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Abstract Let Aj, ..., Ay be complex self-adjoint matrices and let p be a density matrix.
The Robertson uncertainty principle

det{Cov,(A;, Aj)} > det{—% Tr(p[Ay, A_,-])}

gives a bound for the quantum generalized covariance in terms of the commutators [A;, A;].
The right side matrix is antisymmetric and therefore the bound is trivial (equal to zero) in
the odd case N =2m + 1.

Let f be an arbitrary normalized symmetric operator monotone function and let (-, -), ¢
be the associated quantum Fisher information. Based on previous results of several authors,
we propose here as a conjecture the inequality

f)
2

det{Cov, (A, Aj)} > det{ (ilp, Anl,ilp, A_,»])p,_f}

whose validity would give a non-trivial bound for any N € N using the commuta-
tors i[p, Ap].
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1 Introduction

Let (V,g(-,-)) be a real inner-product vector space and suppose that v;,...,vy € V.
The real N x N matrix G := {g(v,v;)} is positive semidefinite and one can define
Vol¥ (vy, ..., vy) := /det{g(vp, v;)}. If the inner product depends on a further parameter
in such a way that g(-, -) = g, (-, ), we write Vol®(vy, ..., vy) = Voli(vl, Lo UN).

As an example, consider a probability space (€2, G, p) and let V = ﬁ%(Q, g, p) be the
space of square integrable real random variables endowed with the scalar product given by
the covariance Cov, (A, B) :=E,(AB)—E,(A)E,(B).For A;,..., Ay € E%(Q, Gg,p),Gis
the well known covariance matrix and one has

VoIS (Ay, ..., Ay) = 0. (1.1)

The expression det{Cov, (A, A;j)} is known as the generalized variance of the random vec-
tor (A, ..., Ay) and, in general, one cannot expect a stronger inequality. For instance, when
N =1, (1.1) just reduces to Var,(A) > 0.

In non-commutative probability the situation is quite different due to the possible non-
triviality of the commutators [Aj, A;]. Let M, ;o := M, ;,(C) be the space of all n x n
self-adjoint matrices and let D! be the set of strictly positive density matrices (faithful
states). For A, B € M, 5, and p € D,‘l define the (symmetrized) covariance as Cov, (A, B) :=
1/2[Tr(pAB) + Tr(pBA)] — Tr(pA) - Tr(pB). If Ay, ..., Ay are self-adjoint matrices one
has

VoIS (A A 0, N =2m+1, 2

ol (A N)_idet{——Tr(pAh, D), N=2m. (12

Let us call (1.2) the “standard” uncertainty principle to distinguish it from other inequalities

like the “entropic” uncertainty principle and similar inequalities. Inequality (1.2) is due to

Heisenberg, Kennard, Robertson and Schrodinger for N =2 (see [13, 15, 27, 29]). The gen-

eral case is due to Robertson (see [28]). Examples of recent references where inequality (1.2)
plays a role are given by [2, 3, 14, 30-32].

Suppose one is looking for a general inequality of type (1.2) giving a bound also in the
odd case N =2m+ 1. If one considers the case N = 1, it is natural to seek such an inequality
in terms of the commutators [, A].

One of the purposes of the present paper is to state a conjecture regarding an inequality
similar to (1.2) but not trivial for any N € N. Let F,,, be the family of symmetric normalized
operator monotone functions. To each element f € F,, one may associate a p-depending
scalar product -, -),, ; on the self-adjoint (traceless) matrices, which is a quantum version
of the Fisher information (see [24]). Let us denote the associated volume by Volff . We con-
jecture that for any N € N* (this is one of the main differences from (1.2)) and for arbitrary
self-adjoint matrices Ay, ..., Ay one has

VOIS (Ay, ..., Ay) = <f( )> Vol/ (i[p, A1, ....ilp, Ay]). (1.3)

The cases N = 1, 2 of inequality (1.3) have been proved by the joint efforts of a number
of authors in several papers: S. Luo, Q. Zhang, Z. Zhang [18, 19, 21-23]; H. Kosaki [16];
K. Yanagi, S. Furuichi, K. Kuriyama (see [33]); F. Hansen [12]; P. Gibilisco, D. Imparato,
T. Isola [8, 10].
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It is well known that standard uncertainty principle is a simple consequence of the
Cauchy-Schwartz inequality for N = 2. It is worth to note that for the inequality (1.3) the
same role is played by the Kubo-Ando inequality

247"+ B ) <m(A,B) < %(A +B)

saying that any operator mean is larger than the harmonic mean and smaller than the arith-
metic mean.

The scheme of the paper is as follows. In Sect. 2 we describe the preliminary notions of
operator monotone functions, matrix means and quantum Fisher information. In Sect. 3 we
discuss a correspondence between regular and non-regular operator monotone functions that
is needed in the sequel. In Sect. 4 we state our conjecture, namely the inequality (1.3); we
also state other two conjectures concerning how the right side depends on f € F,, and the
conditions to have equality in (1.3). In Sect. 5 we discuss the case N =1 of (1.3) presenting
the different available proofs. In Sect. 6 we discuss the case N = 2; here we prove that,
while the technique employed in [10] works in both cases N = 1, 2, the technique used
in [12] does not. To this purpose, we show that the generalized variance is not a concave
(neither a convex) function of the state. Moreover we observe that the technique used for
the case N =2 seems valuable also for the general case. In [23] it has been proved that the
Wigner-Yanase correlation has some advantages on covariance when one aims to measure
entanglement; in Sect. 7 we show, for the sake of completeness, that the above argument
holds true for any regular quantum Fisher information.

2 Operator Monotone Functions, Matrix Means and Quantum Fisher Information

Let M, := M, (C) (resp. M, ;, := M, ;,(C)) be the set of all n x n complex matrices (resp.
all n x n self-adjoint matrices). We shall denote general matrices by X, Y, ... while letters
A, B, ... will be used for self-adjoint matrices, endowed with the Hilbert-Schmidt scalar
product (A, B) = Tr(A* B). The adjoint of a matrix X is denoted by X while the adjoint of
a superoperator T : (M,, (-, -)) = (M,, (-, -)) is denoted by T*. Let D, be the set of strictly
positive elements of M, and D! C D, be the set of strictly positive density matrices, namely
D! ={p e M,|Trp=1, p > 0}. If it is not otherwise specified, from now on we shall treat
the case of faithful states, namely p > 0.

A function f : (0, +00) — R is said operator monotone (increasing) if, for any n € N,
and A, B € M, such that 0 < A < B, the inequalities 0 < f(A) < f(B) hold. An operator
monotone function is said symmetric if f(x) = xf(x~') and normalized if f(1) =1.

Definition 2.1 F,, is the class of functions f : (0, +-00) — (0, +-00) such that

o fH=1,
() tf ¢ H=f@),

(iii) f is operator monotone.

Example 2.1 Examples of elements in F,, are given by the following list

2 1 2
Srep(x) == x——i)—c T Swy(x) == <—+2ﬁ> ,
1+x (x—1)? 1
Sfsip(x) = 5 Swrpp(x) =0 = B) o DEF D)’ e (0, §>.
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We now report Kubo-Ando theory of matrix means (see [17]) as exposed in [26].

Definition 2.2 A mean for pairs of positive matrices is a function m : D,, x D,, — D,, such
that

(i) m(A,A)= A,
(i) m(A, B) =m(B, A),
(iii) A<B=>A<m(A,B)<B,
(vi) A<A', B<B =>m(A, B) <m(A', B,
(v) m is continuous,
(vi) Cm(A, B)C* <m(CAC*,CBC*), forevery C € M,.

Property (vi) is known as the transformer inequality. We denote by M, the set of matrix
means. The fundamental result, due to Kubo and Ando, is the following.

Theorem 2.1 There exists a bijection between M, and F,, given by the formula
mp(A, B):=AZf(A"TBA 1)AZ.

Example 2.2 The arithmetic, geometric and harmonic (matrix) means are given respectively
by
1
AVB = E(A + B),
A#B := A2(A"1BA"1)1A%,
AB :=2(A"" +B~HL,

x+1 2x

They correspond respectively to the operator monotone functions 5=, v/x, 5.

Kubo and Ando [17] proved that, among matrix means, arithmetic is the largest while
harmonic is the smallest.

Proposition 2.2 For any f € F,, one has
1
247"+ B ' <ms(A,B) < F(A+B).

Corollary 2.3 Forany f € F,, and for any x, > 0 one has

2x 14+x
—_ << < .
1 x_f(x)_

In what follows, if NV is a differential manifold we denote by T, the tangent space to
N at the point p € NV. Recall that there exists a natural identification of 7, D! with the space
of self-adjoint traceless matrices; namely, for any p € D}

T,D) ={A € M,|A = A%, Tr(A) =0}.

A Markov morphism is a completely positive and trace preserving operator 7 :
M, — M,,. A monotone metric is a family of Riemannian metrics g = {g"} on {D,:}, neN,
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such that
& (TX,TX)<gh(X,X)

holds for every Markov morphism 7' : M,, — M,,, for every p € D}l and forevery X € T, D).
Usually monotone metrics are normalized in such a way that [A, p] = 0 implies g,(A, A) =
Tr(p~'A%). A monotone metric is also said a quantum Fisher information (QFI) because of
Chentsov uniqueness theorem for commutative monotone metrics (see [1]).

Define L,(A) := pA, and R,(A) := Ap, and observe that they are commuting self-
adjoint (positive) superoperators on M, .. For any f € F,, one can define the positive
superoperator m ¢(L,, R,). Now we can state the fundamental theorem about monotone
metrics.

Theorem 2.4 ([24]) There exists a bijective correspondence between monotone metrics
(quantum Fisher informations) on D) and normalized symmetric operator monotone func-
tions f € F,p. This correspondence is given by the formula

(A, B), p=Tr(A-mg(L,, R,)"'(B)).
The metrics associated with the functions f3 are very important in information geom-

etry and are related to Wigner-Yanase-Dyson information (see for example [4-7, 9] and
references therein).

Proposition 2.5 (See [24], p. 89) Monotone metrics are unitarily covariant, namely if U is
unitary then

(U*AU,U*BU)y+pu,s = (A, B)p 5.

3 The Function f and Its Properties

For f € F,, define f(0) :=lim,_,o f(x). The condition f(0) # O is relevant because it is
a necessary and sufficient condition for the existence of the so-called radial extension of a
monotone metric to pure states (see [25]). Following [12] we say that a function f € F,, is

regular iff f(0) # 0. The corresponding operator mean, associated QFI, etc. are said regular
too.

Definition 3.1 We introduce the sets
Fop ={f € Fop | £(0) #0}, Fop =1{f € Fop | f(0) =0}
Trivially one has F,, = F, UF op-
Proposition 3.1 ([9]) For f € .7-";[, and x > 0 set

f)= %[(erl) — (- 1)2@].

f(x)

Then f € Fop-
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By the very definition one has the following result.

Proposition 3.2 ([9], Proposition 5.7) Let f € F,,. The following three conditions are
equivalent:

) f=g
(2) mj<mg;

£ 80

Let us give some more definitions.
Definition 3.2 Suppose that p € D}l is fixed. Define X := X — Tr(pX)I.

Definition 3.3 For A, Be M, ;, and p € Di define covariance and variance as

Cov,(A, B) := %[Tr(pAB) + Tr(pBA)] — Tr(pA) - Tr(pB)

1
= S{Tr(p AgBo) + Tr(p BoAo)] = Re(Tr(p Ao o)), G-

Var,(A) :=Cov,(A, A) =Tr(pA?) — Tr(pA)* = Tr(pA}).

Suppose, now, that A, B € M, 5., p € Drll and f € ]-'(fp. The fundamental theorem for our
present purpose is given by Proposition 6.3 in [9], which is stated as follows.

Theorem 3.3

0 . .
mep, Ali[p. BY)p.; =Cov,(A, B) — Te(m j(L,. R,)(Ao)By).
As a consequence of the spectral theorem and of Theorem 3.3 one has the following
relations.

Proposition 3.4 ([9]) Let {¢,} be a complete orthonormal base composed of eigenvectors
of p, and {A,} be the corresponding eigenvalues. To self-adjoint matrices A, B we associate
matrices a = a(p), b = b(p) whose entries are given respectively by a,; = (Aopp|@;), byj =
(Bownle;). We have the following identities:

1
Cov, (A, B) = Ref{Tr(pAgBy)} = 3 Z(?»h + Aj)Refan;bjn},
h,j

1
(il AL ilp, Blps = 5 D (o + A Refanbju} = D Jm o, 1)) Refanbju).
h.j h.j

Q)
2

In what follows, capital letters will denote self-adjoint matrices and the corresponding
lower-case letters will be used for the above transformation.
We also need the following result.

Proposition 3.5 ([9], Corollary 11.5) On pure states

Tr(m y(L,, Ry)(Ag)By) =0.
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4 The N-volume Conjectures for Quantum Fisher Informations

Let (V, g(-, -)) be a real inner-product vector space. By (u, v) we denote the standard scalar
product for vectors u, v € RY.

Proposition 4.1 Let vy, ...,vy € V. The real N x N matrix G := {g(vy, v;)} is positive
semidefinite and therefore det{g(v;, v;)} > 0.

Proof Let x := (xq,...,xy) € R¥. We have

0< g(ijvj, Zx,-v,-) = thxjg(vh, v;) = (x, G(x)).
j j h.j

O
Motivated by the case (V, g(-,-)) = (R", (-, -)) one can give the following definition.
Definition 4.1
Vol¥ (vy, ..., vy) :=/det{g(vy, v;)}.
Remark 4.1
(i) Obviously, Volé (vy, ..., vy) > 0, where the equality holds if and only if vy, ..., vy € V

are linearly dependent.
(ii) If the inner product depends on a further parameter so that g(-, -) = g,(, -), we write

Voli’;(vl, ...,oy) = Vol¢ (v, ..., vN).
(iii) In the case (V, g,(-,)) = (L]}ZQ(Q, G, p), Cov,(:,-)) the number Volg"V(Al, L AN)?
is also known as the generalized variance of the random vector (Aq, ..., Ay).
In what follows we move to the noncommutative case. Here Ay, ..., Ay are self-adjoint

matrices, p is a (faithful) density matrix and g(-, -) = Cov, (-, -) has been defined in (3.1).
By Volg' we denote the volume associated to the quantum Fisher information (-, -),, s given
by the (regular) normalized symmetric operator monotone function f.

Let NeN, feF,, pe D}l and Ay,..., Ay € M, 4, be arbitrary. We conjecture the
following results.

Conjecture 4.1

0O\>
VolS"V(A],...,AN)z(%) Voll (ilp, Al, ....ilp. AND). “@.1)

Conjecture 4.2 The above inequality is an equality if and only if Ay, ..., Ayo are linearly
dependent.

Conjecture 4.3 Fix NeN,peDl and Ay, ..., Ay € M, 5,. Given f € F!

P’

define

J0)
2

%
V(f):=< ) Vol/ (ilp, Al. ....ilp. AND).

Then, for any f,g € F,,

f<g = V(H=2V(.
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Remark 4.2

(i) Conjecture 4.1 is equivalent to the following inequality

f . }

det{Covp(Ah,Aj)}zdet{ > (ilp, Anl,ilp, AjD o st

(i) If pand Ay, ..., Ay are fixed, set

0
F(f):=det{Cov,(As, Aj)} — det{ f; ) (ilp, Anl,ilp, A_,»])p,_f}.

Because of Theorem 3.3 one has
F(f)=det{Cov,(A;, Aj)} —det{Cov,(A;, A;) — Tr(mf(Lp, Ry)(Anp)Aj}.
Therefore, Conjecture 4.1 is equivalent to
F(f)=0.
(iii) Conjecture 4.3 is equivalent to
f=g = F(NH=F®.

(iv) Suppose that Conjecture 4.1 is true. One can prove the “if” part of Conjecture 4.2 in
the following way. Since (Ag)op = Ao one has

Cov, (A, A2) =Re{Tr(pA19A20)} = Cov,(A1g, Azg)-
From this it follows
VoIS (Ay, ..., Ay) = VoIS™ (Ajg, ..., Ano).
Therefore, if Ajg, ..., Ayg are linearly dependent then

0= VoIS (Ajq, ..., Ayg) = VoIS (Ay, ..., Ay)

> (@)7 Vol (ilp, Ail.....ilp, Ay]) = 0

and we are done.
(v) The inequality

det{Cov,(A;, Aj)} > det{Cov, (A, Aj) — Tr(mf(Lp, Rp)(Anp)Ajy)}
makes sense also for not faithful states.

Because of Proposition 3.5 one has (by an obvious extension of the definition) the fol-
lowing result.

Proposition 4.2 If p is a pure state, then forany N €N, f € F] , Ay, ..., Ay € M), 5, one
has

VoIS™ (A1, ..., Ay) = (@)7 Voll (i[p, A1l, ....ilp, AND).
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In the following Sects. 5 and 6 we report on the known validity of the conjectures for
N=1and N =2.

5 The Length Inequality

In this section we discuss the case N = 1 of Conjectures 4.1, 4.2 and 4.3. The cases f = fsp
and f = fyy of Conjecture 4.1 were proved by Luo in [18] and [19]. The general case
of Conjecture 4.1 was proved by Hansen in [12] and shortly after by Gibilisco, Imparato
and Isola with a different technique in [9]. Conjectures 4.2 and 4.3 have been proved by
Gibilisco, Imparato and Isola in [9] (see also [10]).

The proof of Conjecture 4.1 by Hansen is based on the following immediate proposition.

Proposition 5.1 Let T, S be real functions on the state space coinciding on pure states.
Suppose that T is convex and S is concave. Then for all states p

T(p) = S(p).

It is well known that the variance is concave. Hansen was able to prove that the metric
adjusted skew information (namely @Volg (i[p, A11)?) is convex and so he got the conclu-
sion from the above proposition. Note that the convexity of the function @ V01£ (i[p, A1])?
is related to the well known Lieb’s concavity theorem (see [11, 12]). Despite the elegance
of the above proof its ideas do not apply to cases different from N = 1, as we shall see in
the next section.

The techniques applied by ourselves in the proof of case N =1 in the paper [9] do not
seem to share the same fate. Moreover they allow one to prove also Conjectures 4.2 and 4.3.

Let us discuss them.
Theorem 5.2 Conjectures 4.1, 4.2 and 4.3 are true for N =1 and for any f € F,.

Proof Set A; = A. Using Proposition 3.4 and the notation in Remark 4.2(ii) one gets:

F(f) = det{Cov, (A, A)} — det{Cov, (4, A) = Tr(m £(L,, R,)(Ag)Ao)}
= Cov, (4, A) = [Cov,(A, A) = Tr(m 7Ly, R,)(A0)Ao)]
=Tr(m ;(L,, Rp)(Ao)Ao)
= me(xi, Aj)Relaija;i}
ij
=Y m O, Aplay > =0,
ij

that is, Conjecture 4.1 is true. Obviously F'(f) =0 iff a;; =0 Vi, j, that is, iff Ag =0 and
so we get Conjecture 4.2. Using Proposition 3.2 and Remark 4.2(iii) one obtains also the
validity of Conjecture 4.3. 0
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6 The Area Inequality

Let us discuss the case N = 2 of Conjecture 4.1. The result was proved true for f = fyy by
Luo, Q. Zhang and Z. Zhang in [21-23]. The case f = fwypp), B € (0, %) was proved by
Kosaki in [16] and shortly after by Yanagi-Furuichi-Kuriyama in [33]. The general case is
due to Gibilisco, Imparato and Isola (see [8, 9]).

Conjectures 4.2 and 4.3 were proved true by Kosaki for the particular case f = fwyp(s)-
The general case was solved by Gibilisco, Imparato and Isola (see [8, 9]).

First of all, let us show that the ideas used by Hansen in the case N = 1 do not apply
to the case N = 2. The problem is the lack of concavity (and convexity) for the generalized
variance. We were not able to find a counterexample in the literature, so we provide here the
simplest we found.

Let Q:={1,2,...,n}. The space of (faithful) probability measures on €2 is

Py = {P GR”’ Zpi =1, pi > 0}-
Let X, Y € R" be fixed random variables on 2.

Proposition 6.1 The function S : P! — R given by
S(p) := Var,(X) Var, (Y) — Cov, (X, ¥)?
is neither a concave nor a convex function.

Proof Let us compute the Hessian matrix HXY (p) of S at the point p:
2

9p;0p;

2

00;0p;

HYY (p) = Varp(Y) Varp(X)-{— 9 Varp(X) Varp(Y)

0
+ Varp(X) Var,(Y) + — Var, (X) Var,(Y)
ap; api

2

a
28 Cov, (X, Y) Covp(X Y)=2Cov,(X,Y)——— 3pin;

Cov,(X,Y).
fX=(....,x), Y =(1,-.., Yn), an explicit computation shows that

0
8_,0- Cov,(X,Y) =x;yi — 5E,[Y] — yE,[X],

2

90;0p;

Cov,(X,Y) = —x;y; — yixj,

so that

HY" (p) = —2xix; Var, (V) + (27 — 2E,[XD (52 — 23,E,[Y])
—2y;y; Var,(X) + (37 — 2y B, [YD (x] — 2x,E,[X])
—20xiyi = 5iEp[Y] — yiEp [XD(x;y; — x;Ep[Y] — y;Ep[X])
+2Cov, (X, Y)(x;y; + yix;). 6.1)

@ Springer



J Stat Phys (2008) 130: 545-559 555

In order to prove that in general Hlf Y(p) is neither negative semidefinite nor positive
semidefinite (that is, S(p) is neither concave nor convex) let n = 3 and p = (%, %, %) be

the uniform distribution, X = (1,0, —1)7 and ¥ = (1, =2, 1)". Then E,[X] =E,[Y] =
E,[XY]=0and Cov,(X,Y) =0, so that (6.1) reduces to
Hi)].(y(,o) = —2x;x; Var,(Y) +xl~2y]2- —2y;y; Var,(X) —i—x]z-yi2 —2XiX;yiyj.

Hence, given a € R?

2
aTHa = —Z[Varp(Y)(inai) - inzai Zy,-zai
2 2

+Varp(X)<Zy,-a,-> + (ZXiyiOli) ]

In particular, @ = p implies
" Hp =2 Var,(X) Var,(Y) > 0,
while a = (0, oy, 0), oy # 0, implies «” Ha < 0. O

Now we describe how the ideas for the proof of the length inequality (N = 1) can be
modified to apply to the case of the area inequality (N =2).

Definition 6.1 For any f € 7, set

HY (6,3, 0,20 2= 3 0 ¥m 0,90+ 5w+ m (5, ) = m (5, Ym0, 2),
x,y,w,z>0.
Given p € D,ll and {X;},i =1,...,n, the corresponding eigenvalues, we set
Hiy o= H G hj de h).
Proposition 6.2 ([9]) Forany f, g € F,, and for any x, y, w, z > 0 one has:
f=g = O0<H'(x.yw2)<H(xyw2.
Using the same notations as in Proposition 3.4, one can give the following definition.
Definition 6.2 Set
Kijri:=Kijxi(p, A, B) := |a|*|bul* + |aw||bij|* — 2Refa;;bji} Refauby ).
Note that K; ; ; does not depend on f. Since
laij *1bu)* + law*1bi;1* = 2lai;bjillawbi| > 2| Re{a;;b i} Relawby |,

we get that K;j;; is non-negative. Moreover one has the following result.
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Proposition 6.3 ([9]) K; ;:;=0,Vi, j, k,| < Aq, By are linearly dependent.
Recall that
F(f)=det{Cov,(A;, Aj)} —det{Cov,(A;, Aj) — Tr(m (L, Rp)(Aig)Ajy)}-

Theorem 6.4 ([9]) For N =2 one has:

1
F(f)= 3 Z Hi',fj,k,l - Kija-

ij.kl
From the above theorem one gets the following result.
Theorem 6.5 Conjectures 4.1, 4.2 and 4.3 are true for N =2.

Proof Since H; jr; >0 and K; j ;> 0 we get F(f) > 0 and therefore Conjecture 4.1 is
true.
From Proposition 6.3 we get that F(f) = 0 iff Ay, By are linearly dependent, that is,

Conjecture 4.2 holds. ~
From Proposition 6.2 we get that f < g implies F(f) < F(g) and, therefore, one proves
Conjecture 4.3. 0

Remark 6.1 A decomposition of F'(f) similar to that of Theorem 6.4 seems to hold in
the general case (N arbitrary). We plan to attack the conjectures with the aid of suitable
generalized H—K functions.

7 Covariance, Correlation and Entanglement

In the papers [20, 23] Luo et al. proved that the covariance is not a good measure to
quantify entanglement properties of states; to this end, Wigner-Yanase correlation was pro-
posed. Hereafter we recall the more general definition of metric adjusted correlation (or
[f-correlation) introduced in [9, 12]; Wigner-Yanase correlation is just a particular example
of metric adjusted correlation. We prove that the metric adjusted correlation has the same
basic properties of Wigner-Yanase correlation. In particular we show, by the same exam-
ple as in [23], that the general f-correlation behaves as the Wigner-Yanase correlation with
respect to entanglement. Note that we consider a symmetrized version of the f-correlation.

Definition 7.1 For A, Be M, s,, p € D,ll and f € F,,, the metric adjusted correlation (or
f-correlation) is defined as

O
2

Corr/(A, B) := (ilp, Al,ilp, Bl)p.y =Tr(pAB) — Tr(m ;(L,, R,)(A) - B).

Proposition 7.1 ([9])
Corr/{(A, B) = Cov,(A, B) — Tr(m ;(L,, R,)(Ao) Bo)

= COVP(A, B) — me-()»,', )\j)a,»jbﬁ.

ij
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Note that there is no relation between covariance and correlation as underlined by the
following proposition (see Examples 3, 4 in [23]).

Proposition 7.2 The inequalities

Corr/ (A, B) > Cov,(A, B),

Corr/ (A, B) < Cov,(A, B),

are false in general.

Proof The expression

me‘()»i,)»j)aijbji

i.j

can have arbitrary sign (depending on A and B); therefore, from Proposition 7.1 one gets
the conclusion. O

Proposition 7.3 ([9]) If p is pure, then
Corr/ (A, B)=Cov,(A,B) Vf€eF,.

Proposition 7.4 If a, b are real constants and U is unitary we get:

(i) Corr) (A —al, B—bI)=Corr/(A, B),
(ii) Corr/(aA,bB)=abCorr/ (A, B),
(iii) Corr} (A, B)=Corr)(U~'AU,U™'BU).

Proof (i) and (ii) follow easily from the definition and (iii) is a direct consequence of the
unitarily covariance of quantum Fisher information, namely of Proposition 2.5. O

Consider, now,

.op=

N eleBel
(=N iNe)

0
0 /
0
1

—_—0 O =
o o o O
el eleNel

1
0
0
1

i)

I

N —
coc o~

Note that the first state is a mixture of two disentangled states while the second is a Bell
state which is maximally entangled (see [20, 23]).

Set
1 0 O 0 1 0 0 1
110 1 O 0 10 -1 0 O
A=31o 0 =1 o] B=3lo o 1 o
00 0 -1 1 0 0 -1
In [20, 23] it is shown that
Cov,(A, B) =Cov, (A, B) =1, (7.1)
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while
Corr/" (A, B)=0,  Corr!'"(A,B)=1.

Due to Proposition 7.1, this result holds more generally for any f-correlation.
Proposition 7.5 For any f € F,, one gets
Corr/(A,B)=0,  Corr/,(A,B)=1.

Proof Since p’ is a pure state, from Proposition 7.3 and due to (7.1) one has that
Corr!,(A, B) = Cov,/(A, B) = 1.

Consider, now, the state p and let {e;, e,, 3, €4} be the canonical basis. A direct compu-
tation shows that its eigenvalues are A} = A4 = % and A, = A3 =0, and the corresponding
eigenvectors are {e;, e4} and {e,, e3}, respectively. Observe that A and B are centered with
respect to both the states p and p’ (namely A = Ay, B = By). Moreover, since the eigenvec-
tors are the canonical basis one gets A;; = a;; and B;; = b;;.

This implies that

4 4
Z m (A, j)aibji = me-()»i, Ai)A;iBj;

ij=l1 i=1

4
= Z)LiAiiBii =1,

i=1

where we used the mean property that m,(x,x) = x, for any non-negative x. Again
from (7.1), one obtains Corr;)r (A,B)=0. O
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