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Abstract

The behaviour of correlation functions of d = 1 interacting fermionic
systems is determined by a small number of critical indices. We prove
that one of them is exactly zero. As a consequence, the behavior of the
Fourier transform of the density-density correlation at zero momen-
tum is qualitatively unaffected by the interaction, contrary to what
happens at +2pp, if pr is the Fermi momentum. The result is ob-
tained by implementing Ward identities in a Renormalization Group
approach.

1 Introduction and main results

1.1 Motivations and results

If af, = = —[%2],...,[4], is a set of fermionic creation and annihilation

operators, we consider the Hamiltonian

[5]
1 _ _ _
H = Z { 5(&;__,’_1 - a;)(ax+l - am) - :ua:am
=53]
_ 1 _ 1
tAafa; — H)alnaz, — 5, (1)

describing a system of spinless fermions in d = 1 with chemical potential
i, a nearest-neighbor interaction and periodic boundary conditions. The



space-time density-density correlation function at temperature 57! is given
by
Qpp(x) =< agayagag >1p — < ayay >15< agag >, (2)

where x = (z,19), af = ef’™afe %0 and < . >p 5= Trle PH.]/Tr[e PH]
denotes the expectation in the grand canonical ensemble. We shall use also
the notation Q(x) = limy, g-y00 Q1 5(X).

If the fermions are non interacting (A = 0), one can easily check that, if

x| > 1, cospr =1 — p, vo = sinpr > 0,

Q(x) = cos(2prz) QG (x) + Q5 (x) + Q5(x),

“ B 1
Pox) = 212 (22 + (voo)?]’ (3)
Qb(x) o 1 SL’% - (x/v(])z

O 2m2[22 + (vpx0)?] 22 + (voz0)?’

. 1
[€65(x)] < W>

for some positive constant 9 < 1.

The interaction has two main effects: the period of the oscillating term
cos(2ppx)Q2(x) changes and the large distance asymptotic decay is modified
by critical indices. It was indeed proved in [BM] by a Renormalization Group
analysis that, for A small enough and |x| > 1,

Q(x) = cos(2prz)Q%(x) + Q°(x) + Q°¢(x),

a . 1+ >\Bl(X)
0(x) = 27222 + (vgwo)?] i+ (4)
broy 1 g — (z/vg)?
P(x) = 272 (22 + (viao )2+ { 22 + (vim)? + >‘B2(X)}a
1
. < c < - -
|BZ(X)‘ — C7 |Q (X)‘ — 1_'_ ‘X|2+19’

where C' is a positive constant, 7,, 7, are critical indices expressed by con-
vergent series in A, v§ = vy + 0* and pr(A\, pr) = pr + Af(A, prp) with 6%, f
analytic in A and [0*| < C|A|, [f(A,pr)| < C; note that f(A,5) = 0, by
symmetry reasons.

By an explicit computation of the lowest order of the convergent series
for 1, one obtains that n, = —a; A + O(A\?), where a; > 0 is a non vanishing
constant. The lowest order contributions to 7, are instead wanishing, in
agreement with the conjecture (see for instance [Sp]) that n, is ezactly zero.
The aim of this paper is to prove such conjecture.



Theorem 1.1 There exists a positive constant \g such that, if |A\| < Ao,
the density-density correlation function (2) can be written as in (4) with the
critical index n, dentically vanishing.

The vanishing of the critical index 7, has many interesting consequences.
For instance, see [BM], if A = 0 the Fourier transform Q(k) of Q(x,0) has
three cusps, at k = 0 and k = £2pp, i.e. Ox82(k) has a first order discontinuity
at k = 0 and k = +2pp. The vanishing of 7, = 0 implies that Q(k) has
still a cusp at k = 0 even if A # 0; in fact it was proved in [BM] that, if
m, = 0, the possible logarithmic singularity of OQ(k) at k = 0 is changed by
a parity cancellation into a first order discontinuity with jump 1+ O(\); this
is remarkable because, generally, the qualitative behaviour close to critical
points is deeply changed by the interaction; for instance 8kQ(k;) at k = +2pp
in the A # 0 case is continuous for A < 0, while it diverges as |k — (£2pp)|*"
for A > 0.

Note finally that the model (1) is equivalent to the X X Z spin-chain with
magnetic field h = p — 1, as one can show by a Schwinger-Dyson transfor-
mation [LSM], with (2) representing the spin-spin correlation function along
the third axis. Moreover our proof that 7, = 0 could be easily extended to
a large class of models; for instance one can replace the nearest neighbor
interaction with a non nearest neighbor one, or the lattice with a continuum,
or to consider the anisotropic XY Z spin chain, see [BM]. We remember
finally that there are remarkable relations, based on exact solutions, between
properties of quantum spin chains and bidimensional classical statistical me-
chanics models; for instance the spin-spin correlation function of the XY 7
spin chain is believed to be equal to the correlation between two vertical
arrows in the same row in the eigth vertex model, see [B] and [JKM], if a
suitable identification of the parameters is done. Hence our results could be
relevant also for such problems. Another application is for models of vicinal
surfaces, see [Sp].

1.2 Remarks

In [BM] we derived a convergent expansion for the critical index n; each
order is obtained by summing up a certain numbers of terms, and 7, = 0
means that there is a cancellation at all orders between such terms. While
one can easily check from such expansion that this is the case at the second
order, to prove directly that such cancellation occurs at all orders looks to us
essentially impossible. We proceed instead in a different way and our proof
is conceptually divided in two main steps.



For the first step we refer to [BM], where the proof that n, = 0 is re-
duced to a special property (see (20) below) of the Schwinger functions of a
model (which we will call reference model), describing fermions with a linear
“relativistic” dispersion relation and allowed momenta restricted by infrared
and ultraviolet cut-offs. This result, which is resumed in Theorem 2.2 be-
low, gives further ground to the remarkable observation of Tomonaga [T},
according to which the model (1) is essentially equivalent, as far as the low
energy behaviour is considered, to a system of interacting massless relativistic
fermions.

In the second step we deduce such property of the reference model by us-
ing a suitable Ward identity, which is obtained through a local gauge trans-
formation. Usually in relativistic quantum field theory Ward identities are
relations between correlation functions; the Ward identity we find is instead
a relation between correlation functions and some other extra terms, which
we call ”correction” as they would be formally zero if the cut-offs were re-
moved. The extra terms do not vanish when the infrared cut-off is removed.
The property that we need is reduced to suitable bounds (see Theorems 2.1
and 2.3), proved by using convergent expansions for all terms appearing in
the Ward identity.

We conclude the introduction with a technical note. With respect to
previous applications of Wilsonian Renormalization Group to d = 1 inter-
acting fermionic theories, like [BG] or [BGPS], we are able here to rigorously
implement in this scheme the method of Ward identities (based on local
gauge transformations) to produce non trivial results. In the physical liter-
ature there are many claims on the vanishing of 7,, see for instance [DL],
[ES], [DM], and our results convert such ideas into a rigorous proof. Fi-
nally, note that there are many examples of QFT models in which Ward
Identities are implemented in a mathematical way, perturbatively (see for
instance [FHRW], [KK]) or non perturbatively (see for instance [BFS] or
[MSR]). However such works consider the application of Ward Identities to
relativistic QFT; hence corrections to formal exact Ward Identities are pos-
sibly found as a consequence of the cut-offs imposed to regularize the theory,
but they are vanishing when the cut-offs are removed. The main novelty
of our paper is that we try to implement the method of Ward identities in
the not relativistic model (1), where there is no reason why a Ward Identity
involving only correlation functions should be valid. The corrections are not
vanishing and the technical problem is to get for such terms bounds good
enough to prove that n, = 0.



2 Ward Identities

2.1 The reference model

The reference model is not Hamiltonian and is defined in terms of Grassmann
variables. Given the interval [0, L], the inverse temperature J and the (large)
integer N, we introduce in A = [0, L] x [0, ] a lattice Ay, whose sites are
given by the space-time points x = (z,x¢) = (na,ngag), a = L/N, ag = B/N,
n,ng =0,1,..., N — 1. We also consider the set D of space-time momenta
k = (k, ko), with k = 2*(n+ 3) and ko = %”(nojté), n,ng=0,1,...,N —1.

With each k € D we associate four Grassmanian variables Qﬂl[ff}a, o,w €

{+,—}. The lattice Ay is introduced only for technical reasons so that the
number of Grassmann variables is finite, and eventually the limit N — oo
is taken (and it is trivial, see [BM], §2.1). If « is a fixed number greater
than 1 and h is a negative integer, we define the function [C},o]7!(k) as a
strictly positive smooth function acting as a cut-off for momenta |k| > ~
(ultraviolet region) and |k| < 4"~! (infrared region) and having value 1 in
the intermediate region 7" < |k| < 1. The infrared cut-off 4" is not fixed,
because we are interested in the dependence on h of the reference model. The
exact definition of [C}, o] 7' (k) is the following one. We introduce a positive
function yo € C*°(R,) such that

1 ifo<t<,
XO(”_{O ift>7, 1<y<7 ®)

and we define, for any integer j < 0,

fi(k) = xo(v 7 [K[) — xo(v T K]) . (6)

Then we define [Cj,o(k)] ™! = X0, f;(k). If D = {k € D : [Co(k)]™* # 0},
we define the functional integration [ Di!"% as the linear functional on the
Grassmann algebra generated by the variables @El[(}ff]a, such that, given a
monomial Q(zﬂ) in the variables ﬁl[ff}o, its value is 0, except in the case
Q(?/A)) = [lxep west ?/A)l[jff}_ AI[ZTL?H, up to a permutation of the variables. In this
case the value of the functional is determined, by using the anticommuting

properties of the variables, by [ Dy9Q()) = 1 . We also define the
Grassmanian field on the lattice Ay as

1 e [0l
e = 5 S el x e Ay (7)
keD

Note that w,[fff}" is antiperiodic both in time and space variables.

b}



The Schwinger functions of the reference model are

J P(dy® e~V s b Ol
J P(diplh-0)e=V @) ’

S(Xlao-bwl; "';X8708>w5) -

where

V(o = A/d wth ¢[h 0]~ %@H ,[fff)]_ ’ (©)
[ dx is a shorthand for “a ag Y yep,” and
P(ap™™) = NTIDg (10)
- exp { Z Z Cho(k)(—iko + Wk)q&l%f“iﬁ&f}_} 7
Lg w=+lkeD

with A = [cpl(LB)2(—k2 — k2)Cho(K)?).

We also define the connected Schwinger functions as the functional deriva-
tives of the Generating functional

W)+, [ dx [Jx AR R o D Tl w}

(11)
with respect to the external field variables ¢y, and Jy ., x € Ay, w = 1.
The variables ¢ , are antiperiodic in xp and x and anticommuting with

W(o,J) = log [ Pldv)e "

themselves and w)[fff]", while the variables Jy,, are periodic and commuting
with themselves and all the other variables. We shall need in particular the
following connected Schwinger functions:

0 0?
21/ _ o
Gw (Xa Yy, Z) awa aQS;wagbz_,wW(qs’ J)|¢—J—O 5 (12)
2 0
G (y7 ) a¢ 8¢ ( 7']>|¢:J:0 : (1?))

They will be pictorially represented as in Fig. 1.
We also need the Fourier transforms of G%! and G2, defined by

GL(x,y) = Z MG (k) (14)

(LB
1
(L) &

In §3 we prove the following bounds for the reference model with cut-off
7", which has to be of course larger than min{x /L, 7/3} (otherwise the set
D is empty).

G21(X Y.z ) 2 Zesz zkye e sz21(p7 ) ) (15>



Figure 1: Graphical representation of the connected Schwinger functions G**
and G2.

Theorem 2.1 There exists a positive constant Ny, independent of h, such
that, if |A\| < Ao, there exist two positive functions of A, Z,(Lz) and Zy, and
a positive constant C, independent of h, so that, uniformly in N, L, large
enough, if k € D is such that 4" < |k| < A1

(2)
G2 (2K, —k) — —ﬁu L0, (16)
C2(l) = ———[1+0(?)], (17)
ZyD.,(K)
CN’|h| <log ZP <2C0N|h|,  C|h|A* <log Z) < 2CN°|h| (18)
with D, (k) = —iko + wk. Moreover
2
lim log ZZ’E(;); =m(\),  lim log Zg; =n(\) (19)

h

with n(A) = aaA? + O(N3), and ny(N\) = axA? + O(A3) where ay is a positive
constant.

The connection between the model (1) and the reference model is given
by the following theorem, which is proved in [BM] , even if it is not explicitly
formulated. To be more precise, in §5.5 of [BM] we show that the condition
(20), equivalent to eq. (5.35) of [BM], implies the bound (5.38) of [BM],
which is equivalent to say that 7, = 0.

Theorem 2.2 Under the same assumptions of Theorem 2.1, there exists a
constant C' such that, if for all negative integer h the functions Zy, Z}(Ll) in

(16), (17) verify
)

Z
CVS\ZLh—u <20\, (20)

7



then in(4) ny(X) = 0.

Hence by Theorem 2.2 the proof of , = 0 is reduced to the verification of
(20), to which the rest of this paper is devoted. Note that (20) is equivalent,
by (18), to n(A) — n2(A) = 0 (in Theorem 2.1 it is only claimed that n(A) —
m2(A) = O(N?)).

2.2 Ward identities for the reference model

We have so far reduced the proof that 7, = 0 in the model (1) to the verifi-
cation of (20) in the reference model. This result will be achieved by using
an identity relating G2 to G*!, obtained by performing a local gauge trans-
formation, together with equations (16), (17).

In order to derive such identity, we find convenient to introduce a cut-off
function [C} (k)] ™", where ¢ is a small positive parameter and lim. o+ [C, 4 (k)] ™! =
Cho(k)]™". The functions [C} o(k)]™' and [Cho(k)]”" are equivalent as far
as the scaling properties of the theory are concerned but the support of
[C5 o(k)] ™" is the set D instead of D. The definition (10) of the reference
model is easily extended to the case in which the cut-off is [C} ,(k)]™" in-
stead of [Cho(k)]™!, by substituting in the r.h.s. of (10), as well as in the
definition of the integration [ Dt the set D with D. A reason why we
find this convenient is that a technically important role in the following is
played by the gauge invariance of the integration [ D% a property which
is lost if the Grassmann algebra is restricted to the variables zﬂkw with k € D.

The exact definition of [Cf o(k)]™! is the following one. Given a positive
£ << 1, we define

Xio(k) = [Cf (k)] = Z: f5 (k) (21)

where f5(k) = f;(k), if h+1 < j < —1, while f5(k) and f;(k) are obtained
by slightly modifying fo(k) and fi,(k) in the following way. f§(k) is a C*
function of |k|, such that lim. .o f§ = fo, fi(k) = fo(k) for v7! < |k| < 1,
fs(k) > 0 for [k| > 1 and, if |k| > 7, 0 < f5(k) < ee” . Analogously,
fi(k) is a C* function of |k|, such that lim. ¢ f; = fa, fr(k) = fu(k) for
< k] < AP fE(k) > 0, if 0 < k| < 4" and if 0 < k] < AL
0 < f7(k) < e exp(— kD).

Hence, we first study the case ¢ > 0, for which a Ward identity can
be easily obtained, relating the Schwinger functions of interest for us, for
which the limit € — 0 is trivial, and a “correction term”, which is apparently
singular as ¢ — 0. However we prove that this term can be written as a
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Figure 2: The cutoff functions [C} ;(k)]~" (dashed line) and [Cl,o(k)] ™" (solid
line).

suitable expansion, whose contributions admit “good” bounds uniformly in
g, as well in N, L, 8, and have a well defined limit as € — 0.
By writing ¢y , in place of w,[fff}" for simplicity, we can write

P(di) = N~ Dipexp | / dx 5 DI (22)
where
DL, = 5 S e Cia ik —wrk)ig, (29
By performing the gauge transformation
i I R R i (24)

and by using the invariance of [ Dy after such transformation, we can rewrite
the r.h.s. of (11) as

W(p,J) = log/P du) exp — /dx 1&;[@ (emx@Dc[;,h’O}e_m"@ — D}Dh70})w;’w} .
e { V) + [ xS bl + (25)
+e ~iox,o + ¢xw+elaxw ; ¢xw+¢ —@ ): w_'_w —w'¥x, w]}’

Since Syeny Uo[Di Maxotis] = = Sxeay[Di M olaxatig and W(9, J)
is independent of ax . differentiating both sides of (25) with respect to axg
and by putting ax o = 0, we get

D’( ;w¢;,w) + 5Tx7® - :,Q@D;,w + @b:,wgb;,w] ’
cexp{ = V(©) + 3 [ dxlentiutin, + ot + viuon) (26)



where Z(¢,J) = exp{W(¢,J)}, D,, is defined as DI see (23), with 1 in
place of Cj ((k), so that, if D,(p) = —ipy + wp

1 A
Dw( :,w,l?D;,w) = W ZDW(p)e_prwl—:wwl:—p,w . (27)
p.k

where p = (p,po) is summed over momenta of the form (2wn/L,2wm/f3),
with n, m integers Moreover

1

0Ty, = —— i(kT—k™)x e 4.7 - A++ - ’
Tk, (LB)? kgﬁ;{e Ce (kM k )wk quk w (28)
C*(k", k™) = [Cfo(k™) — 1]D,(k7) = [C5 o(kT) — 1] Dy, (k") | (29)

By differentiating the r.h.s. of (26) with respect to ¢f ; and ¢, and then
setting the external fields equal to 0, we obtain, in terms of the Fourier
transform

—D,G3 (x;y,z) = 6(x—y)G, (x,2)—0(x—2)G. (y,x)+ A2 (x;y,2) , (30)

where
AN (xy,2) =<y iU 0T >T (31)
If Ay,..., A, are functions of the field, we are using the symbol
J

<Ay A, ST 7{9)\ IOg/P(dlp)e_V(d’HZ?:l AiA; (32>

oM

A=0 "

It is convenient to express the Ward identity (30) in terms of the Fourier
transforms of the connected Schwinger functions; A%!(p, k) is defined in a
similar way to G%!(p,k). In terms of the Fourier transform (30) can be
written (see Fig. 3) as

D, (p)GZ (p.k) = G (k — p) — GZ(k) + A% (k) | (33)
If p#0, (33) can be written in the form

_ Gok—p) — Gi(k)
D, (p)

G%'(p,k) + 0> (k,p), (34)

where H2'(k, p) is the Fourier transform, defined in agreement with (15), of

0 02

H2,l . —
w (Xa Yy, Z) awa a¢;—,w8¢;w WA

(@, )lgp=r=0 , (35)

10



Figure 3: Graphical representation of the identity (33).

with
Wa(, ) = log [ P(dp)e 12 dlinuTeutolootiiuond - (36)

1 it O (kT kT)

>

Tk w e —_—
(LB)2 kt£k- Dw(k+ o k_)

Equation (34) is our Ward identity; it involves not only correlation func-
tions but also the term Iflgvl(k, p), which we can call the correction term as
it would be formally zero in absence of cut-offs. Note that the definition (35)
of the correction term H?! is similar to the definition (12) of G*!, but the
two quantities have very different properties. In fact H*! can be obtained by
substituting ¥ vy, in (11) with T, ,, given by (37), which looks as a very

Ui e - (37)

singular term as ¢ — 0. We are nevertheless able to express also I:[U%’l(k, p)
by a convergent expansion, and we can prove in §4 the following bound.

Theorem 2.3 There exists a positive constant g, independent of h, such
that, if |A| < Ao, then, uniformly in € small enough and N, L, 3 large enough

(2) (2)

7 U Z
—ony2 Zh 2,1 —2h)\2 _Zh
Cr AEEDESHEQ (2k, —k)| < 2Cy NG (38)

Moreover, lim,_,o H>! does exist.

The above result (it was already claimed in [BM] referring for the proof
to the present paper) says that ]:Ifjl behaves, as h — —oo, exactly as
G%'(2k, —k), but its bound has an extra A? factor. This is just what we
need; if we insert (16), (17) and (38) in (33), we obtain (20) and hence, by
Theorem 2.1 and 2.2, i, = 0.

11



2.3 Remarks

In the physical literature Ward identities for interacting d = 1 fermions with
cut-offs are usually derived by various formal arguments, see for example
[DL], [ES], [MD], [S]. All arguments are essentially equivalent to expanding
G2 and G2' in Feynman graphs and then ”"forget” the cut-off function. In
fact, if we neglect the cut-offs, the propagator is simply D, (k)™' and the
“identity” G%(p, k) = [G%(k—p)—G?(k)]/D(p), from which 7, = 0 follows,
is derived by the following obvious identity

Do(p) "' [Du(k) ™" = Du(k +p) '] = Du(k +p) ' Du(k) ™, (39)

By taking consistently into account the cut-off function one gets, instead of
(39), the identity

Juw(k) — gu(k + p)
D, (p)

which allows in principle to check directly equation (34) at any order (very
easily at order 0, which coincides with (34)). Our analysis shows then that
one can still derive from the Ward identities the vanishing of 7, in a rigorous
way, by taking into account the presence of cut-offs. This however seems not
true for other consequences of Ward identities for the model (1) claimed in
the literature, see [BM1].

Note also that, as ¢ — 0, [C’,&L,O(k)]_l becomes a compact support function,
so C¢(k,k + p) becomes singular. However the singularity at € = 0 of the
function C¢(k,k + p) in the second addend of the r.h.s. in (40) is of course
compensated by the cut-off functions appearing in the propagators. Hence
one could “in principle” derive (34) directly using a compact support cut-
off (i.e. using [Ch o]~ instead of [C} ;]7"), for instance by a Feynman graph
analysis using (40) at e = 0, but such derivation would be surely much more
lengthy.

C:(k,k +p)
D(p)

= Ju(k)ju(k + P) + gu(k)gu(k + p) , (40)

3 Renormalization Group analysis

3.1 The effective potentials and the beta function

The results in Theorem 2.1 and 2.3 can be derived by expressing G2, G2
and f[gl by a suitable multiscale expansion based on Renormalization group
ideas. In the following sections we will prove (16),(17),(38), referring to [BM]
for the proof of many technical lemmas we will need.

12



We begin our analysis, for clarity reason, by studying the ”free energy”
of the model, which is the simplest quantity which can be studied by our
method; it is defined by

Erg=—— log/P (dgp 0=V @) (41)

The functional integration in (41) can be performed iteratively by a slight
modification of the procedure described (for instance) in sec.(2.5)-(2.8) of
[BM]. We prove by induction that, for any negative integer j, there are a
constant F;, a positive function Zj(k) and a functional V) such that

/P 7Wb[hO] —V (100 /PZ o d¢hj) _v(j)(\/Z_jw[h’j])_LﬁEj ’ (42>

h,j
with VW (0) = 0, Z; = maxy Z;(k),

gl
Po @)= T [ ° M(ljf

It
" KOy (k)>0 w=-+1

- exp {—Liﬁ 3 k) Zi(k) Y &L’%ﬂ*m(kwl&’fﬂ‘} . (43)
k

wtl

Chi(k Z (&) = xn,(k) (44)

and Nj(k) = (LB)'C5 ;(k)Z;(k)[—k2 — k*]"/2. Finally, V¥) which can be

written as

o0 1 2n
V(j)(w) = Z on Z Hwk Wi 2nw k17 "'7k2n—1)6 (Z UZkZ) )
n=1 (LB) ~~~~~ kop i=1 i=1
wl """ wWan
(45)
where 0, = + for¢i = 1,...,n, 0 = —fori =n+1,...,2n and w =
((A)l, Ce ,w2n).
Equation (42) is in fact true for j = 0, with
Zo(k) =1, Ey=0, VO®)=V(y). (46)

Assume then that it is true for j and we show that it holds also for j — 1.

First of all, we split V) as LV + RVY) where R = 1 — £ and L,
the localization operator, is a linear operator on functions of the form (45),
defined in the following way by its action on the kernels WQ,W

13



1. If 2n = 4, then

LWig(kh k2’ k3) W g)(k-l--l-u k++7 k++) (47)
where we used the definition
— T T
knn’ = (nZa T/B) ) n, 77/ ==+. (48)

Note that EW (kl,kg,kg) =0, if ¥}, w; # 0, by simple symmetry
considerations.

2. If 2n = 2 (in this case there is a non zero contribution only if w; = wy)

EW Z {1+n +n'5 } (49)

1777 =+1
In order to better understand this definition, note that, if L = § = oo,

o w oW oWy
(4) _ 170 2,w
EWQ,H(k) = WQ,H(O) + k—= 7% (0) + kg———= 0k0 (0) ) (50)
3. In all other cases
LW (i, kap 1) = 0. (51)

The above definitions are such that £2 = £, a property which plays an
important role in the analysis of [BM]. Moreover

where z;, a; and [; are real numbers and

Rl = S S gl
= (LD) k:C5 L (k)>0

_ Zzw/dxqﬂthr@ = (53)
. 1 ] N . _
Féh’]] _ Z(Lﬁ) Z (—iko) l[{f:g]%— 1[3]]
w k5 (k)>0
- —Z/ dxipI gl (54)
— Ja
; 1
F)[\h’]] = (L5)4 Z wkl + wkg + wkg — ,le[(}fl]l 5(k - k2 + k3 k4) =
cs "('ié o0
_ /d w [hJ] ¢[hj]+ [hJ]—‘ (55)

14



0, and 0y are discrete derivatives defined so that the second equality in (53)
and (54) is satisfied; if N = oo they are simply the partial derivative with
respect to « and zy. Note that £V = VO hence Iy = ), ap = 25 = 0.
There is no local term proportional to ) Al[fjH Al[{huf}_, because of the parity
properties of the propagator.

We now renormalize Py c: (dy!™71), by adding to it part of the quadratic
Jo J
part of the r.h.s. of (52). We get

/PZ o diﬂhj) _y(j)(\/z_jd,[h,j]) _

h,j
N =V (/Zapld]
0 [ Py p (@) POV (56)
where ~
Zj(k) = Z;(k)[1 + Xij(k)Zl : (57)

f;(j)(\/?jw[hﬂ — pu) \/>¢hy hﬂ+F[hJ]] (58)

and the factor exp(—Lft;) in (56) takes into account the different normal-
ization of the two functional integrals.
If 7 > h, the r.h.s of (56) can be written as

[Py, (0N [Py (@) e VBRE)
sJ J

(59)
where P, f_fl(d'l?b(j)) is the integration with propagator
J—1y
e 1 fik)
@D (k) = J , 60

with f(k) = ff(K)Z;1[ 207" Tt is Zia(k) = Zo + X0, ZizixG (k)
and, if j > h and f;(k) # 0, then Z;_1(k) = Z; + Z;2;[f;_,(k) + f{(k)], so
that the propagators for 7 > h do not depend of the infrared cut-off and we

have
Zi(1+ z;)

Zi+ Ziz| i (k) + fi (k)]
This equation also implies that g% (k) is of size Z; Ly

All the dependence on the infrared cut-off is restrlcted to the integration
of the field of scale h, whose propagator (see (56) with j = h) is

o - Ji00 i I
Zh_l(k)Dw(k) Dw(k) Zy+ Z(i):h ZZZZX?LJ(k) .

fik) = f5 (k) < k)1 +z).  (61)

(62)
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The latter propagator § (k) depends strongly on k near the cut-off; in fact,
if fh(k) # 0 but fh+1(k) = O, then

R |
) = B S 2T G = Zo e (63)

However, §Y (k) is of size Zj__lﬂ_j even for j = h, because

Zn-1f;(k)
Zo + (Zn-1 — Zo) f5(k)

We now rescale the field so that

]}(j)(\/Z¢[hvj]) = VO (/Z; iy (65)

<2. (64)

it follows that

LYO (plhily = § il 4y plh) (66)
where 2
7. Z;
(Sj = —Zjil (aj - Zj) ) >‘j = (Zji1> lj : (67>

We call the pairs 0; = (§;, \;) the running coupling constants on scale j. A
simple perturbative calculation shows that A_; = XA + O(A\?), a_; = O(\?),

21 = O()\2)
Finally
e~V (/Z5 1yl VO () Z; g [plhd =1 p (@)
- ( " . LBEJ_/ ZJ 1f dw(]) VJ( Zjil[w ’ 'Hﬁj])’

(68)
and VU= (,/Z; 1pmi=1) is of the form (45); moreover it satisfies the identity
(42), with E;_; = E; +t; + Ej. This completes the iterative step.

We finally define

oz _(h) (h)
o~ LBE _ / Py, i (dp®) e (V2 ®) (69)
so that L 1
Erg=E=SE+ Y t;. (70)
j=h j=h+1

Note that the above procedure allows us to write, in particular, the run-
ning coupling constants v, 0 < j < h, in terms of 0j;, 0 > 5/ > j + 1:

UJ = E(@+17' . 7170) ) 170 = (>\7O> : (71>
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The function ﬁ(ﬁj+1, ..., Up) is called the Beta function. The fact that it is
well defined, for small values of A, in the limit L, — oo, is a highly non
trivial result, see [BG, BGPS, BoM1, BM].

Finally note that Zj, represents the wave function renormalization of the
fermionic field, d; the renormalization of its velocity and JA; is the effective
coupling of the theory at scale j.

3.2 The tree expansion

One can write the effective potential on scale j, if h < j < 0, as a sum of
terms, which is in fact a finite sum for finite values of NV, L, 5. Each term of
this expansion is associated with a tree in the following way.

=gy
7T

T §I <\

i oj+1 hy ~10 +1

Figure 4: Example of a tree.

1. Let us consider the family of all trees which can be constructed by
joining a point r, the root, with an ordered set of n > 1 points, the
endpoints of the unlabeled tree (see Fig. 4), so that r is not a branching
point. n will be called the order of the unlabeled tree and the branching
points will be called the non trivial vertices. The unlabeled trees are
partially ordered from the root to the endpoints in the natural way; we
shall use the symbol < to denote the partial order.

Two unlabeled trees are identified if they can be superposed by a suit-
able continuous deformation, so that the endpoints with the same index
coincide. It is then easy to see that the number of unlabeled trees with
n end-points is bounded by 4".
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We shall consider also labeled trees (which we shall call simply t¢rees in
the following); they are defined by associating certain labels with the
unlabeled trees, as explained in the following items.

. We associate a label j < 0 with the root and we denote 7;,, the corre-
sponding set of labeled trees with n endpoints. Moreover, we introduce
a family of vertical lines, labeled by an an integer taking values in [j, 1],
and we represent any tree 7 € 7}, so that, if v is an endpoint or a non
trivial vertex, it is contained in a vertical line with index h, > h, to be
called the scale of v, while the root is on the line with index j. There
is the constraint that, if v is an endpoint, h, > j + 1.

The tree will intersect in general the vertical lines in set of points
different from the root, the endpoints and the non trivial vertices; these
points will be called trivial vertices. The set of the wvertices of T will
be the union of the endpoints, the trivial vertices and the non trivial
vertices. Note that, if v; and vy are two vertices and v; < wv,, then
Doy < hy,.

Moreover, there is only one vertex immediately following the root,
which will be denoted vy and can not be an endpoint; its scale is j + 1.

. With each endpoint v of scale h, we associate one of the two local
terms contributing to LV (yp*=1) in the r.hs. of (66) and one
space-time point x,. We shall say that the endpoint is of type ¢ or A,
with an obvious correspondence with the two terms. Note that there
is no endpoint of type 4, if h, = +1.

Given a vertex v, which is not an endpoint, x, will denote the family
of all space-time points associated with one of the endpoints following
.

Moreover, we impose the constraint that, if v is an endpoint, h, =
h., + 1, if v’ is the non trivial vertex immediately preceding v.

. If v is not an endpoint, the cluster L, with frequency h, is the set
of endpoints following the vertex v; if v is an endpoint, it is itself a
(trivial) cluster. The tree provides an organization of endpoints into a
hierarchy of clusters.

. We introduce a field label f to distinguish the field variables appearing
in the terms associated with the endpoints as in item 3); the set of field
labels associated with the endpoint v will be called I,,. Analogously, if
v is not an endpoint, we shall call I, the set of field labels associated
with the endpoints following the vertex v; x(f), o(f) and w(f) will
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denote the space-time point, the ¢ index and the w index, respectively,
of the field variable with label f.

6. If the endpoint v is of type J, one of the field variables belonging to I,
carries also a derivative. In (53) this derivative acts on the field ¢/ ~, but
we could also choose a representation of Féh’j J'such that the derivative

acts on the field ¢)*. Which representation is used depends on detailed

properties of the different terms associated with the tree, which are
discussed in [BM], see Remark after eq. 3.40 there. Once this choice is

done, we can associate an integer m(f) € {0, 1} to each field label f,

denoting the order of the derivative acting on the corresponding field

variable.

7. We associate with any vertex v of the tree a subset P, of I, the exter-
nal fields of v. These subsets must satisfy various constraints. First of
all, if v is not an endpoint and vy, ..., v, are the s, vertices immedi-
ately following it, then P, C U;P,; if v is an endpoint, P, = I,. We
shall denote @),, the intersection of P, and P,; this definition implies
that P, = U;Q,,. The subsets P, \(@Q,,, whose union will be made, by
definition, of the internal fields of v, have to be non empty, if s, > 1,
that is if v is a non trivial vertex.

Given 7 € 7T, there are many possible choices of the subsets P,,
v € 7, compatible with the previous constraints; let us call P one of this
choices. Given P, we consider the family Gp of all connected Feynman
graphs, such that, for any v € 7, the internal fields of v are paired
by propagators of scale h,, so that the following condition is satisfied:
for any v € 7, the subgraph built by the propagators associated with
all vertices v' > v is connected. The sets P, have, in this picture, the
role of the external legs of the subgraph associated with v. The graphs
belonging to Gp will be called compatible with P and we shall denote
P, the family of all choices of P such that Gp is not empty.

As explained in detail in §3.2 of [BM], we can write, if h < 7 < —1,
VO (/2 ) + LBE; 41 = (72)
> P, o .
=3 Y 22" [ iR K )

n=171€T;, PP
where

9rar) = TT vl (79)

fep,
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and K 'p A (XUO) is a suitable function, which is obtained by summing the
values of all the Feynman graphs compatible with P, see item 7) above, and
applying iteratively in the vertices of the tree, different from the endpoints
and vy, the R-operation, starting from the vertices with higher scale. Note
that there is no derivative acting on the fields with label f € P, , even if the
field is associated with the endpoint of type d; this result is achieved by using
the freedom discussed in item 6) about the choice of the field with m(f) = 1.
In a similar way we get

(e}

Ba=Y Y Y KR, (74)

n=1 767—}171771 PEPT:PUO =0

3.3 The main bound

In order to control, uniformly in L and 3, the various sums in (72), one has
to exploit in a careful way the R operation acting on the vertices of the tree,
as explained in full detail in [BM], §3. The result of this analysis, which
applies essentially unchanged to the model studied in this paper, is a general
bound which has a simple dimensional interpretation.

Let us see what happens if we erase the R operation in all the vertices of
the tree. In this case one gets the dimensional bound

/dxvo| ”1 (X4)| < LB (C&)"y —j(=2+|Puyl/2) .

B (245
[[ (=)= ey, (75)

v not e.p

where C' is a suitable constant and & = max;;i1<y<o|U;|. Note that the
good dependence on n derives from the anticommuting properties of the
field variables.

The bound (75) allows us to associate a factor with any trivial or
non trivial vertex of the tree. This would allow us to control the sums over
the scale labels and P;, provided |P,| were larger than 4 in all vertices, which
is however not true. The effect of the R operation is to improve the bound,
so that there is a factor less than 1 associated even with the vertices where
|P,| is equal to 2 or 4. In order to explain how this works, we need a more
detailed discussion of the R operation. We shall do that below by using the
simpler expressions that one obtains in the (formal) limit L = § = oo; this
is sufficient to explain the essential points and makes clearer the notation.

1) If 2n =4, by (47) (with L = § = c0),

4
 faxwio) T vkt = [ oo T, (76)
=1

2—|Py|/2
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where x = (x1,...,x4) and W (x) is the Fourier transform of W (kl, ko, k).
Note that W(x ) is translatlon invariant; hence ¢/ in the r.h.s. of (76)
can be substituted with ka’fw‘i”, k = 1,2,3 and we have four equivalent
representations of the localization operation, which differ by the choice of
the localization point.

If the localization point is chosen as in (76), we have

R [ axw(x) L’i’zlf”— [ dxw(x [ wa;,ai”]

— [ axw (o) [l gl DUl (77)

xl W1 x2 W2 X3,X4,W3 7" Xq,W4q

X1,W1 X2,X4,W2 7 X4,W3 x47w4 X1,X4,W1 7 X4q,W2 X4,W3 X4,W4q

+¢[h7J101D1[h7J]U2 w h,jlos, ), [h.jloa + Dildlor plhigloz, ) [h.jlos [h,j}m} :

where (again if L = = 00)
1[h, h,jlo ;
Dy xzu ,lvb[ o — wx uf} . (78)

The field D%/ is dimensionally equivalent to the product of |y — x|
and the derivative of the field, so that the bound of its contraction with
another field variable on a scale j/ < j will produce a “gain” y~U=7") with
respect to the contraction of w_yf;f]”. On the other hand, each term in the
r.h.s. of (77) differs from the term which R acts on mainly because one t)["7]
field is substituted with a D" field and some of the other 1! fields are
“translated” in the localization point. All three terms share the property
that the field whose x coordinate is equal to the localization point is not
affected by the action of R.

2) If 2n = 2, by (50),

R / dx1dxa W (%1 — Xo) b+ plhdl= — (79)

X1,W P X2,w

= /dx1dX2W(X1 — Xg)iﬂ h.j +D2[h’]]_ /dxldX2W<X1 - x )D2[hﬂ]+ w[hﬁ]—

X1,w X2,X1,w X1,X2,w 7' X2,w
where W (x) is the Fourier transform of Wz(gw(k) and

D2dle = yplhile — il — (y — x) - Vil (80)

As in item 1) above, we define the localization point as the x coordinate
of the field which is left unchanged by £ or R. We are free to choose it equal
to x; or Xy. Hence the effect of R can be described as the replacement of a
YMIle field with a D?™717 field, with a gain in the bounds of a factor y~20=7").
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By suitably using the definition of the R, it is shown in §3 of [BM] that

RYW) \/Eqﬁ[h’ﬂ - (81)
> [Py |
=D I SEEED DD DERC/ K R RIS
n=17€T;n,

PcPr OCEA.,— P

where A, p labels a finite set of different terms, of counting power C", and,
for any o € A.p, D, denotes an operator dimensionally equivalent to a
derivative of order m,. The important property of (81) is that, see eq. 3.110
of [BM],

/ x| KI5 0 (3%0,)| < LB (CE)ry /24 ol/2me)
4
I <%>*Pvvw—[—%\ﬂv%w | ©
v not ep “ho—1

where m, > z(P,,) and

1 if|P| =4
2(Py) =42 if|P|=2, (83)
0 otherwise.

We now consider the action of £ on VW (,/Z;4"l). We get an expansion
similar to (81), that we can write in the form

VO (r, JZ) = 3 S [5(r) 2+ ay() 2, F 4 1y(r) 22 EM)

n=17€T;n
(84)
where (in the limit L = 8 = 00)
1 .
5 = 13 > [ dxufa(f2) = 2O (x0)
ﬁ PePr,a€A, p
Pyy=(f1,f2)w(f1)=w(f2)=+1
1 .
a(r) = = > [ dxula(f2) = 2O (xu)
ﬁ PEPr,a€A, p
Pyy=(f1,f2)w(f1)=w(f2)=+1
1
L = 13 > [ax K90 tx) . (39)

PEPT,aEAT’P
[Pyg |=4,0=(+,—,+,—),w=(+1,—-1,-1,41)

The constants zj, a; and [;, which characterize the local part of the ef-
fective potential, can be obtained from (85) by summing over n > 1 and
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7 € Tjn. Finally, the constant B appearing in the Lh.s. of (72) can be
written in the form Ej .y =302, Y cr  Ejya(7), with

- 1 .
Bin(m) =15 3 [ daKiaxn) (36)
PePr,a

Pyy=0

All the kernels appearing in (85) and (86) satisfy the bound (82), with
Mme =0

Note that, by the remark preceding (62), the effective potential is inde-
pendent of the infrared cut-off for j > h. This means in particular that, if
we add a superscript (h) to keep track of the infrared cut-off, 27](-h) = v; ™ for
j > h. On the other hand, in previous papers (see [BGPS], [GS], [BoM1],
[BM]) it was shown, by using several properties of the exact solution of the
Luttinger model (see [ML], [BGM]), that A;> = A+O(X?) and 6; > = O(\?).
Moreover, since A\, — A, = (A, — )\2}21) — (A% = A\p11), the previous result
implies that A\, = X\, 4+ O(A\?), since, by (82) and (85), both \; — )\2}21
and A, % — A\, 35 are of order A2. We can resume this results in the following
Theorem.

Theorem 3.1 There is a constant g, such that, if |\| < &g, then, uniformly
in the infrared cut-off,

A =A+00N),  §,=003), h<j<-1. (87)

3.4 The expansion for the Schwinger functions

The procedure described in sections (3.1)-(3.3) can be generalized to get an
expansion for the connected Schwinger functions of the model, in particular
those defined by (12) and (13). The main difference with respect to the “free
energy” case is that the external fields Jx, and ¢y, have to be taken into
account.

We start from the generating function (11) and we perform iteratively
the integration of the v variables, to be defined iteratively in the following
way. After the fields ¥(9,...4U*D have been integrated, we can write

eW(qﬁ,J) _ 6—LBEJ- /PZj,C,i’j (dw[hJ'})e—V(J)(\/Zw[fL,j])+B(J)(\/Z_jw[h,j],¢,J)’ (88)

where B(j)( Zjp, ¢, J) denotes the sum over the terms containing at least
one ¢ or J field; we shall write it in the form

BY(\JZip,0,.0) = BY (JZiw) + BY (Z0) + W (JZ0.0.0) , (89)
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where Bg)(w) and By)(@b) denote the sums over all the terms containing
only one ¢ or J field, respectively. For j = 0, the comparison with (11)
shows that W,(%O) =0, Bé,o) (V) = X, [ dx[of b, + i 0%, and BSO)(@D) =
> S dx T V5

In order to control the expansion of the connected Schwinger functions, we
have to extend the definition of the localization operation £ to BY)(, [Zi), ¢, J)

First of all, we put EW}{) = Wg). Let us now consider B((Z,j)(w/ij); we want
to show that, by a suitable choice of the localization procedure, it can be
written in the form

BOWZ0) =% % / dxdy [0, 0x = )5 VO Z0) +
yw

w i=7+1

+mw (VZ)g@ O (y — x)o5,,| + (90)

T [w?j@z;@@szﬂka;w + QU0 T
7 w,k

33V (k) = 30 (1) QY (k) (91)
and QY (k) is defined inductively by the relations

QY (k) = QU™ (k) — 22, Du(k Z 0371, QD) =1.  (92)

i=7+1

In fact, the terms in the first two lines of (90) have a simple interpretation
in terms of Feynman graphs; they are obtained by taking all the graphs
contributing to V) (y/Z,1) and, given a single graph, by adding a new space-
time-point x associated with a term ¢4« and contracting the correspondent
1 field with one of the external fields of the graph through a propagator

1990 (x —y). Hence, it is very easy to see that (90) is satisfied for
j = —1. The fact that it is valid for any j follows from our choice to localize
B¢ \/Tw by the following procedure: first of all we substitute in the r.h.s.

of (90) V) with £V + RVU), LVU) being defined by (52); then we extract
from £V the terms proportional to z;, as in (58), which are absorbed in
the terms in the third line of (90). Finally we rescale the field ¢ by (65) and
perform the integration of the scale j field. It is then easy to check that (90)
is satisfied for j = j + 1, if it is satisfied for j = j, together with (92).

Note that f;(k) = 0 for [k| <~~! or [k| > 7*! so that

fhl (k)fhz (k) =0 if |h1 — h2| >1. (93)
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It follows that, if §¥)(k) # 0, by using also (62) and (92),

Q09 =1~ 55K s (94

Hence, the propagator §2(k) is equivalent to §(k), as concerns the di-
mensional bounds. '

Finally let us consider By)(\/Z-w). It is easy to see that the field J is
equivalent, from the point of view of dimensional considerations, to two
fields. Hence, the only terms which need a regularization are those of second
order in 1, which are indeed marginal. We shall use for them the definition

392)(\/?]¢) = Z/dXddeBw,cD(XaYvZ)Jx,w(\/Ziﬁ;@)(\/quz_@) _
N ﬁ 2 B“”‘D(p’k>j(p)(\/?j¢;+k,w)(\/?j¢1;w). (95)

w7(:)7k7p

We write
B Z) = LB (/Z0) + REFV(Z30) %)

where L is defined through its action on Bw(p, k) in the following way:

~

EBw,cD (p7 k) =

A —

Z Bw,w(pn’v kn,n’) ) (97)

n,n'==+1

ANy,

where k,,y is defined as in (48) and p,y = (0,27n//3). In the L = 3 = oo it
reduces simply to LB, z(p, k) = B..5(0,0).

This definition apparently implies that we have to introduce two new
renormalization constants. However, this is not the case. One can show
that, in the L = 8 = oo limit

B _,(0,0)=0, (98)
by using the symmetry property of the propagators
30 = —iwg) (k) k= (k k), K =(-kok). (99

In fact, the contribution of order n in € to B, _,(p,k) can be written as
a sum of connected Feynman graphs obtained by contracting 2n + 2 fields
of type w and 2n — 2 fields of type —w, so that, by (99), B, _o(p,k) =
(—iw)"  (iw)" B, _(p*, k*) = =B, _.(p*, k*), which implies (98).
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If L and § are finite, the identity (98) is not true anymore, but the cor-
rections do not give rise to any divergence, as j — 0o, and go to zero, for any
fixed j, as L, 5 — oo. In fact it is not hard to see, by comparing Ef?w@(p, k)
with its limit as L, 8 — oo and using the properties of the multiscale expan-
sion described above, that the corrections are of order v~/ max{L~!, 7}, as
one can guess by dimensional arguments. In other words, one can say that
EBM_M behaves as an irrelevant term (hence no renormalization constant is
associated to it).

The previous considerations imply that we can write

| @
LB Z0) = X 5 [ixhe T )W) . (o)

which defines a new renormalization constant Z](?), the density renormaliza-
tion. It is easy to see, by proceeding as in §3.3, that RBy’z)(\/Zqﬁ) can be
written as a sum of terms of the form (95), with one of the fields 1 replaced
by a field D' (see (78)). This allows us to improve the bounds in the usual
way, see §3.3. The definition of R is extended to all the other contributions
to BL(]j)(\/Zw) as the identity.

At the end of the iterative integration procedure, we get

W(p,J) = —LBELs+ S SV, ,(6.J). (101)

me+nJ>1

We can expand the functional Séfn)¢ .s(®,J) and the various terms in the
r.hs. of (89) in terms of trees, as we did for the effective potential, by
suitably modifying the definitions given in §3.2.

1. First of all, we have to add two new types of endpoints, to be called of
type ¢ and J; the first one is associated with the terms in the third line
of (90), the second one with the terms in the r.h.s. of (100). They will
be sometimes called special endpoints; as for the other endpoints, the
scale of a special endpoint v is h, + 1, if h, is the scale of the non trivial
vertex immediately preceding v. Given v € 7, we shall call n¢ and
n? the number of endpoints of type ¢ and J belonging to the cluster
L,, defined as in item 4) of §3.3, while n, will denote the number of
endpoints of type A or §, to be called normal. Analogously, given T,
we shall call n¢ and n the number of endpoint of type ¢ and J, while
n, will denote the number of normal endpoints. Finally, 7;,, ¢ s will
denote the set of trees with n normal endpoints, n® endpoints of type
¢ and n”’ endpoints of type J.
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2. The definition of the sets P, (of the external fields in the vertex v) is
modified, in the sense that the set P, includes both the field variables
of type ¢ which are not yet contracted in the vertex v, to be called
normal external fields, and those which belong to an endpoint normal
or of type J and are contracted with a field variable belonging to an
endpoint of type ¢ through a propagator ¢© () to be called special
external fields of v.

3. As explained above, we regularize the terms linear in ¢ by extracting
from the effective potential, in the r.h.s. of (90), its local part, defined
by (52). This implies that one of the 1) variables contracted in the prop-
agator linked to the ¢ variable is treated as an external field variable,
see item 2) above. However, in order to exploit the regularizing effect
of the R operation on the terms with 2 or 4 external fields (see remark
after (78)), we have to be sure that the field variable which “acquires
a derivative” is not yet contracted on the vertex scale. This can be
realized by choosing the localization point as the space-time point of
the special external field, that is the field which is contracted with the
1 field of the type ¢ endpoint.

It is easy to see that

S0 (6 7) = 3 SDS 2.

n=0 jo=h—1 @ TETO’%2”L¢’”J PeP;:| Pyy|=2m®

2m? nJ
where w = w = w = w = {Wl,...,W2m¢+nJ}, x = {xX1,...,Xomo,ns} and
=+ if ¢ is odd, o; = — if 7 is even.

The Schwmger functions are simply related to the kernels of the func-
tionals S ¢, (¢, J) and (102) allows us to get an expansion for them. For
example, Gw(xl, Xy) is equal to the sum over the terms in the r.h.s. of (102)
with m® = 1, n/ = 0 and w = (w,w), while G%*(x;y,z) is obtained by se-
lecting the terms with m® = 1, n/ = 1 and w = (w, w,w). Hence, a bound for
the Fourier transform of the Schwinger functions can be obtained by using
the dimensional bound

2m®
\n . —jo(—24+m®4+n’) g .
[dx |Some s rul®)] < LB (C)'y 1 (7

pre)
w7 Z

h hy |Py|/2.,—dy 1
I VO i (103)

hr v not e.p
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where h; is the scale of the propagator linking the i-th endpoint of type ¢ to
the tree, h, is the scale of the r-th endpoint of type J and

dy = —2+|P,|/2+n! + 2(P,) , (104)

with

0,
1

J
J P =2, (105)

2(P,) ifn?<1.,n
{ 1 ifnf=0,n
0 otherwise

The bound (103) can be easily obtained by the same arguments leading
to the bound (82), by taking into account the remarks in items 1)-3) above.

Essentially one has to modify the bound (82) in the following way.

a) Insert a factor y~"(Z,,)~Y/2 for each endpoint of type ¢; this factor
bounds the product of the propagator linking the i-th endpoint of type
¢ to the tree and the (Z),)'/? renormalization constant of the corre-
sponding special external field variable. We use here (60), (61) and

(64).
b) Insert a factor ij) /Z7, for each endpoint of type J.

c) Substitute the “regularization index” z, with Z,, to take into account that
the R operation is trivial in all the vertices with n? +n; > 1.

d) Insert a factor v for each non trivial vertex v, to take into account that
any J variable is dimensionally equivalent to two 1 external fields,
so that the dimension of any vertex v increases by one unit for any
endpoint of type J belonging to the cluster L,.

The bound (103) is sufficient to get a bound for the Schwinger functions
Fourier transforms, because, by translation invariance, the Fourier transform
of Sopnonsrw(X) is bounded by (LB)™' [ dx|Some n+0(x)|. We only have
to sum over 7 the r.h.s. of (103) (without the LS factor), by using the
techniques described in detail in §5 of [BM]. The main point is to control
the sums over the sets P, and the scale indices h,, for fixed values of the
external propagators scale indices h;, which are determined up to one unit
by the external momenta. Hence, if all the “vertex dimensions” d, were
greater than 0, one would get a dimensional bound of the type

3N io(catmtandy TR z;)
(Ca)™ Yy ol2mian =, (106)
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where 7 is the minimal order in A of the graphs contributing to the Schwinger
function and h is an upper bound on the scale of the tree lower vertex vy,
which depends on the external momenta.

However, it is not true that, given 7, d, > 0 for all non trivial v € 7; in
fact d, = 0, if |P,| = 2 and n¢ = n) =1 or n? = 2,n/ = 0. This implies that
the sum over the scale indices of some special paths on the tree can produce
a result different from the “trivial one”, leading to (106). Hence, in order to
get the right bound, one has to analyze case by case the constraints on the
endpoint scale indices, related with the support properties of the single scale
propagators and the fact that the ¢ and J momenta are fixed.

The result of this analysis, rather difficult to describe in general, will be
given only for the bound of the connected Schwinger functions appearing in
Theorem 2.1. Moreover, we shall use the expansion (102) also to extract
some “dominant terms” and get an improved bound on the rest, as we shall
see below.

3.5 Proof of Theorem 2.1

The bounds (18) and the equations (19) are proved in [BM], Theorem 4.9;
so it remains to prove (16) and (17).
By using (102), we can write, for any k

Sy RO Y S Y Galo. (07

n= 1]0 h—1 7€T, Jjo>n,2,0
| Pog |=2

where Ga; = So0.7, rfww). The choice of k implies that, given 7, the scale
of the external propagators has to be equal to h or h 4 1, hence GQ,T can be
different from 0 only if the index jy in the r.h.s. of (107) (which is also the
scale index of vy, the lower tree vertex) takes the value h or h + 1. In this
case, by using the bound (103) and translation invariance, we get, by using
also the fact that Z;/Z;_y <1 (see [BM], Theorem 4.9) and Theorem 3.1,

|G- (k)| < —/dxldX2|G2T(X1 —xp)| < (CEY'~"Z,; 1H7 (108)

The previous considerations also imply that the only vertices of 7 with d, = 0
have scale h or h+ 1, so that there is no problem in performing the sum over
the scale indices in the r.h.s. of (107). Moreover, by symmetry reasons,
Ga, = 0 if n, = 1; hence the sum over all the trees with n > 1 can be
bounded by (C&)?>y~"Z;!. Finally, the terms of order 0 in the r.h.s. of (107)

29



sum up to

1 (k) + falk)
Zh Dwd{)

1
" ZyD, (k)

[1+0(&7 [1+ 07, (109)
which easily implies (16). o

We finally prove (17). By using (102), we can write, if p = k; — ky and
k = ko,

o0 -1
G£J271)(p7k> = Z Z Z G2,1,T(p7k) ) (11())

n=0 jo=h—1 7€Tjj,n,2,1
| Pug =2
where G2,1,T = S2,1,T,,T,{u),w,w}-
The condition on k; and ks implies that, for any 7, the only vertices with
d, = 0 have scale h or h + 1. Hence, the sum over the trees with n normal
endpoints of |Gy.1 -(p, k)| satisfies, by (103), the dimensional bound

“ 7—2h Z}(f)
(p. k)| < (Ce)"'————. 111
mzzn |Gaa,-(P, k)| < (C2) 77 (111)
Moreover, by symmetry reasons, ég,lﬁ(p, k) =0,if n, =1, and
A z 1 1
Y Gaislp k) =2, [1+0(7, (112)

Zh Zth(l_{l) Zth(l_{2>

T:nr=0

since fh“(fq) + fh(Ri) = 1. Hence, we get (17).

4 The expansion for H>!

4.1 Preliminary remark

In this section we have to find an expansion for correction term H2'. The
definition of H>' as a derivative of a functional integral, see (35-37), is ap-
parently very similar to the expression for G%! given by (11-12). In fact, the
definition (11) of the generating function W(¢, J) differs from the definition
(36) of Wa(¢,J) only because ¢ i, is replaced by Ty,. However, such
difference is not trivial at all, because of the singularity of C'(k,k + p), as
e — 0, and of D7!(p) at p = 0. Nevertheless, we are still able to prove the
bound (29), which differs from the analogous bound for G>' by an extra \?
factor.

In order to get this result, we will define a multiscale expansion similar
to the previous ones, so getting a few terms of a new kind, for which the £
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operation must be defined in a proper way. Correspondingly new renormal—
ization constants will appear, which we can prove are strictly related to Z
what is crucial to get (29).

4.2 Properties of T,
We begin our analysis by studying the quantity

Clie k)
D.,

D)
- o [ LD o) - am

Xho
fi(k ) [ fg(k+
Dok b o (k)

AL (I, k) = O () =

- ]}

where p = kT — k. The above quantity appears in the expansion for 1{1271
when both the fields of 7%, are contracted. Note first that

Akt k) =0, if0>ij>h, (114)

since X‘;’O(ki) =1,if h < i,j < 0. We will see that this property plays a
crucial role; it says that, contrary to what happens for G*!, at least one of
the two fermionic lines connected to J must have scale 0 or h.

In the the cases in which A®)(k*, k™) is not identically equal to 0, since
AW (Kt k™) = AU (k™ k*), we can restrict the analysis to the case i > j.

1) If i = j = 0, by using (21), it is easy to see that the r.h.s. of (113) has a
well defined limit as ¢ — 0, given by

200 et i0) = s | B e) - L0 D]

where ug(k) is a C* function such that

0 if k| <1

uo(k) = { _ fo) if 1< [k] (116)

We want to show that
poSOY (K, k) + pST (k+ k)

D, (p) ’
(117)

ADD (et k) = SO (k) =
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where Sogo,z(kﬂ k™) are smooth functions such that
0 O ST k)] < Con (118)

if 9' denotes a generic derivative of order m with respect to the variables k
and C,, is a suitable constant, depending on m.

The proof of (117) is trivial if p is bounded away from 0, for example
|p| > 1/2. It is sufficient to remark that A%%(k* k=), by the compact
support properties of fy(k), is a smooth function and put Sf% = —i A0
So(ffi = wALO Tf |p| < 1/2, we can use the identity

fo(k)uo(k™)

ALY (kT k) = D) Dy () + (119)

p ! k+—tp 1 (1,+ uO(k+) ! (1,+ fO(k+)
*Dum) b ) [f()(k ~Pp Ay e TP A

from which (118) follows.

2)Ifi=0and h <j <0, we get

1 Sk )ue(kY) e L ok (k)
Z; 1 Du(p)Du(k™) " Z, (k) Du(p) Do (k)
(120)

AJ (" k) =

where
_Jo if [k > ~"
w09 ={1_ p0 i 2

If j < —1, the first term in the r.h.s. of (120) vanishes for |p| < 1—~71, since
uo(k™) # 0 implies that [k*| > 1, so that k™| = [k —p|>1— (1 —~77") =
7! and, as a consequence, f;(k~) = 0. Analogously, the second term in the
r.h.s. of (120) vanishes for [p| <1 —~~! —~" since fo(k™) # 0 implies that
k*| > 1—~7"!, so that [k~| > 7" and, as a consequence, uy(k™) = 0. On
the other hand, if j = —1, because f_;(k)ug(k) =0, we can write

(121)

w6 06) = (k) p [t et rp). (122
0 -1 0 o |kt — tp] -1 :
It follows that D
APD (kT k) = ——SU(kt k™), 123
( ) Do(p) ( ) (123)

where SS 3(k+, k™) are smooth functions such that

= h<j<O0. 124
0+ JZj—l(k_) J ( )

o SYN Kt k)| < G
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3)If i = j = h we get

AP k) = -

fukHun(k™)  ua(k™) fu(k7)
D, (k*) D, (k™)

(125)

Since this expression can appear only at the last integration step, it is not
involved in any regularization procedure. Hence we only need its size for
values of p of order " or larger. It is easy to see that

C 7—2h

AP (It k)| < == = . if [p| > My (126)
MZh_l(k+)Zh_1(k_)
HIfj=h<i<—1, we get
| 1 Fo (kg (k™
AP (Kt k™) = — - fik™Jun (k7) (127)

which satisfies the bound

. _ C v . h
ALY (KT k7)< —=————, if[p| > MY". (128)
MZh_l(k_)Zi_l

4.3 The multiscale expansion of the correction term

We are now ready to begin the description of the iterative integration proce-
dure. As in §3.4, we can write

Va6 = o=LBE; [ p_ (gl eV (2t KD (/260 .6.0) - (199)
Zj,(}fhj )

where K (ﬂ(,/ij, ¢, J) denotes the sum over the terms containing at least
one ¢ or J field; we shall write it in the form

KO/ Zp,6,0) = BY (JZ) + K (Z) + W (JZ. 6.7) . (130)

where bej )(w) and Kf,j )(w) denote the sums over the terms containing only
one ¢ or J field, respectively. Note that Bg)(w) it is the same function
appearing in (89) and the action of £ on it is defined exactly as before.

As in §3.4, the only terms contributing to ng)(,/ij), for which the
localization has to be defined different from the identity, are those of sec-
ond order in v, which behave as marginal terms; we shall denote their sum
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K§9P(JZp). For j = 0, KPP (VZa) = K (VZ) = S [ dx JTL
and we define the £ operation on it as the identity, that is

£K§0,2)(\/?0w[h,0}) _ KLSO,?)(\/?OMW]) . (131)

Let us now analyze the structure of KL(]_I’z)(\/Z_lqﬂ[h’_”), as it appears
after integrating the ¥ field and rescaling ¥!»~1. We have

KL(]_Lz)(,lvb) = L Z/dXJx,w{Tx,w +
71 =
> [ dydalFi R x v 2) + 0oL (v D)l s (132)

F7Y denotes the sum over all Feynman graphs built by contracting both 1

2,w,0
fields of Ty, (on scale 0) and by choosing equal to @ = £1 the w-index of
the two external ¢ fields. Fl(;l) represents the sum over the graphs build by
leaving external one of these ¢ fields of Tk . See Fig. (5), where the J field
and the external 1 fields are represented as dashed lines and the small circle
represents the non local kernel of Tx .

£ S \ e
W i+ q (fq} -
Kg_l 2) p,,..@ - Q‘ E— + w
‘:” w w ’ A3
k- "'&d) w
k™ “,
W

Figure 5: Graphical representation of equation (132).

It is easy to see that the Fourier transform of F2(;12) can be written, if
we choose the momenta k* and k= of the ¢ external fields as independent

variables, as

2,w,0

Fil k) = DL() [k sk k= p)GUY (K K K) (133)
»(P ’

where S(k*, k™) is given by (117), p = k* — k= and G2 (k*, k* k™) is
of the form GU 2 (k*, k*, k™) = Go(k+, k*, k™) + Gy (kM) Ga(k)d(kt — k),
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where (G represents a suitable sum over connected graphs with four external
lines, while G; and G5 represent suitable sums over connected graphs with
two external lines. Note that all these three functions can be written, at order
n of perturbation theory, as sums of C™ terms, each term being represented
as a truncated expectation of ¢y monomials, which can then be expanded as a
sum over tree graphs of suitable determinants, thanks to the anticommuting
properties of the Grassmanian variables [Le], hence the argument in [BM] to
avoid bad factorials in the bounds can be used.

GSJE) has special symmetry properties, which it is very important to
exploit. Consider first the case w = @; then each term contributing to G&j)
is obtained by taking n interaction terms (each having two v fields of type
w and two of type —w) and by building a graph with four external lines, two
of type w and two of type w. It follows that n > 2 and that in the graph
there are (2n — 4)/2 propagators of type w and (2n)/2 propagators of type
—w. By using the symmetry property of the propagators (99), one gets

GLY (kT kT k™) =GO (k™ k™ k™) . (134)

In a similar way, one can check that

GUL (K" k" k) = GO (k™ K k) (135)
p-So(kT, k™) = —iwp* - Sy, (kT k7). (136)
(133), (134), (135) and (136) imply that
Al 1 i
sk k) = sl ALsb (k) +pALZ (KO, (187)

where Afui ;(kT, k™) are smooth functions verifying the condition

AT 7) = i AT (1 1 7) (138)

It follows that, if we define (in the L = 8 = oo limit, see the discussion after

(97))

DMt =) —
L: &)(k k ) - Dw(p) [pkowO(O O) +pAww1(O>0)] ) (139)
then
LR k) =297 (140)
A(— - - D-u(p)
CESY (kt k)= 2% , 141
2w, ( ) 1 Dw(p) ( )



where Z(_31’+) = ifli,_,j,)o((),O) and Z(_?’l’_) = ifii,_,_lzwo((),()) are constants, which
one can easily show to be real.

The action of £ on ng@ was given above in momentum space; it is
however very easy to write it in coordinate space. The support properties
of the external propagator imply that |[p| < v + 4", hence |p| < 72, if 4"
is small enough, as we shall suppose (to simplify the notation). Then we
can freely multiply A7) (k* k™) by xo(y2|k* —k~|). Hence, in space-time
coordinates, the contribution to K 5_1’2) (1) containing F2(;12) can be written,
by using the representation (137) as

1 _
Z— E /dXJx,w /dx/VW(X - X/) /ddeAEJ,u%)(X/>YaZ) ;—,@wz_,&; ) (142)
-1 w,w

where

V) = [ g aiehe 5E

«(P)

_ dktdk~
(=1) (ot _ ar axr 2t =) .
ALKy = [Tl S i) (143)

'€ik+ (x' —y)—ik™ (x'—z) AL(U—&{) (k+, k_) '

It follows that the operation £ can be described as the localization of the
1 fields in the point x’ and that the corresponding R operation produces
a term with ¢ 1, o — 5 s o in place of ¥y 51, ;. We can then apply
the argument following (78) to explain the regularization effect of R, since
Afu_i)l(kﬂ k™) are smooth functions.

If X\ is small enough, the size of Z(_31’+) and Z(_?’l’_) is determined by the
contributions of lower order in their expansions in power of \. It is easy to
see that Z(_31’+) is of order A\? and that there is only one graph of that order
different from zero in its expansion, that on the left of Fig. 6, while Zf’l’_) is
of order X\ and the only corresponding first order graph is represented on the
right of the picture.

By an explicit calculation, one can check that the contributions to Z(_31’+)

and Z(_sl’_) of the two graphs are different from zero. Hence

oA
780 = _e N <0, 2% = . (144)

We now consider the contribution to Fl(;l)(x, y,z) associated with the
third term in Fig. 5. Its Fourier transform can be written as

[Cro(k™) = 1] Dy (k)8 (k+) — uo(k™)
D, (p)
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Figure 6: Terms of lower order contributing to Z(_31’+) and Z(_gl’_).

where G (k™) represents the sum over the connected Feynman graphs with
propagator ¢(® and two external lines. Since, by symmetry reasons, G (0) =

0, the simplest way to regularize Fl(;,l’ﬂ is to define

[Cro(k™) = 1] Du(k™)g5" (k") — ug(k)
D, (p)
(G F) - G2(0)] (146)

REL (kT k) =

whose corresponding local part is vanishing. In other words the dimensional
gain is here obtained without the introduction of a renormalization constant.
Note that there is a simple description of this operation in terms of a local-
ization operation on the 1) fields, as in the remark following (141). A similar
procedure can be defined for the contribution to Fl(vzl)(x,y,z) associated
with the fourth term in Fig. (5).

We can summarize the previous discussion by defining

(—1,2) T Z(3i+)
KL _ / - X,w - + —
L J (¢) ; dX{J7 Z—l + Z—l x,w¢x,w +
Z('?’lv_)
Z=1 ) - 147
Z—l X,w x,—w,lva,—w} ) ( )

where J,((_w) is the Fourier transform of

o) _ 3 Dw(p)

IS = Jp—" 148

pP,w P, Dw(p) ( )
Equation (147) implies that the integration of the scale j = —1 has to

take into account two new local terms, to be called of type Z* and of type
Z~, similar to those introduced in §3.4 to analyze the Schwinger functions,
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see (100). There is however an important difference in the term of type 7,
related with the fact that, in this term, we have absorbed in the external J
field a bounded but not smooth function of p, in order to avoid that it is
involved in the regularization operations.

We can now describe the general step, by defining the action of £ on
KL(IM) (), which can be written, if j < —1, after rescaling ¢, as

. 1 :

K§P(w) = f§;ﬁM&@ﬂw+Z/¢m4Au§@Axm@+

+ J( Z ww(x Y7 ) + JXMFQ(;{;.)J@(X7 Y7 Z) + (149)
Py, 2)] 5 a0 |

where F éﬁ & represents the sum over all graphs with one vertex of type
Z* and two @D external fields of type w, build by using propagators of scale
iej+1,-1] F2(L3 & 1s the sum over the same kmd of graphs with one vertex

Tk, whose 1 fields are both contracted and F 1s the sum over the graphs
with one vertex T, such that one of its v ﬁelds is external.

It is important to stress that, thanks to the identity (114), given a graph
contributing to F2(L3w, at least one among the ® fields belonging to T, is

contracted on scale 0, so that we can write

0
p &0 (et ot (2 + et e

dkTS (kT k G, kT, kT, k), (150
o> [ ks PG ). (150)

ek k) =
where S®(k* k™) is given by (117) for i = 0 and (123) for i < 0, if no
derivative acts on S®(k*, k™) as a consequence of the regularization on a
scale r such that j < r < 1, otherw1se it is given by a suitable derivative
of S®(k*+ k). Moreover, G (kJr k* k™) is a suitable smooth function,
which can be expressed as a sum over products of propagators §@), i €
[7+ 1,0], or their derivatives, integrated over suitable loop variables. Hence
we can extend to the case j < —1 the definition of £ given for j = —1, for
what concerns its action on all terms in the r.h.s. of (149) except F éﬂ)ww

and F , for which we put (for L = = oo, see otherwise the discussion
after (99)) ’ ’
LED (kT k™) =FY (0,0) . (151)

iww

Note that S®(k*, k™) is a smooth function, by our definition of RFI(JM,
which generalizes (146). And, by the same argument leading to (98), we have

Fé]27w7_w(0’ 0) F(])

7~ w,w

(0,0)=0. (152)

38



It follows that we can write

(4,2) Txw Z('37+)
£KJ]7 (¢) = Z/dx{‘]x’w Z’- + JZ ;w¢;w +
w J J
Zi ()t -
7. ']x,w x,—wwx,—w} ) (153)

J

which defines the new renormalization constants Z](-3’+) and Z](-g’_), for j €
[h> _1]'

4.4 The bounds

The previous considerations allow to define a tree expansion for H>!, similar
to that used for G%! in §3 and described in §3.4 after (103). The only
important difference is that we have now three different special endpoints
associated with the field J, corresponding to the three different terms in the
r.h.s. of (153); we shall call these endpoints of type J and subtype T, Z+ and
Z~, respectively.

There is of course a tree expansion also for the renormalization constants
Zj(»g’” and Z](-?”_), involving trees with root at scale j — 1, one endpoint of type
J, |P,,| = 2 and the operation £ acting on vy. One can show in the usual
way that, given a tree 7 with n normal endpoints and the special endpoint
of subtype Z* and scale i + 1, its contribution Z&3%) to Z](-g’i) satisfies the
bound

128D < (Ca)| 23PN [[ v %, withd,>1,Yver. (154)
VET

A similar bound is satisfied if the special endpoint is of subtype T, without the
|ZZ~(3’i)| factor. However, in this case, the scale index of the special endpoint
has to be equal to 1, because of the properties of the function A7) described
in §4.2. Therefore there is a path C in the tree connecting the special endpoint
with vy and we can extract from [],c, 7~% a small factor /2 for each v € C,
without loosing the summability properties of the bound; hence we write

283D < (Ca)'y P T[ v @2 [[ v*, withd,>1,Yvoer. (155)

veC veT\C

Another important property, following from (151) and (152), is that
Z3+) = 0, if the special endpoint is of subtype Z~, and viceversa. Hence we
can write, if j € [h + 1, —1],

-1
Z30 =78 45 3,285 + B (156)

J
i=j
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where ﬁj,iZi(?”i) is the sum over the contributions associated with trees whose

special endpoint is of subtype Z* and scale i + 1, while B](s’i) is the sum
over the trees whose special endpoint is of subtype 7. Note that (;; is

equal for Z](-?i’f) and Z ](31 ), by the symmetry of the interaction (9) under the
transformation w — —w.

Let us now observe that the the trees contributing to Bf”” have at least
two normal endpoints, since it is not possible to build a graph contributing to
Z](-3’+) with only one endpoint of type A and the local part of the graphs with
one endpoint of type J is equal to zero. This last property is of course true
also for Z](-g’_), but in this case it is possible to build a graph contributing
to it with one endpoint of type A, see Fig. 6. However, the considerations
of §4.2, item 2), imply that this graph could give a contribution different
from zero to BJ(-?”_) only for 7 = —1, but also in this case a simple explicit
calculation implies that its value is zero.

By using (155) and the previous remark, one can easily show that
BP9 < cayl. (157)

In a similar way one can prove that
i

1B, < Ce2y~ 2

We want to compare the flow equation (156) with the flow equation of
the renormalization constant Zj(»z) introduced in §3.4 to study the Schwinger
Functions, see (100). In this case the involved trees have one endpoint of
type J, which can have scale > +1, while in the previous case the scale of
the special endpoints of subtype Z* was > 0. However, if the scale of the
special endpoint is > 0, the contribution of corresponding trees is equal to
BMZZ@), where f3;; is the same number appearing in (156). Hence we can
write, if j € [h 4+ 1, —1],

(158)

—1
2% =20+ 36,27 + B (159)
i=j
where ﬁj,iZi(z) is the sum over the contributions to ZJ(»Z) associated with trees

whose special endpoint has scale ¢+ +1 > 0, while BJ@) is the sum over the
trees whose special endpoint has scale +1. By proceeding as in the proof of
(157), one can show that

B < cayr?. (160)
As we shall see, the renormalization constants Z](-?”i) and Zj(»z) are diver-

gent as j — —oo, but Zj(-g’i) /Z]@) is bounded and of order &2, uniformly in
j.
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Lemma 4.1 If € < 2|\ and |\| is small enough, there is a constant co,
independent of j and h, such that

(3,4)
J

@
Zj

Z(37_)

@)
J

coN? < < 200M\%, oA < < 2N\, jEIh—1]. (161)

Proof - Let us consider first Z](-3’+). In order to control its dependence on
J, we have to analyze in a different way the regions j € [jo, —1] and j < jo,
with jg chosen so that

P =R, (162)

for some constant ¢;. If 7 > jg, we put Z](-3’+) = a; + bj, where a; is the
contribution of order \?, while b; is the sum over the terms of order > 3.
The analysis of §4.2 implies that a; is obtained by applying the £ operation to
the graph in the left of Fig. (6), with the two propagators of type w on scale
0 or —1 (by the remark after (121), the local part is zero, if this condition is
not satisfied) and the two propagators of type —w on scale i € [j + 1,0]. By
an explicit calculation, we can show that

e\ < —a; < 2¢,A% ,  uniformly in j . (163)

On the other hand, if we extract from both sides of (156) the terms of order
g2, we get

—1
b =b+ > 828N+ 5, 1B < 0y (164)

i=j

which allows very easily to prove the bound [b;] < ¢38*(1 + 28)|j], for some
constant cg, as far as c3€(1 + c28)|j| < ¢2/2, a condition which is certainly
satisfied for j > jo, if € is small enough, and allows also to prove, under the
further hypothesis £ < 2| )|, that

)

2 . 3,4 _ 4 .
S <z < el -1l (165)
Moreover, by using (159), the fact that Zo(z) = 1 and an explicit second order
calculation, one can show very easily by induction that there exists a positive
constant ¢4 such that

2c4E2

= < 2P <l e 1,1
(166)
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(165) and (166) immediately imply the first of the bounds (161), if j > jo
and |\| > £/2 is so small that y¢%0 > 1/2,

Let us now suppose that j < jo. Equation (156) can be rewritten in the
form

Jo B _ -1 B
230 =200 43 820+ B, Bi= Y BuZi T + B (167)
i=j i=jo+1
By using (157), (158), (162) and (165), we get the bound
5,1 < Oty (168)

which allows to prove by induction that there is a constant, which can of
course be chosen equal to the constant ¢4 of (166) if it is large enough, such
that, if 7 € [h + 1, jo,

cag? Z](.?jf) 2e48? €2 2, cag®(jo—j) (34) — 9C2 5 9 £2(jo—j)
74 —WS 4 = 25,}/4 ]OJSZj’ S—E’}/4 Jo—=J)
J

(169)
We want now to show that, if r < jy, there exists a constant c; such that

3, 2
A A

T

=2_—(jo—71)/4
W—W SCE,E Y (Go=r)/ . (170)

Note that, by (159), (166), (167) and (169), if j < jo,

En ey N e PN A
7! 7! 785 7
with
In| < C2y~0=0)/2 < %527—@0—)')/2 7 (172)

if ¢5 is chosen large enough. Hence, the bound (170) follows immediately
from (171), if » = jo; let us suppose that it is satisfied for r € [j + 1, jol,
j<jo—1and note that if € is small enough, by the first of (166) and (169),

1230 )73 — 7@ 7@ | < 1280 17645 — 73 170)| gince 441 > 1.
Hence, if i € [j + 1,]0],

Z-(37+) Z(2)
Z(3,+ Z(2

= —m — | < (173)
r=j+1 2 (?i’it) =1 232

r=j+1
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for some constant c¢g. This bound, together with (158), (171) and (172),
imply that there exists a constant c¢; such that

3, 2
z80 7P

Z](-?”” 7@

J

o 1
< 05527_(]0_”/4[5 + 8%, (174)

which implies (170) for r = j, if £ is small enough.
By using (166), (169) and (170), we get, if i < jg

3, 3, 3, 2 3,
25 20| |2 2B |E)]
2 2 | = 3, 2 2 | =
z2 2Tz 2P 28
Cglfy—(jo—i)/ﬂx-i-m?(jo—i) < Cglfy—(jo—j)/S ’ (175)
so that
Z(3,+) Z(~37+) 7o ) )
Lo~ | <08 X R cE, (176)
Zj Zjo i=j+1

which implies (161) for 2> /2 if £ < 2|A|.

The proof for Z](-S’_) /Z](-2) is very similar. However, one can avoid the
different treatment of the regions j > j, and j < jo, since B](-?”_)/Z](-g’_) is of
order £, by the bound on the right of (143). This bound also justifies the
presence of £ in place of 2. m

Lemma 4.2 Ifk; = —ky, = k and |k| = ¥", then there exists a constant C
such that

—2h = Zf(12) 72,1 /1, 1, 1, —2h = Zf(12)
C’}/ E(Zh)2 S ‘Hw’ (k1 — kg,kg)‘ S 20’}/ E(Zh)2 . (177)

Proof - As explained at the beginning of §4.4, H>!(p, k) admits an expan-
sion similar to that of G2V (p, k), see (110). The main difference is that the
special endpoint of type J can be of three different subtypes, so that it is
convenient to write

H2'(p.k) = H2 . (p, k) + H2 - (p.k) + Hp(p. k) | (178)

where f[ilzi denotes the sum over the trees whose special endpoint is of

subtype Z*, while f[i%p is the sum over the trees whose special endpoint is
of subtype T

Let us now suppose that p = k; — k; and k = ky, with [k| = . Then it
is obvious that the sum over the trees with n normal endpoints contributing
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to ﬁiilz+(p,k) can be bounded as in the case of GV (p, k), see (111), by

substituting Z }(f) with Z,(L?”Jr). A similar argument can be used for H ilz, (p, k),
but in this case one has to take into account the fact that the trivial trees
containing only one endpoint, the special one, does not contribute. Hence
we have

Z330| v &1 257
(Zn)?

|1ffi’,lz+(l_<1 — ko, ko)| + |f[ilz,(1_<1 — ko, k)| < 07—2h|

(179)
Let us now consider f]i%p The analysis of the previous sections (in par-
ticular the bounds (126) and (128)) implies that a bound like (111) is still
valid for the sum over the trees with n normal endpoints, but now Z,(Lz)
has to be substituted with 1. Moreover, the contributions corresponding
to the trivial trees without normal endpoints are given by A" (ki ky) +
APPHD (k) ko) + APHLR (K ky), because of the support properties of the
propagators. However, by (125) and (127), this quantity is exactly equal to
0, so that

3
(Zn)?
The bound (179) and (180), immediately imply the upper bound of Theo-
rem 2.3. The lower bound follows from the explicit calculation of the leading

contributions to f[i’lﬁ(p,k) and ﬁi’lz,(p,k), which are both of order \?;
one has essentially to check that they do not cancel out. m

|Ff5’,lT(f<1 — ko, ko)| < Oy

(180)

References

[B] R.J. Baxter: Exactly solvable models in statistical mechanics, page
258. Academic Press, (1984).

[BFS]  D. Brydges, J. Frohlich, E. Seiler: On the construction of quantized
gauge fields. III. The two-dimensional abelian Higgs model without
cutoffs. Comm. Math. Phys. 79, 353-399 (1981).

[BG] G. Benfatto, G. Gallavotti: Perturbation Theory of the Fermi Sur-
face in a Quantum Liquid. A General Quasiparticle Formalism and
One-Dimensional Systems. J. Stat. Phys. 59, 541-664 (1990).

[BGM] G. Benfatto, G. Gallavotti, V. Mastropietro: Renormalization
Group and the Fermi Surface in the Luttinger Model. Phys. Rev. B
45, 5468-5480, (1992).

44



[BGPS]

[BM]

[BM1]

[BoM1]|

GS]

[KK]

[JKM]

[LSM]

[MD)]

G. Benfatto, G. Gallavotti, A. Procacci, B. Scoppola: Beta Func-
tions and Schwinger Functions for a Many Fermions System in One
Dimension. Comm. Math. Phys. 160, 93-171 (1994).

G. Benfatto, V. Mastropietro: Renormalization Group, hidden sym-
metries and approximate Ward identities in the XY Z model. To
appear on Rev. Math. Phys., (2001).

G. Benfatto, V. Mastropietro: Ward identities and local gauge in-
variance in d = 1 interacting Fermi systems, preprint (2001).

F. Bonetto, V. Mastropietro: Beta Function and Anomaly of the
Fermi Surface for a d = 1 System of Interacting Fermions in a
Periodic Potential. Comm. Math. Phys. 172, 57-93 (1995).

L.E. Dzyaloshinky, A.l. Larkin: Soviet Phys. JETP 38, 202 (1974).
H.U. Everts, H. Schulz. Solid state Comm. 15, 1413 (1974).

J. Feldman, T. Hurd, L. Rosen, J. Wright: QED: a proof of renor-
malizability. Lecture Notes in Physics 312, Springer-Verlag, Berlin
(1988).

G. Gallavotti: Renormalization theory and Ultraviolet Stability for
Scalar Fields via Renormalization Group methods. Rev. Mod. Phys.
57, 471-562 (1985).

G. Gentile, B. Scoppola: Renormalization group and the ultraviolet
problem in the Luttinger model. Commun. Math. Phys. 154, 153~
179 (1993).

G. Keller, Ch. Kopper: Renormalizability Proof for QED Based on
Flow Equations. Commun.Math.Phys. 176, 193-226 (1996).

J.D. Johnson, S. Krinsky, B. McCoy: Vertical-Arrow Correlation
Length in the Eight-Vertex Model and the Low-Lying Excitations
of the X-Y-Z Hamiltonian. Phys.Rev. A. 8, 2526-2538 (1973).

A. Lesniewski: Effective action for the Yukawa 2 quantum field
Theory. Commun. Math. Phys. 108, 437-467 (1987).

E. Lieb, T. Schultz, D. Mattis: Two Soluble Models of an Antifer-
romagnetic Chain. Ann. of Phys. 16, 407-466 (1961).

W. Metzner, C. Di Castro: Phys. Rev. B 47, 16107, (1993).

45



[ML]

IMRS]

D. Mattis, E. Lieb: Exact solution of a many fermion system and
its associated boson field. J. Math. Phys. 6, 304-312 (1965).

J. Magnen, V. Rivasseau, R. Seneor: Construction of Yang-Mills(4)
with an infrared cutoff. Commun. Math. Phys. 155, 325-384 (1993).

Soélyom, J: The Fermi gas model of one dimensional conductors.
Adv. in Phys. 28, 201-303, (1978).

H. Spohn: Bosonization, vicinal surfaces and Hydrodynamic fluc-
tuation theory. Phys. Rev. E60, 6411-6420 (1999).

S. Tomonaga: Remarks on Bloch’s method of sound waves applied
to many fermion problem, Progr. Theoret. Phys. 5, 349-374 (1950)

46



