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Abstract

The aim of this paper is to study the existence of a nontrivial solution
of the following semilinear elliptic variational inequality

uw€ H3(Q), u<y on
/ Vu(z)V(v(z) — u(z))dx — )\/ u(z)(v(z) — u(x))dz >
Q Q

> / p(e, u(@)) (v(z) — u(x))dz
Yo € Hy(Q), v<v on Q

where € is an open bounded subset of RY (N > 1), Ais a real parameter,
with A > A1, the first eigenvalue of the operator —A in H}(f2), 1 belongs
to H(Q), Yoo > 0 and p is a Carathéodory function on €2 x R, which
satisfies some general superlinearity growth conditions at zero and at in-
finity. The method of finding the solutions is based on the consideration of
a family of penalized equations associated with the variational inequality.
A solution of any penalized equation is found through a Linking theorem,
using some suitable conditions connecting 1 with the eigenfunctions re-
lated to the eigenvalues of —A. Some Hg(f)-estimates from above and
from below for these solutions allow, by a suitable passage to the limit as
the penalization parameter € goes to zero, to exhibite a nontrivial solution
for the variational inequality. We note that the estimate from above is got
by assuming some further regularity properties on 1, which is moreover
required to be a subsolution of a suitable Dirichlet problem.
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1 Introduction

Let us consider the following variational inequality

u€ Ky ={ve HYQ ) < 4(z) on Q} such that Vv € Ky,
/QVu(:c)V(v(z) / —u(z))dx >

> /qu,u(z»(v(z) — u())da
(1)

where  is an open bounded subset of RN (N > 1) with a sufficiently smooth
boundary, ¢ € H'(),¥1pn > 0, A is a real parameter and p(-,-) is a real
function on 2 x R such that p(-,v(-) belongs to L*(Q),Yv € H}(Q).

In the case A < A1, the first eigenvalue of the operator —A on H}(f2), an
extensive literature was developed concerning various existence and multiplicity
results, even with K replaced by

KY ={ve Hy(Q) : v(x) > 9(z) on Q}, ($a0 <0)

(see the papers [4, 5, 6, 7, 9, 10] and the introduction of [3] for a short discussion
of the relative results).

Still in case A < A1, an existence result was proved in [3] (actually presented
with the choice A\ = 0, but trivially extendible to the general case A < A1),
in case that p has a suitable superlinear growth at zero and at infinity with
respect to the second variable (i.e. p(z,t) is of the type ¢ | t |#~2, with 3 > 2).
In [3] a penalization method and some estimates for the Mountain Pass type
solutions found for the penalized equations yield a nonnegative not identically
zero solution of (1).

The case A > A1 was firstly studied in [2] with the choice A = A;. In [10]
Szulkin proved various significant existence, nonexistence and multiplicity re-
sults even in case where A > \; with the constraint set Ky replaced by K% with
1 = 0. The methods used in [10] are based on a general minimax theory for a
large class of variational inequalities.

Always for general A > \;, Passaseo studied in [7] various cases with p(x,t)
independent of ¢ (that is linear case), by using some interesting methods of sub-
solutions and supersolutions for the equation related to (1).

Other important results were obtained in [9].

The aim of the present paper is to extend the idea of [3] based on the
penalization method to the general case A > A;. In this situation one gives
some conditions connecting the obstacle 1) with the eigenfunctions related to
the eigenvalues of —A which are less or equal to A\. Under these assumptions
one proves the existence of a family (u¢)eso of Linking type solutions for the
penalized equations associated with (1) (here ¢ denotes the penalization param-
eter). Still as in [3] some estimates for || uc ||g1 (o) allow to obtain a solution
u Z 0 of (1), by passing to the limit as ¢ — 0. We point out that the proof
of the estimate from above is rather delicate and requires, in particular, that
the obstacle 1 belongs to H2(2) N L4(2), for a suitable ¢ (see condition (H1))
and that ¢ is a subsolution of a Dirichlet problem depending on A (see condi-
tion (H3)). Finally we observe that, in this case, one cannot expect, as in case
A < A1, the nonnegativity of w, which could change sign as any u., because a



Linking theorem, as well known, does not guarantee at all the nonnegativity of
related critical point (see e.g. [8], remark 5.19).

2 The existence result of a nontrivial solution

Let us consider the following variational inequality

uw€ H(Q), u<y on Q
/ Vu(x)V(v(z) — u(z))de — )\/ u(x)(v(z) —u(z))de >
Q Q

> / p(a, () (o(z) — u())da
Q
Vo e HHQ), v<1 on Q
@)

where ) is an open bounded subset of RN (N > 3) with a sufficiently smooth
boundary, Hg () is the usual Sobolev space on € obtained as the closure of
C§°(82) with respect to the norm

lol= ([ 1ve) dx)%,

1 belongs to H'(Q), with Yloq > 0, Ais areal parameter and p: QxR — R
satisfies the following conditions:

(P1) p(z,€) is measurablein z € Q and continuous in ¢ € R;
(P2) |p(x,8)|<ar+az|&|° for some aj,az >0ae x€QVEER,
. N+2,
with 1 <s< N_2>

(P3) p(z,§)=0(]€])as € —0 ae z€

Moreover, putting

3
P(x,§) ::/ p(z,t)dt, ae. z€Q, VEER,
0

we assume that

(P4) forall £ € R\ {0}, one has

0< (s+1)P(x,8) <&p(z,£) ae xze€

Note that (P4) easily yields
(P5) P(x,8) >as3|€|*T! —ays for some az,ag >0, ae. x€Q, VEER.
Finally, let 0 < A\ < A2 < ...A; < ... the divergent sequence of the eigenval-

ues of the operator —A on H}(f2), where each )\; has finite multiplicity coin-
ciding with the number of its different indexes. Thus, for A; < Ax41, the space



Vi related to {A1, ..., A} has finite dimension given exactly by k. Let us denote
by {e1,...,er} an L?*(Q2)-orthonormal base of Vi, where e; is an eigenfunction
related to ;.

In case that (x) > 0 on €, it is obvious that ug = 0 is a trivial solution of
problem (2).

One can state the following

Theorem 1 Let k € N such that A € [Ak, Apt1] 0 (2). Let (P1), (P2), (P3),
(P4) and the following hypotheses hold

S

(H1) ¢ € Hg(Q)NH*(Q)NLYQ), where q:(z) :

(H2) ¥(z)>(k+1)Z max ) |ei(z) | ae z€Q,

i=1,...,
where T is the positive zero of f(x) = 2% — azcpr® ™ +ay | Q|
and cy, is a suitable positive constant depending on k;
(H3) AY+Ip>0 on

(H4) s<2 in (P2) and (P4).
Then there exists a nontrivial solution u of problem (2).

Remark 1 Let us observe that the assumption ‘v € H?(2)’ may imply ‘b €

’

L1(Q))’, where ¢ = (2?) for some choices of N and s. In particular one can

easily check that , if N = 3, then ¢ € H?(Q) = ¢ € L>*(Q) and, if N = 4,
then ¢ € H?(Q2) = ¢ € L"(Q) for all 7 € [1,00[. In case that N > 5, the
calculus of the number (2*)* yields that ¢ € H2(2) = ¢ € LI(Q) if N <

2N

2s+4 * 2 s . *
=t (2 is the critical exponent i.e. 2* = 3=

Remark 2 Note that T exists and is unique. Further any y > T verifies the
relation f(y) < 0.

Remark 3 Actually the cases N = 1,2 can be considered too, even under
simpler assumptions than those required in theorem 1. ' We have decided to
present our result only for N > 3 as, for N = 1,2, the proof is the same, even
using easier arguments in some step of the proof.

The method of finding the solution u relies on the consideration of a family
of ‘penalized’ equations associated, in a standard way, with (2) (see [1]). Indeed,
one can prove that any penalized equation possesses a solution of ‘Linking type’,
and that a sequence chosen in this family actually converges to a nontrivial
solution u of (2), by suitably using some estimates from below and from above
for the H}(Q)-norm of the solutions of the penalized equations. As mentioned
before, we apply the following Linking theorem (see [8]):

!In particular one only requires s € (1,2) and ¥ € HJ () N H2().



Saddle Point Theorem Let E be a real Banach space with E = VP X,

where V is finite dimensional. Suppose I € CY(E,R) satisfies the following
conditions:

(PS) for any (un)n € E such that (I(uy,)), is bounded and I (u,) — 0 in
the dual space of E as n — o0, there exists a subsequence of (un)n strongly
converging in E;

(Ii) there are constants p,a > 0 such that Ipp,nx > o, where B, is the ball of
center 0 and radius p;

(I5) there are an element e € OB1 N X and some R > p such that, if Q =
(BRNV)@{re:0<r < R}, then Ijpq < 0.

Then I possesses a critical value ¢ > o which can be characterized as

= inf I(h
O Mgy )

where

I'={hcC(Q,E):h=1id on 9Q}.

First of all, let us introduce the ‘penalized’ problem associated with (2), that
is, for any € > 0, the weak equation

ue € HY(Q) such that

/Q Vaue(z)Vo(z)de — A /Q ue(z)v(z)de +

1
+ 2 /Qwefw)*(x)v(x)dx - /Qpcc,uE(:c))v(x)dx

€

Vv € HE(Q), o
3

where g™ denotes the positive part of the function g. Let us note that the last
integral is well defined for all v € H}() as a consequence of (P2) and of the
continuous embedding of H}(2) into L ().

Actually in order to look for solutions of (3), we study the critical points of the
functional

I(v) = %/ﬂ | Vo(z) [2 dz—%/g v2(z)dz+%/ﬂ/ov(z)(t1/)(:E))+dtdz/QP(:c,v(x))dx,

Vv € HE(Q).

Indeed one can easily check that I. belongs to C*(HE(€)) and that the pairing
(I (uc),v) between H{(€) and its dual space coincides with the difference be-
tween the first and the second member in (3).

At this point, to prove theorem 1, we verify that the functional I, satisfies all

the hypotheses of the Saddle Point Theorem where E = HE(Q),V =V}, = span



{e1,...,ex} and X = span{e; : j > k+ 1} (ie. X = V7).
Proof: (of theorem 1) Let us proceed by steps.
Step 1. The functional I. verifies, for any € > 0, the conditions
1(0) =0 (4)
I |9B,nx > a for some p,a > 0. (5)

Proof. Property (4) is trivial. As for (5), let us note that the positivity of ¢
on {2 yields

/ / (t —(x)) T dtdr = / / (t —(x))dtdr >0, (6)
{zeQu()>p(x)} Jo(x)

for all u € H}(Q).
On the other hand, as a consequence of (P2), (P3), one gets that
1)
¥ >0 3¢(0) >0 such that P(z,£) < [¢ 12+ c(0) | € |°! (7)

a.e. x € Q, V¢ e R.
Then, by using (6),(7), the variational characterization of the eigenvalue Ag41

A

- 6) (¢s denoting
Akt1
the embedding Sobolev constant of H}(2) into L*T1(Q)), for all u € B, N X,

we have
%/Q | Vu(z) |? dz — % /QuQ(z)dz f/QP(:c,u(x))dx >

A )
1— 21 _ 2 21 _ ) ; s—1 21 —
( —Akﬂ)mn%(m g — e@ear™ gy

1 s—1 2 o
3 (175 =0) = e ) Il

<
- ( ( Akﬂ 5)—0(6)csp5_1)p2.

So step 1 follows from the fact that A < Agy1.

1
and by choosing p > 0 such that ¢(d) ¢s p*~! < 3 (1 —

I (u)

v

vV
N | =

Remark 4 Note that the positive constant a does not depend on e and this
fact will be used in the proof of theorem 1.

Step 2. There exist an element e € dB1 N X and some R > p such that
I 1o <0, where @ = (BRNV)@{re: 0 <r < R}.



Proof. Let us choose e = Tl = Chtl and R > 0 such that Ry < R < Ry,
k+1”H&(Q)
with

Ry =% asin (H2)

and
= L inf ¥lz)
k+1 zeQ mazx{|e(z)| :i=1,.,k+1} "

We observe that Ry < Ry (see hypothesis (H2)).

Ry

Actually one notes that 0QQ C A; U As, where
A ={veV:|vl|<R}
and
Ay ={v eV @span{e} : R <|| v |< V2R}.

So it is enough to prove that
I.(v) <0 forall ve Ay (8)

and
I.(v) <0 forall ve A,. 9)

First of all, by (H2) and the fact that R < Rg, it follows that v < 1) on  for
all v € A1 U As. So

/ / " b () bz = 0, (10)
QJ0

for all v € A1 U As.
Let v be an element of A;. By hypothesis (P4) and from the fact that A > \;
for all i = 1, ..., k, we obtain

1 2 A 2
= [ | Vo(z) |"de — = | v(z)dx — [ P(z,v(z))dz <O0. (11)
2 Ja 2 0

Q

By (10) and (11), one deduces relation (8).
Now let v be an element of A;. From hypothesis (P5), the choice of R (> Ry)
and remark 2, one easily deduces the relation

%/Q | Vo(a) [? de g/QUQ(x)dx—/QP(ac,v(x))dx <

< R? —/ (as | v(z) [T — a4) dz < (12)
Q
< R? —azepR¥M 4+ a4 | Q]L0,
for a suitable ¢ that exists as V @ span{e} is finite dimensional. By (10) and

12) one gets relation (9). Thus I, |90 < 0 and step 2 is proved.
g 10Q

Remark 5 Note that (10) is true not only for v € A; U Ay, but also for v € Q.



Step 3. For any € > 0, I, satisfies the Palais-Smale condition, i.e.

for any  (un)n € HJ(QY) such that (I.(uy,)), is bounded and
(PS) I.(un)— 0 in the dual space of HE(Q) as n — oo, there exists
a subsequence of (uyn)n strongly converging in Hg(€2).

Proof. Let us fix g € (lerl’ %) By the properties of (uy,), one deduces

Te(un) = B (un)s un) < K1t || un [l3e) (13)

and, by definition of I, and I ;, one gets

1 /{ . (5-8) @+ 5%+ (6 - Doty o)] dot

€

1 2 1 2
+ <§ - 6) It 123 A <§ - 6) I n Wiy = [ Ploun(a))ds

8 /Q P, 4 (1)) () e,

(14)
for all n € N, where K is a positive constant independent of n.
Actually, as for the integral multiplied by %, some obvious calculations and
Holder inequality yield

1/{meﬂzun<z>>w<z>} K% - 6) W) + 502() + (5~ )b (un(a) | do >

€

> =Ko || un || m1(0),

(15)
for all n € N, where K3 is a positive constant depending on e, || ¢ [|z2(q), but
not on n.

As for the other terms in (14), by using (P4), the fact that § is greater than
1

+7 and the continuous embedding of L57!(Q2) into L*(2) one easily gets

1 2 1 2
(3-2) By = A(5-8) N I = [ Ploun()aos
48 [ () g (w)do >
Q
> (L 2 NE 2
z 5*6 K HHé(Q)* 5*5 | un HLZ(Q)Jr

1 S
o) (8- 7)ol w5y — Koz



1 1
> (5-6) un Py = A(5-8) lun Ty +

1 ~ s
+(s+1) (ﬁ - ﬁ) as || un HLJ'Z_(lg) - K,

for all n € N, where a3 and K3 are positive constants independent of n.
Finally, combining (13), (14), (15), (16), one gets

| un Hzg(g)ﬁ Ky || un g o) +Ks,
for all n € N, for suitable positive constants K4, K5 independent of n. Thus
(tn)n is bounded in Hg (). At this point, step 3 easily follows from a standard
argument based on the compact embedding of Hi(Q) into L*(Q).
Step 4. For any € > 0, there exists a solution ue of problem (8) such that

Te(ue) = jnf max Ic(h(w)),

where T' = {h € C(Q; H}(Q)) : h =14d on 0Q}.

Moreover
I (ue) > a.
Proof. Tt is a consequence of steps 1,2,3 and of the Saddle Point Theorem.

Step 5. There exists a constant ¢; > 0 such that I.(u.) < ¢1 for any € > 0.
Proof. By remark 5 it follows that

/Q/()U(Z)(t —p(x)) T dtdr = 0,

Moreover, by step 4 with h = idg and (P5), one deduces

for all u € Q.

1
1u) < o (0) < mas {5 110 ey + a2

and step b is proved as the right member of the previous relation is independent
of e.

Step 6. There exists a constant c2 > 0 such that || ue ||gi)=> c2 for any
€ > 0.

Proof. By definition of a solution of problem (3), it follows, in particular,

1
/ | Vue(z) |* do — /\/ u?(z)de + — / (ue — )M (2)uc(x)de =
Q Q €Ja
(17)
:/p(x,ue(z))ue(z)dz.
Q



We can have two possible cases.
First one:

let € >0 such that

) (18)
- / (ue — )T (2)uc(z)dr — )\/ u?(z)dz > 0.
€Ja Q

Thus, for any € > 0 which satisfies (18), by (17), we obtain
/ | Vue(z) |* dv </ (@, ue(x))ue(z)da. (19)

On the other hand, as a consequence of (P2) and (P3), one gets that
V6 > 03c(6) > Osuch that | Ep(x, &) [< S| €2 +¢(0) | €5 a. e 2€Q, VEER

which yields, using (19), the arbitrarity of 4 and the continuous embedding of
L#+1(Q) into L?(€), the relation

/ | Vue(x) |2 dr < 5/ | ue(x) |SJrl dz,
Q Q

where ¢ is a positive constant. Thus step 6 easily follows from the continuous
embedding of H{ () into L*T1(Q) and the assumption s + 1 > 2, for all € > 0
which satisfies (18).

Second one:

let € >0 such that

. (20)

E/Q(ueﬂw( 2)dz — A / 2)dz < 0.
> a

By (P4), (20) and by using the fact that I (ue)
of € (see remark 4)), it follows

// (t—(x +dtdx>a+—/ (m)ue(ac)dx—%/ﬂ|Vu€(ac)

Putting Qc = {z € Q : uc(z) > ¢¥(z)}, one deduces from (21)

( note that « is independent

1 2 1 2
o [ wadr -2 [ wlavle)ds + 5 | RECIE

(22)

SO

10



1 / , 1 1 ,
= | | Vue(z) |“der > a+ — ue(x)p(z)de — — P (x)dx >
2 Ja 2¢ Jo, 2¢ Jo,

1 1
>a+£/§ze wQ(x)dx—Z/Qe V2 (z)dr = a.

Thus step 6 follows for all € > 0 which satisfies (20). Then step 6 is true for all
€>0.

Step 7. There exists a constant c3 > 0 such that || ue ||2)< c3 for any
e>0.

Proof. First of all, let us prove that, for any € > 0,
meas Qc =meas {x€Q:u(r) < —p(x)} =0. (23)

We note that ﬁe £ (). Indeed, let, by contradiction, ﬁe =Q.
Let v1 be a positive eigenfunction related to A;. By the fact that u. solves (3)

and the definition of A\; and ﬁe, one obtains

(M — )\)/ ue(x)vy (x)de = / p(x, ue(x))vy (z)dz,
Q Q
which is a contradiction because the first member is positive and the second is
negative (see(P4)). So Q. # (L.
Hence, let Q¢ # Q and let us prove (23).
Let, by contradiction, meas 2 > 0. Then let us define U, , in this way

ue(x) +¥(z) in Q

U p(z) = 0c(z) in Q\ Q.
0 in Q\Q,/,

where Qﬁl is a suitable open set with Q, C 56, C Q and ¢, is a suitable regular
function to be chosen in such a way that U, , belongs to H*(Q).
Actually, on one side, by the definition of U, and Ay, one has

—/ AU, ()01 (z)de = —/Z/lwp(z)Avl(:c)dx:
Q Q

(24)
0 [ ) vt [ ean @,

Q. 2\ o
on the other side, by the fact that u. solves (3) and U, € H?(Q), one gets

—/QAMEw(x)vl(:c)dx:[ p(x,ue(x))vl(:c)das+)\/~ (ue(x) + ¥(x))v1 (x)da+

Q. Q.
—/~ (A(x) + Mp(x))vy (x)dz —/~ o Ap(x)vr(x)d.
Q. Q. \ Qe

Thus (24) and (25) yield

11



QAQA%WAM+¢@Dm@Mz+A%MLm@%m@M$
(26)
_ /~ (Adb() + Mp())or () da + /~ (Ap@) + M@)o (w)da.
Q. Q\ Qe
At this point, if one assumes

‘/~  (Ape(z) + Mpe(x)vi (2)da
a,/\ Q.

sufficently small, (26) yields a contradiction with hypothesis (H3), since the

first member of (26) is negative and meas €. > 0. Thus meas €. = 0 and
(23) is proved.

On the other hand, by using (23) it follows the obvious relation

[ o= [ e [ w2(@)de <[ 3oy -
O\ (Q2.UQ,) Q\Q. {z€Q:|uc(@)|<y(z)}

(27)
Moreover, by step 5, (P4) and (27), one gets, for any € > 0,

(3-537) [ 1 Vuelo) P ao <
<\ <% - Sil) /Quf(:c)dx+ (si1)e/ﬂ(uf — )V (@) ue (z)da+
R I

1 1 1 1 1
< L 2 L 4 2
< A(2 s+1) /Q ue(z)da + (s+1 2) /Q ug (x)da+ (28)

1 1
+_(L_ )/1M@me+Hwﬁmn+aé
Qe

€

1 1 1 1 1
<A[=— 2 z 2 2
- )\(2 s+1) /Q ue (w)d + € (s+1 2) /Q ue (@)do+

1 1
4= <1 — S—) 10 2@l e 2 + 119 720 + 1

At this point, if </ u? (x)daz) was unbounded, then, by (27), even </ u? (x)daz)
Q € Qe

should be unbounded. Then (28) easily would yield an absurdum, since the last
member of (28) would be unbounded from below as € — 0, while the first mem-
ber is positive for any € > 0. So step 7 is proved.

12



Step 8. There exists a constant c4 > 0 such that || ue ||gio)< ca for any
e>0.

Proof. By step 5 and by hypothesis (P4), one gets for any € > 0,

l/|Vu€(ac) |2dx——/ x)dr + - // N tdtdr <
2 Jg

<ert g [ pode)uo)d

= C s11 pr,ugac Ue(x)ax.

Thus, as u, solves (3), one gets

11 ,
Z <
(2 S+1)/Q|Vu6(30)| dz <

<) (% -~ i 1) /ng(x)dx + (5431)6 /Q(uﬁ — ) (@)u(z)dat

f—// x))tdtdr + ¢ <

<) <§ . 1) / e+ = | () = ) e o)+
1 2 (29)
~ 5 ), (ue —9)" (z)dz 41 <
S/\<%s+1>/ dz+—/ ue(z ue(z)dx+
¢ | (=) @ 1 <
SA(%_5+1)/ dac+—/ ue(x (x)dz + 1.
At this point, taking v = ¢ in (3) and using (P2), one gets
a mw&w—M@W@MwZ—éLVm@WW@M$+
+ 5 [udap@is +3 [ o) < "

< 7%/QVUC(:E)V1/J(:c)dx + %/Que(zwz)dw +

1 s
T3 /Q (a19(2) + a2 | ue(x) [* () dz

13



By (29),(30),(H1) and the continuous embedding of H} () into L* (), one
obtains

H Ue ||§—]&(Q) S Ml || Ue H%%Q) +M2 || Ue HZZ*(Q) +M3 S

IN

M, H Ue H%Z(Q) +M, H Ue qu&(g) +Ms,

where My, My, M3, My are positive constants depending only on A, s, ¢, but not
on €.
Thus the statement of step 8 easily follows from step 7 and (H4).

Step 9. There exists a constant cs > 0 such that

| (ue = )" [lL2(0)< c5V/e
for any € > 0.

Proof. Since u. is a solution of problem (3), in particular one gets

1
! /Q (e — ) (@)ute(2)dle =

€
(31)
= / p(z, ue(x))ue(z)dx —/ | Vue(z) | das+/\/ u?(z)dz.
Q Q Q
Thus, by the positivity of v, it follows
o[ (=) @y <
)

€

S/ﬂp(z,ue(z))ue(z)dz—/g | Vae(z) | de +>\/Quf(z)dz.

By (P2), step 8 and the continuous embedding of H}(Q) into L*T1(2) one de-
duces the thesis.

Step 10. There exists a sequence (), converging to 0 as n goes to oo such
that (ue, )n weakly converges in H}(Q) to some u # 0.

Proof. First of all, by step 8, there exists a sequence (u,,, ), weakly converging
in H}(Q) to some u as €, goes to 0. We claim that u is not identically zero.
Indeed, v = 0 would imply an absurdum deduced by step 6 and by passing to
the limit as €, goes to 0 in the following relation (due to the fact that u., is a
solution of problem (3) with € = ¢€,)

/ | Ve, (2) |2 dz — A / & (@dr+ ~ [ (ue, — ) (@)ue, (@)de =
Q Q
- / P, e, (2) e, (2)de

Q

Step 11. The element uw given by Step 10 is a nontrivial solution of
problem(2).
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Proof. First of all, u, verifies these two convergence properties:

u., —u in L*(Q)

and

(te, — )T — 0 in LQ(Q),

as €, goes to 0. So u < ¥ on €.
From the fact that u., — u weakly in H}(Q) as €, goes to 0, one deduces

n—oo

hminf/ | Vue, (z) |? dz > / | Vu(z) |? da (32)
Q Q

and, by using hypothesis (P2),
/ p(x, ue, (x))ue, (z)dr — / p(z, u(z))u(z)d. (33)
Q Q
Finally, as u,, is a solution of problem (3) with € = €,,, one gets

/ Ve, (2)V(v(x) — ue, (x))dx — /\/ ue, (2)(v(z) — e, (z))dz+
Q

Q

+— [ (ue, =) () (v(2) — ue, (2))dz = /Qp(ffauen (@) (v(z) — ue, (2))dz,
(34)
Vo € HHQ), v <.

By (32) and (33) and passing to the limit as €, goes to 0 in (34), one easily gets
that w is a nontrivial solution of problem (2).
O
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