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ANALYTICAL RESULTS ON A MODEL FOR DAMAGING
IN DOMAINS AND INTERFACES*

ELENA BONETTI! AND MICHEL FREMOND?

Abstract. This paper deals with a model describing damage processes in a (nonlinear) elastic body
which is in contact with adhesion with a rigid support. On the basis of phase transitions theory, we
detail the derivation of the model written in terms of a PDE system, combined with suitable initial
and boundary conditions. Some internal constraints on the variables are introduced in the equations
and on the boundary, to get physical consistency. We prove the existence of global in time solutions
(to a suitable variational formulation) of the related Cauchy problem by means of a Schauder fixed
point argument, combined with monotonicity and compactness tools. We also perform an asymptotic
analysis of the solutions as the interfacial damage energy (between the body and the contact surface)
goes to +oo.
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1. INTRODUCTION

The investigation of damage in elastic materials is deeply studied in the literature both from analytical
and theoretical point of view, as well as towards engineering applications. From a macroscopic description
the process of damaging can be described as a lack of rigidity of the material. In the approach proposed by
Frémond (see [13,16]) volume damage is described as the macroscopic effect of microscopic actions degenerating
the cohesion of the material. A volume damage parameter ( is introduced to characterize the state of micro-
bonds responsible for this cohesion. Then, the rigidity of the material (and thus the stress-strain relation)
depends on 8 and degenerates once the material is completely damaged (i.e. S = 0). From an analytical point
of view the problem is written by use of the theory of phase transitions and it has been studied both for elastic
and viscoelastic materials, in the case of reversible and irreversible phenomena. We first recall some results
holding in the one-dimensional setting (cf., e.g., [17]). Actually, the existence of a solution is proved during
a finite time interval, i.e. till the material is completely damaged. Hence, some more recent papers deal with
the more complicate situation of a 3D setting. The existence of a local in time solution is proved both for
(degenerating) elastic and viscoelastic laws (see [4,5]). The main problem consists in the degeneracy of the
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2 E. BONETTI AND M. FREMOND

rigidity matrix: once the material is damaged deformations are not controlled. Thus, the quadratic source of
damage involving deformations is not controlled, too. The possibility of finding a global in time existence result
for the complete model is still an open problem. However, it seems that it cannot be overcome just by some
more refined technical tools, as it is, in some sense, a mechanical weakness of the model itself which does not
provide a suitable description of the material behaviour once it is completely damaged. In a recent paper [15]
the authors, relying on soil mechanics properties, introduce a viscosity upgrading in the stress, forcing the
deformation velocity to be bounded. The idea to add some non-degenerating viscosity can be found also in [2],
combining as a novelty mechanical and thermal actions in the damaging.

In a similar framework, the theory of damage has been used to investigate the phenomenon of contact with
adhesion between solids (see [12,14,20]). Indeed, in the classical unilateral theory for contact no resistance to
tension was accounted for. In the case of adhesive contact the resistance to tension on the contact surface is
due to microbonds between the surface of the body and its support. The state of such bonds describes the state
of the adhesion, i.e. the adhesion is active if these bonds are not damaged, while there is no adhesion when
the bonds get damaged. Thus, a surface damage parameter X is introduced, for instance the surface fractions
of micro-bonds, to describe the state of the adhesion. Hence, unilateral condition, i.e. impenetrability between
solids, is ensured as an internal constraint on the boundary. The analytical formulation of the model has been
recently introduced for reversible [6] and irreversible situations [7]. In a more recent paper thermal effects have
been included in the model, influencing the phenomenon of the adhesion on the boundary [8].

The novelty of the present contribution consists in combining the theory of damage in domains with the
phenomenon of the adhesion (see [10] for numerical results). More precisely, we investigate the behaviour of
a body, located in a smooth bounded domain 2 C R3, which can be damaged and which is in contact with
adhesion on a rigid support on a part of its boundary I'.. The choice of dealing with a rigid support, instead
of an elastic body that could be deformed and damaged, too, is just for the sake of simplicity. However, our
modelling and analytical arguments could be extended, with some further technical difficulties, to describe the
adhesion between two deformable solids. We consider the boundary 092 =T'y UT3 UT., where I'y and I'. have
strictly positive measures.

We do not enter the details of the model and refer to [10] where a description of the model is given as well as
some numerical simulations. Here, we introduce and investigate the corresponding analytical formulation, which
is given in terms of an initial and boundary value problem. At a first analysis we are dealing with isothermal
phenomena.

The main idea is to combine thermomechanical laws holding in the 3D domain 2 and on the boundary T'..
We assume that the state variables of the system, in terms of which the mechanical equilibrium is defined, are
volume and surface variables. More precisely, we fix as state variables in {2 small deformations Vu, a damage
parameter 5 € [0,1], and its gradient V3. Note that the displacement u is considered as a scalar (to avoid
further technicalities in the analysis). On the surface contact T'. we introduce a damage parameter for the
adhesion X € [0, 1], the gradient (on the surface) VX, and the traces of the displacements u);. and of the volume
damage f|. . Indeed, the mechanical equilibrium on the contact surface clearly depends also on the effects of
volume damage and displacements. Analogously, the free energy of the system is split into two contributions:
a surface (contact) free energy W, and a volume one ¥q. They are defined by

Wa(Vu, 5,96) = 35IVul + IV + To.(5) + w1 - 9), (11)

where w > 0 accounts for cohesion and the indicator function Ijg 1)(3) forces 3 to assume only physically
admissible values, as it is I(8) = 0 if 8 € [0, 1], while it is equal to +oco otherwise.
Then, on T'. it is defined

1 v
\I/FC (X, vX?“lru@m) = gX|U|FC |2 + wc(l — X) + §|VX|2 + I[O,l] (X) + I(,OO’O] (U‘FC) + 5'@1‘0 — X|2, (1.2)
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w, > 0 being a cohesive constant, u, v > 0. Let us briefly comment on the choice of the contact free energy. The
indicator function /|y 1) forces X to assume values in [0, 1]. then, the impenetrability condition is given in terms
of the function I_ = I(_, o), as it forces u. to assume negative values, prescribing as positive orientation the
outward normal vector to the boundary. Then, two terms account for interactions between the body and the
contact surface. The first one, depending on the positive parameter u, is actually responsible for the adhesion
effect if X > 0 (uX can be understood as the surface mechanical rigidity). The second one, depending on v,
accounts for interactions between surface and volume damage [10]. It can force 8. and X to be “not too
far” and accounts for local interactions between volume and surface damages, it may be thought as a discrete
gradient.

We introduce dissipation by use of the pseudo-potential of dissipation (cf. [19]), that is a convex, non-negative
functional attaining its minimum 0 if there is no dissipation. Actually, we introduce two functionals ®q and ®r,
defined for dissipative variables in €2 and in I'., respectively. More precisely, we set

2a () = 51611 (13)
and
Pr, (X)) = %Ixtlg- (1.4)

Let us point out that we are not requiring any constraint on the sign of the time derivatives of the damage
parameters, as we assume the damage phenomena to be reversible (this is in particular the case of polymers or
liquid glue).

To recover the equations of the model we use a generalized form of the principle of virtual powers (cf. [13]) in
which works and (micro)motions responsible for the damage processing are included. Consequently, we recover
two balance equations holding in Q (the momentum balance and a motion equation for the evolution of §) and
an equation written in I'. (a motion equation for the evolution of X).

More precisely, virtual velocities are given in §2, say v for a virtual macroscopic velocity and ~ for a virtual
microscopic velocity, and in I';, say s a virtual microscopic contact velocity. Then, the power of interior forces
is defined as follows

Pi<v,v,vs)=—/a-w—/ Rv—/Bv—/H-w—/ RB(v—%)—/
Q . Q Q . r

where o is the stress, B, H, By, H, are new interior forces in 2 and I'., R is a reaction on the contact surface,
Rp is an interaction term between damage in {2 and on the contact surface. The power of exterior forces is

Pe(v) = /va—i—/r2 gu, (1.6)

By, —/ H, Vv, (1.5)
FC

c

g being a traction and f a distance force.

We assume a quasi-static situation as the engineering applications are in contact mechanics and in civil
engineering [10]. The case where the inertia forces are not neglected may involve collisions, i.e., velocity
discontinuities. A mechanical model is available with some mathematical results [3,14]. The principle of virtual
power reads

Pi+P.=0.
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4 E. BONETTI AND M. FREMOND

Then, prescribing the following constitutive relations

oVq
= — 1.
7 oVu (1.7)
v
R =20 (1.8)
Ulp,
oVg  00q
_ + 1.9
o8 " 95 (19)
oVq
= — 1.10
a5 (1.10)
oVr,
Rp=—7—— 1.11
95, ) -
oVr  OPr,
B = - - 1.12
oX OX¢ ( )
A
s — > ) ]..].
oVX (1.13)
the equations are written as follows. We first have the momentum balance
—div(fVu) = f inQ (1.14)
where o = fVu, with boundary conditions
u=0 only, (1.15)

(BVu) -n=g onTly,
(BVu) -n=—-R € —(puXu), +0I (uy )) onl,,

n being the outward normal vector to the boundary. Let us comment about the reaction R. In the case the
adhesion is not active, i.e. X = 0, we recover Signorini conditions ensuring impenetrability between the body
and the support, as 9I_ is defined for u). < 0 and it is 9I_(uj, ) = 0 if u), < 0, while 91 (0) = [0, +00).
In the case X > 0 the adhesion is active and a tension appears without separation. Then, we introduce the
equation for 3, which is of the form

B—divH=0 in{Q (1.16)
with
Hn=0onlyuUl'', H-n=-Rp onTl.. (1.17)
It follows 1
By — AB+ 0l (B) 2w — §|Vu|2, (1.18)
combined with the boundary condition
OnB=-v(B, —X) onl. 0,0=0 otherwise. (1.19)

Finally, in I'. we address the balance equation (now the differential operators are defined in T, which is assumed
for the sake of simplicity a flat surface)

Bs—divH;=0inI's, Hg-ng=0 ondl, (1.20)

n; being the outward normal vector to the boundary of I'.. We get

X¢ — AX + 8T 1y(X) 3 w, — §|U\rc ? + (B, —X). (1.21)
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with
OnX =0 (1.22)
on OI'.. Finally, initial conditions are prescribed for 3, X

B(0) = Bo, X(0) = Xo. (1.23)

Note that, under suitable regularity on By, Xo, f, and g, we can get u(0) = o defined as a solution of the
corresponding equation (1.14) with (1.15).

In this paper, we are mainly interested to find a solution to the above equations (1.14) (actually we will deal
with a slightly modified equation, see (1.24)), (1.18), and (1.21) combined with (1.15), (1.19), (1.22) and (1.23).
We can prove a global in time existence result in any finite interval (0,7"), T' > 0, for a weaker version of the
problem. Uniqueness is really not expected due to the doubly nonlinear character of the system. The main
difficulties we encounter are related to highly nonlinear terms in the equations and in the nonlinear coupling of
them. First, we have to face with multivoque nonlinear operators, defined both in 2 and in I'.. In particular,
let us point out that a nonlinear constraint is written in the boundary condition (1.15). Secondly, the quadratic
source of the damage on the right hand side of (1.18) is not controlled once the material is damaged, due to
the degeneracy of (1.24) once = 0. The analogous problem is related to the bound of the quadratic term
involving the trace of displacement in (1.21) if X = 0. To overcome this degeneracy of the model, we actually
add a further nonlinearity i|Vu|4 in Ug. The choice is physically justified by the theory of nonlinear elasticity:
the stress in the powder or granular material where 5 = 0 is very small if the strain is small and very large if
the strain is large (a crude model of granular material). As already remarked, the predictive theory needs to
be upgraded by new physical informations on the behaviour of the completely damaged material. Besides our
choice, a large number of choices are possible depending on physics, see for instance [15]. Thus, the stress turns
out to be defined by

o = |Vul|*Vu + BVu,
and the equation for u (¢f. (1.14)) turns out to be

—div (|Vul[*Vu + Vu) = f. (1.24)

On a second step, we investigate the behaviour of our system once the interaction free energy goes to +oo.
More precisely, we let v — 400 in the equations. At the limit we get that the trace of the volume damage 3.
and the surface damage parameter are forced to be the same. We are able to pass to the limit in (1.24), while
we have to deal with (1.18) and (1.21) written as variational inequalities in a weaker framework. Indeed, we
cannot control nonlinear constraints represented by maximal monotone operators independently of v. However,
we get an interesting result as, at the limit, we get an evolution inequality for 8 combined with the so-called
“dynamic” boundary conditions. Let us point out that, in spite of the use of the adjective “dynamic”, actually
0; results from dissipation and not from inertial.

Here is the outline of the paper. In Section 2 we introduce a weak version of the problem and state the main
existence result (Thm. 2.1). Hence, the proof of theorem is given in Section 3 by use of a fixed point argument,
combined with a priori estimates and passage to the limit techniques. Finally, in Section 4 we perform the
asymptotic analysis as v — +o0o (see Thm. 4.1).

2. MATHEMATICAL FORMULATION AND MAIN RESULTS

In this section, we introduce the variational formulation of (1.24), (1.18), (1.21) combined with boundary
assumptions (1.15), (1.19), (1.22). Then, we state the main existence result (see Thm. 2.1).

Before proceeding let us point out some useful notation and assumptions. Hereafter, for the sake of simplicity,
we assume that  is a bounded smooth domain in R3, with 99 = I'y UT, UT,, where I'y, I'y, and T'. are open
subsets in the relative topology of 02, each of them with a smooth boundary and disjoint one from another;
further, we assume that the contact surface I'. and the region I'; have strictly positive measure. Finally, for the
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6 E. BONETTI AND M. FREMOND

sake of simplicity we let I'. C R%. Hence, given a Banach space X, we denote by x/(-,-)x the duality pairing
between X’ and X; by the same symbol || - || x we indicate both the norm in a Banach space X and in any power
of X. Finally, let T' > 0 be fixed. In the following, we may denote by the same symbol ¢ possibly different

positive constants depending only on the data of the problem.
We introduce the Hilbert triplets

Ve H<V, Ve H.—V!

with
H:=1*Q), V:=HY(Q),
and
H, = LQ(Fc)a Ve = HI(FC)7
where H and H. are identified, as usual, with their dual spaces. Then, we set

W:={veW"(Q):v=0ae onTi},

endowed with the natural norm induced by W14(Q). Note in particular that, owing to the strictly positive

measure of I'y, Poincaré’s inequality leads to
[ullw < c()[[Vol[L1(0)-
We point out that if v € W then its trace belongs to W3/44(I"). Then, let

(=00, 0lw ={veW v, <0ae onl.}

and introduce the operator o = Ow,w'I(_oo 0]y : W — ZW/, defined by

¢ € afu) if and only if v € (—o0,0lw, w/((,u —v)w >0 Vo € (—o0,0lw.

Analogously, we introduce v = dy,v+ 1,1}, : V — V' where
0,1y ={BeV:pe€][0,1] ae. in N},

defined by
§ € v(B) if and only if B € [0, 1]y, v/(§,8— @)y 20 V¢ € [0,1]y.
Finally, we let F' € W’ defined by

W/(F,U>W:/fv+/ gv, veEW.
9] I's

Before proceeding, let us fix the assumptions on the data of the problem. We first let
Fe HY(0,T;W).

Then, we set
Bo €[0,1]v; Xo € Ve, Xo €[0,1] a.e. in T,
and v, u > 0.

(2.1)

(2.2)

(2.4)

(2.5)

Remark 2.1. Our existence results could apply to the simpler situation of p = 0 (i.e. without adhesion
between 2 and the contact surface) and v = 0 (i.e., without any interaction between volume and surface
damage). However, we prefer to explicitly consider the case of v, > 0 as it is more interesting both from

analytical and modelling point of view.
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Here is the variational formulation of our problem.

The variational Problem P,
Find (u, 8, X) such that for a.e. t € (0,T)

/ |Vul*Vu - Vo —|—/ BVu - Vo —i—,u/ Xuy. v +w (Co)w =wr (F,o)w Yo € (—o0,0lw, ¢ € afu) in W,
Q Q FC
(2.6)

1 o
[ o [ 9ovorvicon v [ @ 0, = [wog [ [Vl voc 01y, £e 9 v, 2)

Xp — AX + 6 = w, — %erc > —v(X = B).), § € AT yy(X)  a.e. in T, (2.8)

and fulfilling
B0) = Bo, X(0) = Xo. (2.9)

The following theorem ensures existence of a solution to P,.

Theorem 2.1. Let T > 0 and assume that (2.4) and (2.5) hold. Then, there exists a solution (u,3,X) to P,
with the following regqularity

u € L>(0,T; W), (2.10)
pe HY0,T; H)yn L>(0,T;V), (2.11)
X € HY0,T;H,) N L>(0,T; V)N L*(0,T; H*(T,.)). (2.12)

3. A FIXED POINT ARGUMENT

Our first step is to prove existence of a solution to Problem P, (see Thm. 2.1). To this aim, we apply the
Schauder fixed point theorem to a slightly regularized version of P, in which a viscosity term is added in (3.1),
i.e. we deal with the following equation for k > 0

: . , _ _ 1 2
ot [ 9a-Vor [ 98-Vorv 6oty [ @ 00 = [ wo— [ 1wu
Vo0, £eq() V. (31)

Remark 3.1. Let us point out that (3.1) describes a model for damage in which dissipative effects are included
in the local interaction.

Let

X = {(¢.v) € L(0,T; H) x L®(0,T; H,), (3.2)
¢, €[0,1] a.e. in Q x (0,T) and in T'c x (0,T) respectively}.

X is endowed with the natural norm induced by L*°(0,T; H) x L*°(0,T; H.). Hence, we are going to construct
an operator

T:X—-X

proving that it is compact and continuous (with respect to the topology of X), whose fixed points define a
solution to our problem. For the sake of simplicity, let us take pu = 1.
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8 E. BONETTI AND M. FREMOND

3.1. Auxiliary results

First step. Let us fix
(6,X) e X. (3.3)
We look at the solution v = ’Tl(ﬁ, X) of the following abstract equation

Au+ Hyu+Div (BVu) + (= F ¢ €a(u), inW, ae in(0,T), (3.4)

where « is introduced by (2.2) and the operators A, HDA( :W — W’ and Div : H> — W' are defined as follows.
For u,v e W

W/<Au,v>W:/ |Vu|*Vu - Vo, (3.5)

Q

W«(H)Acu,wwz/ )A<u|rcv|rc, (3.6)

wr (Div (BVw),v)w = / BVu - Vo (3.7)
Q

The following lemma ensures the existence and uniqueness of a solution to (3.4).
Lemma 3.2. Let (2.4) hold. There exists a unique solution to (3.4). Moreover

1wl oe 0,75y < 1, (3.8)

for a constant ¢; > 0 depending on the data of the problem, but not on the choice of (B, 2) n X.

The existence of u € L*(0,T; W) solving (3.4) is proved exploiting well known-result on the theory of
maximal monotone operators (for the general theory on maximal monotone operators in Banach spaces see,
e.g., [1]). Concerning uniqueness, it follows by the fact that A satisfies (cf. [18])

wr{A(ur) — Alug),u; —uzyw = 0 if and only if u; —ug = 0. (3.9)

~

Indeed, as A, HDA(’ Div (with fixed ), and « are monotone operators, if we write (3.4) for two solutions u1, us,
take the difference, and test by u; — us, we get

0 <wr (A(u1) — A(uz), ur —ug)w <0,

from which we deduce u; = uy due to (3.9).
To prove (3.8) let us test (3.4) by u. We first observe that (see (2.2))

wr(a(u), u)yw = 0. (3.10)

Hence, we have (independently of ¢)
/ |Vu|* +/ B|Vul? +/ X|ul? <w: (F,u)w. (3.11)
Q Q T,
After exploiting the Young inequality and (2.1), it follows

HUH%V+/QBIVU|2+/ X[ul? < || F[y? (3.12)

e
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from which (3.8) is deduced as B, X > 0 and F satisfies (2.4). In addition, we infer that

~1/2 ~
Xy | 0,750, + 18" 2Vl Lo (0,7500) < €1 (3.13)

Note that (3.8) yields
|||VU|2VU||L°<>(0,T;L4/S(Q)) <c (3.14)

from which, by a comparison in (3.4), the following bound is recovered

¢l e 0, m3m) < c. (3.15)

Second step. Assume (2.5) and (2.4). Fix u = 7;(3,X) (defined by Lem. 3.2) and X. Then, let us consider
the equation in V' for a.e. t € (0,7

But mAof+ AB+E = w— S[Vul +Tx, € €4(9) (3.16)
where
A AV =V, Vf(Aﬁ,@v:/QVﬁ'V(bJrV/F Bir. dir. (3.17)
v (Ao, By = / V5, -V
Q
and

Vi(Ty, )y = v / o,

c

for any ¢ € V. The following lemma holds.

Lemma 3.3. There exists a unique solution 3 = To(u, X) to (3.16), (2.9). Moreover, it is
181l zr0.1v) < c2, (3.18)

where co 1s independent ofg and X.

The existence and uniqueness result stated by Lemma 3.3 is fairly standard and follows from the theory
of evolution (parabolic) equations, associated with maximal monotone operators, whose right hand side is in
L>(0,T; H) + L>=(0,T;V"). Hence, let us proof the uniform bound (3.18). We test (3.1) by §; and integrate
over (0,t). We get, exploiting Young’s inequality and trace theorems,

1 v 1 ‘ I
18300y + 5198 + 218, O, < 51960l + [ [ wisi+ 5 [ [ 19uPia
0 JQ 0 JQ
t N v )
v [ ] Riad+ G 18, O,
0 JI'¢

t
~ 1
< (14 [ 19ulaey + IR0 ) + 5100

1
S Co + §||ﬁt||%2(07t;v)7 (319)
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10 E. BONETTI AND M. FREMOND

where ¢y depends on ¢; and on the data of the problem (see (3.8)), but not on the choice of B and X. Note that
we have exploited the fact that, by chain rule,

t
| viemy =0
0

Thus, (3.18) easily follows. Then, a comparison in (3.16) yields

1€l L0, 7v7) < c2. (3.20)

Third step. Let u = ’]'1(3, X) and § = To(u,X) defined by Lemmas 3.2 and 3.3, once (2.4) and (2.5) are
assumed. Consider the following equation, written in T'. x (0,7

1
Xp = AX 40+ X = we = Sluyy, 2+ By, 6€dlpyX). (3.21)
Lemma 3.4. There exists a unique solution X = T3(u, 3) to (3.21), (2.9) with
||X||H1(O,T;HC)OLOO(O,T;VC)HL2(O,T;H2(FC)) < ¢z, (3.22)

where c3 does not depend on B and X but only on the data of the problem.

We first observe that, by trace theorems and Sobolev’s embedding, (3.18) implies
1Be, | Lo (0,1 L2(r0)) < c. (3.23)
Analogously, due to (3.8) we get, at least, for any p
e, 20, 1:20 () < €. (3.24)
Thus, the right hand side of (3.21) turns out to be bounded in L>°(0,T; L*(T.)) and existence and uniqueness

of the solution to (3.16), (2.9) follows by standard arguments (¢f. [1,7]). Then, to show that (3.22) holds, let us
test the equation (3.21) by X; and integrate over (0,¢). It is now a standard matter to infer that

t t
14
s + 19X, + 51O, < e (14 [T awy +o [ 18005 ) < @29

where ¢ depends on the data of the problem and, in particular, on ¢; and ¢3. Hence, we can test (3.21) by —AX.
After integrating over (0,t) and observing that by monotonicity

/V5-VX20
Q

it follows that
HAXHQL?(O,T;HC) <ec (3.26)
Combining (3.25) and (3.26) we get (3.22) and, by a comparison in (3.21)

161l 20,73m1.) < € (3.27)
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3.2. Existence of the operator 7 and of a fixed point

Combining 77, 72, and 73, due to Lemmas 3.2-3.4, we are in the position of well define an operator 7 : X — X

as follows N R
T(ﬁai) = (ﬁ,X) Whereﬁzﬁ(u’k\L ’u,:ﬂ(ﬁ,?), X:,]E’)(U’aﬁ) (328)

Note in particular that, by construction, a fixed point (3, X) of 7 provides a solution to P, (in which (3.1) is
considered for k > 0) (u, 3, X) defined by (3.28).

Now, to apply the Schauder theorem, and deduce that 7 admits a fixed point, we need to show that it is
compact and continuous in X w.r.t. the topology induced by L°°(0,T; H) x L>=(0,T; H,).

As far as compactness, it easily follows from (3.18) and (3.22) (holding for constants depending only on the
data of the problem), due to [21].

Then, it remains to prove that the operator 7 is continuous. To this aim let us take (Bn, ?n) € X such that

Bn— B in L>®(0,T;H) (3.29)
X, — X in L=(0,T;H,). (3.30)

Our aim is to show that
(B Xn) =T (Bn, Xn) — T(B,X) in L>(0,T; H) x L®(0,T}; H..). (3.31)

Let us denote by R
Up = Tl(ﬂnax\n)a Bn = TQ(umX\n)v Xp =
Then, by (n,&n, 6 we denote the selections of a,y, 019 q) in (3.4), (3.16
We first recall that (3.8), (3.18), and (3.22) imply

T3(un; Bn)- (3.32)
), (3.21) written for the index n.

l[tn | Lo 0.mw) < ¢, (3.33)
IBnllmo0,m5v) < ¢ (3.34)
Hxn”Hl(O,T;HC)HLW(O,T;VC)0L2(O,T;H2(FC)) <eg, (3.35)

where ¢ does not depend on n. Thus, by weak star compactness results, at least for some suitable subsequences
(still denoted by the index n just for the sake for simplicity), we deduce (at least)

Up —u in L0, T;W),u, — u in L*0,T; W), (3.36)
By — B in HY0,T;V), (3.37)
Xp, = X in HY(0,T; H,) N L>=(0,T;V.) N L*(0,T; H*(T,)). (3.38)

Let us point out that to perform the following asymptotic analysis would be sufficient to have
1Ball 2 0, 7: 1)L 0,737y, B = B in H'(0,T; H)NL>(0,T;V). (3.39)
Hence, strong compactness theorems ensure
Bn— B in CO([0,T]; H'5(R)), e > 0, (3.40)
X, — X in C°([0,T]; H*~¢(T.)) N L?(0,T; H*~¢(T".)), € > 0. (3.41)
In particular, owing to Sobolev’s embedding and trace theorems (3.40) imply

Bn — B in CO((0,T); LP()), p < 6, (3.42)
ﬁ”\rc - ﬁlrc in CO([OvT]§Lp(Fc))7 p < 4.
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Analogously, as far as the convergence of the trace of u,, (3.33) and (3.36) yield
Unje, = e, 0 L0, TsWHAA(T)), (3.43)
and consequently a weak convergence holds, e.g., in LP(0,T; L?(T';)), for 1 < p < 4o00. Then, (3.41) leads to
X, — X in C°([0,T); LP(T,.)), p < +o0. (3.44)

Now, let us comment about (., &, d,. We recall that (3.15), (3.20), and (3.27) imply

¢allzoe . m;wr) <€ (3.45)
[€nllL2(0,mvr) < ¢ (3.46)
160l 220,731.) < €, (3.47)

independently of n. Then, the following convergences follow

Go = ¢ I L0, T3W'), G — ¢ in L*(0,T; W) (3.48)
& — & in L*(0,T;V") (3.49)
6n — & in L*(0,T; H,). (3.50)

Now, let us deal with the passage to the limit in (3.4) as n — +o0o. We first observe that 1, = |Vu,|?Vu,, is
bounded in L>=(0, T; L*/3(Q)) (see (3.14)), so that

Mo = |Vun|*Vu,, =7 in L0, T; L*3(Q)). (3.51)
This implies that

||A(un)||L°°(O,T;W’) < (3.52)
Au, > E, in L®(0,T; W), Au, — E in L*(0,T;W’),

where
w(E,v)w = / n-Vuv, veWw (3.53)
Q
Owing to (3.43) and (3.44) for any v € W as n — +oo there holds
/ )A(numrcvh — / iu‘rcvh. (3.54)
r. r.
Analogously, (3.36) and (3.37) imply
/ BVt - Vv — / BVu - Vo. (3.55)
Q Q

Eventually, exploiting (3.36), (3.48), (3.52) (see (3.51)), (3.54), and (3.55), we can pass to the limit weakly
in (3.4) and get the following weak equation in W’

E + ¢ + Hyu + Div (BVu) = F. (3.56)

In particular, we have to identify E € Au and ¢ € a(u). We apply an analogous argument as that exploited in
Lemma 5.1 of [9] for the Hilbert case.
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Lemma 3.5. Let X, X' be reflexive Banach spaces and F : X — X' a duality mapping, B a mazimal monotone
set in X x X'. Suppose that (x,,y,) € B for anyn € N and for n — +0o0

Ty = xin X, y, —yinX.
Then, denoting by (-,-) the duality pairing between X' and X,

liminf(y,, x,) > {y, x).

n—-4oo
Let us briefly comment about the proof of the above result. As B is monotone, for any (w, p) € B there holds
(Yn — psp —w) >0 Vn.

Thus, passing to the limit we have

liminf(y,, 2n) 2 (y,w) + {p.2) = (p,w), (3.57)
for any (w, p) € B. Now, let us take, for A > 0, the resolvent Jy and the Yosida approximation By of B (cf. [1]
p. 41). Let w = Jyz and p = A z. By definition, we have

Az = - \"'F(Jha — ).

Then, it follows
(pyx —w) = (-\"'F(Jax —2), Jax —x) >0
and due to (3.57)
hmmf(yn,:nn} (y, Jrz). (3.58)

Now, due to [1], Corollary 1.2, the strong closure of D(B) is convex. Thus, it coincides with the weak closure
of D(B). In particular, we get that = belongs to the strong closure of D(B), so that Jyx — 2 as A — 0 due
to [1], Proposition 1.1, which concludes the proof of the lemma passing to the limit in (3.58).

Applying Lemma 3.5 in the duality of L?(0,T; W) with L?(0,7; W'), owing to (3.36) and (3.48). It follows

t t

n—-+oo 0

Now, let us consider (3.4) written for n (denoting by E,, = Au,). Test it by u,, and integrate over (0, t)

t t
1imsup/ w (B, un)w < —hmlnf/ / X |y, |2 —hmlnf/ /ﬁn|Vun|2
n—~0 n—-+o0o n—-+00

+ lim W/<F U)W —hmmf/ w (Cn, Un)w

n—-+4oo n—-+4oo

/ / X|u|2 / [ A+ / e (F, )y — /Oth<<,u>W. (3.60)

~1/2 ~1/2
Let us comment about (3.60). Due to (3.30), at least for some subsequence, Xi/ — Xl/ a.e. and strongly,

e.g., in L? for ¢ < +o00. Thus, recalling that (3.43) holds and 2;/2%1 is bounded in L*>(0,T; H.) (cf. (3.13)),

we can pass to the limit
~1/2

NP, = X0 i L2(0,T; HL) (3.61)
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so that by lower semicontinuity of norm

t t
1iminf/ / ?n|un|22/ / X|ul?.
n—=+oo Jo Jr, o Jr.

Analogously, we can deduce that

t t
1iminf/ /ﬁanan/ /ﬁ|vu|2.
n—too Jo Jo 0 Jao

Now, combining (3.60) with (3.56) yields

t t
thUp/ W/<Enaun>W§/ w (B, u)w, (3.62)
0

n—-+o0o

from which we deduce E = Au due to [1], Lemma 1.3. In particular, it follows

t
lim w{En,un)w = lim //|Vun|4 //|Vu|4 (3.63)
n—-+4oo 0 n—-+o0o

yielding that u,, converges strongly (see (3.36))
U, —u in L*0,T; W). (3.64)

Then, we can identify ¢ € a(u) proceeding as in (3.60) applying [1], as it holds

t t t
limsup/ w {Cny Un)w < — / / |Vau|* — / / X|ul* - / /5|Vu|2+/ W:(F,u>W=/ w{C,u
n—-+400 0 JQ 0 0

(3.65)
Now, we pass to the limit weakly in (3.1), written for the index n, as n — +o00. Owing to (3.30), (3.37), (3.40),
(3.42), and (3.49), (3.64) we get at the limit (3.1). It remains to identify & € (). We proceed as above (cf.,
e.g., (3.60)) by semicontinuity and test (3.1), written for n, by 3, and integrate over (0,¢). Integrating by parts
in time and exploiting once more (3.30), (3.37), (3.42), and (3.64), by lower semicontinuity of norms, we have

. t . 1 1 K K ¢
hmsup/ vi{€n, B)v = hmsup—§||ﬁn(t)||% + §Ilﬁo||?{ - §||Vﬁn(t)||?{ + §||Vﬁ(0)||?{ —/ / V5 ?
0 n—+00 0o JQ

n—-+oo

[ L [ o3 [ ] k. < -Jsis + el - SIos01 + 51950
‘/Ot/Q'W'Q‘/Ot/FC |ﬁ|rcl2+/0t/9wﬁ—%/;/S)IVUI%:/;V'@,@V (3.66)

leading to £ € y(B) in V' for a.e. t.

Finally, it is now a standard matter to pass to the limit in (3.21) exploiting (3.38), (3.50), (3.41), (3.42),
and (3.64) (from which we deduce a strong convergence for the traces e.g. in L*(T'. x (0,7))). Note in particular
that we can directly identify § € 91}y 1)(X) due to (3.44) and (3.50).

Eventually,the operator 7 turns out to be continuous in X" (see (3.42) and (3.44)). By the Schauder theorem
there exists a fixed point (3, X) from which we have a solution to problem (2.6), (3.1), and (2.8) given by

(T2(8,X), B, X).
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Remark 3.6. Let us point out that we can identify ¢ and £ only in a weak sense, so that we cannot think to
¢ and ¢ as interior constraints a.e. defined as we can do for § in (3.21). However, our result is still physically
consistent as it sufficient to deduce that u € D(a) and 3 € D(y), i.e., for a.e. t, u. <0 a.e. on T and 3 € [0,1]
a.e. in Q.

3.3. Passage to the limit as kK 0

Now, we pass to the limit in (2.6), (3.1), (2.8) as k \, 0 to conclude the proof of Theorem 2.1. For the sake of
simplicity, for the moment we do not specify the dependence of the solution (u, 3, X) on k. Then, we introduce
uo € D(a) as the solution of (3.4) written for ¢ = 0 (see Lem. (3.2)). We proceed formally testing (2.6) by u,
(3.1) by B, and (2.8) by X; and adding the resulting equations. After integrating by parts in time some terms
cancel. Then, using the chain rule (also for the subdifferentials) and applying the Young inequality we infer
that

1 1 1
IV + 5 [ AONUOP +5 [ X OF + 180,00 + 517500

c

1 1 v
+ SIBOI + 30001, + 31X + 21, — ),
1 1 1 1
< 71Vl +5 [ BolVaol + 5 [ Xolue, (OF + 51950l

—IIVXollH + ]| Bie, (0) = Xoll7z, + lw (F (1), u®))w | + lw (F(0), uo)w|

/|W/ Fi,u W|+//|w6t|+// |weXe|

1
<o (+ 1P m o) + / VBl + 5180 0.y + 5Pl 0.5 (367)

Eventually, owing to (2.1) and exploiting the Gronwall lemma, we deduce the following bounds independent
of K

el Lo 0,mw) <€ (3.68)
Bl 71 0.7: )L (0,73v) < € (3.69)
X\l 10,1 )AL 0,73v2) < € (3.70)
Hﬁflﬁ/2vuf€||L°°(0,T;H) <c (3.71)
”X;l{/Qulrc,H”LO"(O,T;HC) <ec. (3.72)
Moreover,
K2V0u Bl L20,1im) < (3.73)
We can also test (2.8) by —AX,, integrate over (0,t) and get (¢f. Lem. 3.4 and (3.26))
IXkll£2(0,4;m2(r0)) < €. (3.74)
It is now a standard matter to deduce the following weak and weak star convergences for
Up = u in L0, T; W), u, — u in L*0,T; W) (3.75)
Be =B in H'(0,T;H) N L*(0,T;V) (3.76)

X, =X in HY0,T; H.) N L>®(0,T;V.) N L*(0,T; H*(T.)). (3.77)

[ I N N
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16 E. BONETTI AND M. FREMOND

Moreover,
KV 3. — 0 in L*(0,T; H). (3.78)

Hence, by a comparison in the equations, we obtain the analogous of (3.45)—(3.47), now written for (., &, ds.
As a consequence

Ce = ¢ in L=®(0,T; W), (o — ¢ in L*(0,T; W), (3.79)
& — & in L*0,T; V"), (3.80)
6 — 0 in L*(0,T; H,). (3.81)

We are now in the position of applying the same passage to the limit procedure as that exploited in
Section 3.2 to pass to the limit as k — 0. Indeed, we are able to deduce exactly the same convergences
as (3.40)—(3.44), (3.51), (3.54)—(3.55) (for X,; and () as they follow from (3.75)—(3.77) arguing as in Section 3.2
(cf. (3.33), (3.35), (3.64), and (3.39)). At the limit (u, 3, X) turn out to solve Problem P,.

4. ASYMPTOTIC ANALYSIS

In this section, we should consider the asymptotic behaviour of a solution to Problem P, as the interfacial
coefficient v — +o00. This corresponds to investigate the properties of the adhesion once the interaction energy
blows up.

We first perform some a priori estimates for the solution, which are independent of the interface parameter v.
To this aim we have to improve the regularity required on the initial data. Indeed, let

Bo € H3/2(Q)7 Bo €[0,1] a.e. in Q (4.1)
and fix Xo = fy|._, so that (cf. (2.5))
Xo € Vo, Xo €[0,1] a.e. in T.. (4.2)
Then, let Gy, and Xg, satisfying (4.1), (4.2),

converging to B9 and Xy in V' and V, respectively, with (4.3)
v Bowy, — Xowlm < e

where ¢ does not depend on v. Then, letting up, be the unique solution of (3.4) written for ¢ = 0 where 5y,
and X, are fixed, it follows (cf. (3.8))

[uo,wllw < e (4.4)
The following lemma holds.
Lemma 4.1. Let (2.4), (4.1)~(4.3) hold (cf. also (4.4)). Denote by (uy, By, X,) a solution to Problem P, for
v >0 fizred. Then,

luvllpe, ;) < ¢ (4.5)
| Bl e 0,77 )AL= (0,13v) < €

X | & 0,751 Lo 0,75V )N L2 (0,7 H2(T,)) < € .7)

independently of v.
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For the sake of simplicity, for the moment we do not specify the dependence of the solution (u, S, X) on v.
To prove Lemma 4.1 we proceed formally and test (2.6) by ws, (2.7) by 8¢, and (2.8) by X;. Then, we add the
resulting equations and integrate over (0,t). We get the analogous of estimates (3.67), where now x = 0,

1 1 1
IV + 5 [ AONUOF +5 [ X0, OF + 18132 0.0 (19)

c

1 1
+ S IVBONE + Xl 220,050 + IVXOIE + 5 ||(6|FC X)),

1 1 1 1
< 71Vl + 5 [ olVuol +5 [ Xoluy, OF + 51905 + 519X,
4 2 /o 2 2 2

c

t
+V||ﬂ\rc(0)*X0||%rc+|W/<F(t),u(t)>w|+|W/<F(0),U0>W|+/O lw (Ft, u)w|
t t
[ fe [ o
0 JQ 0 JT.
2 ! 1 2 1 2
< (1 IF Rz + | IEIw el + 51600 ) + 51Xl oo

Eventually, owing to (4.1)—(4.4), (2.1), and exploiting the Gronwall lemma, we deduce the following bounds
independent of v:

ull oo,y < ¢ (4.9)
|81l 1 (0,73 E) L= (0,75v) < € (4.10)
X[z 0,71 L 0, 13v) < € (4.11)
18Y2Vul oo 0,m:m) < € (4.12)
||X1/2U|rc o (o,m;m.) < € (4.13)
V1/2||5|pc = X||poo(0,1;1.) < C. (4.14)

Now, we aim to pass to the limit in (2.6)—(2.8) as ¥ — 400 and prove that at the limit we find a system solved
by (u,,X). Actually, as we will show in a moment, we are able to prove that (u,,X) solve only a weaker
version of our system, we are going to introduce.

By definition of v and 01y ;) we can equivalently rewrite (3.1) and (2.8) as follows

//ﬂtﬂ 8+ //w (6 - ¢+u//mrc )G, — O1r.)

// (B—9)+ //|Vu| (B—¢) <0 Voec L*0,T;[0,1]y), (4.15)

/O/FCXt(Xt/J)Jr/O/FCVxV(Xz/;)/O/chc(xz/;)

1/t t
+§/O /FCIU|FC|2(X1/))+1//O /Fc(xglrc)(xw) Vb € L2(0,T;V,),
¥ €[0,1] a.e. in T, x (0,7T). (4.16)

Then, to pass to the limit in (4.15)—(4.16), we restrict our analysis to consider as test functions in (4.15)

¢ e L*(0,T; H?(Q)) s.t. ¢ €[0,1] a.e. in Q x (0,T),

© © ~N o
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1 so that ¢, € L*(0,T;V.) and ¢, € [0,1] a.e. in . x (0,7). In particular, we are allowed to take as test
2 function in (4.16) ¢ = ¢, . Then, adding the resulting inequalities we get

/t/ﬂt(6¢)+/t/w.v<ﬂ¢)+u/t/(5|rcx)2/t/w(5¢,) (4.17)
//leﬁ ) + //xtx D) //vxvx e
//“’CX P, )+ //|U\r| (X =) <0

3 and also, as v [ (B, —X)* >0,

[ [ao-0+ [ [vove-0- [ [we-0 (118)
//leﬁ ) + //xtx ) //Vx V(X — o)
//wcx Ir.) + // g, [*(X = ),) <0

4 forall ¢ € L2(0,T; H>?(Q)) s.t. ¢ €[0,1] a.e. in Q x (0,7).
5 The following theorem holds.

6 Theorem 4.1. Let (2.4), (4.1)—(4.4) hold. Then, as v — 400, at least for some subsequence

u, = u in L0, T; W) (4.19)
B, =B in HY(0,T; H)N L>(0,T;V) (4.20)
X, =X in HY(0,T; H.) N L>(0,T; V,). (4.21)

7 Moreover B, = X a.e. and (u, 3,X) solve for a.e. t € (0,T) (3.4) and (4.18) for any ¢ € L%(0,T; H32(Q)) s.t.
s ¢€l0,1] a.e. inQx(0,T).

9 Convergences (4.19)—(4.21) easily follows by Lemma 4.1. Hence, (4.20) and (4.21) lead to

By — B in CO[0,T); H'~*(Q)), (4.22)
X, — X in C°([0,T]; H'75(T.)). (4.23)
10 In particular, (4.22) implies
By = By, i C°([0,T] L)), p < 4. (4.24)
11 Moreover, (4.14) and (4.22)—(4.24) imply
By —X, — 0 in L*(0,T; H,.) (4.25)
12 and
Bir, =X ace inlex(0,7). (4.26)

13 Now, we pass to the limit in (2.6) and (4.18). We first proceed investigating the asymptotic behaviour of the
14 equation (2.6). Due to Lemma 4.1, we are allowed apply the same arguments we have exploited in Section 3
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to pass to the limit in (2.6) (written for n as n — +00). In particular, let us recall that we get, e.g.,
u, —u in L*0,T; W). (4.27)

Hence, we pass to the limit in (4.18) written for v. By lower semicontinuity of norms, weak(weak star)-strong
convergence, (4.19)—(4.24), (4.27), and (4.26) it is now a standard matter to infer that

/Ot/glﬂt6+/0t/QIVﬂl2/Ot/ﬂwﬂ+%/ot/g|vu|25 (4.28)
e[ oo [ f = [ w3 [ e
glyig;g/ot/gatﬂuﬂﬁ/otfﬂlva/Ot/gwgﬁéfotfﬂwuy%
+/Ot/rcatxuxy+/0t/rcIVXVIQ—/Ot/FCwCXﬁ%/Ot/FCIuyl%
S—/(:/Qﬁt¢—/()t/QV5-v¢+/ot/ﬂw¢—%/Ot/ﬂwup(z)
/Ot/n O40Byr, P, /Ot/F VB V. +/Ot/FC W)y, %/Ot/F 26,

which is our expected result.

Remark 4.2. Let us point out that (4.28) yields (for § sufficiently regular) a variational inclusion with a
subdifferential. Indeed, let 7 € 8H3/2(Q)y(H3/2(Q))/I[O’1]H3/2 (B) for a.e. t, where

0,1]) o/ = {6 € H¥?(Q) s.t. ¢ €[0,1] a.e. in Q}.

Thus, (4.28) leads to

/Ot/gﬁttb-i- /Ot/QVﬁ Vo + /Ot /Fc OB, P, + /Ot /FC VB, - Vi + /Ot /2@y (70 ) v )
N /ot/gzw¢+ %/Ot/g |V“|2¢+/Ot /F Wedlr, + %/Ot /F e, PP, (4.29)

for any ¢ € L?(0,T [0, 1] ;32 ), which can be read as a variational inclusion with “dynamic boundary conditions”.
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