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In Ref. 9, Kosaki proved an uncertainty principle for matrices, related to Wigner—Yanase—
Dyson information, and asked if a similar inequality could be proved in the von Neumann
algebra setting. In this paper we prove such an uncertainty principle in the semifinite
case.
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1. Introduction

Let M,, := M,,(C) (resp. M,, sq := M, (C)sq) be the set of all nxn complex matrices
(resp. all n x n self-adjoint matrices). Let D} be the set of strictly positive density
matrices namely

D) ={peM,:Trp=1,p>0}.
Definition 1.1. For A, B € M, 4, and p € D!, define covariance and variance as
Cov,(A, B) := Tr(pAB) — Tr(pA) - Tr(pB),
Var,(A) = Tr(pA?) — Tr(pA)?.

Then the well-known Schrédinger and Heisenberg uncertainty principles are
given in the following:
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Theorem 1.2. (Refs. 8 and 14) For A, B € M,, s, and p € D} one has
1
Var,(A)Var,(B) — |[ReCov,(A, B)|* > Z|Tr(p[A7 B))|?,
that implies

Var,(A)Var,(B) > i|Tr(p[A, B))?.

Recently, a different uncertainty principle has been found.? 1%1°
Definition 1.3. For A, B € M,, 54, 3 € (0,1), and p € D} define 3-correlation and
[-information as

Corr, 5(A, B) := Tr(pAB) — Tr(p° Ap' ~° B)
I, 5(A) := Corr, g(A, A) = Tr(pA?) — Tr(p? Ap' =P A).
The latter coincides with the Wigner—Yanase-Dyson information.

Theorem 1.4.
Var,(A)Var,(B) — |[ReCov,(A, B)|> > I, 3(A)I, 3(B) — |ReCorr, 5(A, B)|*.

Kosaki® asked if the previous inequality, which makes perfect sense in a von
Neumann algebra setting, could indeed be proved. In the sequel, we provide such a
proof in the semifinite case.

In closing, we mention that different generalizations of Theorem 1.4 have been
recently obtained by the authors.?”

2. Auxiliary Lemmas

In all this Section we let (M, 7) be a semifinite von Neumann algebra with a n.s.f.
trace, and denote by Proj(M) the set of orthogonal projections in M, and by M the
topological *-algebra of T-measurable operators. We fix p, ¢ € M,,, with spectral
decompositions p = f:rooj Ade,(N), and o = f:rooj ey (N).

Finally, we denote by A the algebra generated by the sets 1 x Qo, for 1, Qo
Borel subsets of R, and observe that o(A), the o-algebra generated by .4, coincides
with the Borel subsets of R2.

Lemma 2.1. Let a, b€ M N L*(M, 7). Let p1ap(Q1 X Q2) := 7(e,(21)a*e, (22)b),
for Qq, Qo Borel subsets of R. Then uqp extends uniquely to a bounded Borel measure
on R2.

Proof. For 2 C R Borel subset, x € L*(M, 1), let P(Q)z := e,(Q)z, Q(Q)z :=
rey(Q). Then, P, @ are commuting Borel spectral measures on L?(M, ), and
their product P ® Q(Q1 X Q2) := P(Q1)Q(N2) extends uniquely to a Borel spectral
measure on R? (Chap. 5 of Ref. 1). Observe that (21 x Q2) = 7(P ® Q(Q1 x
02)(a*)-b), and, if { A, } is a sequence of disjoint Borel sets, then P Q(UA,)(a*) =
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>, P ®Q(A,)(a*) converges in L?(M, 1), so that 7(P ® Q(UA,)(a*) - b) is well
defined. So pap = 7(P ® Q(-)(a*) - b) is the desired extension.

Observe now that 44 is a bounded Borel (complex) measure on A. Indeed, with
Aec A,

lan(A)* = |7(P ® Q(A)(a*) - b)|* < [P ® Q(A)(a") || 2 [[bll 2 < llall p2Ib] 2 -

Therefore, by Corollary 4.4.6 of Ref. 13, there is a unique extension of ug, to a
bounded (complex) measure on o(.A), the o-algebra generated by A, i.e. the Borel
subsets of R2. O

Lemma 2.2. Let a, b€ MNL?*(M,7). Then

( Hab = 4Zk 1( ) Ma+ikbatikbs
(i) if 0 = p, Haa 1S a Teal positive measure,

(iil) if a, b are self-adjoint, Repap = Repipq.

Proof. (i) is standard.

(ii) Let ©4, Qs be Borel sets in R, and set e; := e,(£2;), j = 1, 2. Then 144 (1 X
Q2) = 7(e1a*esa) = 7((eaaer)*esaer) > 0, and the thesis follows by uniqueness of
the extension from A to o(A).

(ili) Let 24, Qo be Borel sets in R, and set e; := e,(21), €2 := e5(€2). Then
Repap(21 X Q2) = Rer(eraesd) = Rer(besaer) = Rer(erbeaa) = Repipa (1 X Q2).0

Lemma 2.3. Let a, b € M N L*(M,7). Let g, h : R — C be bounded Borel

functions. Then
7(g(p)a / / y)dpan(z,y) -

Proof. We use notation as in the proof of Lemma 2.1. Let s = Zle SiX A t =
Z?=1 t;xB; be simple Borel functions. Then

7(s(p)a”t(0)b) = sitiT(xa,(p)a"xB,(7)b)

M-
Mw

s
Il
-

<.
I
—

sit;7(P ® Q(A; x Bj)(a*) - b)

// XA; % B Aab = // Y)dpan(z,y) -

Now let g, h be bounded Borel functions, and {s,,}, {t,} sequences of simple
Borel functions such that s,, — g, t, — h and |s;,| < |g|, [tn] < |h|. Denote
ro(z,y) = sp(2)tn(y), k(z,y) := g(x)h(y). Then, by (Theorem V.3.2 of Ref. 1),
sn(p)a*ty,(0) = PR Q(rn)(a*) — P® Q(k)(a*) = g(p)a*h(c) in L?(M,T), so that

I
i+
- -

I
™M=
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7(sn(p)a*tn(o)b) — 7(g(p)a*h(c)b). Moreover, [[ rndpay — [[ kdpay, because piqp
is a bounded measure. The thesis follows. O

Lemma 2.4. Leta, b€ MNL*(M,7), p€ LY(M,7)4, B € (0,1). Then

(p’a*p' ) = //[O . 2Oy P dpay(z, y) .
oo

Proof. Let n € N, and set

; 0<z<n,
£o(2) ::{x T .n (@) ::{g, zZOj

0, otherwise

Then
7(fa(p)’a” fulp)'7b) = / Fa(@)” fay)' ™  dptan (@, y) -
R2
B

Observe now that f.(p)® —  f(p) = p% in LYB(M,7), so that
Tn(p)Pa* f,(p)Pb — pBa*p'=Pb in L' (M, ), which implies

T(fal0) 0" ful0)'0) = (a1 7).

Moreover, in case 0 = p, i, 18 & positive measure, so that, by monotone conver-

gence,
/R fn(w)’@fn(y)lﬁduaa(w,y)ﬂ//[ ) Py P (z,y) .
2 0700 2

Therefore, the thesis holds for a = b. By polarization (Lemma 2.2(i)) the result is
true in general. O

Lemma 2.5. Let a, b€ M N L*(M,7). Then,
W= flaa @ b + Hob @ Laa — 2Repar @ Repiap

is a real positive Borel measure on R*.

Proof. Indeed, if Q1,...,84 C R are measurable subsets, and E; := e,(;) €
Proj(M), j =1, 3, Ej := e, (2;) € Proj(M), j =2, 4, then

w(Q x - x Q) = 7(Er1a* Eqa) - T(E3b*Eyb) + 7(Esa” Ega) - T(E1b" Exb)

— 2Rer(E1a" E2b) - ReT(E3a™ Eqb)
> 7(E1a” Esa) - T(E3b*Egb) + 7(E3a” Ega) - T(E1b" Eqd)
—2|7(E1a” Exb)| - |T(E3a* Egb)|.
Moreover,
|T(E1a*E9b)| = |T((E2aFE1)*EqbE)|

< 7((ByaEy)* EyaEy)Y 1 ((EybEy)* EybEy)'/?
= 7(E1a* Eya)'/? - (B b* Eyb) /2 .
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Therefore, setting oy := 7(Eia*Fya)'/?, B = T(Elb*Egb)l/Q, ay =
T(E3G*E4CL)1/2, By := T(E3b*E.b)'/?, we have w(Qq x -+ x Q) > a?P3 4+ a3fB7 —
2a1 frazfBs > 0, and the thesis follows by standard measure theoretic arguments.O

3. The Main Result

Let (M, 7) be a semifinite von Neumann algebra with a n.s.f. trace. Let w be a
normal state on M, and p,, € L'(M, 1) be such that w(z) = 7(p,x), for z € M.
Then, for any A, B € My, 8 € (0,1), we set

Definition 3.1.

Covi(4, B) := w(AB) — w(A)w(B) = 7(puAB) — 7(puA)T(puB) ,
Var,(A) := Covy(4, A) = w(A®) —w(A)? = 1(puA%) — 7(puA)?,
Corl‘w,@(A B) :=1(puAB) — 7(pJ Ap, " B),
w,6(A) = Corry 5(A, A) = 1(puA?) — T(p Apl " A) .

Proposition 3.2. Let Ay := A—w(A)I, By := B —w(B)I. Then
Covy, (A, B) = 7(pu,AoBo) ,
Corr, 3(A, B) = 7(puAoBo) — 7(pl Aop " Bo) .
Theorem 3.3. For any A, B € My, B € (0,1), we have
Var,,(A)Var, (B) — [ReCov, (4, B)|* > I, 35(A)I, 5(B) — |ReCorr,, 5(A, B)|? .
Proof. To start with, let us assume that A, B € M N L?(M, 7). Set
F := Var,(A)Var,(B) — [ReCov,, (A, B)|? — L, 5(A)L, 5(B) + |ReCorr,, (A, B)|?
= T(pu A7) - T(pl Bopl " Bo) + m(puB3) - T(p Aopl " Ag)
—7(p Aopl " Ao) - T(pL Bopl, Bo) — 2ReT(p, Ao Bo) - ReT(p Aop, " Bo)
+ ReT(p2 AgpL P By))?.
Then, using Lemma 2.4 and symmetries of the integrands, we obtain
Fi = 71(pu A7) - T(plBopl " Bo) + 7(puB3) - T(pl Aopl " Ao)

—1(plAopl P Ao) - 7(pl Bopl P By)

= / AlAgAi_BduAOAO ® UBoBy (M- M)
[0,00)%
+ / A NI P dpaoag @ oo (M- - -3 Aa)
[0,00)%

_/[ ) NN P dpagae © 1By (M- -+ s M)
0,00)%
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1 - _
_ 5/ (O 2N 42D 0+ )
[Ofcxj)

- QA?AéiﬁAgA}liﬁ)d:u‘Avo & By By ()‘17 sy )‘4> )
Fa = 2Re7(puAoBy) - ReT(p2 Aopl P By) — (Re 7(p2 Aopl " By))?

= 2/ MM d Re puag By @ Re prag sy (s -+ 5 M)
[0,00)%

_ /[0 . )\f)\é_ﬁ)\gki_ﬁd Repiags, @ Repayn, (A1, -5 A1)
;00

1 _ —
_ 5/[0 (002NN A0 )

- 2)‘?>‘%7ﬁ>‘§>‘}176>d Re HABy @ Re HAoBy (>‘17 SRR >\4) .

So that, using the notation of Lemma 2.5,

1 _ _
F=F—-F= Z/ (A1 + 2207+ A7 (s + \a)
[0,00)*
Since y is a real positive measure on [0, 00)*, because of Lemma 2.5, and
1 4+ AN + XA TP (g + Ag) — 207 APAENL P
= (M A = MO TP s = AT >0,

we obtain F > 0, which is what we wanted to prove.

Finally, to extend the validity of the inequality from M, NL?(M, T) to Mg, let
us observe that M, N L2(M, ) is o-weakly dense in M, and a € M — 7(p,ab),
b e M 7(pyab), a € M +— 7(p%ap*=Pb), and b € M — 71(pPap'~Pb) are
o-weakly continuous. O

Remark 3.4. Observe that, reasoning as in Theorem 5 of Ref. 9, one can prove
that the function
g(B) := Var,(A)Var,(B) — |ReCov,, (4, B)|? — I, 5(A)L, 5(B)+|ReCorr, 5(A, B)|?

is monotone increasing on the interval [4,1). Therefore, the best bound in Theo-
rem 3.3 is given by 3 = %, i.e. by the Wigner—Yanase information.
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