algebra, Endo v (V®f) or Endg,w) (W®f) .

Let P (X of ) denote the space of polynomial functions on X®f, for any vector space X.

Theorem 1.4. (II Fundamental Theorem for O(V) and Sp(W): ¢f. [DP], Th. 6.7)
o)
(a) (Pven) " =Clwivy)].
Moreover, the ideal of relations between the generators (v;,v;) is generated by the mi-
nors of order (n+ 1) of the f x f symmetric matriz <(Ui’vj))ij:1 e
Sp(V)
(b) (PWe) ™ = Clws,w))].
Moreover, the ideal of relations between the generators (v;,v;) is generated by the Pfaf-

fians of order 2(n + 1) of the f x f skew-symmetric matriz ((wi,wj>)ij:1 N
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Now consider the polynomial rings (in the symmetric or antisymmetric variables z;;)

AC = ClaylP_y i [ @iy = i) A = ClaylP_, oy [ (@ = =)
For X € {0, Sp}, define Ajf (the space of multilinear elements in AX) to be the C-span
of all monomials (of degree f) x;,j,%i,j, -~ @iz, such that (i1, j1,42,jo,... i, 7f) is a

permutation of {1,2,3,4,...,2f}.

Of course Aff is an S p—module, described by the statement below (cf. [LP], Proposition
3.3); hereafter, when dealing with a symmetric group S;, we write A - h to mean that \ is
a partition of h (€ N), for given A h we denote by A! the dual partition, and by M) the
associated irreducible representation of Sj, (with the assumption that M, is the trivial
representation of Sy and My 1, . 1) is the sign (alternating) representation.

——

h

Proposition 1.5. The representation of Say on A? , resp. A?p, 1s induced by the trivial,
resp. sign, representation of Ky . Moreover, there are isomorphisms of Sz —modules

Y S Ia
A? = @ M, , resp. AP = @ M, .
oF2f ok2f
o has even rows o has even columns

Now let i := (i1,42,...,%f), j := (J1,J2,...,7f) be such that (i1,j1,...,if,7f) is a
permutation of {1,2,...,2f —1,2f}. We define 7;, ; € (V‘X’zf)* and n; j € (W®2f)*, by

f f
ni, j(vl Q- ® v2f H Vi Ujk i, j(wl K- ® w2f H Wiy, 5 w.]k )

N L\ O) o\ SPOV)
it is clear that n;, ; € ((V® 7 ) , Tesp. 7i j € ((W® 7) > . Remark that both

(V®2f)* and (W®2f)* are Spy-modules and, since the action of Sof centralizes that of
) A\ O0V) <\ Sp(W)
the form-preserving group, also ((V®2f ) ) and ((W®2f ) > are Sos—modules.

Similarly, we shall use the notation xi j:= 4 j, Tiyj, =+ Ti,j, -
Proposition 1.6 ([LP], Th. 3.8). The linear map

o)

av - AJ? - ((V®2f)*> ; resp. aW:AJScp - ((W®2f)*>5p(w)

defined by ay(zi ;) = ni,;, resp. aw(xi, ;) = ni,j, 15 a surjective homomorphism of
Sap—modules, whose kernel is the intersection of A?, resp. ASp, with the ideal Min, 1,
resp. Pfami1), of AC | resp. ASP, generated by the minors of order n + 1, resp. the Pfaf-
fians of order 2n + 2, of the symmetric, resp. skew-symmetric, matriz (a:”)fi: and it

corresponds — in the isomorphism of Proposition 1.5 — to the Sa;—submodule

@ M, , resp. @ M, .

oF2f,l(oc)>n ob2f,l(o)>2n
o has even rows o has even columns

1’
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§2 The Brauer algebra

2.1 f-diagrams. Let f € N_ be fixed. Denote by V; the datum of 2f spots in a
plane, arranged in two rows, one upon the other, each of f aligned spots. Then consider
the graphs with V¢ as set of vertices and f edges such that each vertex belongs to exactly
one edge. The picture below shows an example of such a graph for f =6.

We call such graphs f-diagrams, denoting by D¢ the set of all of them; in general we
shall denote them by bold roman letters, like d. Of course the f—diagrams are as many as
the pairings of 2f elements, hence (2f — 1)!!:=(2f —1)-(2f —3)---5-3-1 in number.

We shall label the vertices in V¢ in two ways: either we label the spots in the upper row
with the numbers 17, 27, ..., f7, in their natural order from left to right, and the spots in
the lower row with the numbers 17,27, ..., f~, again from left to right, or we label them by
setting i for T and f+j for j= (for all 4,5 € {1,2,..., f}). Accordingly, an f-diagram can
also be described by simply specifying its set of edges: so for instance the 6-diagram above
is given by {{1%,4%},{37,57},{27,47},{57,67},{27,67},{37,17}} . In general, given
f-tuples i:= (i1,42,...,9f) and j := (j1,J2,...,J¢) such that {i1,...,is}U{j1,...,.j¢} =
V¢, we define d; ; to be the f-diagram obtained by joining ¢y to ji, for each k =
1,2,..., f. For instance, the above diagram is d; j for i = {1%,2%,37 57, 6%,27}, j =
{4*,47,17,37,57,67 }.

When looking at the edges of an f-diagram, we shall distinguish between those which
link two vertices in the same row (upper or lower), which will be called horizontal edges or
simply bars, and those which link two vertices in different rows, to be called wvertical edges.
It is clear that any f-diagram has the same number of bars in the upper row and in the
lower one: if this number is k, we shall say that this is a k—bar (f—)diagram. Thus letting

Dy :={d € Dy ’d is a k—bar diagram} we have Dy = Ugcf:/f]nyk.

2.2 Bar structure and permutation structure of diagrams. Let d be an f—
diagram. With ”bar structure of the upper row”, resp. "lower row”, of d we shall mean
the datum of the bars in the upper, resp. lower, row of d (in their positions): to be short
we shall also use such terminology as "upper bar structure”, resp. ”lower bar structure”,
of d — to be denoted with ubs(d), resp. lbs(d) — and ”bar structure of d” — to be
denoted with bs(d) — to mean the datum of both the upper and the lower bar structure
of d, i.e. bs(d) := (ubs(d),lbs(d)). Notice that an upper or lower bar structure may be
described by a one-row graph of vertices arranged on a horizontal line and some edges (the
"bars”) joining them pairwise so that every vertex belongs at most to one edge: following
Kerov (cf. [Ke]) such a graph will be called a k-bar f—junction, or (f,k)—junction, where
f is its number of vertices and k its number of edges; for instance, here below you find
the 1-bar 6—junctions which represent the upper (on the left hand side) and lower (on the
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right hand side) bar structure of the 6-diagram in §2.1:

&~ o o »© o o o o o o

We denote the set of (f,k)-junctions by Jf, and by Hyy the C-vector space with
;;) (2k — 1)!I'. Finally,
for all put=(f —2k) (k€{0,1,...,[f/2]}) we define H}, := M, @ Hy.

If d € Dy, then it has exactly f — 2k vertices in its upper row and f — 2k vertices in its
lower row which are pairwise joined by its f — 2k vertical edges; label with 1, 2, ..., f—2k
from left to right the vertices in the upper row, and do the same in the lower row: then we
can define a permutation o = o(d) € Sy_o;, — to be called the ”permutation structure”
(or "symmetric part”) of d — by letting o (i) be the label of the lower row vertex of the
vertical edge whose upper row vertex is labelled with 3.

The upshot is that the assignement d — (o(d),bs(d)) establishes a bijection

basis Jy . It is clear from definitions that dim(Hj) = |Jsi| = (

Df,k e Sf_gk X (Jf’k X Jf’k;) (2.1)

and glueing together these maps for all £ gives a bijection Dy —> ULf:/f] St_ok X (Jf,k“) .

2.3 Definition of the Brauer algebra. Fix any field K, and take x € K. Let B;x) be

the K—vector space with basis D ; we introduce a product in B;w) (which depends on z) by
defining the product of f-diagrams and extending by linearity. So for all a,b € D define
the product a-b = ab as follows: first draw b below a; second, connect the i—th lower
vertex of a with the i—th upper vertex of b; third, let C'(a,b) be the number of cycles in
the new graph obtained in (2) and let ¢ = a* b be this graph without the cycles; then c is
an f-diagram, and we set a-b = ab := z¢@P)axb . We denote by * : DyxDy — Dy the
map given by (a,b) —axb and C: Dy x Dy — N the map given by (a,b) — C(a,b).
The following is a simple example:

¢

It is well-known that such a definition endows B;m) with a structure of unital associative
K-algebra. Notice that, given diagrams a and b, the upper, resp. lower, bar structure of
the diagram a * b "contains” that of a, resp. b; in particular if a € Dy, and b € Dy,
this gives a*b € Dy ax(a,p) -
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One can endow B;m) with several additional structures; in particular, we recall the
following ones. The upside down reversing of f—diagrams uniquely defines an antiinvolution
Q: B;‘r) — BSJT’). The symmetric group Saf acts on V¢, once a numbering of the spots in
V¢ is fixed; then it acts also on Dy in the obvious way, and then linear extension gives an

action on B;m) too (which does not preserve multiplication, though).
In this paper we consider K = C (but the results of this section hold for any K).

2.4 The embedding S; — B;x) . By the very definitions one has that Dy, as
a subset of B(m), is closed under the product, i.e. it is a subsemigroup. Now, for any
o € Sy let d, € Dy be the f-diagram obtained by joining ™ with o(i)” (notation
of §2.3). Then the map Sy — Dyso C Bgcm) is a morphism of semigroups, whose image
is Dy ; thus B;m) contains a copy of Sy (namely Dy ) and a copy of the group algebra
C[Sf]. Thus restricting the left (right) regular representation of B}x) (on itself) we get

a left (right) action of Sy on Bgf). Furthermore, the restriction of  : B;‘r) — B;I) to
C[Sf] (= C[Dyy]) is the antipode, given by o — o~ for all o € Sy.

2.5 Presentation by generators and relations. Besides the construction above,
we can give the Brauer algebra a presentation by generators and relations. From §2.4 we
know that B;m) contains a copy of the symmetric group on f elements; moreover, for any
pair of distinct indices 4,j € {1,2,..., f} we define h; ; to be the f-diagram with a bar
joining T with j*, a bar joining i~ with j~, and one vertical edge joining k™ with k~ for
all ke {1,2,...,f}\{4,j}. By definition, h; ; € Ds ;. For instance, h3 s € D7 is

Theorem 2.6 ([DP], §7). B;w) is the associative C—algebra with generators d,, in bi-
jection with elements of Sy, and h;;, for all i,j7 = 1,2,...,f and @ # j, and relations
(assume all the index sets disjoint)

h; ; =h;; d,h; jd,-1 = h,().0(5) h; jhy, ;= hp gh;
h; jh;, =h; ;dgg h? =zh,; h; ; =h; ;d

2,7

as well as all relations of the symmetric group Sy among the d, ’s.

2.7 The sign of a diagram. The previous theorem means that Bgf) is generated by
D¢ and Dy ; ; even more, since Dy is a single Dy o-orbit (i.e. Sy—orbit) it is enough to
take only one 1-bar f-diagram, thus B;m) is generated for instance by Do U {hj2}.

In particular, for any d € Dyj there exist unique d,,d, € Dy such that d =
d, hy2---hap_1 2, d,; moreover, we can choose such o and p so that they do not invert
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any of the pairs (1,2), (3,4), ..., (2k — 1,2k). Then given such a factorization of d we
define the sign of d to be (d) := sgn(o) - (—1)]C -sgn(p) .

2.8 The standard series. For any k € {1,2,...[f/2]}, we define Bgﬁn)(@ to be

the vector subspace of B}I) spanned by Dy ; then we set B;‘T)(k:) = P B}‘”(h). By
h>k

definition, the B;w)(k:)’s form a chain of subspaces (the ”standard series”)
B =BW(0) > B (1) 5 5B (k) o 5B ([£/2]) D0

and each quotient Bgfc) k] = Bgcx)(k)/b’;x)(k:—l—l) is well-defined (with Bgfc) ([f/2]+1):=0).

The very definitions imply that each Bgf)(k) is a (two-sided) ideal of B;m): therefore
every quotient B}m) [k] inherits a structure of associative C—algebra, one of left B;x)—module,
and one of right B;x)fmodule. Furthermore, since B;‘r)(k) = Bgf)(@ ® Bgcx)(k + 1), any
basis for B;‘r)<k), taken modulo B;fc)(k; + 1), serves as basis for the residue class algebra
B;w) [k] ; in particular we shall use Dy, as a basis of B;w) [k]. Note that, since the B;w)(k)’s
are two sided ideals of Bgcx), the B;m)[k]’s are B;m)—bimodules.

2.9 The structure of B;m)[k]. Let k€ {1,2,...[f/2]} be fixed. By inverting (2.1)
and extending by linearity two linear isomorphisms

X : C[Sf_zk} ® (Hf,k ® Hf,k:) — Bgfx)<k>
X : (C[Sf_gk} ® (Hf,k ®Hf,k) —_— Bgfx)[k]

are defined: more precisely, given any z € C[S f_2kj| we can express it as a linear combi-
nation of permutations: attaching to all of them the same bar structure we get a linear
combination of k-bar f-diagrams, which all share the same bar structure.
From Young’s theory, C [Sf_gk} splits into C [Sf_gk} = @ 1,, whereevery [, isa
p(f—2k)
two-sided ideal of C [S f] and a simple algebra, namely the algebra of linear endomorphisms
of the simple Sy_o,-—module M, which is a full matrix algebra over C. Then for every

pk (f —2k) (ke {0,1,....[f/2]}) we define B [k;p] := R(I, ® (Hps @ Hyp)) .

Theorem 2.10 (cf. [Bw2|, §§2.2-3). Let u + (f — 2k). Then B}x)[k’;,u] is a two-
sided ideal of B;w)[k], and also a Bgfc)fsub—bimodule (of B;x)[k;]); its semisimple quotient
(as an algebra) is simple. Moreover, the various B;x)[k;u] (for different p) are pairwise

non-isomorphic, and Bgcx)[k:] splits as a direct sum

Bl = @ By kil
p=(f—2k)
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2.11 Representations of B;m). In section 2.2 we defined the vector spaces H Jﬁ” - OW

we endow them with a structure of B;w)fmodules, following Kerov (cf. [Ke|, [HW], [GP]).

Let d be an f-diagram, and let v be an (f,k)—junction; for all ¢ = 1,..., f, connect
the i—th lower vertex of d with the i—th vertex of v: let C(d,v) be the number of loops
occurring in the new graph I'(d, v) obtained in this way, and let axv be the graph made
of the vertices of the upper line of d, connected by an edge iff they are connected (by an
edge or a path) in the new graph I'(d,v); then d*v € Jy/, with ¥’ > k and k' = k iff
each pair of vertices of v which are connected by a path in I'(d, v) are in fact joined by an
edge in v: in this case we say that the junction v is admissible for the diagram d. We set

dov =2 dxv ifv is admissible for d, d.v :=0 otherwise.

here are two examples:

b ‘ b

To any pair (d,v) € Dy x Jy; we can also attach an element 7(d,v) € Sy_of: this is
the permutation which carries — through the graph I'(d,v) — the isolated vertices of v
into the isolated vertices of d x v (one takes into account only the relative position of the
isolated vertices in v, d xv) in case v is admissible for a, otherwise it is id. In the previous

example we have 7(d,v) = (} 7 g)

Proposition 2.12 (cf. [Ke|, [Bw2]). Linear extension of the rule d.(u ® v) :=
m(d,v).u®d.v for every (d,v) € Dy x Jyy endows Hy, with a well-defined structure of

module over B;w); then H , is also a module over Bgcm) /B}m)(k +1) and over B;m) [k]. The
various modules H}"k (for different pairs (k,u)) — over any of the previous algebras — are

pairwise non-isomorphic. When B}I) 1s semisimple, this module is simple and, conversely,

any simple Bgcx)—module 1s 1somorphic to one of the H?k ’s.
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In addition, we prove now something more, namely that the semisimple quotient of H ;f k
is always simple: indeed, it is the unique simple B;m) [k; u]-module (by the way, notice that
H J(cf kf%) = Hy}, ). For this we need a closer description of the relationship among Bgfc) [k; u]
and Hj, . Recall that Hf, = M, ® Hyy, so H}, is spanned by tensors m,, ® h with
m € M, and h € Hy; moreover, C[Sf_gk] = Sur(f-2k)ly and I, = M, ® M), as
S—bimodules, hence there exists a monomorphism =, : M,, ® M, — (C[S f_gk} . The
following statement (whose proof is trivial from definitions) gives the required description.

Lemma 2.13. Consider on the space H}L’k ® H}"k the structure of B;x) ~bimodule given
by (b1,b2).(h1,ha) := (b1.he,Q(b2).ho) , and on B;x) [k; p] the natural structure of Bgfc)—
bimodule induced by the left and right reqular representations of Bgcm). Then there exists an

isomorphism of Bgfc)—bimodules and of Bgfc)[k;u] ~bimodules

S, Hy @ Hf éB;x)[k;u]
given by (m1 @ h1) @ (Mg ® hy) — K (Z,(m1 @ ma) @ hy @ hy)

Lemma 2.14. Let A be an algebra, and let M be a left and right A-module such that
these two structures are isomorphic, i.e. there exists a linear map f : M — M such that
flam) = f(m).a for all a € A, m € M. Suppose that the semisimple quotient of A is
simple, and that A = M ® M as A-bimodules when A is given the natural A—bimodule
structure and M ® M is given the bimodule structure given by (ai,a2).(mi @ ma) =
(a1.m1) ® (mo.az) . Then the semisimple quotient of M (both as a left or right A—module)
18 simple.

Proof. Let R4 be the radical of A: we know it is the same if we take it to be the radical of A
as a left or right A—module. Similarly, since the left and right structures of A—module on M
are isomorphic, the left and right radicals of M are equal; then we denote this ”common”
radical by Ry;. Now consider the epimorphism A =2 MM —» M/RM ®M/RM defined
by mj ® mg +— (m; mod Rp;) ® (me mod Ryy). Since M/RM ® M/RM is semisimple
— as an A-bimodule — this epimorphism factors through A / R 4 ; by hypothesis the latter
is simple, thus the same is true for M/RM ® M/RM , hence in turn for M/RM, too. O

Corollary 2.15. The semisimple quotient of H]ﬁ”’k 18 simple.

Proof. Apply Proposition 2.12, Lemma 2.13, and Lemma 2.14 with A = B;x) [k; u] and
M = ijk .0
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63 Brauer algebras in Invariant Theory

3.1 Brauer algebras and centralizer algebras. In this section we explain the link
between Brauer algebras and the centralizer algebras of §1, and we introduce the basic
tools for proving our main result.

Theorem 3.2 (cf. [Br]). There exist C—algebra epimorphisms uniquely given by

Ty - B;n) — Endo) (V®f) W - B;_zn) — Endgpw) (W®f)
d, = o, hy,,—= 7, d, — sgn(o)o, hy,— —7,4

When n > f these are isomorphisms.

3.3 Diagrammatic minors and diagrammatic Pfaffians. A simple reformulation
of Proposition 1.6 will answer the question of what is the kernel of the epimorphisms of
Theorem 3.2. To begin with, define vector space isomorphisms

AO B(n) Oy ASP B( 2n)
:1:17J|—>d” x17J|—>€(dH) d17J

Then, getting through the various maps involved we find that the following diagrams of
linear maps are commutative

A? Dy B;n) A?p Py 8;7277,)
.| ] [
o277\ V) ®Ff w27y P ®f
(Ve ) —— Bndoan (VeT) (W) —— Endgyow) (W)
‘IJV \IJW

Now come back to Proposition 1.6, and look for instance to the orthogonal case. The
kernel of aiy/ is claimed to be the intersection of AJQ with the ideal Min,,; of A9 generated

by the minors of order n + 1 of the symmetric matrix (%])2); x

part of the statement ensures that Ker(ay ) is exactly the C—span of the elements of type

: more precisely, the last

. ; 2
P10 40 jnsoTinsajngs " Tipjy » Where fin 41 is any minor of (xij)ij;zl of order n+1 such
that all rows involved have indices different from those of the columns involved. From the
expression of the determinant we get that Ker(ay ) is the C—span of the elements of type

§ SgTL(O’) "TiyjeyTizjo2) " Lint1dont1) * Lingoint2Lingsings " Lig_1jr_1Ligjy (3'1)
0ESnt1

with {i1,... i1} U{J1, - s dnt1t Uding2, oy if b U{gnge, - 0r b ={1,2,3,...,2f}.
Similarly, in the symplectic case Proposition 1.6 tells us that Ker(aw) is the C—span

of the elements of type @n 1124, 0jni0Tinisjnss * Tisjy » Where @y is any Pfaffian of

(mij)?j;:l of order 2n + 2 such that all rows involved have indices different from those
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of the columns involved. Exploiting the explicit expression of the Pfaffian we get that
Ker(aw) is the C—span of the elements of type

1 2 ... 2f—-1 2f
Z sgn (hl ki ... hf kf ) "“Thik1Lhoks """ Lhpi1knyr Lingojnge " Ligsy (3‘2)

h1<ki,ha<ka,...
hi<ho<hg<:--

with {h]_7 .. .,hn_|_]_} U {kl, .. -,kn—l—l} U {in+2; N ,Zf} U {jn+27 e ,]f} = {1,2,3, ce ,Qf} .
This leads us to the following

Definition 3.4 (a) We call (diagrammatic) minor of order r (€ Ny ) every element
of Bgf) which is the image through ®v of an element of type (3.1) with r instead of n+ 1.

(b) We call (diagrammatic) Pfaffian of order 2r (€ 2N, ) every element of Bgf)
which is the image through ®w of an element of type (3.2) with r instead of n + 1.

(c) If X is any given (diagrammatic) minor or Pfaffian, we call fixed edge of X any
edge which occurs the same in all the diagrams occurring in the expansion of X ; we call
fixed vertex of X any vertex (in V) belonging to a fized edge of X ; we call fixed part
of X the datum of all fized edges and all fized vertices of X ; we call moving part of X
the datum of all vertices (in V) which are not fized in X along with all edges which occur
in any diagram in the expansion of X and which are not fixed.

Remarks 3.5. (a) From definitions and Proposition 1.6, it directly follows that a
diagrammatic minor is an alternating sum of f—diagrams: to be precise, if the minor has
order r then it is an S,—antisymmetric sum of f-diagrams. On the other hand, because
of the sign entering in the definition of ay one has that all diagrams entering in the
expansion of a diagrammatic Pfaffian appears there with like sign: that is, up to sign each
diagrammatic Pfaffian is just a simple sum of f-diagrams.

(b) If 6, is a minor of order r, the 2r vertices in its moving part may be partitioned
into two sets I, J (each of r elements) so that, looking at all the diagrams occurring in
the expansion of §,, no vertex in one of these sets is ever joined to a vertex in the same
set, but it is joined to each of the vertices in the other set. Via &y, the sets 1 ar;(} J
i,j=1
on which the minor corresponding to ¢, is computed: therefore, in the sequel we shall use
expressions like "v is a row vertex and w is a column vertex” to mean in short that v and
w are moving vertices which belong one to I and the other to J, or v and w are both row
vertices” or ”column vertices” to mean that they are moving vertices which both belong
to I or both belong to J. In fact, the minor 4, is determined uniquely up to sign by: (I)
assigning its fixed part; (II) assigning the sets I and J, both endowed with a labelling of
their vertices by {1,2,...,r}; (III) joining every vertex in one set — say [ — to a vertex
in the other set — say J — according to a permutation o € S,., so to get an f—diagram
d(o); (IV) adding up the diagrams d(o) with coefficient sgn(c), for all o € S,.: this finally
gives +d, (the sign depends on the choice of the labelling of the vertices in I and in J ).

(c) The operation in (III) may be better understood as follows: first join every vertex in
I with the vertex in J labelled with the same number: this gives the diagram d(id), which
outside the fixed part is given by the r edges {i1, 71}, ..., {ir, -} (with {i1,... 0.} =1,

correspond to the set of rows and the set of columns (or viceversa) in the matrix (:1:”)
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{j1,---,Jr} = J); second, let S, act on J, and let d[o] be the diagram which is equal to
d(id) in the fixed part and outside it is given by the r edges {il,a(jl)}, el {i,«,a(jr)}:
then d[o] = d(o). Therefore we can also write J, as an S,—antisymmetric sum

b= sgn(o)d(o) = Y sgn(o)d[o] = Y sgn(o)o.d[id] (3.3)
oES, oc€ES, o€S,
(d) The counterpart for Pfaffians of (b) and (¢) above is that every Pfaffian of order 2r
is the sum of all diagrams obtained by assigning the fixed part and joining the 2r vertices
in the moving part with r edges in all possible ways.

Examples 3.6. (a) In the picture below we represent the diagrammatic minor
10
i,j=1
on the rows 2, 4, 8 and the columns 6, 3, 5, making use (as we shall often do, with f instead
of 5) of the identifications i =%, j+5=j " foralli,j=1,...,5.

LG VRV e (AR Nt
- - - + +
o o o o o o
The fixed part of this minor is the set of edges {{17,27},{47,57}} and the set of
vertices {17,27,47,57}; the moving part is given by the vertices 2%, 47, 3= — which

correspond to rows (or columns) — and 17, 3%, 57 — which correspond to columns (or
rows).

Pyt (u3x1+2—x4—5—) (6 Bém)> , where p3 is the minor (of size 3) of the matrix (acw)

(b) The next picture represents the (unique, up to sign) Pfaffian of order 6 in ng”);
here again we used the identifications i =i+, j+3 =5~ forall4,j =1,...,3 (note that
here there is no fixed part because the order of the Pfaffian equals 2f).

Lo A A N
R e KX AN K

The importance of diagrammatic minors and Pfaffians lies in the following reformulation
of Proposition 1.6 (via §3.3):
Theorem 3.7. (a) The kernel of my : B;n) — Endo)(V®?) is the C—span of the
set of all diagrammatic minors in B;”) of order n + 1.

(b) The kernel of mw : B}_%’) —_ Endsp(W)(W®f) is the C—span of the set of all
diagrammatic Pfaffians in B;_%) of order 2(n + 1).

We finish this section by proving some combinatorial results on diagrammatic minors
and Pfaffians, to be used in §4.
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Lemma 3.8. (a) Let 6, (€ B;m)) be a diagrammatic minor of order r; let Ip, resp. Iy,
be the set of moving row, resp. column, vertices in {11,2% ... f*} (the upper row of é,)
and assume {+t > r (that is, the moving part of 6, is not larger down than up). Then
0, may be written as

op = Altl@ Altlt ) Z Z (_l)j hpj,1Qj,1hpj,2Qj,2 e hpj,qu',jd (3'4)

=0 (pj,1,95,:)EV;

where m is a suitable nonnegative integer, Alty,, resp. Alty,, denotes the antisymmetrizer
(in C[Sf}) on Iy, resp. on Iy, the V;’s are suitable subsets of I, x I, and d is a suitable
f—diagram.

(b) Let w, (€ B}x)) be a diagrammatic Pfaffian of order 2r; let I; be the subset of
movwing vertices in {17,227 ...  fT} (the upper row of @, ), and assume t > r (that is, the
moving part of w, is not larger down than up). Then w, may be written as

Wy = Symlt ’ Z Z ((h + ])' 2h+j)71 hpj,l(Ij,lhpj,2Qj,2 T hpj,ij,jd (35)

J=0 (pj,:,95,:)EV;

where m is a suitable nonnegative integer, Sym;, denotes the symmetrizer (in C[Sf}) on
I, the V;’s are suitable subsets of I, d is a suitable f-diagram, and h is the number of
bars on vertices of I; in d.

Proof. (a) As a matter of notation, for all h € {0,1,...,[f/2]} let Jﬁh) be the part of 4,
which lies in B;‘r) (h) \B}x) (h+1), i.e. the algebraic sum of those diagrams in the expansion
of 0, (with the signs they have therein) which have exactly h bars in the upper row.
Among the diagrams occurring in the expansion of §,., pick one which has the least
possible number of bars — to be k, if 4, € B;m)(k) \ B;w)(k‘ + 1) — and call it d: then we

have exactly 5 = (Alty, Alty,).d.

If /=0 or t =0 we have finished, for in this case 9§, = 57@) . Otherwise, each of the
remaining diagrams in J, has at least one bar joining a vertex in I, with a vertex in I;. Let
now d’ be one of the remaining diagrams (if any) having exactly one bar of the previous
type; we can choose d’ so that it is equal to d but on the vertices p™ and ¢* of this bar
and on those vertices u~ and v~ which in (the lower row of) d are joined to p™ and ¢*:
but this simply means that d’ = h, ,d: then —(Alt;, Alt;,).d" = (Alt;, Altr,).(—h, d)
is the algebraic sum of those diagrams in the expansion of dﬁkﬂ) which have the bar
u~ >——ov~ . Similarly, the other diagrams in 57(«k+1) can be obtained by multiplying d
on the left by other suitable hy, ,’s (one each time) for different p’ and ¢’; so finally we

find that ot = Alty, Altr, =320 g nevi(—Dhyp, 1, d, where V) is a suitable subset

of I, x I;. The same procedure applies if we want to describe 57(~k+j ), for greater j: the

only difference is that we have to multiply by exactly j different terms h,, ;, choosen in
several different ways; thus we find that

57(,k+j) = Altlg Altlt ’ Z (_1)jhpj,1q<j,1hpj,ZQj,2 e hpj,j(Jj,jd Vi=01,....m

(p5,i,45,:)EV;
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where Vj is a suitable subset of I, x I; and k 4+ m is the maximum number of bars
appearing in the upper row of any diagram in the expansion of J,.. Finally, summing up
over j gives us claim (a).

(b) Like in the proof of (a), for all h € {0,1,...,[f/2]} we define @™ to be the part of

w, which lies in B}‘T)(h) \Bgﬁr) (h+ 1), that is the sum of those diagrams in the expansion
of w, which have exactly h bars in the upper row.

Again, choose a diagram d in the expansion of w, which has the least possible number
of bars, to be k if ¢, € B;x)(k:) \ B;m)(k + 1). Then permuting in all possible ways the
vertices in I; we get all the diagrams in the expansion of w, which have exactly k£ bars in
the upper row; but we get each of them exactly as many times as the cardinality of the
stabilizer St of the ”"bar structure” of I;; this stabilizer is generated by the stabilizer — a
copy of Sy — of each bar on I; (in d) and by the whole symmetric group acting on the
set of these bars: indeed, we have St 2 S5 x S, (a hyperoctahedral group) where h is

the number of bars on vertices in I; in the diagram d, so that }St} = 2" . !, The upshot

is that wfﬂk) = (h! Qh)_l -Symy,.d. We proceed similarly with the other diagrams in w,:

namely, each of those in wfﬂkﬂ ) can be obtained by multiplying d on the left by j suitable

h, ,’s, the vertices p’ and ¢’ being always choosen inside I;; then using the commutation

relations of Theorem 2.10 we can express (57(nk+j ) as

67(~k+j) = ((h+j)!2h+j)71'5ymlt' Z hpj,le,lhpj,QQj,Z "'hpj,j(Ij,jd Vi=0,1,....m

(r5,i,94,i)EV;

where Vj is a suitable subset of I;) and k+ m is the maximum number of bars appearing
in the upper row of any diagram in the expansion of w,. Finally summing up over j we

get the claim (b). O

Example: if §3 is the minor in Example 3.6(a), then an expression of type (3.4) is
for instance 03 = Alty, Alty, - (1 — h2+3+)d where I, = {2+,4+}, I, = {5+}, and
d is the first diagram in the expansion of d3 (as it is drawn there); similarly, if cws is
the Pfaffian in Example 3.6(b), then an expression of type (3.5) is for instance w3 =
Symy, - (1 + 27 (hytor +hypgy + h2+3+)) d where I; = {1+, 2+,3+} and d is the last
diagram in the first row of the expansion of w3 (as it is drawn there).

Lemma 3.9. (a) Given n € Ny, let d be an f-diagram, and 6,41 ( € B;n)) a minor of
order n +1. Then if d has a bar r~+——o5", resp. rT>— o5 , and rt and sT,
resp. v~ and s—, are moving vertices in 0py1, then d 0,41 =0, resp. dpr1-d = 0.
Simalarly, if j € Jri is an (f, k)—junction (for some k) having a bar r>——os andr~
and s~ are moving vertices in 0py1, then dp41.5 =0 in H}ik for all pt (f — 2k).

(b) Given n € Ny, let d be an f-diagram, and wyy1 (€ B;_%)) a Pfaffian of order
2(n+1). Thenifd has a bar r~>—-os", resp. rTs>—osT  andr™ and s™, resp. r~
and s~ , are moving vertices in wy41, then d-wyy1 =0, resp. wp41-d = 0. Similarly,
if j € Jpk is an (f, k)—junction (for some k) having a bar r>——=s andr~ and s~ are
moving vertices in w11, then wyy11.J =0 in H}‘k for all pt (f —2k).
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Proof. (a) Assume for the moment that the claim about 9,1 -d is proved: then the one
about d - 4,41 follows at once applying (2.

As for the claim about the junction j, it follows from the one about diagrams by thinking
at j as j = ubs(d) for some f-diagram d. Indeed, the definition of the action of Bff) on
Hy . is given in such a way that, if we pick any diagram d € Dy, then ubs([d’ * d]) =
d’ x ubs(d), and C(d’,d) = C(d’,ubs(d)) (with notation of §§2.2, 2.3, 2.11); therefore,
for a given junction j we pick any diagram such that j = ubs(d): then §,41-d =0 in
B}n) implies also d,41.j =0 in H}, for any p, q.e.d.

The upshot is that we only have to show that 4,41 -d =0.

Using Remark 2.7(b) we reduce to the case of d € Dy 1, that is 7T >——<sT is the sole
upper bar of d. There are two cases to consider.

CaseI: |{r=,s7}N(IUJ)| =2 with {r—,s7} €I or {r~, s~} C J: in other words,
r~ and s~ are both row (or column) vertices.

In this case, note that the diagrams d(c) = d[o] (using notation of Remarks 3.5(¢c))
occurring in d,41 may be partitioned in (n+1)!/2 pairs, by pairing d[o] with d[(r~ s7) o],
where (r~ s7) is the transposition of 7~ and s~ ; then multiplying d[o] or d[(r~ s7) o] with
d gives exactly the same diagram (the picture below might be enligthening).

fized part moving part fized part fixed part moving part fized part

) )
i TSI,
o )

/]

b e

case of d[o] xd case of d[(r~s7)o]xd
but sgn((r~s”)o) = —sgn(o), so the two products above give to the sum expressing

0nt1 - d a like contribution with unlike sign: therefore adding up all the pairs we get at
last 0,41 -d=0.

Case II: |{r‘,s‘}ﬂ (IUJ)| =2 with r—€l,s” €J or r~ € J, s €1I: in other
words, both »~ and s~ are moved in §,,+1 and one of them is a row vertex whilst the other
is a column vertex, say r— € I and s~ € J.

Consider a € Sy, 41 such that 7~ and s~ are joined in d[6] = 7.d[id]: when computing
the product d[&} -d the bar rt>— osT in the upper row of d matches the bar
r~>—o8" in the lower row of d[cﬂ, so that C’(d[&],d) > 1 (notation of §2.3), hence
d[] -d =n*d’ for some z € N} and some d’' € Dy .

Now fix in d[&] an edge h> 2k in the moving part of §,; which is different
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from r~>——<s , with h € I, k € J, say. Then look at the diagram d[(s~k)5] =
(s~ k) a.d[id] , which also occurs in the expression of 6,11 as S,1—antisymmetric sum of
type (3.3): this diagram is equal to d[(ﬂ but for the configuration on the four vertices r—,
s~, h, k; in particular now r~ is joined to k and s~ is joined to h, so that we get

d[(s” k)g] xd =d]7] *d, C(d[(s” k)a],d) =C(d][s],d) — 1;

(the picture below illustrates the situation we are dealing with)

fized part moving part fized part fixed part moving part fized part

)
i 7 m// 7]
// 4 W/ i / e “////

case of d[z] xd case of d[(s™ k)] =d

the upshot is that
d[(s"k)s]-d=n""'d'=n""'d[5] - d, or g.dfid]-d =n(s" k)&.d[id] - d;

in particular, this result is independent of the choice of h> “__—°k. This operation

can be done as many times as are the choices of the edge h>~ 2k in the moving

part of 0,41, that is exactly n times; and each time, one has sgn((s_ k) 6) = —sgn(&).
Thus, when we expand the sum in right hand side of §,,41-d =) sgn(o) o.dlid]-d

in terms of the basis Dy of B(n), if a diagram d’ occurs then it occurs with a coefficient

0€Sht1

(actually, an integer number) which is a multiple of (n — (14 ---+ 1)) = 0; therefore we
———
get 0p41-d =0, q.e.d. n

(b) The proof resembles that of case (a); in particular, it is enough to prove the state-
ment about w,+; - d, for then applying Q will give the other one too; and the claim
involving junctions again follows from the one about diagrams, in the same way as in (a).

Like for (a), we can assume d € Dy 1,50 rTs— st is the sole upper bar of d.

Let r~ < s7, say. Among the diagrams in the expansion of wsy(,41), there are some
which contain the bar r~>——- s~ ; pick one of these, call it d.

When making the product d’ - d the two bars r*t>— osT and 7 >—-s~ match

each other to form a cycle, which gives a contribution (—2n) to the coefficient (—Zn)c(d/’d)
in front of d’ x d. Now, d’ has exactly n + 1 moving edges (i.e. edges which are not fixed
in @y(,41)): in particular there are exactly n moving edges different from 77>———os~

Solet h® _—k be one of the latter edges; then among the diagrams in W2 (n+1)
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we find exactly two other diagrams — say d’_, d_ — which have the same configuration
as d’ but on the four vertices =, s, h, k: one diagram, say d/_, has the pair of edges
{h,r~}, {k,s™ }, and the other, say d’_, has the pair of edges {h,s™}, {k,r~} (note that
we do not specify the relative positions of the four vertices involved); thus we have

dﬁr*d:d’_*d:d'*d

as the pictures below show:

fixed part moving part fized part

i

case of d’ xd

fized part  moving part fized part fized part  moving part fized part
M
7 /////y//////// 7/ NI,
g i

Letting h>~ . —°k range among the n moving edges of d’ different from r=>——57,
we find the same summand d’ *d in Wa(n+1) once with coefficient —2n and exactly 2-n
times with coefficient 41, so the final coefficient is zero. This operation takes care of all
the diagrams occurring in wsy(,41), hence we conclude that wsy,41)-d =0, q.e.d. O
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§4 The Littlewood’s restriction rules

4.1 Schur’s duality and multiplicities. When considering the GL(U)-action on
U®/ (for a complex vector space U ) by Schur’s duality U®f splits as

v @ Ve (41)
ARf
A <dim(U)
asa GL(U)x Endgr (U®f)fmodule, where V), is the simple polynomial GL(U)-module
attached to A and M) is the simple Endg ) (U ®f )fmodule attached to A; it is known that
the centralizer algebra Endgp ) (U®f) is C[Sf}, thus M) is just the simple Sy-module
we are used to consider. Similarly, Schur’s duality yields a decomposition
[£/2]
VoS o~ @ b v.enN; (4.2)
F=0 uk-(f —2k)
pi+us<n
as an O(V) x Endov) (U®f)—module, where U, is the simple O(V)-module attached to
wand N :[ is the simple Endov) (U ®f )—module attached to p, and a decomposition

[£/2]
w2 fH w.enN, (4.3)
F=0 uk(f—2k)

pi<n

as an Sp(W) x Endg,w) (W®f)fmodule, where W, is the simple Sp(WW)-module attached

to p and N, is the simple Endg,w )(W®f)fmodule attached to p. Notice that via my,

n)

resp. Ty, the modules N} . Tesp. N, , are also B( )fmodules resp. B( —modules.

Lemma 4.2. [VA U, } = [N+ : MA} and [VA : Wu] = [Nu_ :MA] . In other words, if
‘GL(V) [f/2 B(n)

o) b & nvu and N s, ~ Pt My,

k=0 pr(f—2k) AFf

[f/2] (—2n)
GL(V) _ A 1P o
VA‘S = D P EW, ad N, (C[S | ~ Py, My,
p k=0 puk(f—2k) ! A-f

then D)‘ C;\ru, E>‘ Cy 9 for all \, .

Proof. This is standard. Comparing (4.1) with U =V and (4.2) gives
P by, ®MA—@VA®M,\ﬁV®fN@U @ N, =P U, ey,
A, [T

where the indices A and p have to range in the proper sets; this forces D)‘ C’;r o g€ d.
The like is for the other identity, using (4.1) with U = W and (4.3). O
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Lemma 4.3. As a C[Sf}—module, H}fk splits into

B(z)

m ~ A < A A
Hy ‘(C[S | @ C, My with  C)) = Z Chio
f - f o2k

o has even rows

A
w,o

the decomposition of Indsf ok X Sk (MM & MU) .

where ¢ 1s the Littlewood-Richardson coefficient expressing the multiplicity of M) in

Proof. A simple analysis of the definition shows that
" ‘B?”
[

Falolo =S s, (M Hor) ; (4.4)

Syl

(where Hyy i, is defined as in §2.2). On the other hand, we have an isomorphism of Sa;—
modules

(where M 4y is the trivial representation of S3): to realize such an isomorphism, one simply
has to map the (2k,k)-junction o o a_o ...... a_2 (as an element of Hoy ) to any
non-zero element of My’ *. Now, it is known (cf. Proposition 1.5) that

Indngk (M(Q) ) = @ Mo'

o2k
o has even rows

thus (4.4) and (4.5) together yield

B(m)

K f ~ Sy ~ @ A .
LI R D DI (A, (M0 M, ) = Y, My
o2k Af o2k
o has even rows o has even rows

which gives the claim. [J

To be short, from now on we use the notation N := H}"k forall k=0,1,...,[f/2]
and all pt (f —2k).

The next result ”locates” the (semi)simple quotient of N, (cf. Corollary 2.15).
Proposition 4.4. There exist a B;n) —-module eptmorphisms O : N’ —» N+, resp. a
B;_Qn) -module epimorphism © : N’ —» N_ In particular N+, resp. N;;’ s the unique
simple B; [k; p]—module, resp. B(_ (ks (for the proper k).

Proof. For the proof we need to describe N Mi: for this we can resume the analysis of [GP].
Introduce the following subspaces of V®7 (for all k € {0,1,...,[f/2]})

0(very . UKer o)y TEVES) = Z VPR PR <TO(V®(f—2k))>

P#q 11 <J1,e 0 <Jk
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Then it is known that 7°(V®/), resp. T°(W®7), splits into

‘(v P U.,®@M,, resp. T'(W®)= P W, o M, (4.6)

p=f p=f
pi+us<n pi<n

as a module over O(V') x B;n) , resp. Sp(V) x B;—%) _

£\ O(V) & A OV)
Now consider the space of invariants ((V®2k) ) . we have %" € ((V®2k) > ,

ow
and in fact ((V‘X’%)*) W)

in the symplectic case.
From definitions we get T* (V®f) = (C[Sf} 10 (V®(f_2k)) : then using (4.6) gives

fvey = @, ®< }-<MM®<(V®%)*>OM)>’

el
pituz<n

Sp(W
= C[Sae] v, Simitarty, (W52)")™" = €[] i

resp. Fwelh) = P w,e ( }.(MM ® ((W®2k)*>sp(w))> .

ukf
pi<n

Now, it is also known that

[f/2] [f/2]
@ @ T, W@ @ T,
k=0 L (f—2k) k=0 pi-(f—2k)
pitps<n pi<n

hence comparing with (4.2) and (4.3) we find

N = C[Sﬂ.(MM@((V@%)*)Om) , N, =C[S]. ( ((W®2k) ) p(W)> . (4.7)

On the other hand, there exists a natural isomorphism of Sor—modules Hay 1, = AJQ (just
map each (2k, k)—junction to the unique monomial x;, j, Ti i, - - - Tiyj, (see §1) such that

A OV)
ip>———>7jn is a bar of the junction); by composing it with ay : A? — <(V®2f) >

(cf. Proposition 1.6) we get an epimorphism
~\OV) f
0:Hopp —— ((V®2f) ) given by G(U QO e U) = 2

which is indeed one of S3r—modules and also of Béz)fmodules.
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The same construction works in the symplectic case, but for the following fact: the ac-

tion of Sy, on W®2* through B( m) (via Sor C Dago C B( n) ) coincides with the stan-
dard permutation action tW1sted by the alternating representatlon M1,...,1): so repeating

.....

the previous analysis yields an epimorphism of B( ™)_modules o
0: Hopp, — ((W ) ) ® M,....1) given by H(U QO e U) =y ®1
N

2k

where 1 is a basis vector of the sign representation M 1, . 1) -
Now we can define uniquely a morphism of C [S f}—modules by

O : Indy (T°(vEU=29) @ Hypp) —— THVET),  vahe v 6(h)

Sp_ok XSk

(v e TO(VOU=20) b € Hyyx); this is indeed an epimorphism of O(V) x B;n)fmodules.

Then using again (4.4), (4.6) and (4.7) we get that © induces an epimorphism of B;n)—
modules

«\ O(V)
O : N, = Indg) s, (M, ® Hasr) — C[Sf}-(Mu@? ((vez)") ) =Ny
given by O(m®h) :=m®4(h) (Vme M,, he Hayp)

which fulfills the claim. The same argument — mutatis mutandis — in the symplectic case

—2n)

gives an epimorphism of B; —modules

«\ SP(W)
O: N, = [ndgf o1 X Sa (Mu ®H2k,k) — (C[Sﬂ.(Mut ® <(W®2k) ) P > o N-
given by O(m®h) :==m® 0(h) (Yme M, ,he Hyyy)

where we consider M), and M, as sharing the same vector space as socle (for instance, we
can fix any identification M,: = M ;. 1) ® M, so that m = 1®m for all m € M, ).

.....

The proof is complete. [] f

Remark : in the ”stable case” (n > f) the epimorphisms © in the previous Proposition
are isomorphisms: more precisely, they are the inverse of the isomorphisms ¢ given in [GP],
Theorem 7.5.

Finally, we are ready for the key step.

Theorem 4.5. Retain notations of Lemma 4.2 and Lemma 4.3. Then
(a) CA’;L’H:C;‘ forall X f such that X, + M5 <n.
(b) Cy,=Cp  forall X[ suchthat A <n.
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Proof. The idea of the proof is to show that the multiplicity of M) is the same in both
sides of the epimorphism 6 : N, —» N; or ©: N, —» N. in Proposition 4.4,
for then the claim follows from Lemma 4.3; to this end, it is enough (together with an
additional remark for case (b)) to prove that for all A as in the claim the kernel of @ has
no isotypical components — as a C [S f}fmodule — of type A: in other words,

Ker(0:N;, — N,)C € ChMx, Ker(0:N, — N,)C P C) M. (4.8)
AFf ARF
M4 AE>n A1>n
From Proposition 2.12 and Proposition 4.4 it follows that
Ker(6: N, — NJ) = Ker(ny).N,,, Ker(6:N, — N_) = Ker(mw).N,  (4.9)

Indeed, we have N;L/Ker(@ : N, = NJ) = N, and the latter is a simple module

over Endony (V®'): since Endoy)(VET) = B;n)/Ker (mv) we have Ker(wv).NP’L -

Ker(© : Nj, - N;); on the other hand, N/, /Ker(my).N}, is a module over B;n)/Ker(wv)

= Endov) (V®f ) , hence it is semisimple: but then Corollary 2.15 forces it to be simple,

which in turn implies (N,f = ) N/ /Ker(© : N], - N;) = N; /Ker(my).N], and then

also Ker (O : N, — N;) = Ker(my).N,, q.e.d. The symplectic case is entirely similar.
So we are reduced to study Ker(my).N}, for (a) and Ker(my).N}, for (b).

(a) We know that Ker(my ) is spanned by the minors of order (n+1). Let §,41 be one
of these minors: then it has 2(n + 1) moving vertices, say 7 of them in the upper row and
s ( =2(n+1)— r) on the lower row: we have to distinguish the cases » > s and r < s.

Assume that r > s: then r > (n+ 1) > n. Then applying (3.4) we get

5n+1'N;/L = (Altlz Altg, - Z Z (_1)j hpj,ICIj,lhpj,QQj,Z T hpj,qu',j d) 'Npla <

J=0 (pj,:,95,:)EV;

c P nvc @ nN- D (W)= P G

A A-f A f A
XA >r M +AE>n AN >n A +AE>n

where by (Y) , We denote the isotypical component of type A in any (C[S f]fmodule Y.
Therefore letting A;3% be the span of all the minors of order (n 4 1) with r > s we
conclude that A7Z%5.N/, is contained in the direct sum in the left-hand-side of (4.8), q.e.d.

Now assume that r < s: we shall prove that either we get trivial results — i.e. zero
contributions to the Ker (7rv) — or we can reduce to the previous case, that is r > s.
More precisely, given a junction j € J¢ (where k is such that p = (f—2k)) and m € M, ,
we shall prove the claim by showing that §,41.(m ® j) = 0 or we can reduce to a smaller
value of s, so that an inductive argument (on s) will permit to reduce to the case r > s,
hence to conclude.

Suppose k = 0: if ,41 € B;n)(l) then of course 0,41.7 = 0 in Hyj: this implies
dnt1-(m®j) =0 in NP’L, hence we are done. But the hypothesis r < s "forces” 0,41 to

belong to B;n)(l), so there’s nothing else to do.
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Then assume k£ > 0. We have several cases to consider.

Case (a-1): Suppose that j has a bar u>— v such that both «~ and v~ are moving
in 0p4+1. Then Lemma 3.9(a) yields 0,4+1.j =0 in Hyy, hence again 6, 41.(m® j) =0 in
N,,, and we are done.

Case (a-2): Suppose that all bars of j match fixed vertices of ;1 .
If all the spots of the bars (k in number) of j match vertices in the lower row of §,,41

which all belong to (fixed) bars, then 6,41 € B;n)(h) for some h > k: indeed, the previous
assumption implies that 4,11 has at least k bars in its fixed part — both in the upper
and in the lower row — but since r < s its fixed part is ”bigger up than down”, so it has
strictly more bars up than down, whence the claim. But then §,11 xj is an alternating
sum of junctions which all belong to J¢ s with k' > h > k, hence 6,,41. =0 in Hy g, so
we can finish like above.

Similarly, if for each bar of j the (fixed) vertices (in the lower bar of §,1) matched by
those of this bar belong either both to bars (maybe one single bar for both vertices) — as
above — or one to a bar and the other to a vertical edge, then §,11.7 = 0 again. Indeed,
the bars whose vertices both match bars are to be treated as before; as for the others,
they can be grouped collecting together those which belong to a like path in I'(d,41,7)
(notation having the obvious meaning). Fix one such path II, and let ¢ be the total number
of bars of j involved in this path: if IT links a fixed upper vertex of d,,41 with a spot of j,
then II also involves exactly ¢ fixed bars of the lower row of d,, 41, hence there are exactly
t ”corresponding” fixed bars in the upper row of d,,+1 which in turn provide ¢ bars in
dn+1 *j (notation having the obvious meaning); otherwise, i.e. if II links two fixed upper
vertices of 4,41, then II also involves exactly ¢ — 1 fixed bars of the lower row of 9,41,
which correspond to ¢t —1 fixed bars in the upper row providing ¢t — 1 fixed bars in 9,41 xJ:
but in addition the path II itself yields a t*® bar in d,,,1 % j . This shows that the junctions
occurring in d,41 * j all have at least k¥’ bars with k' > k; finally, since r < s we can
conclude like above that k' > k, whence d,41.7 =0 and J,+1.(m ® j) =0 as before.

Therefore we are left with the case when there is at least one bar wu>— v of j
such that u~ and v~ (fixed, in d,41) belong to vertical edges: then we proceed as follows.
Let v~ and v~ be joined respectively to p and ¢T ; then define ¢/ i1l = NhpgOny1. A
moment thought shows that 6,41.j =n~" -4, .7, as the pictures below show:

fixed part mom’ng part  fized part fixed part moving part  fized part

/////////ﬁf - //Q////Gv@!

(picture of 0,41.7) (picture of 4, 1.7 )

Therefore we can switch to deal with ¢, ; instead of d,,41; by iteration of this procedure,
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we are reduced to consider the case when no bar of j matches two vertices in our minor
which both belong to vertical edges, that is we fall within the previous situation.

Case (a-3): Thanks to the previous analysis, we can restrict to consider the case in
which at least one bar u>— —ev of j has one vertex — say u — matching a moving
vertex of d,11 and the other — v for us — matching a fixed vertex of d,,41 .

Suppose that there are two bars #s>— 0 and u>— 20 in j enjoying the previous
property, and that the fixed vertices v~ and v~ are joined by a fixed bar in d,,,1; then
when computing §,,+1.j a path appears in I'(d,,41.7) which links © and ©: so the situation
is the same as if the bar ©s>— 0 were in j, hence Lemma 3.9(a) gives again §,,41.7 =0,
whence we conclude in the usual way.

The possibilities allowed now are the following: each bar of j has a vertex matching
a moving vertex m of 0,41 and another one matching a fixed vertex w, but if the latter
belongs to a bar (of d,,41) then the other bars of j do not match the vertex of d,,41 joined
to w.

Suppose that each bar of j meets — via some vertex w — a fixed bar of J,,;1: the
previous assumption implies that all these bars must be different; then we can do the same
analysis as in Case (a-2), but this time we have to proceed separately for each diagram
in the expansion of §,; (for now also the moving part is involved). Thus again we find
that each of these diagrams has at least k bars in its lower row, so like in Case (a-2) we
conclude that d,1.(m® j) =0.

By the last step, we can assume that at least one bar us>——ev of j meets a ﬁxed vertex
belonging to a (fixed) vertical edge of 8,41 . Then one easily sees that d,41.5 =n" 8, ,1.7,
where 6, ; is a new minor of order (n + 1) whose fixed part has "sizes” " = r + 1 and
s’ = s —1: the following picture illustrates the situation:

fixed part moving part  fized part fized part moving part  fived part

(picture of 0,41.5) (picture of 4, 1.7 )

Thus we are reduced to the case of a greater value of r, so applying a recursive procedure
we can end with the case r > s, that we have considered (and solved) at the beginning.

(b) We can repeat almost step by step the prove we made for (a): whenever a property
of minors was required (e.g. Lemma 3.9(a)), the analogous property of Pfaffians (in the
example, Lemma 3.9(b)) holds and works as well. Here we explicit the starting point.

Let wy(,11) be a Pfaffian of order 2(n + 1), let it have 7, resp. s, moving vertices in the
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upper, resp. lower, row, and assume r > s; thus r > (n+ 1) > n too. From (3.5) we get

h
Tpy1Nj = (Symlt Z > (bt g2ty hpj,lqﬂhpmqm---hpj,jqjyjd> N, C

- (pj 'qu z)ev
C D e © @ N - D (M), — )
AEf A-f A-F -
A>T A1>n A1>n A1>n

Thus, if Hg(>8+1) is the span of all the Pfaffians of order 2(n + 1) with r > s we conclude

that Hg(if 1)V ! is contained in the direct sum in the right-hand-side of (4.8), q.e.d.

A second remark is necessary. As we saw during the proof of Proposition 4.4 the action
of Sy on W®/ through B;_Qn) (via Sy C Dy C B;_Qn) ) coincides with the standard per-
mutation action twisted by the alternating representation: hence the isotypical components
of type A (for all \) for the Sy-action through Bgf%) are indeed isotypical components
of type A" with respect to the standard Sy—action, and viceversa. Thus the multiplicity

of My (in N, ) with respect to one action is equal to the multiplicity of My: with re-
spect to the other action: therefore the multiplicity [Nu_t - M A] when we consider on Nu_t
the standard Sy—action (that is the one we are interested in) is equal to the multiplicity
[NV M »t] when we consider on N ..+ the Sg-action via B}_M) (i.e. the twisted one); by

the previous analysis, if A} < n the latter multiplicity is exactly the same as in N’ ., and
we can conclude. [

By the way, we notice that, thanks to Theorem 2.10 and Lemma 2.13, a simple refor-
mulation of the above proof of Theorem 4.5 yields the following

Corollary 4.6. (a) Let ut (f —2k) be such that pt + ub < n. Then the radical of
the B}n) —module H}Lk is contained in the sum of all isotypical components (of H;fk as an
Sr-module) of type X\ with X & f such that X} + Ny > n. Similarly, the radical of the
algebra Bgcn) [k; 1] is contained in the sum of all isotypical components (of B;n) [k; 1] as an
St x Sg—module) of type (1\,2A) with ;A = f (i = 1,2) such that N} + 15 > n or
2)\3 —+ 2)\5 >n.

(b) Let pt (f —2k) be such that p% < n. Then the radical of the B;_Qn)fmodule
H}‘k is contained in the sum of all isotypical components (of H}‘k as an Sy module) of
type X\ with A = f such that N} > n. Similarly, the radical of the algebra B( [k ) is

contained in the sum of all isotypical components (of B; 2n) (ks 1] as an Sy x S¢-module)
of type (1A, 2A) with ;A& f (i =1,2) such that 1\ >n or oAt >n. O

At last, our efforts are rewarded.



FABIO GAVARINI 27

Corollary 4.7 (Littlewood’s Restriction Rules).

(a) [Va:U,] = Z cflvg for all X+ f such that N + )\, <n;
o2k
o has even rows
(b) [Va:W,] = Z cﬁ’g for all Xt f such that M <n.
o2k

o has even columns

Proof. We simply have to collect all previous results. For (a), just patch together Lemma
4.2, Theorem 4.5(a), and Lemma 4.3. For (b), do the same with (b) instead of (a): then

(Vi W,] =E) = A/\_’M:C’ﬁ‘f: Z N,

H ut,o
o2k

o has even rows

for all A+ f such that A} < n; thus

. Z At Z At Z A
|:V)\ : WU’] = Cut’a. == Cp,t,at = C'u’o.

o2k o2k o2k
o has even rows o has even columns o has even columns

for all A+ f such that \} <n, qed. O
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