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Abstract Let A1, . . . ,AN be complex self-adjoint matrices and let ρ be a density matrix.
The Robertson uncertainty principle

det{Covρ(Ah,Aj )} ≥ det

{
− i

2
Tr(ρ[Ah,Aj ])

}

gives a bound for the quantum generalized covariance in terms of the commutators [Ah,Aj ].
The right side matrix is antisymmetric and therefore the bound is trivial (equal to zero) in
the odd case N = 2m + 1.

Let f be an arbitrary normalized symmetric operator monotone function and let 〈·, ·〉ρ,f

be the associated quantum Fisher information. Based on previous results of several authors,
we propose here as a conjecture the inequality

det{Covρ(Ah,Aj )} ≥ det

{
f (0)

2
〈i[ρ,Ah], i[ρ,Aj ]〉ρ,f

}

whose validity would give a non-trivial bound for any N ∈ N using the commuta-
tors i[ρ,Ah].
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1 Introduction

Let (V ,g(·, ·)) be a real inner-product vector space and suppose that v1, . . . , vN ∈ V .
The real N × N matrix G := {g(vh, vj )} is positive semidefinite and one can define
Volg(v1, . . . , vN) := √

det{g(vh, vj )}. If the inner product depends on a further parameter
in such a way that g(·, ·) = gρ(·, ·), we write Volg(v1, . . . , vN) = Volgρ(v1, . . . , vN).

As an example, consider a probability space (�,G, ρ) and let V = L2
R
(�,G, ρ) be the

space of square integrable real random variables endowed with the scalar product given by
the covariance Covρ(A,B) := Eρ(AB)−Eρ(A)Eρ(B). For A1, . . . ,AN ∈ L2

R
(�,G, ρ), G is

the well known covariance matrix and one has

VolCov
ρ (A1, . . . ,AN) ≥ 0. (1.1)

The expression det{Covρ(Ah,Aj )} is known as the generalized variance of the random vec-
tor (A1, . . . ,AN) and, in general, one cannot expect a stronger inequality. For instance, when
N = 1, (1.1) just reduces to Varρ(A) ≥ 0.

In non-commutative probability the situation is quite different due to the possible non-
triviality of the commutators [Ah,Aj ]. Let Mn,sa := Mn,sa(C) be the space of all n × n

self-adjoint matrices and let D1
n be the set of strictly positive density matrices (faithful

states). For A,B ∈ Mn,sa and ρ ∈ D1
n define the (symmetrized) covariance as Covρ(A,B) :=

1/2[Tr(ρAB) + Tr(ρBA)] − Tr(ρA) · Tr(ρB). If A1, . . . ,AN are self-adjoint matrices one
has

VolCov
ρ (A1, . . . ,AN) ≥

{0, N = 2m + 1,

det{− i
2 Tr(ρ[Ah,Aj ])} 1

2 , N = 2m.
(1.2)

Let us call (1.2) the “standard” uncertainty principle to distinguish it from other inequalities
like the “entropic” uncertainty principle and similar inequalities. Inequality (1.2) is due to
Heisenberg, Kennard, Robertson and Schrödinger for N = 2 (see [13, 15, 27, 29]). The gen-
eral case is due to Robertson (see [28]). Examples of recent references where inequality (1.2)
plays a role are given by [2, 3, 14, 30–32].

Suppose one is looking for a general inequality of type (1.2) giving a bound also in the
odd case N = 2m+1. If one considers the case N = 1, it is natural to seek such an inequality
in terms of the commutators [ρ,Ah].

One of the purposes of the present paper is to state a conjecture regarding an inequality
similar to (1.2) but not trivial for any N ∈ N. Let Fop be the family of symmetric normalized
operator monotone functions. To each element f ∈ Fop one may associate a ρ-depending
scalar product 〈·, ·〉ρ,f on the self-adjoint (traceless) matrices, which is a quantum version
of the Fisher information (see [24]). Let us denote the associated volume by Volfρ . We con-
jecture that for any N ∈ N

+ (this is one of the main differences from (1.2)) and for arbitrary
self-adjoint matrices A1, . . . ,AN one has

VolCov
ρ (A1, . . . ,AN) ≥

(
f (0)

2

)N
2

Volfρ (i[ρ,A1], . . . , i[ρ,AN ]). (1.3)

The cases N = 1,2 of inequality (1.3) have been proved by the joint efforts of a number
of authors in several papers: S. Luo, Q. Zhang, Z. Zhang [18, 19, 21–23]; H. Kosaki [16];
K. Yanagi, S. Furuichi, K. Kuriyama (see [33]); F. Hansen [12]; P. Gibilisco, D. Imparato,
T. Isola [8, 10].
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It is well known that standard uncertainty principle is a simple consequence of the
Cauchy-Schwartz inequality for N = 2. It is worth to note that for the inequality (1.3) the
same role is played by the Kubo-Ando inequality

2(A−1 + B−1)−1 ≤ mf (A,B) ≤ 1

2
(A + B)

saying that any operator mean is larger than the harmonic mean and smaller than the arith-
metic mean.

The scheme of the paper is as follows. In Sect. 2 we describe the preliminary notions of
operator monotone functions, matrix means and quantum Fisher information. In Sect. 3 we
discuss a correspondence between regular and non-regular operator monotone functions that
is needed in the sequel. In Sect. 4 we state our conjecture, namely the inequality (1.3); we
also state other two conjectures concerning how the right side depends on f ∈ Fop and the
conditions to have equality in (1.3). In Sect. 5 we discuss the case N = 1 of (1.3) presenting
the different available proofs. In Sect. 6 we discuss the case N = 2; here we prove that,
while the technique employed in [10] works in both cases N = 1,2, the technique used
in [12] does not. To this purpose, we show that the generalized variance is not a concave
(neither a convex) function of the state. Moreover we observe that the technique used for
the case N = 2 seems valuable also for the general case. In [23] it has been proved that the
Wigner-Yanase correlation has some advantages on covariance when one aims to measure
entanglement; in Sect. 7 we show, for the sake of completeness, that the above argument
holds true for any regular quantum Fisher information.

2 Operator Monotone Functions, Matrix Means and Quantum Fisher Information

Let Mn := Mn(C) (resp. Mn,sa := Mn,sa(C)) be the set of all n × n complex matrices (resp.
all n × n self-adjoint matrices). We shall denote general matrices by X,Y, . . . while letters
A,B, . . . will be used for self-adjoint matrices, endowed with the Hilbert-Schmidt scalar
product 〈A,B〉 = Tr(A∗B). The adjoint of a matrix X is denoted by X† while the adjoint of
a superoperator T : (Mn, 〈·, ·〉) → (Mn, 〈·, ·〉) is denoted by T ∗. Let Dn be the set of strictly
positive elements of Mn and D1

n ⊂ Dn be the set of strictly positive density matrices, namely
D1

n = {ρ ∈ Mn|Trρ = 1, ρ > 0}. If it is not otherwise specified, from now on we shall treat
the case of faithful states, namely ρ > 0.

A function f : (0,+∞) → R is said operator monotone (increasing) if, for any n ∈ N,
and A, B ∈ Mn such that 0 ≤ A ≤ B , the inequalities 0 ≤ f (A) ≤ f (B) hold. An operator
monotone function is said symmetric if f (x) = xf (x−1) and normalized if f (1) = 1.

Definition 2.1 Fop is the class of functions f : (0,+∞) → (0,+∞) such that

(i) f (1) = 1,
(ii) tf (t−1) = f (t),

(iii) f is operator monotone.

Example 2.1 Examples of elements in Fop are given by the following list

fRLD(x) := 2x

x + 1
, fWY(x) :=

(
1 + √

x

2

)2

,

fSLD(x) := 1 + x

2
, fWYD(β)(x) := β(1 − β)

(x − 1)2

(xβ − 1)(x1−β − 1)
, β ∈

(
0,

1

2

)
.
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We now report Kubo-Ando theory of matrix means (see [17]) as exposed in [26].

Definition 2.2 A mean for pairs of positive matrices is a function m : Dn ×Dn → Dn such
that

(i) m(A,A) = A,
(ii) m(A,B) = m(B,A),

(iii) A < B �⇒ A < m(A,B) < B ,
(vi) A < A′, B < B ′ �⇒ m(A,B) < m(A′,B ′),
(v) m is continuous,

(vi) Cm(A,B)C∗ ≤ m(CAC∗,CBC∗), for every C ∈ Mn.

Property (vi) is known as the transformer inequality. We denote by Mop the set of matrix
means. The fundamental result, due to Kubo and Ando, is the following.

Theorem 2.1 There exists a bijection between Mop and Fop given by the formula

mf (A,B) := A
1
2 f (A− 1

2 BA− 1
2 )A

1
2 .

Example 2.2 The arithmetic, geometric and harmonic (matrix) means are given respectively
by

A∇B := 1

2
(A + B),

A#B := A
1
2 (A− 1

2 BA− 1
2 )

1
2 A

1
2 ,

A!B := 2(A−1 + B−1)−1.

They correspond respectively to the operator monotone functions x+1
2 ,

√
x, 2x

x+1 .

Kubo and Ando [17] proved that, among matrix means, arithmetic is the largest while
harmonic is the smallest.

Proposition 2.2 For any f ∈ Fop one has

2(A−1 + B−1)−1 ≤ mf (A,B) ≤ 1

2
(A + B).

Corollary 2.3 For any f ∈ Fop and for any x,> 0 one has

2x

1 + x
≤ f (x) ≤ 1 + x

2
.

In what follows, if N is a differential manifold we denote by TρN the tangent space to
N at the point ρ ∈ N . Recall that there exists a natural identification of TρD1

n with the space
of self-adjoint traceless matrices; namely, for any ρ ∈ D1

n

TρD1
n = {A ∈ Mn|A = A∗,Tr(A) = 0}.

A Markov morphism is a completely positive and trace preserving operator T :
Mn → Mm. A monotone metric is a family of Riemannian metrics g = {gn} on {D1

n}, n ∈ N,
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such that

gm
T (ρ)(T X,T X) ≤ gn

ρ(X,X)

holds for every Markov morphism T : Mn → Mm, for every ρ ∈ D1
n and for every X ∈ TρD1

n.
Usually monotone metrics are normalized in such a way that [A,ρ] = 0 implies gρ(A,A) =
Tr(ρ−1A2). A monotone metric is also said a quantum Fisher information (QFI) because of
Chentsov uniqueness theorem for commutative monotone metrics (see [1]).

Define Lρ(A) := ρA, and Rρ(A) := Aρ, and observe that they are commuting self-
adjoint (positive) superoperators on Mn,sa . For any f ∈ Fop one can define the positive
superoperator mf (Lρ,Rρ). Now we can state the fundamental theorem about monotone
metrics.

Theorem 2.4 ([24]) There exists a bijective correspondence between monotone metrics
(quantum Fisher informations) on D1

n and normalized symmetric operator monotone func-
tions f ∈ Fop . This correspondence is given by the formula

〈A,B〉ρ,f := Tr(A · mf (Lρ,Rρ)
−1(B)).

The metrics associated with the functions fβ are very important in information geom-
etry and are related to Wigner-Yanase-Dyson information (see for example [4–7, 9] and
references therein).

Proposition 2.5 (See [24], p. 89) Monotone metrics are unitarily covariant, namely if U is
unitary then

〈U ∗AU,U ∗BU〉U∗ρU,f = 〈A,B〉ρ,f .

3 The Function f̃ and Its Properties

For f ∈ Fop define f (0) := limx→0 f (x). The condition f (0) �= 0 is relevant because it is
a necessary and sufficient condition for the existence of the so-called radial extension of a
monotone metric to pure states (see [25]). Following [12] we say that a function f ∈ Fop is
regular iff f (0) �= 0. The corresponding operator mean, associated QFI, etc. are said regular
too.

Definition 3.1 We introduce the sets

F r
op := {f ∈ Fop | f (0) �= 0}, Fn

op := {f ∈ Fop | f (0) = 0}.

Trivially one has Fop = F r
op ∪̇Fn

op .

Proposition 3.1 ([9]) For f ∈ F r
op and x > 0 set

f̃ (x) := 1

2

[
(x + 1) − (x − 1)2 f (0)

f (x)

]
.

Then f̃ ∈ Fn
op .
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By the very definition one has the following result.

Proposition 3.2 ([9], Proposition 5.7) Let f ∈ F r
op . The following three conditions are

equivalent:

(1) f̃ ≤ g̃;
(2) mf̃ ≤ mg̃ ;

(3) f (0)

f (t)
≥ g(0)

g(t)
∀t > 0.

Let us give some more definitions.

Definition 3.2 Suppose that ρ ∈ D1
n is fixed. Define X0 := X − Tr(ρX)I .

Definition 3.3 For A,B ∈ Mn,sa and ρ ∈ D1
n define covariance and variance as

Covρ(A,B) := 1

2
[Tr(ρAB) + Tr(ρBA)] − Tr(ρA) · Tr(ρB)

= 1

2
[Tr(ρA0B0) + Tr(ρB0A0)] = Re{Tr(ρA0B0)},

Varρ(A) := Covρ(A,A) = Tr(ρA2) − Tr(ρA)2 = Tr(ρA2
0).

(3.1)

Suppose, now, that A,B ∈ Mn,sa , ρ ∈ D1
n and f ∈ F r

op . The fundamental theorem for our
present purpose is given by Proposition 6.3 in [9], which is stated as follows.

Theorem 3.3

f (0)

2
〈i[ρ,A], i[ρ,B]〉ρ,f = Covρ(A,B) − Tr(mf̃ (Lρ,Rρ)(A0)B0).

As a consequence of the spectral theorem and of Theorem 3.3 one has the following
relations.

Proposition 3.4 ([9]) Let {ϕh} be a complete orthonormal base composed of eigenvectors
of ρ, and {λh} be the corresponding eigenvalues. To self-adjoint matrices A, B we associate
matrices a = a(ρ), b = b(ρ) whose entries are given respectively by ahj ≡ 〈A0ϕh|ϕj 〉, bhj ≡
〈B0ϕh|ϕj 〉. We have the following identities:

Covρ(A,B) = Re{Tr(ρA0B0)} = 1

2

∑
h,j

(λh + λj )Re{ahjbjh},

f (0)

2
〈i[ρ,A], i[ρ,B]〉ρ,f = 1

2

∑
h,j

(λh + λj )Re{ahjbjh} −
∑
h,j

mf̃ (λh, λj )Re{ahjbjh}.

In what follows, capital letters will denote self-adjoint matrices and the corresponding
lower-case letters will be used for the above transformation.

We also need the following result.

Proposition 3.5 ([9], Corollary 11.5) On pure states

Tr(mf̃ (Lρ,Rρ)(A0)B0) = 0.
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4 The N -volume Conjectures for Quantum Fisher Informations

Let (V ,g(·, ·)) be a real inner-product vector space. By 〈u,v〉 we denote the standard scalar
product for vectors u,v ∈ R

N .

Proposition 4.1 Let v1, . . . , vN ∈ V . The real N × N matrix G := {g(vh, vj )} is positive
semidefinite and therefore det{g(vh, vj )} ≥ 0.

Proof Let x := (x1, . . . , xN) ∈ R
N . We have

0 ≤ g

(∑
j

xj vj ,
∑

j

xj vj

)
=

∑
h,j

xhxjg(vh, vj ) = 〈x,G(x)〉.
�

Motivated by the case (V ,g(·, ·)) = (RN, 〈·, ·〉) one can give the following definition.

Definition 4.1

Volg(v1, . . . , vN) := √
det{g(vh, vj )}.

Remark 4.1

(i) Obviously, Volg(v1, . . . , vN) ≥ 0, where the equality holds if and only if v1, . . . , vN ∈ V

are linearly dependent.
(ii) If the inner product depends on a further parameter so that g(·, ·) = gρ(·, ·), we write

Volgρ(v1, . . . , vN) = Volg(v1, . . . , vN).
(iii) In the case (V ,gρ(·, ·)) = (L2

R
(�,G, ρ),Covρ(·, ·)) the number VolCov

ρ (A1, . . . ,AN)2

is also known as the generalized variance of the random vector (A1, . . . ,AN).

In what follows we move to the noncommutative case. Here A1, . . . ,AN are self-adjoint
matrices, ρ is a (faithful) density matrix and g(·, ·) = Covρ(·, ·) has been defined in (3.1).
By Volfρ we denote the volume associated to the quantum Fisher information 〈·, ·〉ρ,f given
by the (regular) normalized symmetric operator monotone function f .

Let N ∈ N, f ∈ F r
op , ρ ∈ D1

n and A1, . . . ,AN ∈ Mn,sa be arbitrary. We conjecture the
following results.

Conjecture 4.1

VolCov
ρ (A1, . . . ,AN) ≥

(
f (0)

2

)N
2

Volfρ (i[ρ,A1], . . . , i[ρ,AN ]). (4.1)

Conjecture 4.2 The above inequality is an equality if and only if A10, . . . ,AN 0 are linearly
dependent.

Conjecture 4.3 Fix N ∈ N, ρ ∈ D1
n and A1, . . . ,AN ∈ Mn,sa . Given f ∈ F r

op , define

V (f ) :=
(

f (0)

2

)N
2

Volfρ (i[ρ,A1], . . . , i[ρ,AN ]).

Then, for any f,g ∈ F r
op

f̃ ≤ g̃ �⇒ V (f ) ≥ V (g).
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Remark 4.2

(i) Conjecture 4.1 is equivalent to the following inequality

det{Covρ(Ah,Aj )} ≥ det

{
f (0)

2
〈i[ρ,Ah], i[ρ,Aj ]〉ρ,f

}
.

(ii) If ρ and A1, . . . ,AN are fixed, set

F(f ) := det{Covρ(Ah,Aj )} − det

{
f (0)

2
〈i[ρ,Ah], i[ρ,Aj ]〉ρ,f

}
.

Because of Theorem 3.3 one has

F(f ) = det{Covρ(Ah,Aj )} − det{Covρ(Ah,Aj ) − Tr(mf̃ (Lρ,Rρ)(Ah0)Aj 0)}.
Therefore, Conjecture 4.1 is equivalent to

F(f ) ≥ 0.

(iii) Conjecture 4.3 is equivalent to

f̃ ≤ g̃ �⇒ F(f ) ≤ F(g).

(iv) Suppose that Conjecture 4.1 is true. One can prove the “if” part of Conjecture 4.2 in
the following way. Since (A0)0 = A0 one has

Covρ(A1,A2) = Re{Tr(ρA10A20)} = Covρ(A10,A20).

From this it follows

VolCov
ρ (A1, . . . ,AN) = VolCov

ρ (A10, . . . ,AN 0).

Therefore, if A10, . . . ,AN 0 are linearly dependent then

0 = VolCov
ρ (A10, . . . ,AN 0) = VolCov

ρ (A1, . . . ,AN)

≥
(

f (0)

2

)N
2

Volfρ (i[ρ,A1], . . . , i[ρ,AN ]) ≥ 0

and we are done.
(v) The inequality

det{Covρ(Ah,Aj )} ≥ det{Covρ(Ah,Aj ) − Tr(mf̃ (Lρ,Rρ)(Ah0)Aj 0)}
makes sense also for not faithful states.

Because of Proposition 3.5 one has (by an obvious extension of the definition) the fol-
lowing result.

Proposition 4.2 If ρ is a pure state, then for any N ∈ N, f ∈ F r
op , A1, . . . ,AN ∈ Mn,sa one

has

VolCov
ρ (A1, . . . ,AN) =

(
f (0)

2

)N
2

Volfρ (i[ρ,A1], . . . , i[ρ,AN ]).
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In the following Sects. 5 and 6 we report on the known validity of the conjectures for
N = 1 and N = 2.

5 The Length Inequality

In this section we discuss the case N = 1 of Conjectures 4.1, 4.2 and 4.3. The cases f = fSLD

and f = fWY of Conjecture 4.1 were proved by Luo in [18] and [19]. The general case
of Conjecture 4.1 was proved by Hansen in [12] and shortly after by Gibilisco, Imparato
and Isola with a different technique in [9]. Conjectures 4.2 and 4.3 have been proved by
Gibilisco, Imparato and Isola in [9] (see also [10]).

The proof of Conjecture 4.1 by Hansen is based on the following immediate proposition.

Proposition 5.1 Let T ,S be real functions on the state space coinciding on pure states.
Suppose that T is convex and S is concave. Then for all states ρ

T (ρ) ≤ S(ρ).

It is well known that the variance is concave. Hansen was able to prove that the metric
adjusted skew information (namely f (0)

2 Volfρ (i[ρ,A1])2) is convex and so he got the conclu-

sion from the above proposition. Note that the convexity of the function f (0)

2 Volfρ (i[ρ,A1])2

is related to the well known Lieb’s concavity theorem (see [11, 12]). Despite the elegance
of the above proof its ideas do not apply to cases different from N = 1, as we shall see in
the next section.

The techniques applied by ourselves in the proof of case N = 1 in the paper [9] do not
seem to share the same fate. Moreover they allow one to prove also Conjectures 4.2 and 4.3.
Let us discuss them.

Theorem 5.2 Conjectures 4.1, 4.2 and 4.3 are true for N = 1 and for any f ∈ F r
op .

Proof Set A1 = A. Using Proposition 3.4 and the notation in Remark 4.2(ii) one gets:

F(f ) = det{Covρ(A,A)} − det{Covρ(A,A) − Tr(mf̃ (Lρ,Rρ)(A0)A0)}
= Covρ(A,A) − [Covρ(A,A) − Tr(mf̃ (Lρ,Rρ)(A0)A0)]
= Tr(mf̃ (Lρ,Rρ)(A0)A0)

=
∑
i,j

mf̃ (λi, λj )Re{aij aji}

=
∑
i,j

mf̃ (λi, λj )|aij |2 ≥ 0,

that is, Conjecture 4.1 is true. Obviously F(f ) = 0 iff aij = 0 ∀i, j , that is, iff A0 = 0 and
so we get Conjecture 4.2. Using Proposition 3.2 and Remark 4.2(iii) one obtains also the
validity of Conjecture 4.3. �
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6 The Area Inequality

Let us discuss the case N = 2 of Conjecture 4.1. The result was proved true for f = fWY by
Luo, Q. Zhang and Z. Zhang in [21–23]. The case f = fWYD(β), β ∈ (0, 1

2 ) was proved by
Kosaki in [16] and shortly after by Yanagi-Furuichi-Kuriyama in [33]. The general case is
due to Gibilisco, Imparato and Isola (see [8, 9]).

Conjectures 4.2 and 4.3 were proved true by Kosaki for the particular case f = fWYD(β).
The general case was solved by Gibilisco, Imparato and Isola (see [8, 9]).

First of all, let us show that the ideas used by Hansen in the case N = 1 do not apply
to the case N = 2. The problem is the lack of concavity (and convexity) for the generalized
variance. We were not able to find a counterexample in the literature, so we provide here the
simplest we found.

Let � := {1,2, . . . , n}. The space of (faithful) probability measures on � is

P1
n := {

ρ ∈ R
n
∣∣∑ρi = 1, ρi > 0

}
.

Let X,Y ∈ R
n be fixed random variables on �.

Proposition 6.1 The function S : P1
n → R given by

S(ρ) := Varρ(X)Varρ(Y ) − Covρ(X,Y )2

is neither a concave nor a convex function.

Proof Let us compute the Hessian matrix HXY (ρ) of S at the point ρ:

HXY
ij (ρ) = Varρ(Y )

∂2

∂ρi∂ρj

Varρ(X) + ∂

∂ρi

Varρ(X)
∂

∂ρj

Varρ(Y )

+ Varρ(X)
∂2

∂ρi∂ρj

Varρ(Y ) + ∂

∂ρj

Varρ(X)
∂

∂ρi

Varρ(Y )

− 2
∂

∂ρi

Covρ(X,Y )
∂

∂ρj

Covρ(X,Y ) − 2 Covρ(X,Y )
∂2

∂ρi∂ρj

Covρ(X,Y ).

If X = (x1, . . . , xn), Y = (y1, . . . , yn), an explicit computation shows that

∂

∂ρi

Covρ(X,Y ) = xiyi − xiEρ[Y ] − yiEρ[X],

∂2

∂ρi∂ρj

Covρ(X,Y ) = −xiyj − yixj ,

so that

HXY
ij (ρ) = −2xixj Varρ(Y ) + (x2

i − 2xiEρ[X])(y2
j − 2yjEρ[Y ])

− 2yiyj Varρ(X) + (y2
i − 2yiEρ[Y ])(x2

j − 2xjEρ[X])
− 2(xiyi − xiEρ[Y ] − yiEρ[X])(xjyj − xjEρ[Y ] − yjEρ[X])
+ 2 Covρ(X,Y )(xiyj + yixj ). (6.1)
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In order to prove that in general HXY
ij (ρ) is neither negative semidefinite nor positive

semidefinite (that is, S(ρ) is neither concave nor convex) let n = 3 and ρ = ( 1
3 , 1

3 , 1
3 ) be

the uniform distribution, X = (1,0,−1)T and Y = (1,−2,1)T . Then Eρ[X] = Eρ[Y ] =
Eρ[XY ] = 0 and Covρ(X,Y ) = 0, so that (6.1) reduces to

HXY
ij (ρ) = −2xixj Varρ(Y ) + x2

i y
2
j − 2yiyj Varρ(X) + x2

j y
2
i − 2xixjyiyj .

Hence, given α ∈ R
3

αT Hα = −2

[
Varρ(Y )

(∑
i

xiαi

)2

−
∑

i

x2
i αi

∑
i

y2
i αi

+ Varρ(X)

(∑
i

yiαi

)2

+
(∑

i

xiyiαi

)2]
.

In particular, α = ρ implies

ρT Hρ = 2 Varρ(X)Varρ(Y ) > 0,

while α = (0, α2,0), α2 �= 0, implies αT Hα < 0. �

Now we describe how the ideas for the proof of the length inequality (N = 1) can be
modified to apply to the case of the area inequality (N = 2).

Definition 6.1 For any f ∈ F r
op set

Hf (x, y,w, z) := 1

2
(x + y)mf̃ (w, z) + 1

2
(w + z)mf̃ (x, y) − mf̃ (x, y)mf̃ (w, z),

x, y,w, z > 0.

Given ρ ∈ D1
n and {λi}, i = 1, . . . , n, the corresponding eigenvalues, we set

H
f

ijkl := Hf (λi, λj , λk, λl).

Proposition 6.2 ([9]) For any f,g ∈ F r
op and for any x, y,w, z > 0 one has:

f̃ ≤ g̃ �⇒ 0 ≤ Hf (x, y,w, z) ≤ Hg(x, y,w, z).

Using the same notations as in Proposition 3.4, one can give the following definition.

Definition 6.2 Set

Ki,j,k,l := Ki,j,k,l(ρ,A,B) := |aij |2|bkl |2 + |akl |2|bij |2 − 2 Re{aij bji}Re{aklblk}.

Note that Ki,j,k,l does not depend on f . Since

|aij |2|bkl |2 + |akl |2|bij |2 ≥ 2|aij bji ||aklblk| ≥ 2|Re{aij bji}Re{aklblk}|,
we get that Kijkl is non-negative. Moreover one has the following result.
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Proposition 6.3 ([9]) Ki,j,k,l = 0, ∀i, j, k, l ⇐⇒ A0,B0 are linearly dependent.

Recall that

F(f ) = det{Covρ(Ai,Aj )} − det{Covρ(Ai,Aj ) − Tr(mf̃ (Lρ,Rρ)(Ai0)Aj 0)}.

Theorem 6.4 ([9]) For N = 2 one has:

F(f ) = 1

2

∑
i,j,k,l

H
f

i,j,k,l · Ki,j,k,l .

From the above theorem one gets the following result.

Theorem 6.5 Conjectures 4.1, 4.2 and 4.3 are true for N = 2.

Proof Since Hi,j,k,l > 0 and Ki,j,k,l ≥ 0 we get F(f ) ≥ 0 and therefore Conjecture 4.1 is
true.

From Proposition 6.3 we get that F(f ) = 0 iff A0,B0 are linearly dependent, that is,
Conjecture 4.2 holds.

From Proposition 6.2 we get that f̃ ≤ g̃ implies F(f ) ≤ F(g) and, therefore, one proves
Conjecture 4.3. �

Remark 6.1 A decomposition of F(f ) similar to that of Theorem 6.4 seems to hold in
the general case (N arbitrary). We plan to attack the conjectures with the aid of suitable
generalized H–K functions.

7 Covariance, Correlation and Entanglement

In the papers [20, 23] Luo et al. proved that the covariance is not a good measure to
quantify entanglement properties of states; to this end, Wigner-Yanase correlation was pro-
posed. Hereafter we recall the more general definition of metric adjusted correlation (or
f -correlation) introduced in [9, 12]; Wigner-Yanase correlation is just a particular example
of metric adjusted correlation. We prove that the metric adjusted correlation has the same
basic properties of Wigner-Yanase correlation. In particular we show, by the same exam-
ple as in [23], that the general f -correlation behaves as the Wigner-Yanase correlation with
respect to entanglement. Note that we consider a symmetrized version of the f -correlation.

Definition 7.1 For A,B ∈ Mn,sa , ρ ∈ D1
n and f ∈ Fop , the metric adjusted correlation (or

f -correlation) is defined as

Corrfρ (A,B) := f (0)

2
〈i[ρ,A], i[ρ,B]〉ρ,f = Tr(ρAB) − Tr(mf̃ (Lρ,Rρ)(A) · B).

Proposition 7.1 ([9])

Corrfρ (A,B) = Covρ(A,B) − Tr(mf̃ (Lρ,Rρ)(A0)B0)

= Covρ(A,B) −
∑
i,j

mf̃ (λi, λj )aij bji .
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Note that there is no relation between covariance and correlation as underlined by the
following proposition (see Examples 3, 4 in [23]).

Proposition 7.2 The inequalities

Corrfρ (A,B) > Covρ(A,B),

Corrfρ (A,B) < Covρ(A,B),

are false in general.

Proof The expression ∑
i,j

mf̃ (λi, λj )aij bji

can have arbitrary sign (depending on A and B); therefore, from Proposition 7.1 one gets
the conclusion. �

Proposition 7.3 ([9]) If ρ is pure, then

Corrfρ (A,B) = Covρ(A,B) ∀f ∈ Fop.

Proposition 7.4 If a, b are real constants and U is unitary we get:

(i) Corrfρ (A − aI,B − bI) = Corrfρ (A,B),
(ii) Corrfρ (aA,bB) = ab Corrfρ (A,B),

(iii) Corrf
UρU−1(A,B) = Corrfρ (U−1AU,U−1BU).

Proof (i) and (ii) follow easily from the definition and (iii) is a direct consequence of the
unitarily covariance of quantum Fisher information, namely of Proposition 2.5. �

Consider, now,

ρ := 1

2

⎛
⎜⎝

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

⎞
⎟⎠ , ρ ′ := 1

2

⎛
⎜⎝

1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

⎞
⎟⎠ .

Note that the first state is a mixture of two disentangled states while the second is a Bell
state which is maximally entangled (see [20, 23]).

Set

A := 1

2

⎛
⎜⎝

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎞
⎟⎠ , B := 1

2

⎛
⎜⎝

1 0 0 1
0 −1 0 0
0 0 1 0
1 0 0 −1

⎞
⎟⎠ .

In [20, 23] it is shown that

Covρ(A,B) = Covρ′(A,B) = 1, (7.1)
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while

CorrfWY
ρ (A,B) = 0, CorrfWY

ρ′ (A,B) = 1.

Due to Proposition 7.1, this result holds more generally for any f -correlation.

Proposition 7.5 For any f ∈ Fop one gets

Corrfρ (A,B) = 0, Corrf
ρ′(A,B) = 1.

Proof Since ρ ′ is a pure state, from Proposition 7.3 and due to (7.1) one has that
Corrf

ρ′(A,B) = Covρ′(A,B) = 1.
Consider, now, the state ρ and let {e1, e2, e3, e4} be the canonical basis. A direct compu-

tation shows that its eigenvalues are λ1 = λ4 = 1
2 and λ2 = λ3 = 0, and the corresponding

eigenvectors are {e1, e4} and {e2, e3}, respectively. Observe that A and B are centered with
respect to both the states ρ and ρ ′ (namely A = A0, B = B0). Moreover, since the eigenvec-
tors are the canonical basis one gets Aij = aij and Bij = bij .

This implies that

4∑
i,j=1

mf̃ (λi, λj )aij bji =
4∑

i=1

mf̃ (λi, λi)AiiBii

=
4∑

i=1

λiAiiBii = 1,

where we used the mean property that mf (x, x) = x, for any non-negative x. Again
from (7.1), one obtains Corrfρ (A,B) = 0. �
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1. Čencov, N.N.: Statistical Decision Rules and Optimal Inference. American Mathematical Society, Prov-
idence (1982). Translation from the Russian edited by Lev J. Leifman

2. Daoud, M.: Representations and properties of generalized Ar statistics, coherent states and Robertson
uncertainty relations. J. Phys. A: Math. Gen. 39, 889–901 (2006)

3. Dodonov, A.V., Dodonov, V.V., Mizrahi, S.S.: Separability dynamics of two-mode Gaussian states in
parametric conversion and amplification. J. Phys. A: Math. Gen. 38, 683–696 (2005)

4. Gibilisco, P., Isola, T.: A characterization of Wigner-Yanase skew information among statistically
monotone metrics. Infin. Dimens. Anal. Quantum Probab. 4(4), 553–557 (2001)

5. Gibilisco, P., Isola, T.: Wigner-Yanase information on quantum state space: the geometric approach.
J. Math. Phys. 44(9), 3752–3762 (2003)

6. Gibilisco, P., Isola, T.: On the characterization of paired monotone metrics. Ann. Inst. Stat. Math. 56,
369–381 (2004)

7. Gibilisco, P., Isola, T.: On the monotonicity of scalar curvature in classical and quantum information
geometry. J. Math. Phys. 46(2), 023501–14 (2005)

8. Gibilisco, P., Isola, T.: Uncertainty principle and quantum Fisher information. Ann. Inst. Stat. Math. 59,
147–159 (2007)

9. Gibilisco, P., Imparato, D., Isola, T.: Uncertainty principle and quantum Fisher information II. J. Math.
Phys. 48, 072109 (2007)

10. Gibilisco, P., Imparato, D., Isola, T.: Inequality for quantum Fisher information (2007). arXiv:math-
ph/0702058

11. Hansen, F.: Extension of Lieb’s concavity theorem. J. Stat. Phys. 124(1), 87–101 (2006)
12. Hansen, F.: Metric adjusted skew information (2006). arXiv:math-ph/0607049v3



J Stat Phys (2008) 130: 545–559 559

13. Heisenberg, W.: Über den Anschaulichen Inhalt der Quantentheoretischen Kinematik und Mechanik.
Z. Phys. 43, 172–198 (1927)

14. Jarvis, P.D., Morgan, S.O.: Born reciprocity and the granularity of spacetime. Found. Phys. Lett. 19, 501
(2006)

15. Kennard, E.H.: Zur Quantenmechanik einfacher Bewegungstypen. Z. Phys. 44, 326–352 (1927)
16. Kosaki, H.: Matrix trace inequality related to uncertainty principle. Int. J. Math. 16(6), 629–645 (2005)
17. Kubo, F., Ando, T.: Means of positive linear operators. Math. Ann. 246(3), 205–224 (1979/80)
18. Luo, S.: Quantum Fisher information and uncertainty relations. Lett. Math. Phys. 53, 243–251 (2000)
19. Luo, S.: Wigner-Yanase skew information and uncertainty relations. Phys. Rev. Lett. 91, 180403 (2003)
20. Luo, S., Luo, Y.: Correlation and entanglement. Acta Math. Appl. Sin. 19(4), 581–598 (2003)
21. Luo, S., Zhang, Q.: On skew information. IEEE Trans. Inf. Theory 50(8), 1778–1782 (2004)
22. Luo, S., Zhang, Q.: Correction to “On skew information”. IEEE Trans. Inf. Theory 51(12), 4432 (2005)
23. Luo, S., Zhang, Z.: An informational characterization of Schrödinger’s uncertainty relations. J. Stat.

Phys. 114(5–6), 1557–1576 (2004)
24. Petz, D.: Monotone metrics on matrix spaces. Linear Algebra Appl. 244, 81–96 (1996)
25. Petz, D., Sudár, C.: Geometry of quantum states. J. Math. Phys. 37, 2662–2673 (1996)
26. Petz, D., Temesi, R.: Means of positive numbers and matrices. SIAM J. Matrix Anal. Appl. 27(3), 712–

720 (2005) (electronic)
27. Robertson, H.P.: The uncertainty principle. Phys. Rev. 34, 573–574 (1929)
28. Robertson, H.P.: An indeterminacy relation for several observables and its classical interpretation. Phys.

Rev. 46, 794–801 (1934)
29. Schrödinger, E.: About Heisenberg uncertainty relation (original annotation by Angelow, A. and Ba-

toni, M.C.). Bulg. J. Phys. 26(5–6), 193–203 (1999). Translation of Proc. Prussian Acad. Sci. Phys.
Math. Sect. 19, 296–303 (1930)

30. Trifonov, D.A.: Generalized intelligent states and squeezing. J. Math. Phys. 35(5), 2297–2308 (1994)
31. Trifonov, D.A.: State extended uncertainty relations. J. Phys. A: Math. Gen. 33, 299–304 (2000)
32. Trifonov, D.A.: Generalizations of Heisenberg uncertainty relation. Eur. Phys. J. B 29, 349–353 (2002)
33. Yanagi, K., Furuichi, S., Kuriyama, K.: A generalized skew information and uncertainty relation. IEEE

Trans. Inf. Theory 51(12), 4401–4404 (2005)


	A Volume Inequality for Quantum Fisher Information and the Uncertainty Principle
	Abstract
	Introduction
	Operator Monotone Functions, Matrix Means and Quantum Fisher Information
	The Function f and Its Properties
	The N-volume Conjectures for Quantum Fisher Informations
	The Length Inequality
	The Area Inequality
	Covariance, Correlation and Entanglement
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


