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Abstract

We introduce a general recipe to construct quantum projective
homogeneous spaces, with a particular interest for the examples of the
quantum Grassmannians and the quantum generalized flag varieties.
Using this construction, we extend the quantum duality principle to
quantum projective homogeneous spaces.
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1 Introduction

A projective variety can be described via its homogeneous graded coordinate
ring. This ring is not an invariant associated to the variety, but depends
on a chosen embedding of the variety into some projective space. Different
embeddings will, in general, produce non isomorphic graded rings.

When a projective variety is homogeneous, i.e. endowed with a transitive
action of an (affine) algebraic group on it, it can be realized as quotient
of affine algebraic groups G / H . In this case a projective embedding can
be obtained via sections of a line bundle on G / H, uniquely given once a
character of H is specified.

If one approaches a quantization of this picture in the context of quantum
groups the problem immediately arising is that standard quantum groups
have a very limited set of quantum subgroups. This explains why usually
the preferred approach goes through representation theoretic techniques.

An explanation of the lack of quantum subgroups, together with a way
to circumvent this problem, is suggested by considering the semiclassical
picture, i.e. in the context of algebraic Poisson groups. In such setting



algebraic Poisson subgroups are quite rare too; however there is no need of
an algebraic Poisson subgroup to cook up a Poisson quotient. The existence
of a surjective Poisson map G — G / H is guaranteed simply by requiring H
to be a coisotropic subgroup of G . This condition can be expressed by saying
that the defining ideal of H , in the function algebra of GG, is required to be
a Poisson subalgebra rather than a Poisson ideal, as required for Poisson
subgroups.

Let O,(G) be a quantization of the affine algebraic Poisson groups G. At
the quantum level, a quantization O, (H) of its coisotropic subgroup H can
be defined through conditions on the projection m: O (G) — O,(H). We
will see this in full detail in the sections 2, 3.

Our first aim is to build a quantum deformation O, (G / H ) of the projec-
tive variety G/H, i.e. of its graded ring O(G/H) , subject to the following
requirements:

(1) there exists a one dimensional corepresentation of the quantum coiso-
tropic subgroup O,(H) which is a deformation of the corepresentation of
O(H) corresponding to the character of H which defines the line bundle
giving the projective embedding of G / H;

(2) a quantum analogue O,(G/H) to O(G/H) is defined as the subset
— inside O,(G) — of “semi-invariant functions” with respect to the given
corepresentation of O, (H);

(3) the subset O,(G/H) is a graded subalgebra of Oy(G);

(4) the graded subalgebra O,(G/H) is a graded left coideal of O,(G),
so the coproduct in O,4(G) induces a (left) Oy(G)—coaction on O,(G/H),
and the latter can be thought of as a quantum homogeneous space.

(5) the semiclassical limit of O,(G/H) is O(G/H) — embedded into
O(G) — as a graded subalgebra, left coideal and graded Poisson subalgebra.

In other words, a quantum deformation of a projective homogeneous
space, embedded into some projective space, consists of the deformation of
the graded algebra associated to the embedding, in such a way that the action
of the group on the homogeneous space is also naturally quantized.

We will work out the details of the construction for the case of the Grass-
mannian and its Pliicker embedding, that is when G is the special linear
group and H = P is a maximal parabolic subgroup and we will sketch it in
the more general case of quantum flag varieties of simple Lie groups.



Our main motivation to develop this point of view is to adapt to projective
homogeneous spaces, the correspondence introduced by Ciccoli and Gavarini
5] for coinvariant subalgebras. This recipe allows to associate functorially to
a quantum quasi-affine homogeneous space another quantum homogeneous
space, through a generalization of the quantum duality principle (QDP),
defined by Drinfeld for quantum groups. A part of the arguments in [5] does
not directly apply to projective homogeneous spaces, since it is based on the
realization of the ring of the homogeneous space as the set of coinvariant
functions inside the ring of the quantum group acting on it. But this is
possible — as in the classical case — if and only if the homogeneous space is
quasi-affine, which is not the case of projective varieties. The coordinate ring
of the homogeneous space is replaced by a graded ring inside the quantum
group ring, consisting of semi-coinvariants with respect to a one-dimensional
representation, which can be seen as a deformation of the line bundle that
classically determines the projective embedding. The definitions introduced
in section 3 will allow us to define a quantum duality functor and obtain the
QDP construction in this more general setting. In the last chapter we will
discuss applications to quantum flag manifolds.

2 The classical setting

In this section we recall some Poisson geometry (see Ref. [20] for details).

2.1 The affine case

Let k be a fixed field of characteristic 0. When doing algebraic geometry
construction, we tacitly assume that k be algebraically closed. However, this
assumption is not needed for our quantum constructions.

Let G be an affine algebraic group over k. We denote by O(G) the algebra
of regular functions of GG, in short its “function algebra”, which is naturally
a Hopf algebra (over k). We denote g := Lie(G) the tangent Lie algebra of
G, and similarly b := Lie(H) for any closed algebraic subgroup H of G .

Assume that G is a Poisson group: this means that O(G) is a Poisson
Hopf algebra, i.e. we have a Poisson bracket { , }: O(G) ® O(G) — O(G)
which is compatible with the Hopf algebra structure. Moreover, g is a Lie
bialgebra, for some Lie cobracket 0: g — g ® g, and the same holds for
its dual space g*, these two Lie bialgebras structures being dual to each
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other. Indeed, the notion of Lie bialgebra is the infinitesimal counterpart of
the notion of Poisson group. Since the dual g* of g is itself a Lie bialgebra,
it follows that any connected algebraic group G* with g* = Lie(G*), is a
Poisson group on its own, called (Poisson) dual to G. We are going to see
the example of the Poisson group G L, treated in detail in section 5.2.

Definition 2.1. A (closed) subgroup H of G is called coisotropic if its defin-
ing ideal I(H) is a Poisson subalgebra of O(G). Also, H is called a Poisson
subgroup if the embedding H — G is a Poisson map; this is equivalent to
require /(H) to be a Poisson ideal. Hence a Poisson subgroup is coisotropic.

The following equivalent conditions give an infinitesimal characterization
for a connected subgroup H to be coisotropic (see [24]):

Proposition 2.2. Let G be an algebraic group and H a (closed) subgroup of
the Poisson group G . Then the following are equivalent:

(C-1) H is a coisotropic subgroup of G ;

(C-ii) 6(h) ChAg, that is b is (a Lie subalgebra and) a Lie coideal of g ;
(C-iii) the orthogonal space b is (a Lie coideal and) a Lie subalgebra of g* .

Remark 2.3. Note that, thanks to these characterizations, the infinitesimal
counterpart of the notion of coisotropic subgroup is that of Lie subalgebra
Lie coideal. The latter notion is self-dual. In fact, let G* be any connected
Poisson group dual to G. If H is coisotropic in G, then any connected
subgroup of G*, with tangent Lie algebra b, is in turn a coisotropic subgroup
of G*, called “complementary dual” to H and denoted by H=.

We now want to describe the notion of Poisson quotient.

Definition 2.4. Let M be a Poisson affine variety, i.e. an affine variety
whose function algebra O(M) is a Poisson algebra. Then M is a Poisson
homogeneous G—space if there is a (regular) transitive action ¢ : G x M —
M which is a Poisson map with respect to the product Poisson structure
on G x M. We say that a Poisson homogeneous G-space M is a Poisson
quotient if there is a coisotropic closed Lie subgroup H,; of G such that
G/HM ~ M and the projection py: G —» G/HM ~ M is a Poisson map.

The following is a characterization of Poisson quotients (cf. [29]).



Proposition 2.5. Let ¢: Gx M — M be a homogeneous action of G on
M . Then the following are equivalent:

(PQ-i) there exists m € M whose stabilizer Gy, is a coisotropic sub-
group of G ;
(PQ-ii) there exists m € M such that ¢z : G — M, g+ ¢(g,m), is
a Poisson map, that is to say M is a Poisson quotient,
(PQ-iii) there is m € M such that {m} is a symplectic leaf of M .

For any m € M with stabilizer G one has M ~ G / Gy as affine G-
varieties. As M is affine, this is equivalent to O(M) = O(G/Gy,) . Finally,
O(G/Gy) = O(G)®™ , the subalgebra of Gy, —invariants in O(G). The same
holds with G5, replaced by any subgroup H whose coset space G / H is affine.
We have then an additional characterization of (affine) Poisson quotients.

Proposition 2.6. If M is as above, then M is a Poisson quotient if and only
if there exists m € M such that O(G)“™ is a Poisson subalgebra of O(G).

In particular, if H is a subgroup of G, and G/ H is affine then the following
are equivalent:
1. H is coisotropic,
2. G / H is a Poisson quotient,

3. O(G/H) = O(G)" is a Poisson subalgebra of O(G).

2.2 The projective case

We are now interested in the case when the homogeneous G—variety G / H is
projective, i.e. H is parabolic. To describe it in algebraic terms (the setting
we need for quantum deformations), we require a specific realization, namely
an embedding into a projective space.

Given a representation p of H on some vector space V', we can construct
a vector bundle associated to it, namely

Vi=GxyV=GxV/~, (ghv)=~(g,h ), Vhe Hge G,uvelV.

The space of global sections of this bundle is identified with the induced
module (see, e.g., [18] for more details)

HO(G/H, V) = Ind$(V) = {f: G — V‘f is regular, f(gh) = h’l.f(g)} .



Definition 2.7. Let y: H — k* be a character of H, i.e. a one dimen-
sional representation of H on L = k. Then L®" is again a one dimensional
representation of H with character x". Let L™ := G ®py L®". Define

O(G/H) = H°(G/H,L")

O(G/H) = @,.,0(G/H) C O(G)

Then O(G/H) is a subalgebra of O(G), whose elements are called semi-
wnvariants. Note that now the notation O(G / H ) has not the same meaning
as when G / H is affine.

Assume now the bundle £ to be very ample. In the present context,
this is the same (cf. [18], §I1.7) as saying that L is generated by a set of
global sections fy, fi, ..., fn € (O(G/H)1 — in particular, the algebra
O(G/H) is graded, generated in degree 1 (by the f;’s). Then O(G/H) is
the homogeneous coordinate ring of the projective variety GG / H | with respect
to the embedding given via the global sections of £ (see [17], p. 176).

We want to reformulate this classical construction in purely Hopf alge-
braic terms, more suited to the quantum setting we shall presently deal with.

Remark 2.8. In algebraic terms, saying that x : H — k* is a character is
the same as saying that it is a group-like element in the coalgebra O(H). The
same holds for all powers x" (n€N). In fact if y is group-like, then the same
is true for all its powers x™ since O(H) is a Hopf algebra. As the x"’s are
group-like, if they are pairwise different they also are linearly independent,
which ensures that the sum ) O(G/H)n — inside O(G) — is a direct one.

neN
Moreover, once the embedding is given, each summand O (G / H )n can be
described in purely Hopf algebraic terms as

O(G/H), = {f€O0@)|flgh)=x"(h"")f(9) } =
—{reo@|(@emoa)n=resi)}

with 7 : O(G) — O(H) the standard projection, S the antipode of O(H).

To simplify notation, we set A := S(x) — the character of H which maps
heH to A(h) =x(h™") — and we set A, :=(id®7)oA, so that

O(G/H) = {f c O(G) ]Aﬁ(f) :f®A”} . (2.1)



Proposition 2.9. Let G/H be embedded into some projective space via some
very ample line bundle. Then there exists a t € O(G) such that

Ar(t) == ((ld@ 7)o A)(t) = t®@7(t) (2.2)
m(t") #w(t") Vm#neN (2.3)
oG/H), = {1e0@G) | ad) =renm) (2.4)
O(G/H) = @00 O(G/H), (25)

and (’)(G/H) s generated in degree 1, namely by (’)(G/H)1 .
Proof. It f € O(G/H)n, then

7(f) = 7(Sp () fin) = (€@m)(AW) = (2 id)(Ax(f)) = () X"

Now, by assumption there exists a non-zero global section of the line bundle
on G/H, ie. a regular function ¢ € O(G/H), \ {0} on G and (t) # 0.
By the above (for n = 1), up to dividing out by €(¢), we can assume that
7(t) = A. The result follows immediately.

]

Notice that while A = 7(t) is group-like, ¢ instead is something less, yet
still has an “almost group-like property”, given by (2.2). This element ¢ and
its quantization will turn to be crucial for the quantum setting.

Remark 2.10. We point out that (’)(G / H ) is a unital subalgebra, and also
a (left) coideal of O(G); the latter reflects the fact that G/H is a (left)
G-space. Thus, the restriction of the comultiplication of O(G), namely
A\O(G/H) :O(G/H) — 0(G)@ O(G/H)

is a coaction of O(G) on O(G/H), which makes O(G/H) into an O(G)-
comodule algebra, in the sense of [26], §4.1. Moreover (’)(G / H ) is graded
and the coaction A‘O(G/H) is also graded w.r.t. the trivial grading on O(G),

so that each O(G/H)  is indeed a coideal of O(G) as well.

As to Poisson geometrical properties in this projective setup, the following
characterization — which might be used to define the notion of Poisson
quotient structure for the projective G—space G / H — holds:



Proposition 2.11. Let G be a Poisson algebraic group, H a closed parabolic
subgroup, and t € O(G) as in Remark 2.8. The following are equivalent:

(o) {I(H),I(H)} C I(H) — that is, H is coisotropic — and in
addition {t,O(G/H)} C I(H)

(b) {(’)(G/H)T, O(G/H)S} C O(G/H)rJrs for all r,s € N — that
is, O(G/H) is a graded Poisson subalgebra of O(G) .

Proof. To simplify notation, we set Iy, := I(H)(O(G/H) , for n e N.
(a) = (b): First of all, note that (2.1) can be reformulated as

O(G/H) = {feO(G) ‘A(f) c f®t”+O(G)®I(H)} (2.6)
Second, by Remark 2.10(a), each O(G/H) is a coideal of O(G), that

is A(O(G/H) n) C O(G)® O(G/H) . This along with (2.6) gives
A(f) € fet"+ OG)® gy vV feO(G/H) . (2.7)

Then, for any fEO(G/H)T and KEO(G/H)S, we have

A({10) = {A), A0} € {for + 0@, , (51+ O(G) e T, } =
z{f®ﬂy€®ﬁ}—+{f®f 0K3®IHJ‘+
+ {O(G)@Igr,€®ts} {
C {f.{jat* + fﬁ@{f‘ﬁ}+—{f,0 }CQHIHS
O {t"“,fH,s} { ,e} ® Iy, t* + OGN @ {JH ts} +
+{0G), 0(G)} © I, I, + 0(G) O(G) & {Iny, I} €
C {0}t + O(G) @ Inys

thanks to (2.7) and to (a). Thus {f,¢} € O(G/H)

(b) = (a): By assumption we havewe have t € O(G/H),, hence
{t, f} € O(G/H)1+n for all f € (’)(G/H)n by (b). In particular, this gives

{t, f}(h) = t"*"(h){¢t, f}(15) = O VY he H

O®®MM(Q®MJ§

rs+ DY (2.6) again.
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because any Poisson group structure is zero at the identity. Eventually, this
yields {t,O(G/H)} CI(H), q.ed.

To prove that {I(H),I(H)} CI(H), we need some additional tools.

First, let O(G) 1, be the localization of O(G) at J := Ker(eo@)) — a
maximal ideal in O(G). This is the stalk at the point 1 of the structure
sheaf of G, and the Poisson bracket of O(G) canonically (and uniquely)
extends — for fi, fo € O(G), y1,y2 € J, ny,ny € N — via the identity

{fivi™, o™} = {fi. ol Mya™ — na fryr™ {2l ™ —
— o fo{fi. o} ur ™y ™+ muna fi o {yn, ye byt yse !

to the local algebra O(G)4,, . The counit € of O(G) uniquely extends to an
algebra morphism from O(G),, to k, again denoted by €, whose kernel is
Ji, , the localization of J inside O(G), . Finally, we denote by I(H);,, the
localization, inside O(G) 1, , of the ideal I(H) of O(G).

Second, let X; := {t = 0} be the zero locus in G/H defined by
the vanishing of the divisor ¢, and let I := (G/H) \ X; . This is an
affine open dense subset of GG / H | whose algebra of regular functions is the
graded localisation of O(G / H ) by the multiplicative subset {t”}neN , that is
O(G/H) 'k @B,cnt " O(G/H) . Note that O(G/H) y Daturally embeds
into O(G) 1, , because t € J9H := O(G/H)\J. Again, the Poisson bracket

of O(G/H), induced by that of O(G), uniquely extends to (’)(G/H) 'k and
so the latter is a graded Poisson subalgebra of O(G),, ; thus X, is an affine
Poisson variety. Also, € induces an algebra morphism from O(G / H ) o tok,
whose kernel we denote by Jﬁ/ i

Third, let (Q(G/H)E be the_localization of (’)(G’/H) o at Jﬁ/H: by
construction, this is the stalk at 15 = 1 H of the structure sheaf of G / H,

and the Poisson bracket of (’)(G / H ) . uniquely extends to (’)(G / H ) e
Now, the maximal ideal .J;, in the local algebra O(G) 4., can be generated
by a local system of parameters on G at the point 1¢, say {y1,...,yn}, with
n = dim(G). As H is a closed subgroup of G, we can choose this system
of parameters in such a way that:
(1) if h:= dim(H), the image inside O(H),, = O(G),/I(H)1, of
{y1,...,yn} is a local system of parameters on H at the point 1y = 1g ;
(2) yn=1-1;
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(8) {Yn+1,---,yn} is alocal system of parameters on X; at 1 ; in partic-
ular, it generates in (Q(G/H)E the ideal J%H = Ker(e)N (’)(G/H)E .

As a direct consequence of the above assumptions, the elements 3,1, ...,
Y, generate the ideal I(H),, inside O(G) 1, . Moreover, we have y; = f; ;'
for some f; € O(G/H), {; € O(G/H)\ J" (for i=h+1,...,n). Then

{visy;} = {AG LG = i Y6 G = {6 167 —
— b, FY G+ LA G R

which — by assumption (b), that yields {O(G/H), O(G/H)} - O(G/H)
— gives {yi, yj} € (th, . ,yn) =1(H),, foralli, j. This together with
Leibnitz’ rule implies that {k;yi, k;y;} € (Yns1,-...yn) = I(H)1, for any
kikj € O(G)1, (withi, j=h+1,...,n);inturn, I(H)i, = (Y1, - Yn)
satisfies {I(H)i,, I(H)1,} C I(H),,-

Eventually, as I(H) = O(G)(I(H)

1o , the above results give also

{1(1), 1(H)} € O(G)N{I(H)1g, I(H)1e} € OG)NI(H), = I(H) O

3 Quantum bundles and quantum homoge-
neous spaces

3.1 Quantum groups

We want to translate all the framework of section 2 into the quantum setup.
The first step is to introduce quantum groups, in the form of quantum (or
“quantized”) function algebras, as follows.

Let G be an algebraic Poisson group, O(G) its function algebra.

Definition 3.1. By quantization of O(G), we mean a Hopf algebra O (G)
over the ground ring k, :=k [q, qil] , where ¢ is an indeterminate, such that:

(a) the specialization of O,(G) at ¢ =1, that is (’)q(G)/(q—l) 0,(G), is
isomorphic to O(G) as a Poisson Hopf algebra;
(b) O,(G) is torsion-free, as a k,~module;
(c) if Ig == (q—1) Oy(G)+Ker (o)) , then (12 =) (¢ —1)" Oy(G).
n>0

> n>0
We call O,(G) quantum (or quantized) function algebra over G , or quantum
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deformation of G, or even simply quantum group. It is standard terminology
to say that the Poisson Hopf algebra O(G) is the semiclassical limit of O, (G) .

Similarly, we say that a k,~algebra O,(X) is a quantization of the commu-
tative k—algebra O(X) if it is torsion-free and Oq(X)/(q—l)(’)q(X) =0(X).

Then O(X) is also a Poisson algebra, called semiclassical limit of Oy (X)) .

Remark 3.2.

(1) The technical requirement in (c¢) corresponds, in the context of formal
deformations, to require that the algebra is separated; we also point out
that it is satisfied by all quantum function algebras usually considered in
literature. In any case, it will not be necessary till §5. Moreover, both (b)
and (c) above are automatically satisfied when O,(G) is free as a k,~module.

(2) The classical algebra O(G) inherits from O,(G) a Poisson bracket,
given as follows: if z, y € Oq(G)/(q—l) 0,(G) = 0O(G), then

7 y/ . y/ Z

{z,y} = a1 mod (¢ — 1) Oy(G)
for any lifts 2/, v € O,(G) of x and y respectively. One checks that this
bracket is well-defined, and makes O(G) into a Poisson Hopf algebra, so that

GG is a Poisson group. But G already had, by assumption, a Poisson group
structure; then, the requirement in (a) above that (’)q(G)/(q—l) 0,(G) =
O(G) as Poisson Hopf algebra amounts to say, in particular, that the two
Poisson group structures of G are isomorphic.

On the other hand, if we start without asking G to have a Poisson group
structure, then the previous analysis tells that if a quantization O,(G) exists,
then it automatically endows O(G) with a Poisson algebra structure. And
similarly for a quantization O,(X) of a commutative algebra O(X).

3.2 Quantum subgroups and quantum coisotropic sub-
groups

Our second step is to introduce the notions of quantum coisotropic subgroup
and of quantum subgroup, the former being weaker than the latter.

Definition 3.3. By quantum coisotropic subgroup of O,(G) we mean a k-
coalgebra O,(H), along with a projection 7 : O,(G) — O,(H), such that

12



(a) O,(H) is torsion-free, as a k,~module;

(b) 7 is a k,coalgebra (epi)morphism:;

(¢c) misan Oy (G)-module (epi)morphism, where O,(H) has the O,(G)-
module structure induced by , that is f-7(g) = 7(fg).

If, in addition, O,(H) is a Hopf algebra and 7 is a Hopf algebra morphism,
and for Iy := (¢ — 1) Oy(H) + Ker (eo,m)) we have

(¢) N 1g = N (¢=1)" Oy(H)

n>0 n>0

then we say that O,(H) is a quantum subgroup of G'.
For later use, we introduce also the notation I,(H) := Ker(n) .

Remark 3.4.
(1) I,(H) := Ker(m) satisfies ]q(H)ﬂ( 1)O,(G) =(¢q—1)I,(H) . So
the specialization of I,(H) at ¢ =1, i.e. Iy(H) := I,(H)/(q—1) I, H) com—

cides with the image of I,(H) under the spec1ahzat10n O4(G)/(g—1) O4(G
O(G) of O4(G), which is 1,(H) / (I,(H) 1 (4-1)04(G)) .

(2) Conditions (b) and (c¢) imply that I,(H) is a two-sided coideal and a
left ideal of O,(G). Then, by (1), the specialization I;(H) is a coideal and a
(two-sided) ideal in the commutative ring O(G) . Moreover, I;(H) equals the
kernel of m: O(G) = O1(G) — O(H), the specialization of 7 at ¢ =1,
where O1(H) = O4(H)/(q—1) Oy(H) is the specialization of O,(H). So
O1(H) admits the unique quotient Hopf algebra structure such that m; is
the canonical Hopf algebra epimorphism. In particular, O;(H) is the func-
tion algebra O(H) of some closed algebraic subgroup H of G, and I,(H) =
Ker (m : O(G) — O(H)) = I(H), whence the terminology and notation.

In the Hopf algebra language, conditions (b) and (¢) are expressed by
saying that O,(H) is an O,(G)-module coalgebra, that is a coalgebra and
O4(G)-module such that Ay (z)y and €p, ) are Oy(G)-module morphisms.

(8) Assumptions at the quantum level imply properties for specializa-
tions. So, the semiclassical specialization of a quantum coisotropic subgroup
is (the function algebra of) a coisotropic subgroup, because I1(H) = Ker(m)
is a Poisson subalgebra of O(G). On the other hand, the specialization of a
quantum subgroup instead is (the function algebra of) a Poisson subgroup.

At the semiclassical level there are many examples of coisotropic sub-
groups, among which only a few are Poisson subgroups. This is a key moti-
vation to focus on the more general setting of quantum coisotropic subgroups.
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(4) A quantum coisotropic subgroup O,(H) is by no means a “quantum
group”, in the sense of Definition 3.1, unless it is a quantum subgroup.

3.3 Quantum line bundles

We now want to carry across to the quantum setting the notion of embedding
G / H — PV associated to a line bundle £ that we assume to be very ample.
The idea is to transfer to this framework the description (2.4) of O(G/H )n
given in terms of an element ¢ € O(G) as in Remark 2.8 and Proposition
2.9. Thus, the starting point will be a quantization of such an element ¢ that
we will call a pre-quantum section.

Given G and H as in §2.2, we assume that quantizations of them be given,
i.e. we are given Oy(G), O (H) and 7 : O,(G) — O,(H) as in Definitions
3.1, 3.3. To simplify notation, hereafter we shall also write ¢ := 7({) €
O,(H) for every ¢ € O,(G).

Moreover, we assume that an element ¢t € O(G) as in Remark 2.8, and the
corresponding closed embedding G / H — PV | be given as in Proposition
2.9 (so, in particular, ¢ is a section of the line bundle £ on G/H).

We define a quantization of the latter setup as follows:

Definition 3.5. We define pre-quantization of t, or pre-quantum section of
the line bundle £ on G/H (given by ¢), any d € Oy(G) such that

(o) Ap(d)=den(d), ie. Ad) € (d®d+ O4G)® I,(H))
(b) d mod (¢—1)O,(G) =t (e0(@))
with respect to the identification Oq(G)/(q—l) 0,(G) = OG) .

Remark 3.6.

(a) Given a pre-quantum section d , property (a) in Definition 3.5 implies
that m(d) = d is a group-like element in O, (H). Therefore, it defines a one-
dimensional corepresentation of O,(H ), namely

pa: kg — k@, OJ(H), 1—1®d
which gives back, modulo (¢—1), the one-dimensional representation of O(H)

p)\ik—)k®k(9(H), 1—1® A
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corresponding to the character A = m(t) of the group H we started from.

(b) In the classical setup, having the character X is equivalent to having
a Hopf algebra morphism k[z,z7'| — O(H), given by 2% — \* (z € Z).
Indeed, this occurs because the powers A* do exist in O(H), and are group-
like because A is. In fact, each one of them corresponds to a one-dimensional
corepresentation, namely the z—th tensor power of py

p)\®Z:p)\z:k_>k®kO(H), 1—=1® M\

On the other hand, in the quantum setup there is no natural analogue,
since the powers d~ are not even defined in O,(H) — which is not an algebral
— nor we can assume (would we define them in some way) that they are
group-like. This means that we miss somehow the “tensor powers” of p,.
In [1] one can find an example of a countable family of group-like elements
in a quantum coisotropic subgroups, which are not obtained by projecting
powers of the same element, but quantize a classical character.

However, when O,(H) is a quantum subgroup instead, it is a Hopf al-
gebra, hence the group-like d is invertible, and all powers d’ exist, and are
group-like in O,(H). So we do have all “tensor power corepresentations”

pa® kg — k@, Oy(H), 1 1®d

which in turn means that having d is equivalent to having a Hopf k,—algebra
morphism k, [z, 27! — O,(H), given by 2%+ d" (2 € Z).

Moreover, notice also that d~ = d? for all z > 0, so that p,®* for z >0
can be directly recovered from the element d* in O,(G); thus in the end we
can handle everything working with the elements d" € O,(G), n € N.

Definition 3.7. Let d € O,(G) be a pre-quantum section on G/H.

(a) We call d—semi-invariants of degree n the elements of the set

O,(G/H) = {1e0,q) Aﬂ(e):mﬂ(dn)} _
— {reo @ |awe (tad +0,6) @ 1,H)}

(b) We call d—semi-invariants the elements of the set

0,(G/H) = S0,(c/m),
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It is clear that each O,(G/H )n is a k,—submodule of O,(G), hence the
same holds for O, (G / H ) We shall now see some further properties of these

modules, which eventually will tell us that — under suitable, additional
assumptions — we can take O, (G / H ) as a quantization of O(G / H )

Lemma 3.8. Let d € O,(G) be a pre-quantum section on G/H . Then
(a) deQ, (G/H)1 ., i.e. d is semi-invariant of degree 1.
(b) forany n € N, and any ( € Oq(G/H)n, we have = e(f)d™ .
(c) themap m: OyG) — O, (H) restricts to a k,~module epimorphism
7 Oy (G/H) — Spamny ({d_”}neN> :

Proof. The only statement which needs a proof here is (b), which quickly
follows applying (e ® id) to both sides of A, (¢) ={® d" . O

Remark 3.9. The semi-invariants have a good arithmetic property, which
ensures that the specialization of Oy(G/H) C Oy(G) (and of Oy(G/H))
at ¢ = 1 will be consistent with that of O,(G) itself. Namely, given n € N,
since O, (G / H )n is defined by k,-linear conditions we find at once
O,(G/H) NcO(G) = cO,(G/H) ~— V cek,

and in particular, Og(G/H) N(q—1) O4(G) = (q—1) O4(G/H) .

Next result shows that each Oy (G/H) is a left coideal of Oy(G), hence
it bears a structure of left O,(G)-comodule.

Proposition 3.10. Fvery Oq<G/H)n is a left coideal of O4(G), that is
A(0,(G/H),) € 0G)@0,(G/H), ¥ neN

so that A‘O @/, Makes 0,(G/H) into a left Og(G)-comodule. There-
fore, Og(G/H) is a left coideal of Oy(G), hence a left Oy(G)—comodule.
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Proof. Let O = O,(G), O, = OQ(G/H)n, and set O := k(q) ®x, O,
O, = k(q) ®, O,. Then O ®y, O naturally embeds into O Ry O,
because O and O, are torsion free as k, modules. Using this embedding,
given any ( € O,(G/H)_ we can always write A() =3, g/ ® h} for some
gi,hi € O such that the g¢.’s are all linearly independent, and similarly for
the hl’s. Then (taking a common denominator) there exists ¢ € k, such that
A(l)y=c1> g;®h;, with the g;s in O,(G) being linearly independent,

and the h;’s in O, (G) which are linearly independent too.
We shall now prove that

Zi:gi®(%)(hi)(l)®(T)(2) = Laohod . (3.1)
Indeed, the left-hand side in (3.1) is just the image of ¢/ via the map
(ia@ (i@ m)0A)) oA = (id@ider) o (ido A) 0 A
By coassociativity of A, the latter map coincides with
(id@idom)o(idRA)oA = (A®m)oA = (A®id)o (idom)oA = (A®id)oA,
and now the last map applied to ¢/ gives
(A®id)(Ar(ct)) = (A®id)(ct@d) = Y, 0,@h ®d"

where 2 follows from the assumption ¢ € O, (G / H )n, which implies ¢/ €

0,(G/H)  as well. This eventually gives the right-hand side of (3.1), q.e.d.
Now, because of the linear independence of the h;’s, the identity (3.1)

implies that all the h;’s satisfy Z(hi) (hi)u) ® (hz-)@) = h; ®d", which
means exactly h; € O, (G / H )n , for every index ¢. Thus we have

A(cf) =>.,0h , gi € O,(G), hiEOq(G/H)n,
the g;’s, resp. the h;’s, being linearly independent, and also
A(c[) €cO,(G)®0,qG) .

These two conditions imply h; € Og(G/H) [ cOy(G) = cOy(G/H)
thanks to Remark 3.9. Therefore A(¢) € O,(G) ® O, (G/H)n. Finally, the
claim for O,(G/H) follows from that for the O, (G/H)n’s. [
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The above construction provides us with a reasonable candidate for a
quantum analogue of O(G / H ) , namely the space of the d-semi-invariants
O, (G / H ) , which we proved has many important properties. Nevertheless,
we still would like O, (G / H ) to verify three more key properties, namely:

(a) O,(G/H) is a subalgebra of Oy(G);

(b) O,(G/H) is a graded object, its n—th (for all n€N) graded sum-
mand being O, (G/H)n ;

(¢) the grading is compatible with all other structures, so O,(G/H) is a
graded O,(G)-comodule algebra (when O,(G) is given the trivial grading).

Indeed, we are still missing these properties so far. In order to have
them, an additional property must be required to the pre-quantum section d
we started from. This is provided by the following result.

Proposition 3.11. Set I,(H) := Ker(m), and let d be a pre-quantum section
on G/H. Then the following properties are equivalent:

(a) O4(G/H) -O,(G/H) < Oq(G/H)HS for all r,s € N, hence,
in particular, O,(G/H) is a ky—subalgebra of Oy(G) ;

(b) [d,fl=0 in Oy(H), forall feO,(G/H);

(¢c) [d,O.G/H)] C I,(H) .
Proof. (b)== (a): For any r,s € N pick f € Oq(G/H)T, g € Oq(G/H)S.
Then — by Proposition 3.10 — for A(f) = >_;) fa) ® fi2) and A(g) =
Z(g) 9y ® g2y we have fro) € (’)q(G/H)T, 9 € Oq(G/H)S. This, along
with assumption (b) to get the equality =, yields the chain of identities

A(fg) = X foygn @ fioge = X fogn® fodz =
(o) (M)

=2 )(fu) ® fio) (90 @ @) = (L) Jo © fio) (L 900 € 57 ) =

i fwg®(d f) 1 = ((1®d3) I f<1>®f<z>)-(g®T) =
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— ((1®ds)A(f)).(g®T) = ((1®ds) (f®dr+%0®n)>-(g®T) _
=~ (10d).(fgod +pge7) = fged™ = fgor(d+)

for some suitable ¢ € O4(G), n € I,(H), with notation (z®y).(a®b) :=
(za)® (y.b) referring to the action of Oy(G)®O,4(G) onto Of(G) @O, (H)
induced by the action of O,(G) onto O,(H), via 7, and onto itself, via left
regular representation. So f ¢ is also d-semi-invariant, of degree r+s, q.e.d.

(a)= (b): Assume that (a) holds. Then for f € Oq(G/H)n we have
df, fd € Oy (G/H),, ,andso [d, f] € Oy(G/H), . . Then the identity

[d, 1] = €(ld, f]) a7+

holds, by Proposition 3.8. But clearly e([d, f]) =0, hence [d, f] = 0, that
is [d, f] € 1,(H). The outcome is [d, Oq(G/H)] CI,(H), qed.
(b)<=>(c): This is just a matter of rephrasing. O

n+1"’

Definition 3.12. We call quantization of t, or quantum section (of the line
bundle £) on G / H | any pre-quantum section d of G / H (cf. Definition 3.5)
which satisfies any one of the equivalent conditions in Proposition 3.11.

The following result gives a criterion to detect quantum sections, and
shows that for quantum subgroups they are just pre-quantum sections.

Proposition 3.13.

(a) Let d be a pre-quantum section on G’/H.
If [d, 1,(H)] C I,(H), thend is a quantum section.

(b) Let O,(H) be a quantum subgroup.
Then any pre-quantum section on G/H 18 a quantum section.

Proof. (a) Pick any f € (’)q(G/H)T, g€ Oq(G/H)S . Definition 3.7 gives

Alf) = fed + fLi®o, [1€04(G), ¢1€l,(H)
Alg) =g@d+g e , 91 € Oy(G), m € I,(H)

Therefore, for the product f g we have

A(fg) = ANHA() = (fed+H¢) (9@d+g@m) =
= f9@d" + fadn+ fLig@gd® + i @dim
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Now, d"v1, 171 € I,(H) because I,(H) is a (left) O,(G)-submodule, and
o d = a6+ [61,d] € (L,(H) + I,(H)) = I,(H)
because, in addition, [d, I,(H)] C I,(H), by assumption (d). Thus
A(fg) € (fg@d™ + 0(G) @ I,(H))

which means exactly fg € O, (G / H )r e ! by Definition 3.7 again. Thus
condition (a) of Proposition 3.11 holds, hence we conclude by Definition 3.12.

(2) If O,(H) is a quantum subgroup, then [,(H) is a two-sided ideal.
Therefore, [d, I,(H)] C I,(H), hence by (1) we get the claim. O

The following result records yet another feature of quantum sections:

Lemma 3.14. Let d be a quantum section on G/H.
Then d™ € Oq(G/H)n, and d™ is group-like in O,(H), for all n € N.
Moreover, Span, <{ dr} ) is a k,~subcoalgebra of O,(H), and

neN

Span, ({7 },0) = Bren o @

Proof. By Definition 3.12 and condition (@) in Proposition 3.11 we have d" €
O,(G/H) , forall n € N. This means A(d") € (d"®@d"+0,(G)®1,(H)),
whence — as 7 : Oy (G) — O,(H) is a coalgebra morphism — we get

A@) = A(r(@) = roR(AW)) = w(d@) @ r(d@) = Fo T

thus the d"’s are group-like, and different from each other because the " =
dn‘q:1 are. Finally, this implies that Span, ({ dr }n EN) is a k,—subcoalgebra
of O,(H), and also that the d"'s are linearly independent, which eventually
gives Spany, <{ dr }n€N> = B, en kg dr . ]

Gathering all together the previous results, we can now show that semi-
invariants built out of a quantum section satisfy all properties we look for:

20



Theorem 3.15. Let d be a quantum section on G/H. Then

(a) O4(G/H) is a graded k,~module, its n—th graded summand (n€N )
being Og(G/H), ;

(b) O,(G/H) is a subalgebra of Oy(G);

(c) the grading in (a) is compatible with all other structures of O,(G/H) ,
so that O, (G/H) is a graded O,(G)-comodule algebra, where we take on
O,(Q) the trivial grading;

(d) for every c € ky, we have Oy(G/H) N cOy(G) = cO,(G/H) .
In particular, Ou(G/H) N (¢—1) Oy(G) = (¢—1) O,(G/H) .

Proof. (a) We must simply prove that the sum ) O, (G / H )n is direct, so
neN
that Oy(G/H) := Y. Oy(G/H) = @ O4(G/H) . But this is an easy
neN neN

consequence of Lemma 3.14.

Indeed, let »° _cnfn = 0 a linear dependence relation, with f, €
O,(G/H )n and ¢, € k, (almost all Ero) for every n ) € N. Applying A,
to this relation we get > _ycn fn ® d® = 0. But the d"’s, by Lemma 3.14,
are linearly independent; thus ¢, = 0 for all n, q.e.d.

(b) This follows directly from Definition 3.12 and Proposition 3.11.

(c) This follows (again) from Definition 3.12 and Proposition 3.11, from
Proposition 3.10, and from the Hopf algebra axioms.

(d) This easily follows from the identity O,(G/H) = @,y Oq(G/H).
given by claim (a), and from Remark 3.9. [

Corollary 3.16. Let d be a quantum section on G/H (in the sense of
Definition 3.12). Then the restriction of m: O (G) —» O, (H) wyields an
epimorphism of graded O,(G)-module coalgebras

7 Oq(G/H) — Spankq <{%}neN> = @nequd_”

Proof. By Lemma 3.8 we know that 7’ is a well-defined epimorphism of
graded k,—modules. The rest follows from O, (G / H ) being a subalgebra of
O,(G), and 7 being a morphism of O,(G)-module coalgebras. O

Last aspect to take into account is the behavior of O, (G / H ) under spe-
cialization at ¢ = 1. The last part of claim (d) in Theorem 3.15 ensures
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that such specialization is consistent with that of O,(G): in other words,
the embedding O, (G / H ) — O,(G) gets down under specialization to an

embedding Oy (G/H) = 0,(G/H) [ (g~ 1) Oy(G/H) — O(G) . The
next result tells us something about the specialized space O (G / H ) itself.

Proposition 3.17. O1(G/H) := O,(G/H) [ (¢=1) 0,(G/H) is a graded
Poisson subalgebra of (’)(G/H) =D,cn O(G/H)n and a graded left coideal
of O(G), with O\(G/H), = O4(G/H), [(a=1)O,(G/H), as n-th
graded summand (n € N ). In particular, it is a left O(G)—comodule algebra.

Proof. For all n € N, the restriction to O, (G / H )n of the specialization map
P OgfG) — O4(G) [(a = 1) 04(G) = 0(G)
has kernel Oq(G/H)n N(@—1)0,G) = (¢g—1) Oq(G/H)n , by Remark

3.9. This in turn ensures also that the restriction of p; to O, (G / H ) =
@neNOq(G/H)n has kernel @, .y (¢ — 1) Oq(G/H)n , so its image is

O, (G/H)/(q -1) Oq(G/H) , l.e. just the specialization of O, (G/H) . So

O\(G/H) = O4(G/H) [(a=1)O,(G/H) = pi(0,(G/H))

where the right-hand side is a subalgebra of p; <(’)q(G)) = O(G) . Moreover,

we have also that the specialization maps preserves the grading, namely

i (0)(G/H)) = pi(B,en Ou(G/H), ) = Bocnm(0u(G/H),)
so that O (G / H ) is graded, with n—th graded summand

n(0J(G/H),) = 0,(G/H), [a-1)0,(G/H), = O\(G/H),

Now Theorem 3.15 implies at once that O, (G / H ) is a graded subalge-

bra left coideal inside pi(Oy(G)) = O(G), hence a graded (left) O(G)-
comodule algebra. In addition, the identity

O,(G/H) N (41— 1) O,(C) = (4 1)O,(C/H)
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implies also that the Poisson bracket defined in (’)(G / H ) starting from its
quantization O, (G / H ) — see Remark 3.2 — coincides with the restriction
to O(G/H) of the Poisson bracket similarly induced on O(G) from O,(G) .
Therefore, O;(G/H) is also a Poisson subalgebra of O(G).

We are only left to prove that the embedding of O (G / H ) into O(G)
maps O (G / H ) into (’)(G / H ) respecting the grading on either side, that is

O.(G/H) < O(G/H), VneN (3.2)
Now, the left-hand side of (3.2) is O, (G/H)n/(q —1)0,(G/H), , with

0,(G/H), = {L€0,G) | Acl) = t@r(d)}
(cf. Definition 3.7), while the right-hand side, by (2.4), is

oG/H), = {1e0©) |an=rexi}

But all specialization maps commute with the coproducts A and with the
(quantum and classical) maps 7, and the specialization of each d" is nothing
but t". Therefore, we conclude that (3.2) holds. O

Finally, we can define our “quantum projective homogeneous spaces”.

Definition 3.18. Let G be an algebraic Poisson group, H a coisotropic
subgroup, as in §2.2, and let O, (G), O,(H) and 7: O,(G) — O, (H) be
given (cf. Definitions 3.1, 3.3). Let d be a quantum section on G/H (see
Definition 3.12, Proposition 2.9), in particular

(a) Ar(d) = d®n(d)

(b)) d =1t mod (¢ —1), wheret is a non-zero section of the very
ample line bundle on G / H giving the embedding into some projectve space.

Then given
0,(G/H), = {te o 6)|ad)=ten(@)} =
- {re o, ’A(ﬁ) € ((od" +0,G) @ I,(H)) }

we say that
O4(G/H) = @D,en 04(G/H),
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is a quantization of O(G/H) if
04(G/H) [(a-1)0,(G/H) = O(G/H)

as graded O(G)-module algebras and as Poisson algebras over k. We will
then refer to O, (G / H ) as quantum projective homogeneous space.

In particular, we have seen that any such O, (G / H ) has the following
properties (Theorem 3.15):
(I) it is a graded subalgebra of O,(G);

(II) 1t is a left coideal of O,(G), hence a left O,(G)-comodule via
Alo,ayy : Og(G/H) — Oy(G) ® Oy(G/H)

Remark 3.19. As a matter of fact, the only additional property required
in Definition 3.18 is that the embedding of O, (G/H)/(q - 1)0,(G/H)

into (’)(G / H ) provided by Proposition 3.17 be onto. But actually, as both
these are graded algebras, and (’)(G / H ) is generated in degree one, this is
equivalent to require (only) that is onto the embedding

0,(G/H), [(a-1)0,(G/H), —— 0(c/H),

This requirement might be seen as the quantum analogue of the require-
ment — at the semiclassical level, see §2.2 — of having enough global sections
of the line bundle £ on G / H so to have an embedding of G / H into PV .

In section 5 we show that quantum Grassmannians and quantum gener-
alized flag varieties are examples of quantum projective homogeneous space.

4 The Quantum Duality Principle (QDP)

4.1 The QDP philosophy

The quantum duality principle (QDP) is a two-fold recipe which allows to
obtain a quantum group dual, in an appropriate sense, to a given one.

In [5] Ciccoli and Gavarini extended this principle to quantum formal
homogeneous spaces. Their result goes as follows.

Given a Poisson group G, we consider pairs (H ,G/H ) where H is a
coisotropic subgroup of G and GG / H is the corresponding homogeneous space.
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At a local level, i.e. in the setup of formal geometry, any such pair can be
described in algebraic terms by any one of the following four objects:

ut), Ulgh, I(H), O(G/H) (4.1)

where hereafter ) := Lie(H) and g := Lie(G), and the notation is standard,
but for (’)(G / H ) which here denotes the algebra of regular functions on the
formal algebraic variety G /H . The main result in [5] is a four-fold functorial
recipe which, from a quantization of each object in (4.1), constructs a quan-
tization of one of the four object of the similar quadruple which describes

the “dual” pair (H L Gx / H L), where “dual” refers to Poisson duality.

If we try to do the same at a global level (cf. [6]), i.e. not restricting
ourselves to the framework of formal geometry, then something changes when
handling the algebra (’)(G / H ) . Namely, the latter is meaningful — that is,
it permits to get back the pair (H, G/H) — only if G/H is a quasi-affine
variety. This is the case, in particular, if G / H is affine, and instead it is
not if G / H is projective. Therefore, in the latter case one describes G / H
taking, instead of the algebra of regular functions, the algebra of (algebraic)
sections of a line bundle on G / H realizing an embedding in a projective
space, i.e. what is denoted (’)(G/H) in §2. Once this is settled, one can
consider a quantization O, (G / H ) and try to cook up a suitable analogue of
the recipe of [5], [6].

With this program in mind, we want to associate to any quantum ho-
mogeneous G-space O,(G/H) — in the sense of Definition 3.18 — a (local)
quantization Uq(hL) of the dual G*—space (actually, of the dual coisotropic
subgroup), right in the spirit of the QDP.

Warning: In order to make our statements simpler, from now on we take
as ground ring the local ring

k, = (kq)(qq) = localization of k, at the ideal generated by (¢—1) .

Therefore, hereafter we shall tacitly extend scalars from k, to k; for all k,—
modules and k,~algebras we have considered so far, with no further mention.

Let G be an affine algebraic group and H a closed coisotropic parabolic
subgroup, i.e. G/H is a projective homogeneous space. Let O,(G), O,(H)
and O,(G/H) be quantum deformations of O(G), O(H) and O(G/H) as

25



defined in Section 3. In particular, O, (G / H ) is built out of a specific quan-
tum section d on G/H. Also, 7(d) = d € Oy(H) is (non-zero) group-like,
hence e(d) = €(d) =1, and d specializes to d|q:1 =te€ O(G/H) C O(G).

In addition, we make the following assumption:
d is an Ore element in the algebra Oy (G) .

This property will allow us to enlarge the algebras O,(G) and O,(G/H)
by the formal inverse d~! . Geometrically, it corresponds to ask to have — be-
sides a quantization of O (G / H ) — a quantization of a Zariski neighbourhood
of the identity element; more precisely, it means that we have a quantization
of the function algebra O(Xt) of the affine variety X;, the complement in
G / H of the divisor defined by the function ¢ = d —1 This property is
satisfied in the examples of the Grassmannian and the flag varieties (cf. §5),
with a suitable choice of d.

Let us define
oY (G/H) = 0,(G/H) [d‘l}pmj C O0,G)[d"]

where the localization is a projective localization, i.e. we take the elements of
degree zero in the ring O, (G/H) [dil} , where d~! is given degree —1.

4.2 The QDP functor

We now recall the definition of the functor O,(G) — O,(G)", which sends
quantized function algebras (of Poisson groups) to quantized universal en-
veloping algebras (of Lie bialgebras). More precisely, O,(G)" is a quantiza-
tion of U (g*), where g* is the Lie bialgebra dual to g. For more details and
proofs, we refer the reader to [14], Theorem 2.2 and Theorem 4.7.

Remark: the overall assumption in [14] for G is to be connected; never-
theless, this condition is not needed in the proof of Theorem 4.7 therein.

Definition 4.1. Let Jg := Ker(e: O(G) — k) be the augmentation
ideal of O,(G). Also, let I := Jo+ (¢ — 1) O4(G) . We define

O0,G) =S (-1 =S ((g—-1)"1e)" = U(lg—1)"1a)" .

n>0 n>0 n>0
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This is a well defined k{-subalgebra of k(q) ®x, Oy(G) . Notice also that
O‘](G)v = ZnZD (q - ]‘)771‘]2' = ZnZO ((q - 1)71‘](;)”

The results of [14] — in particular, Theorem 4.7 therein — tell us that
0,(G)" is a quantization of U (g*) , that is Oq(G)v/(q—l) 0,(G)” = U(g")
as co-Poisson Hopf algebras. Our idea is to “restrict to O,(G/H)”, somehow,
the definition of O,(G)", so as to define O,(G/H)". To begin with, let

Ty = Ker (elo,c/m)

Notice that € extends uniquely to O,(G)[d"!], so we can define also

JGer/CH = Ker (E’@qloc(g/H))

Definition 4.2. We define
Vv —n loc \" —1 7loc \"
O, (G/H)" = ano (¢—1) (JG/H) = ano ((q —1) JG/H) 5

the unital k;—subalgebra of k(q) @y, Ole(G/H) generated by (q— 1)_1Jg’/cH :

or — what amounts to be the same — by (¢ —1)7'I, é’/cH , where by definition

we set ]g’/CH = Jg’/cH +(¢—1)Ok(G/H) .

Indeed, one can check that the construction O,(G/H) — O,(G/H )v is
functorial, in a natural sense (see Remark 4.12 later on).

In order to study O, (G / H )v, we need a rather explicit description of it.
In turn, this requires a description of O,(G)", which we take from [14].

Let J; be the augmentation ideal of O(G), namely
Ji = Ker(e: O(G) — k) = Jg mod (¢—1) Oy(G)

so that Jl/Jf = g*, the cotangent Lie bialgebra of G'. Let {yi,...,yn}

be a subset of J; whose image in the local ring of G at e (the unit element
of the group G ) is a local system of parameters; in particular, n = dim (G) .
Define {ji,...,jn} as a pull-back of {yi,...,y.} to Jo.
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Theorem 4.3. (see [14], Lemma 4.1)

(a) The set of ordered monomials {jg =1, & |e:=(e1,...,e,) € N”}
is a k| ~pseudobasis (or topological basis) of (/Z(G), the Ig—adic completion
of O,(G). In other words, each element of (Z(G) has a unique expansion
as a formal infinite ki ~linear combination of the j¢’s. In particular, @(G)
is generated — as a topological k| ~algebra — by {ji, ..., jn} -

(b) The (q—1)—adic completion (/Q\q(G)v of O,(G)" admits the set of or-
dered monomials {(q—l)_(el+"'+e") [, 5 ’ (e1,...,6n) € N”} as a ki~
pseudobasis. In particular, @(G)V is generated — as a topological k-
algebra — by {jV:= (q—1)"", | s=1,...,n}.

The description of O, (G / H )v goes much along the same lines.

Recall that ¢ € (’)(G/H) is the specialization of d € Oq(G/H) . We
then consider X, the open subvariety of G / H where t # 0. On this variety,
choose functions ly,...,l,_, — where h = dim(H) — such that the set

{x,:=1, mod (¢—1)O,(G/H) | s=1,...,n—h}

yields, in the localization of (’)(Xt) at eH € X, (Q G/H) , a local system of
parameters at eH .

Theorem 4.4.

(a) The set of ordered monomials
n—h

M
s=1

is a ki —pseudobasis of(j)g"/c(G/H) , the latter being the IéO/CH —adic completion
of OéOC(G/H) , where ]é‘}CH = JGIO/CH +(g—1) (’)é"C(G/H) .
In particular, (TJZO/C(G/H) is (topologically) generated by {ly,... l,_p}.

(617 s 7€n7h) € Nnh}

(b) The (¢ — 1)-adic completion (/’)\(Z(G/H)V of Oq(G/H)v admits as a
ki, —pseudobasis the set of ordered monomials

n—nh
{ (q — 1)_(€1+~~-+€n—h) [105 | (e1, .. enp) € N7h }

s=1

28



In particular, @;(G/H)v is (topologically) generated by the set

{lsv = (¢g—1)""I,

Proof. The argument follows the proof of Theorem 4.9 in [15]. In this theorem
is treated the general setting of a quantization O,(V') of any Poisson affine
variety V' with a distinguished point on it, given by a character x of O,(V),
the kernel of x playing the role of Js; above. Here we apply all this to
V=X, (CG/H) with E‘O(Xt) as character on O(X;) = OF(G/H) . O

s:l,...,n—h}

The next lemma plays a crucial role in the construction of the QDP.

Lemma 4.5. The quantum section d € O, (G/H) enjoys the following prop-
erties:

— +oo
(a) d is invertible in Ol¢(G/H) , with d™' =% (1— d)k ;

k=0

(b) d is invertible in @(G/H)v, with d~' = EOJO (q—l)k(((;:d)) :

k=0
Proof. Observe that e(d) =1 implies that
d=1-(1-d) e (1+J5%) € A+15%) ;
this gives the invertibility in (/Q\é"/C(G / H ) .
Similarly since Jé"/CH C(¢—1)0, (G/H)V , the identity
d=1+(d=1) € (1+745) € (1+ @1 0,(G/m)")

also ensures that d is invertible in @(G / H )v .
In both cases, the explicit formula for d—* follows by taking the limit of the
geometric series, namely (1 — x)_l = ZZ:;) 2%, appliedto xr=1—d. O

Proposition 4.6. There are natural embeddings
OL(G/H) —— BG) . By(G/H) —— (@)
which both are extensions of the embedding Oy(G/H) —— O4(G). More-

over, via these embeddings the pseudobases for the (topological) algebras on
G/H identify with subsets of the corresponding ones for the (topological)
algebras on G .
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Proof. By construction, we have [, = js/dCS for some j, € Jg/u, ¢ € N
(s=1,...,n—h). Since d is invertible (in both cases), the previous analysis
tells us that we can replace the [;’s with the ji's (K = 1,...,n — h) in
the descriptions of O, (G/H)V and O, (G/H)V given above (i.e. in the k|-
pseudobases and as topological generators). But then, as

{js‘zs:l,...,n—h} - Jg/H - Oq(G/H) - Oq(G)

we can always complete {js‘s: 1,...,n—h} to a set {jr|r: 1,...,n}
such that {yr = Jj, mod (¢—1)O,(G) | r=1,... ,n} yield, in the local-
ization of O(G) at e € G, a local system of parameters at e. Thus using
the latter we can describe Z’)V,](G) and @(G) as explained above. O

From now on we shall use these embeddings to identify (Z(G / H ) and
@(G /H) with a subalgebra of O,(G) and of @(G) respectively.

Lemma 4.7. Oq(G/H)Vﬂ (—1)0,(G) = (¢g—1) Oq(G/H)V
Proof. Let us choose a subset {ji,...,7,} in Jéo/CH as explained above for

the description of O, (G/H)v. Then, mapping O,(G)" and O, (G/H)V into
their (¢—1)—adic completions, and exploiting the descriptions of the latter
via pseudobases given above, we easily get the claim. O

Next result is that O, (G/H)v is a quantization of U(hL) :

Theorem 4.8. (’)q(G/H)v is a quantization of U([)L) as a k—algebra —
subalgebra of U(g*) — where b = Lie(H), g = Lie(G).

Proof. By assumption, H is coisotropic in G. Therefore, h = Lie(H) is a
Lie coideal (and subalgebra) of g = Lie(G), and h* is a Lie subalgebra (and
coideal) of g* (see Proposition 2.2). Thus the claim does make sense.

In order to prove the statement, we proceed much like in the proof of the
fact that O,(G) / (¢ —1)O,(G)Y 2 U(g*) — cf. [14], Theorem 4.7. The

arguments being the same, we briefly recall them.

Fix again a special subset {ji,...,j.} of Jg as we did in the proof of
Proposition 4.6, in particular with ji,..., j,—n € Jg/m . Also, set notation:
O1G)” = OG)" [la=1D)OLG) , T = (a-1)"Je € O4(G)"
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V= (q-1D7Y VY jeds, t ;== J. mod (¢—1)0,(G)" .

Taking into account that the specializations at ¢ = 1 of any k;-module and
of its (¢ — 1)—adic completion are the same, the above discussion gives that

s=1

{ ﬁ ()7 mod (q—1)Oy(G)Y | (e1,...,€n) € N”}

is a k-basis of O1(G)Y. Similarly, {j,’,...,5)} is a k-basis of t.
Now, jujv — Juju € (¢—1) Jg (for p,v € {1,...,n}) implies that

juju _juju - (q - 1) Zgzl Csjs + (q - 1)2 4! + (C] - 1) Y2
for some ¢, € ki, 71 € Jo and 7, € J3. Therefore

n .

Upsdo ] =00 00 =00 dp = s 60 +m+(g=1)7 =
=21 6Jy mod (g—1) Oy(G)”

where 7 1= (¢ — 1)y, € (¢ — 1)72(Jé)2 C 0,(G)Y; thus t is a Lie subal-
gebra of O1(G)Y. But then we have O;(G)Y = U(t) as Hopf algebras, by
the above description of O1(G)Y and PBW theorem.

Next, the specialization map p¥: O,(G)Y — O1(G)Y = U(t) restricts
to n: J4 — t = J% mod (¢—1) O,(G)Y. Moreover, multiplication
by (q—1)"" yields a k;-module isomorphism p : Jg «—.J}, . Consider the
natural projection map p: J; —» Jl/Jl2 =g, and let v: g" — J;
be a section of p. The specialization map p: O,(G) — O(G) restricts
to p': Jg — Ji , and we fix a section 7 : J; — Jg of p’. Then the
composition map o :=nopuo~vyov: g* —t is a well-defined Lie bialgebra
isomorphism, independent of the choice of v and .

So far we did not exploit our special choice of the subset {ji,...,jn}:
we do it now to prove that t = h* . In fact, the analysis above to prove that
o: g* =t shows also that the unital subalgebra

O0.(G/H)" = 0,(G/H)" mod (1) O,(G)"
of U(g*) is generated by n({j\,...,j4}), and

n({jlva"'vjry—h}) = (770#)<{j1,---,jn—h}) = (770#07)({91,--->yn—h}) =
= (UOMOVOV)({@D-‘-@n—h}) = U({@l?"'ayn—h})
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where 7, := y, mod J? (s = 1,...,n—h). Therefore Ol(G/H)V is the
subalgebra of U(g*) generated by the k—span of {gl, N TR

Finally, the k—span of {yl, .o, Up_n} coincides with the subspace h* of g*.
Indeed, as (’)(G / H ) is the algebra of semi-invariant functions on G, every
ys is a (H—)semi-invariant function on G': but it also vanishes at e € H,
hence by H-semi-invariance it vanishes on all of H. When mapping ys to
Y, € Ji, then, it is mapped into h*. Thus the whole k—span of {yl, e s Unent
is contained in b+, hence coincides with it by dimension equality.

The outcome is that O (G / H )v is the subalgebra of U (g*) generated by

b+, which is a Lie subalgebra of g*, so O (G/H)" = U(h*) . O

We now wish to explore the nature of @(G /H )V as a “quantum homo-
geneous space”’. We start with an important observation on the extensions
of the comultiplication A in O,(G) to the new algebras we have defined.

Remark 4.9. Let A : O,(G) — O,(G) ® O,(G) be the comultiplica-
tion in O,(G). Then A can be uniquely (and canonically) extended to a
coassociative morphism of topological algebras

A 04(G) — O4(G) & O,(G)

where again @(G) is the Ig—adic completion of O,(G), and @ is the Igg—
adic completion of Oy (G)®O,(G), with Igy = Ic®0O,(G) + O (G)®1¢ .
Even more, such a A actually restricts to a coassociative algebra morphism
(we use the same symbol to denote it):

A O G)[d] —— OG)[d7'] & O,(G)[d7]
In fact, as d is a quantum section we have (see Definition 3.12)
Ald) = do®d+ >, h®Fk , forsome h; € OyG), ki€ I,(H). (4.2)
Since d is Ore, we can re-write A(d) = A(d)(d"'®@d™)(d®d), which reads
Ald) = 11+ Y, hid* @kd ") (dzd) .

This in turn implies

1

A(d?) = Ad) " = (ded)" 1el+Xhd ' ekd!) " =
dedy 0 TR wy)
e S ey
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where the bottom term does belong to Oy(G)[d™'] ® O (G)[d7!], as ex-
pected, because k; € I,(H) C I (for every i), hence the last formal series
above is convergent in the I;g—adic topology.

Let us now turn our attention to the algebra O,(G)" and its (g — 1)-adic
completion @(G)V. By construction (cf. [14]), the coproduct of O,(G)",
hence of (’/)\q(G)v too, is induced by the coproduct A of O,(G). Note that
the coproduct A of (/9\(1(6’)v takes values in the topological tensor product
(/Q\Q(G)v® @(G)v, which by definition is the (¢—1)-adic completion of the
algebraic tensor product @(G)v® @(G)V — and coincides, moreover, with
the (¢—1)-adic completion of O,(G)’® O,(G)" .

We are ready to move another key step.
Proposition 4.10. O,(G/H)" is a left coideal of Oy(G)" .
Proof. We want to show that the coproduct A maps @(G /H )V into the
topological tensor product @(G)V ® @(G/H)V :
We first observe that
A@) € 0@ ] Bo /] .

This is because O,(G/H) is a left coideal of Oy(G) — cf. Proposition 3.10,
Theorem 3.15 — hence we have that the elements k; occurring in formula
(4.2) can be taken to belong to O,(G/H) .

Even more precisely, as the O,(G)—coaction on O, (G / H ) via A is graded
(by Theorem 3.15(¢)), all the k;’s have degree 1, like d itself. Thus, the series
occurring in (4.3) in fact belongs to Oy(G)[d™!] ® Ole (G/H) . To sum up,

A" =(d'@d ™) 0y, with dg € O(G)[d] @O (G/H) . (4.4)

Since the coaction A : Oq(G/H) — 0,(G) ® O, (G/H) is grading-

preserving and product-preserving, the definitions of Ofl"c(G /H ) and OéOC(G )
and (4.4) together yield

A(O(G/H)) € 0,(G)[d] &0 (G/H) . (4.5)
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Now, we described above the completions of the algebras A and AV — for
A€ {0,(G/H),0,(G)} — w.r.t. the Ig—adic or the (¢ — 1)-adic topology.
Using that, or an entirely similar analysis, we see also that

0,(G)[d7'] ® Oy(G/H) € O,(G)"'® O,(G/H)" .

In short, this is because Ig C (¢—1) O,(G)" and Ig/u C (g—1) Oq(G/H)V.
Also, it is easily seen that

AIEy) S OG)[d ] @18y + 16 @0 (G/H)

this along with (4.5) immediately implies
A(¢=)7"I8w) S Ol(@)[d7] & (q=1) 185y + (¢=1) e B O (G/H)
which in turn yields, by the very definition of O,(G)" and O, (G / H )V,

A0, (G/H)") € 0,@) & 0,(G/H)" .
Finally, taking (¢ — 1)—adic completions on both sides, and also noting that
0,(@) ® 0,(G/H)" = 0,(G)' & 0,(G/H)", we get

A(O,(G/H)) € 0,G) B 0O,(G/H)" . =

In the end, we get the main result of this section:

Theorem 4.11. (/Q\q(G/H)v 18 a quantization of U([’JL) as a subalgebra

and left coideal of U(g*). In other words, (’/)\Q(G/H)v s an infinitesimal
quantization of the coisotropic subgroup H* of G*.

Proof. Just collect the previous results. First we have

/\ v = - v

O (G/H) N (a=1)O,(G)" = (¢-1)0,(G/H)
as an easy consequence of Lemma 4.7. Then, by Theorem 4.8 and by the fact
that O, (G/H)v = 0, (G/H)v , we have that the specialization of
q=1 q=1

(/Q\q (G/H)v is U(hi) . Moreover, Proposition 4.10 proves that the subalgebra
(/’)\Q(G/H)v of @(G)v is also a left coideal. Therefore, (/QTI(G/H)V is an
infinitesimal quantization of H+, in the standard sense. ]
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Remark 4.12. The construction of @(G / H )v is functorial, in the follow-
ing sense. For a fixed O,(G), every O, (G / H ) is uniquely characterized by
the pair (7, dy) given by the projection 7p: Of(G) —» Oy(H) and the
quantum section dy € O4(G). The natural notion of morphism among such
pairs, say (7TH/, dH/) — (7rHu, dHu) , can be cast into the form a Hopf al-
gebra endomorphism ¢ of Oy(G) such that ¢(Ker(ry:)) C Ker(myr) — or
¢(1,(H')) C I,(H") — and ¢(dg) = dp». Then, one defines ()" on mor-
phisms by scalar extension followed by restriction; proving the functoriality
is a matter of bookkeeping. More in general, one might decide not to fix
O,(G), nor even G'. Then morphisms ¢: O,(G') — O,(G") take the place
of the endomorphisms of (the single) O,(G) in the recipe above, yet () is
defined again on morphisms via scalar extension and restriction — and one
has to exploit the functoriality of ()" over quantum groups O,(G) .

5 Examples: Quantum Grassmannians and
quantum flag varieties

In this section we want to examine in detail some examples of quantum
homogeneous spaces and apply the quantum duality principle recipe to them.
We start with the quantum Grassmannian.

5.1 The quantum Grassmannian as quantum projec-
tive homogenous space

Let us recall the classical setting.

Let G = GL,(k) and let H = P a (standard) maximal parabolic sub-
group, say

p— { (gl g) ' AeGL.(K), B Mat, ,(k), D€ GL, (k) }

We want first to give a very ample line bundle on the homogeneous space
G / P — the Grassmann variety — that realizes the classical Pliicker embed-
ding into a projective space, following the recipe in §2.2.
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Let I =(i1,...,4,), 1 <43 <---<i, <n. Define

d" g= (%) = dl(g) = desr(—l)é(a) Tiy,o(1) " Tip,o(r) (5.1)

as the function corresponding to the determinant of the minor of a matrix
g= (33”) € GL,(k) obtained by taking rows iy, ..., and columns 1,... 7.
Then df € O(G’Ln(k)) for all I, i.e. these are regular functions on G L, (k).

If Iy:= (1,...,7), then d restricts to a map (with same name)
A B
Io . — I —
v P—k*, M:= (o D) — d"(M) = det(A)

which is a character of P. One checks that the line bundle £ associated to
d’ is very ample, and it provides an embedding of G / P into a projective
space, following the recipe in §2.2. Algebraically, this means that the graded
algebra O(G/P) is realized as embedded into O(G) as

O(G/P) = @,200(G/P),, = @2 H'(G/P. L")
In particular, one can easily verify, for any set I of r rows, that
d'(gp) = d"(p)d'(g) V g€GL,(k), pe P

i.e. d! is d®—semi-invariant of degree 1. In addition, one proves that the d'’s
form a k-basis of the space O(G/P), of semi-invariants of degree 1 (cf. [23]).

On the other hand, the spaces O(G/P)n = H° (G/P, £®”) are in one-
to-one correspondence — up to twisting by any integral power of det (i.e., by
any character of GL, (k) ) — with the irreducible representations of G L, (k) .

We will now see that this picture extends to the quantum setup.

Let O,(M,) be the unital associative algebra over k, = ]k[q, q_l] with
generators x;; (for 1 <4i,j <n) and relations

Tij Tik = q T Ty , Tji Ty = G Tgi Tjs Vij<k, Vi
Tij T = Tl Tij Vi<k,j>lor i>k,j <l
-1 . .
Tij Tl — T Tij = (q—q )a:ijil Vi<k,j<l.

(the so-called “Manin relations”). This algebra bears also a structure of
k,—bialgebra, whose coproduct and counit are given by

A(I'U) = 22:1 Z'ik@xkj s G(ZEU) = 5,']' Y Z,] .
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Define the “quantum determinant” (of order n) det, as

d@tq = Zaesn(_qy(g) CEl,a(l) e xn,a(n) € Oq(Mn)

One proves that det, belongs to the center of O(M,,), and it is group-like,
ie. A(dety) = det, ® det, and e(det,) =1.

More in general, for any 1 < r < n and for any choice of r—tuples
of increasing indices I = (iy,...,%,) and J = (j1,...,Jr), we define the
“quantum determinant of the minor (7, .J)”, i.e. of the minor (of the matrix
with entries the z;;’s) whose sets of rows and columns are I and .J, namely

D§ = Zae ST(_Q)Z(J) Lit,jory """ Liryioey (5-2)

These satisfy (cf. [21], §9.2.2) the following quantum analogue of well-
known classical identities (e.g., the first one is analogous to Binet theorem):

A(D})) = Y xDi® DY |, €D} =61, . (5.3)

Since det, is central in Oy (M,,), it is a Ore element as well, and we can
consider the enlarged algebra O,(GL,) := Oy (M,)[det, '] obtained from
O,(M,) by formally inverting det,. Then — see [21] again — the bialgebra
structure of O,(M,,) uniquely extends to O,(GL,); even more, the latter
then is a Hopf algebra indeed. In fact, by construction O,(GL,,) is a quantum
group, namely a quantization of GL, (k) , in the sense of Definition 3.1.

We shall again denote by z;; the images in O,(GL,,) of the generators z;;
of O,(M,). Similarly, we shall again denote by D’ the images in O,(GL,)
of the “quantum minors” of O,(M,,): then they again enjoy (5.2) and (5.3).
Letting Jy := (1,...,7) =: Iy, hereafter we shall set D! := D§O .

The specialization (at g = 1) of any quantum minor DY is the correspond-
ing classical minor d’; (on the same sets of rows and columns); in particular,
every D! specializes to d! — see (5.1) — and, among them, D to d% .

We define the quantum parabolic subgroup O,(P) as the quotient algebra

0,(P) oq<aLn>/({xij rrisisniss<r})

One can easily check that this O,(P) is in fact a Hopf algebra quotient.
Thus the natural projection map 7 : Oy (G) — Oy(P) is a Hopf algebra
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epimorphism. Therefore, O,(P) is a quantum Poisson subgroup of O,(G) =
O, (GL,(k)) , in the sense of Definition 3.3, whose specialization is O(P).

We are now in a position to appreciate the first important fact — in the
present setting — about quantum minors:

Lemma 5.1. The quantum minor D™ is a quantum section of the line bundle
on G/P given by d°, in the sense of Definition 3.12.

Proof. Using the first identity in (5.3) one gets
Ar(D") = ((idzm)od)(D*) = (ider)(L DR DY) = X DRe DY
and then from this

A.(D") = D@Dl = D@ D0

because D_ﬁ = W(Dﬁ) =K. 1, D_g?) , by definition of 7, and ng = Dﬁg =
D'o . Therefore (Definition 3.5) D0 is a pre-quantum section; but O,(P) is
a quantum subgroup, so (Proposition 3.13) D is a quantum section. O

Using D0 | we can perform the construction of the algebra O, (G / P) of
D%—gemi-invariants (or simply semi-invariants), as in §3. First we have

Lemma 5.2. The quantum minors D! are all semi-invariants of degree 1,
that is to say D' € (’)q(G/P)l for every set of rows I = (i1,...,1,) .

Proof. Arguing as in the proof of Lemma 5.1, we prove the claim by
AL(D') = (i@ m)o A)(D') = (idem) (XDl D)
— Y Dk@DE = Dl @D = D'@Dh . O
Roughly speaking, the outcome of this last result is that the line bundle

on G / P given by d'° has enough “quantum sections” to provide a “quantum
projective embedding”. To be precise, the following holds:

Corollary 5.3. The space O, (G/P) of all D' -semi-invariants is a quan-
tization of (’)(G/P), in the sense of Definition 3.18.

Proof. By construction, every quantum minor D! specializes to the corre-
sponding classical minor d/. By §5.1, the latter form a basis of O(G / P)l .
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This along with Lemma 5.2 proves that the natural embedding
04(G/P), [la=1)0,(G/P), —— O(G/P),
is onto. But then, as noticed in Remark 3.19, this is enough to conclude. [J
Actually, we can prove the following, much more precise result:

Proposition 5.4. The algebra O, (G/P) is generated by the D! ’s.

Proof. By Lemma 5.2, the D’s belong to Oq(G/P). Therefore, we are
only left to prove that, conversely, every semi-invariant is contained in the
k-subalgebra of O,(G) generated by the D'’s.

To this end, Theorems 1.2 and 1.3 in [16] give us immediately the result
if we take k(q) as ground ring instead of k, := k[q, q_l] . Then Lemmas 3.9,
3.10, 3.11 in [12] give us our result. We now see that in detail.

We start by rewriting the Proposition 1.1 in [16] in our notation:

Let A2 B Y C bea complex of ky—modules, such that C' is torsion
free. Suppose there are k,—module decompositions A = ©;A;, B = ®,;B;,
C = @;C; such that B; is finitely generated, and the maps ¢ and 1 respect the
decomposition, that is ¢(A;) C B; and (B;) C C;. Then if the sequence
A — B — C obtained by reduction modulo (¢ — 1) is exact, then so is
also

k(q) @k, A~ k(q) @k, B~ k(q) @, C

Let’s apply this result to our special situation.

The subalgebra A := k,[D’] generated in Oy(SL,) by quantum deter-
minants is a k,—graded module (by the degree). This fact is non trivial
and depends on the explicit form of this algebra in terms of generators and
relations, see [9]. We have that an element a € O,(SL,) isin A, iff

Y ®ae =a®d’ ,  where Aa) = Y, aq) ® ag)

where T denotes reduction of z modulo [,(P) (see notation in section 3.3).
So we can set up maps

A =25 0,(SLy) 2 O, (SLy) ® O,(P)
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where ¢ is the inclusion and 1 is defined by
Y(a) = Z(a) aay @ ag) —a ®d’ VacA; .

One can check that all the hypothesis of the previous result, for B :=
O,(SL,) and C := O, (SL,) ® O4(P), are satisfied, hence we obtain that
k(g)@x A = Ker (id@ w) . In other words, the semi-invariants coincide with
the subalgebra generated by the quantum determinants over the ring k(q) .

We now obtain the result over k, by Lemma 3.11 in [10], namely

If wX €ky[D'], wek,, w#0, then X €k,[D"] . O

Remark 5.5. Thus, using our own recipe, we have constructed the quantum
homogeneous space O, (G / P) . It is immediate to see that this is the same
as the deformation of the algebra of the classical Grassmannian, along with
its classical Pliicker embedding, as it is described in [9] or in [28].

Finally, for the O,(G)-comodule structure of the space of semi-invariants
of degree 1, we have also the following analogue of a classical result:

Proposition 5.6. O,(G/P), = A, (k) as left O4(G)-comodules.

Proof. This is a direct calculation. Let’s sketch it. By all the previous
analysis, we already know that O, (G / P)1 has basis the set of all the D7’s,
and the left O,4(G)—coaction on O,(G/P), is given by

D' — >, D @ DX
Now consider the coaction of O,(G) on A, (k?), given by

Siv & 7 Dk ik Gi ke @ &y Epy =
S () M Gik  Gi @ g e = S Di ® o+ g

where ¢ is the permutation reordering ki, ..., Lk, and K = (k:j’, e k;,‘?) are
the same indices, but reordered. Now the result follows. O

40



Remark 5.7. Similar arguments can be used to prove that any quantum

flag variety is a “quantum projective homogeneous space” in the sense of

Definition 3.18 (for details about quantum flag varieties, we refer to [11]).
For the flag of type (my, ..., ms), the quantum section d to start with is

d = Dim) ... plma)

where the D()’s are the principal quantum minors of size m; .
The proofs of all results go over exactly as in the Grassmannian case.

We now turn to the construction of the quantum big cell ring, that will
be crucial for the explicit construction of the QDP functor.

Definition 5.8. Let Iy = (1...7), Dy:= D™ . Define
0,(G)[Dy] = Oq(G)[T]/(T Dy—1,D,T —1)

Moreover, we define the big cell ring Oql"C(G / P) to be the k,—subalgebra of
O4(G)[Dy'] generated by the elements

ti = (—=q)" 7 Ay Dyt Vi,j:1<j<r<i<n
where Ay := D71 for all 4, j as above (see [10] for more details).

As in the commutative setting, we have the following result:

Proposition 5.9. (’)ql“ (G/P) = 0,(G/P) [Do_l}pmj . where the right-
hand side is the degree-zero component of O, (G/P) [T]/(TDO—l , Do T—l) .

Proof. In the classical setting, the analogous result is proved by this argu-
ment: one uses the so-called “straightening relations” to get rid of the extra
minors (see, for example, [8], §2). Here the argument works essentially the
same, using the quantum straightening (or Pliicker) relations (see [9], §4,
28], formula (3.2)(c) and Note I, Note II). O
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Remark 5.10. As before, we have that
Oqloc(G/P) N (¢g—1) O;OC(G’) = (¢—1) O;OC(G/P)

This can be easily deduced from Remark 3.9, taking into account Proposition
5.9. As a consequence, the map

O;OC(G/P)/(q -1) (’);OC(G/P) _— O;OC(G)/((] -1) Oql"c(G)
is injective, so that the specialization map
7l O(G/P) —— O(G/P) [a=1)0*(G/P)
coincides with the restriction of the specialization map

m: O[(G) —— OF4(G) [(a=1) 0(G)

q q

The following proposition gives a description of the algebra (’)qloc(G / P) :

Proposition 5.11. The big cell ring is isomorphic to a matrix algebra

O;*(G/P) — Of(Mu-rxr)
tij — L5 V1§j§r<z§n

i.e. the generators t;;’s satisfy the Manin relations.

Proof. See [10], Proposition 1.9. O

Remark 5.12. The Grassmannian GL,, / P can also be realized as a similar
quotient of SL,, by a suitable parabolic P’ (corresponding to P, say). Then
one can also perform all related quantum constructions — the previous and
the later ones — using SL,, instead of GL, , and modifying each step as
needed. To begin with, one considers

Oy(SLn) i= Oy(GLy) [ (dety — 1) = Oy M) / (det, ~ 1)

— where (det; — 1) is the (two-sided) ideal generated by det, —1 — which
is again a Hopf algebra, for the quotient structure from either O,(GL,,) or
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O,(M,). This is a quantization of SL,(k), in the sense of Definition 3.1,
for which we can consider again quantum minors and a corresponding O, (P)
as before. Then all this can be used to give an alternative definition of
O,(G/P) = Oy(SL,/P’) and of all was considered above. Similarly, all
constructions and results of section 5.2 hereafter can be carried on using
O,(SL,) — and its related gadgets — instead of O,(GL,,) .

Finally, similar considerations hold as well for the quantum flag varieties
mentioned in Remark 5.7.

5.2 QDP for quantum Grassmannians

We now turn to the quantum duality principle applied explicitly to the quan-
tum homogeneous spaces constructed above. We start with Grassmannians.

Let us first explicitly describe the Poisson structure of the algebraic group
GL, . Starting from O,(GL,) , as usual the classical algebra O(GL,,) inherits
from the former a Poisson bracket, which makes it into a Poisson Hopf alge-
bra, so that G L,, becomes a Poisson group (see Remark 3.2(2)). We want to
describe now this Poisson bracket. Recall that

----------

where det := det (a’:iyj)ijzl . is the usual determinant. Setting = = p(z)

for p: O,(GL,) — O(GL,), the Poisson structure is given (as usual) by
{a,b} = (¢— D" (ab—ba)

In terms of generators, we have

VY a,be O(GL,) .

q=1

{‘fij7jik}:jijjik \V/j<k37 {jij,@k}:() \V/i<€,]€<j
{{Z‘ij,{fgj} = Zi‘ijfi’gj A i<£, {i’z‘j,ii‘gk} = 2fiji‘gk A i<€,j <k
{d(?til,i’ij} = O, {det,fii]’} =0 A Z,j = 1,...,77,.

As GL, is a Poisson Lie group, its Lie algebra gl, has a Lie bialgebra
structure (see [3], pg. 24). To describe it, let us denote with m;; the ele-

mentary matrices, which form a basis of gl,,. Define (Vi =1,...,n—1,
j=1,...,n)
€ =M1, g =MWy, fi:=my,, hi=g—gin

43



Then {ei, fis g; ‘ 1=1,....n—1,5 = 1,...,n} is a set of Lie algebra
generators of gl,, , and a Lie cobracket is defined on gl,, by

o(e;) = hi®e;—e; @ hy, 6(g) =0, 6(fi) =h®fi—fioh Vi.j

This cobracket makes gl,, itself into a Lie bialgebra: this is the so-called stan-
dard Lie bialgebra structure on gl,, . It follows immediately that U(gl,) is a
co-Poisson Hopf algebra, whose co-Poisson bracket is the (unique) extension
of the Lie cobracket of gl, while the Hopf structure is the standard one.

Similar constructions hold for the group SL,. One simply drops the
generator d~1 | and imposes the relation d=1, in the description of O(SL,,),
and replaces the gs’s with the h;’s (i = 1,...,n) when describing sl,, .

Since gl,, is a Lie bialgebra, its dual space gl admits a Lie bialgebra
structure, dual to the one of gl,. Let {eij = mg ‘ 1,] = 1,...,n} be
the basis of gl dual to the basis of elementary matrices for gl,,. As a Lie
algebra, gl can be realized as the subset of gl, @ gl,, of all pairs

—mi 0 te 0 mip Mig -+ Minp-1 min
may —MmMag -+ 0 0 mo - mon—1 mon
’ .
Mp—-11 Mp—12 **° 0 0 0 o Mp—1n—1 Mp—1n
Mp1  Mp2 0 —Mpg o 0 --- 0 M

with its natural structure of Lie subalgebra of gl, @ gl, . In fact, the elements
e;; correspond to elements in gl, @ gl, in the following way:

eij = (my;,0) Vi>j, e; = (—my,+my) Vi=j, e; = (0,my) Vi<j.
Then the Lie bracket of gl is given by
[ei,j, ehd = 0jn€ikr —Okien; , V 1<j,h<k and V i¢>j, h>k
[ei,j, eh,k} = OgiChj —Ojn€ir , V i=j,h>k and V i>j, h=Fk
leij, enr] =0, Vi<j,h>k and V i>j, h<k
Note that the elements (1 <i<n—1, 1<j<n)
e =€ = €41 , t = f" = eir1i g =9, = e
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are Lie algebra generators of gl . In terms of them, the Lie bracket reads
[ei,fj} =0, [gi,ej] = 0; E;, [gi,fj} = 0;;1; YV oi,7.
On the other hand, the Lie cobracket structure of gl is given by
5(ei7j) :lvilem/\ek’j Vij=1,...,n

where Ay =2y —yQx.

Finally, all these formulae also provide a presentation of U (g[:) as a co-
Poisson Hopf algebra.

A similar description holds for sl = gl / Z(gly), where Z(gl}) is the

centre of gl”, generated by [, := g1+ - -+g,. The construction is immediate
by looking at the embedding sl,, — gl .

We now turn to the construction of the QDP functor.

Observation 5.13. O,(G)" (see Definition 4.1 and §5.1) is generated, as a
unital subalgebra of O,(G) ®x, k(q), by the elements

A_ = (¢g—1)" (Dq_l—l) ,oxiy = (=17 (zij—0i) Vi, j=1,....n

where the z;;’s are the generators of O (G). As z;; = 6;; + (¢ — 1) x5 €
O,(G)Y, we have an obvious embedding of O,(G) into O, (G)" .

Following Definition 4.2, we define
0,G/P)" = ((a=1)7" I} = 2 (4= )" (Ui)"
\/ .

We can provide a concrete description of O, (G’ / P)

Proposition 5.14. We have

0,(G/F)" = kq<{m]~ }g::l'if..,n>/IM

where ;= (q—1)""ty; (for all i and J ), In s the ideal of the Manin
relations among the w;;’s, and t;; == (—q)" 7 Ay Dg* (for alli and 7).
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Proof. Trivial from definitions and Proposition 5.11. O

We want to see explicitly what is O,(G/ P)V

inside U(gl,"). In
q=1
other words, we want to understand what is the space that O, (G / P)v is
quantizing. We check now by direct inspection that this is U (pL) , as already

prescribed by Theorem 4.8.

Proposition 5.15.

Oq(G/P)v = U(Pl)

q=1

as a subalgebra of Oy (G)"
4=
space to p := Lie(P) inside gl," .

= U(g[n*) , where p* is the orthogonal sub-
=1

Proof. Thanks to the previous discussion, it is enough to show that

76(0u(G/P)") = U(*) € U(gl) = 0,(G)

q=1

To do this, we describe the isomorphism O,(G)"

= U(gl,") (cf. [14]).

According to Remark 5.13, the algebra (’)q(G)v is generated by the elements
A= (q—1)7 (DM =1),  xiy o= (= 1) (my—6y) Yij=1,...,n

inside O,(G) ®y, k(g) . In terms of these generators, the isomorphism reads

0y(G)"

e U(al))
-

A —(er1+ - +eun), Xij ey Vi, j.

where we used notation X := X mod (¢ — 1) O,(G)" . Indeed, from
Xij — ey and (¢—1)"" (Dy — 1) € 04(G)", one gets D, — 1 and
(g—1)" (Dg—1) ¥ e11 + - + €ny . Moreover, the relation D, D' =
in O,(G) implies D;A_ = —(g—1)"" (D, —1) in Oy(G)", whence clearly
A_— —(e1n+---+e,,) as claimed.

In other words, the specialization p : Oy(G)" — U(gl,") is given by
pe(A) = —(ei+ - +enn),  pE(xig) = ey Vg
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If we look at O,(G)", things are even simpler. Since
Dy € (14(a=1)0,(G)) € (1+(a-1)0,(6)") ,

then D' € <1 +(g—1) OZGT)O , and the generator A_ can be dropped.
The specialization map p/, /P of course is still described by formulae as above.
Now let us compute pé/P ((’)q (G/P)V) = ];Z(Oq (G/P)V> . Recall that
O, (G/P)v is generated by the p;;’s, with
piy = (g=1)"ty = (¢= 1) (=9)" ' Ay Dy

fore=r+1,...,n,and j=1,...,r; thus we must compute ﬁg(uij) .
By definition, for every i # j the element x;; = (¢ — 1) x;; is mapped
to 0 by pf . Instead, for each ¢ the element z,y =1+ (¢ — 1) x4, is mapped

to 1 (by p! again). But then, expanding the ¢-determinants one easily finds
that

Zgg <(q -1 Aw’) - <(q -7 Y s, (=) 2100) - w”“) -

= Igg ((q -7 Y (-9 (610 +(@=D)X100)) ** (G100 +(g—1) Xla(r)))

O'EST

The only term in (¢ — 1) in the expansion of A;; comes from the product
(1+(g=Dx11) -+ (1+(@=1)xer) (a=1)xi5 = (g=1)xi; mod (¢—1)*O(G/P)
Therefore, from the previous analysis we get
Pl ((q— ) Az‘j) = P (xis) = e
e (Do) = pi(1) =1, p&(Dy") = pi(1) =1

hence we conclude that ];g(,uij) = (—1)T_j e j, forall 1 <j<r<i<n.

The outcome is that pg p <OQ(G/P)V) = U(h), where

h = Span({eid!r%—l <i<n, 1<y §r}) )

On the other hand, from the very definitions and our description of gl,* one
easily finds that h =pt, for p:= Lie(P) . The claim follows. O
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Proposition 5.16. O,(G/P)" is a left coideal of O,(G)".
Proof. This is the same as Proposition 4.10. O

Hence for the quantum Grassmannian we have proved directly the fol-
lowing result:

—

Theorem 5.17. O, (G/P)v s a quantum homogeneous G*—space, which is
an infinitesimal quantization of the homogeneous G*-space p= .

5.3 Quantum generalized flag varieties for simple gro-
ups as quantum projective homogeneous spaces

We now turn to a more general example of quantum projective space: namely
the quantization of a generalized flag variety for any simple group, following
[19]. As before, we begin with a brief description of the classical setting.

Let G be a connected, simply connected, complex simple Lie group, and
let g its Lie algebra. Let S be a subset of simple roots of g and let A\ =
ZaiQS w; be a weight of g, where the w;’s are fundamental weights.

Let V(A) be the highest weight representation of g (and of G') associated
with the weight A, and let vy be a non-zero highest weight vector of V().
We have the following morphism of algebraic varieties:

G — P(V(\)

g = g-ux
This induces a projective embedding of the flag variety G / Pg into the pro-
jective space IP(V()\)), where Pg := Stabg(vy) is the parabolic subgroup

associated to the set S. The graded algebra of regular functions on G / Pq
relative to this embedding is given by

O(G/Ps) = Do V(nA) 5.4)

where the grading is given by O(G/ Ps)n :=V(n\)" and the multiplication
is via the Cartan multiplication (see [12] for more details).

We are now going to identify (’)(G / Pg) with a graded subalgebra of
O(G) . Indeed, the algebra O(G) is in (Hopf) duality with U(g) and it can be
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thought of as the linear span inside U(g)" of the functionals ¢}, : U(g) — C
(the so-called “matrix coefficients”) given by

() = f(uw) VueU(g), feVN", veV()).

Then O(G / PS) can be realized, equivalently, as the subalgebra of O(G)
generated by the ¢}, s, for all f e V(\)".

This point of view carries over without changes to the quantum setting:
it is considered in [22], [27] and by several others; a quick review of this con-
struction can be found in [19]. The key point is that every finite dimensional
representation V' (u) of U(g) of highest weight u has a (standard) quantiza-
tion, which is a representation for U,(g), call it V,(u) . In particular, one can
again define matrix coefficient functionals ¢}, — for every f € Vi(u)" and
v € Vy(u) — for all dominant weights p of g. Their k,~span inside U,(g)" is,
by definition, the algebra O,(G), which is a quantization of O(G). In fact,
the latter follows because V,(p), respectively V,(u)", specializes to V(u),
respectively to V(u)*, at ¢ = 1, hence “quantum” and “classical” matrix
coefficients bijectively correspond to each other — via c?’v — C‘Jim, say —
under specialization at ¢ = 1.

For later use, we point out how matrix coefficient behave under the co-
product. For any dominant weight p of g, let {vy,...,v.} be a k,~basis of
Vo(p) — with r = dim (V,(\)) — and let {fi,..., f,} be the dual basis of
V, ()" . Then every matrix coefficient cJ’f’ , has coproduct given by

A(C}tv) = 22:1 c}tvi ® c};v (55)
(just because U,(g) is acting on V,(p) via matrices!).

From the quantization O,(G) the group G inherits a Poisson group struc-
ture — cf. Remark 3.2(2) — for which Ps is a Poisson subgroup. On the
other hand, let I,(Ps) be the two-sided ideal of O,(G) generated by the set

of matrix coeflicients {c;f,u ’ VneN, p#n\ Vo (k\{0})vn } . Then,

using (5.5), one easily shows that I,(Ps) is a Hopf ideal of O,(G) ; therefore
the quotient k,~module and the canonical map

Oq(Ps) = Oq(G)/Iq(Ps) v 0y(G) — Oy(Ps)  (5.0)

are respectively a quotient Hopf algebra and a Hopf algebra epimorphism.
Indeed, this provides a quantization of Ps, as a Poisson subgroup of G,
namely O,(Ps) is a quantum subgroup of G in the sense of Definition 3.3.
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In sight of the above construction of O,(G) and of the classical description
of O(G/Ps) in (5.4), we define

Oy(G/Ps)" := @, Va(n\)" = ky-span of {C}t;\’nk}fevq(n)\)*,neN (5.7)

where v, is a non-zero element of weight A in V,(\). Then, as the quantum
matrix coefficients specialize to the classical ones, comparing (5.7) with (5.4)
we see at once that

Oq(G/PS>//(Q ~1)0,(G/Ps)" = O(G/Fs) (5.8)

so that O, (G/Pg)/ is a quantization, as a k,-module, of O(G/PS) .

We are now going to show that this O, (G / Ps)/ is in fact a quantum
homogeneous space in the sense of Definition 3.18, in particular it can be
realized as the space of semi-invariants inside O,(G) with respect to a suitable
quantum section. Indeed, we shall find O, (G / PS)’ =0, (G / Pg) where the
latter is the space of all semi-invariants (for a suitable quantum section) as
in Definition 3.7 and Definition 3.18.

First of all, let A be the dominant weight fixed above, and let vy be the (up
to a scalar factor) uniquely determined non-zero element of weight A in V, ().
Fix a k,basis {v1,...,v,} of V,(\) with v; = vy, and let {f1,...,f.} be
the dual basis of V, ()", for which we set fy := f1.

Proposition 5.18. The element c;\MA is a quantum section in Oy (G) .

Proof. Thanks to Proposition 3.13(b) we only need to show that c]?\wA is a
pre-quantum section, with respect to the setup of (5.6), i.e.

AW(CJ%\A,UQ = C;\A:U/\ ®7T<C;\>\:U/\)

But this follows at once from the identity (5.5), applied to the bases chosen
above, once we notice in addition that Cﬁ,w € I,(Ps) forall i#1. ]

Proposition 5.19. The space of C;‘/\’m —semi-invariants of degree 1 inside

Oy(G) , that is Of(G/Ps), = {f € O0,G) | Ax(f) = f®7r(cj’c\mw)} 18
just the kq—span of {c}, | f € Vy(N)"}. In other words,

(9(;,(G/Pg)1 = k,—span of {c}‘M ‘ fe Vq()\)*}
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Proof. This again is immediate as before. Consider any k,-linear combina-
tion of several c}’f 'S Which is semi-invariant of degree 1, with respect to the
quantum section d := ¢} # 0y - We can assume these cy s to be linearly inde-
pendent over k, , and so the semi-invariance of their linear combination as a
whole also implies the semi-invariance of each of the cf’v ’s on its own.

Now, assume that a single matrix coefficient ¢ Jﬁ‘ , 1s semi-invariant of degree
1 (with respect to ¢, ,, ). Then (5.5) implies at once that = A. Moreover,
choosing bases {vl = Uy, Vg, ..., vr} and {f1 = fa, fo, .., fr} as
before Proposition 5.18, the identity (5.5) also gives

¢to ®T(chu) = Axl(chn) = ¢, @7(cRL) + Xiaefu, @7(eh0)

This forces cp,, € Ker(m) = I,(Ps) for all i > 1, so that v € k,-vy, say
v = Koy for some k € k, whence eventually

c}:v = C?,m; = /{C}:U € k,—span of {c}\ﬂ}A | fe V;;()\)*}

This proves that O, (G / PS)1 is indeed contained in the prescribed k,—
span. The converse is clear, just reversing the previous argument. O]

Proposition 5.20. The space of C}AM —semi-invariants of degree n inside

O,(G), that is O,(G/Ps), = { F € 0,G) | Ash) = Fo7((c}.)") }
is just the k,—span of {cfv N ‘ eV (n\)" } In other words,

0,(G/Ps), = kg span of {cfh | FeVamA)} .

Proof. This follows from an argument which closely mimics the one used
in the proof of Proposition 5.19. One takes into account, in addition, the
following two remarks:

(a) the vector v®™ has weight n\ inside V,(\)®"; thus it can be canon-
ically identified with a (non-zero) highest weight vector, say vy, in Vy(nA),
hence it can be chosen as v, := v, , the first element of a suitable k,—basis
of V,(nA) to be used in that argument;

(b) with notation as above, the n—th power function (cjﬁ\hw)n inside

0,(G) is nothing but a matrix coefficient again, namely (C}\A,m)n =

These two remarks, drafted into an argument totally similar to the one
used for Proposition 5.19, eventually yield the claim. ]
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We are now ready for the main result of this subsection:

Theorem 5.21. Let O, (G’/Pg) be defined as in Definition 3.7, with respect
to the quantum section d := ¢} , € Oy(G). Then O4(G/Ps) is a quantum

projective homogeneous space, namely, it is a quantization of O(G/Ps) ,1n
the sense of Definition 3.18.

Proof. This follows at once by putting together the previous results, i.e. Pro-
positions 5.18, 5.19 and 5.20, and the specialization formula (5.8). O

Remark 5.22.

(1) With some extra work, one can also show that O,(G/Ps) is gener-
ated — as a graded algebra — in degree 1, i.e. by O, (G/PS)1 .

(2) Our last remark is that in this setup of quantum generalized flag
varieties one can also apply the QDP, following the general recipe of §4.

Indeed, in [19], §3.4, it is noticed that the quantum section d := c?em
is a Ore element in O,(G). Therefore, as pointed out in §4.1, we can define
the localizations

0,(G/P)[(¢h.0) ] € 0G| (h)

and we can then apply the QDP — according to §4 — to this setting.

5.4 The coisotropic case

One could argue whether the generality we are working with is necessary
or not. In this section we will describe how to find families of coisotropic
parabolic subgroups inside semisimple algebraic groups with the standard
multiplicative Poisson structure.

Such families give rise to smooth Poisson bivectors on the projective quo-
tients which cannot be obtained as quotient by Poisson parabolic subgroups.
It would be therefore interesting to investigate whether in such examples it
is possible to find and quantize a graded Poisson algebra associated to them
as described in section 2.

We shall start with a low-dimensional example and describe in a very
explicit manner the objects we are interested in and then we will generalize
such results.

52



Let us consider the group SLo(C) with the standard Poisson algebraic
structure, normalized as follows: if a,b,c,d are matrix coefficients in po-

sitions <CCZ Z), we let {a,b} = ab, {a,c} = ac, {b,d} = bd,

{c,d} =cd, {b,c} =0, {a,d} = 2ad (thisis the opposite normal-
ization to that in [20]). We take the standard parabolic subgroup of upper

triangular matrices
a b
P00 1)

This is a Poisson subgroup in SLy(C) ; thus, the quotient P'C ~ SLy(C)/P
is endowed with the (homogenous) quotient smooth Poisson bivector 7 .
Let us now consider the following element

9e = <_\/\{ET€ \/?) , e €[0,1]

and let P. := g. Pg-'. Then P. is defined inside the group SLy(C) by the
equation:

a,b,dE(C}

e(l—e)(a—d) = (e—=1)b+ ec

The infinitesimal generators of its Lie algebra are

H.:=g.Hg'= (2e—1)H — 2y/e(1—¢) (XT+X7) ,
Xa = gaX+g;1: \/5(1_5)H+5X+_(1_5)X_ .

It is then easily verified, through the infinitesimal criterion of Proposition
2.2, that P. is coisotropic, because

S(H.) = H.ANH ,  6(X.) = X.AH

This means that on P'C there is an induced Poisson bivector 7. as quo-
tient SLy(C)/P.. That this Poisson bivector is different form 7 follows
considering the image of the diagonal subgroup of SLy(C), which induces
a single 0-dimensional Poisson leaf with respect to my and an S'-family of
0-dimensional leaves with respect to 7. .

This phenomenon, as said above, is not specific only of P'C but can be,
for example, shown to take place for all complex Grassmannians.
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Let G be a complex semisimple algebraic group and let K be its real
compact form. Up to a factor 2, which is inessential in what follows, the
standard Poisson structure on G can be identified with the one which is
automatically defined on it when it is identified with the Drinfeld’s double
of K. Let now H be a coisotropic subgroup of K and let us consider the
subgroup HK* of G (here K* = AN is the Manin dual of K inside G'). Then
P = HK* is parabolic in G, H = PN K and K/H o~ G/P as smooth
manifolds. It can be shown quite easily that the coisotropy of K implies
the coisotropy of P, and furthermore, via Theorem 4.1 in [7], that K / H
and G / P are also Poisson diffeomorphic. Thus in order to check whether
P is coisotropic it is enough to check whether P N K is coisotropic w.r. to
the standard Poisson structure on the compact real group K . There we can
rely on results in [7], where a l-parameter family of coisotropic subgroups
H. C SU(n) was given. Such subgroups induce a l-parameter family of
homogeneous Poisson quotients on complex Grassmannians.
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