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Abstract. We consider weak positive solutions of the equation —A,,u =
f(u) in the half-plane with zero Dirichlet boundary conditions. Assum-
ing that the nonlinearity f is locally Lipschitz continuous and f(s) > 0
for s > 0, we prove that any solution is monotone. Some Liouville-
type theorems follow in the case of Lane-Emden-Fowler-type equations.
Assuming also that |Vu| is globally bounded, our result implies that
solutions are one dimensional, and the level sets are flat.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
We consider the problem

~Apu=f(u), inD={(z,y) €R?:y >0}
u(z,y) 20, inD (1.1)
u(x,0) =0, Vr € R,

where 1 < m < oo and A,,u = div(|Vu|™2Vu) is the m-Laplace operator.
It is well known that solutions of m-Laplace equations are generally of class
C1® and the equation has to be understood in the weak distributional sense.
To be more precise, by the results in [12, 19, 25], it follows that if (H1) below
holds then
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given a compact set K C R?, we have u € C1*(K N D).
We will assume that the nonlinearity f satisfies:

(Hy) f is locally Lipschitz continuous in [0, 00); i.e., f is Lipschitz contin-
uous in [0, b] for any b € RT;

(Hy) For any given 7 € RT, there exists a positive constant K such that
f(s) + Ks? > 0 for some ¢ > m — 1 and for any s € [0, 7]. Observe
that this implies f(0) > 0;

(H3) If m # 2, we assume that f is positive in (0, 00). That is f(s) > 0 if
5> 0.

The main result in this paper is the following.

Theorem 1.1. Let u be a nontrivial weak C’llo’? solution of (1.1). Assume
that f satisfies hypotheses (Hy),(Hz) and (Hs)® above, and 3 < m < oo™.
Then v >0 in D and

gZ(w,y) >0, V(z,y)€D.

Results of this kind have been studied in the literature in the semilinear
case m = 2. We refer in particular to a series of papers by Berestycki,
Caffarelli and Nirenberg (see [1, 2, 3]). In particular our techniques are very
much related to [2]. Also many interesting results have been obtained by
Dancer, starting from [10].

When considering the case m # 2 there are no general results correspond-
ing to the semilinear case. Some interesting results for the case m # 2
have been obtained in [13], where the case of some special nonlinearities is
considered.

We prove Theorem 1.1 exploiting a refined version of the Alexandrov-
Serrin moving plane method. In particular we improve a geometrical tech-
nique that allows us to use only a weak comparison principle in small do-
mains.

Once we prove Theorem 1.1, we also get interesting consequences such as
some Liouville-type theorems. Let us remark that Liouville-type theorems
for solutions of m-Laplace equations in the whole space RY are known in
some cases (see the celebrated paper [24]) whereas to our knowledge the
corresponding result is an open problem in half spaces.

3We remark that (Hs) is not needed if m = 2.

4The assumption m > % correspond in dimension 2 to the assumption m > 2137122, that

appears in some maximum and comparison principles recalled in Section 2.
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Moreover, it is well known that the problem in the half-space is related
to a famous conjecture of De Giorgi [11], see [2] and [18]. This link will be
also exploited in our Theorem 1.4 below.

Remark 1.2. In Theorem 1.1, when the case m = 2 is considered, it is
necessary to assume that f is positive in order to exploit the results in
[8, 9]. We refer in particular to weak and strong maximum and comparison
principles. If we restrict our attention to the semilinear case m = 2, our
techniques apply assuming only that the nonlinearity f satisfies (H;) and
(Hz2), since maximum and comparison principles are standard in this case.
We remark that we do not assume that the solution w is bounded and we do
not assume that the nonlinearity f is globally Lipschitz continuous.

We point out that from Theorem 1.1 it follows that the critical set Z, is
empty. That is, Z, = {z € Q: Vu(z) =0} = 0.

As a consequence, the solution u is regular (say of class C?) since the
m-Laplace operator is nondegenerate outside Z,. Also, we point out here
some remarkable consequences of Theorem 1.1.

As was shown in [6, 16]), once we know that the solution u is monotone
increasing, with g—;(:v,y) > 0, it follows that u is also stable, following defi-
nition 2.7 below. Therefore, if we consider the case of a power nonlinearity,
by [6](see also [15]) we get the following.

Theorem 1.3. Let u be a C1; solution of (1.1) with m > 2 and f(u) = u?,
with (m —1) <p < oco. Then u = 0.

Once again, we remark that in Theorem 1.1 (and in Theorem 1.3), we do
not need to assume that the solution u is bounded.

In the following application, instead we will assume that |Vu| is bounded.
Generally, by standard regularity theory any bounded solution has bounded
gradient and therefore this is a weaker assumption than the assumption
that u is bounded. We can in this case exploit the results in [16] and get the
following.

Theorem 1.4. Under the assumption of Theorem 1.1, assuming also that
|Vu| is bounded and that f(0) = 0, it follows that u is monotone and stable
(see Definition 2.7 below) and has one-dimensional symmetry, in the sense
that there exists 4 : R — R such that u(z,y) = u(y).

Theorem 1.4 allows us to reduce our problem to a simpler one-dimensional
problem. Therefore it allows many applications. As an example we give the
following.
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Corollary 1.5. Let u be a bounded (with bounded |Vu|) weak Cllo’? solution
of (1.1) with 3 < m < co. Assume that f satisfies hypothesis (H1), (Hz).
Assume also that f(0) =0 and f(s) >0 for s >05. Thenu=0.

The paper is organized as follows. In Section 2 we recall some known
results for the reader’s convenience. In Section 3 we state Theorem 3.1,
which easily leads to the proofs of Theorem 1.1, Theorem 1.3, Theorem 1.4
and Corollary 1.5. In Section 4 we prove Theorem 3.1, which is the core
of the paper since it introduces the techniques that allow the moving-plane
procedure to work in our setting.

2. PRELIMINARIES

In this section, we recall some known results on m-Laplace equations, in
particular maximum and comparison principles.

The famous lemma of H. Hopf was improved and extended to the case of
m-Laplace equations by J.L.Vazquez [26], and to a broad class of quasilinear
elliptic operators by P. Pucci, J. Serrin and H. Zou [22, 20]. In particular,
the interested reader may find very useful the recent book by P. Pucci and
J. Serrin [21] and the references therein.

Theorem 2.1. (Strong Maximum Principle and Hopf’s Lemma). Let Q be

a domain in RY and suppose that u € C*(Q), u > 0 in Q, weakly solves
—Aput+cul=g=0 in

withl <m<oo,gq=2m—1,¢c>0and g € L(Q). If u # 0, then u > 0

loc
in Q. Moreover, for any point xo € OS2 where the interior sphere condition

is satisfied, such that u € C*(Q U {xo}) and u(xg) = 0 we have that % >0
for any inward directional derivative (this means that if y approaches xg in
uy)—u(wo) 0).

a ball B C Q that has x¢ on its boundary, then lim, ., y—zo]

Theorem 2.1 is a useful tool when dealing with m-Laplace equation. As
an example we note that by Theorem 2.1 we immediately get the following.

Corollary 2.2. Let Q be a smooth domain in RN and let u € C1(Q) be a
weak solution of

—Apu = f(u) inQ
u >0 in € (2.1)
u =0 on 051,

Observe that here we require (Hs) also when m = 2
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and suppose that f satisfies (Hz). Then

u>0din Q@ or u=0 in €,

and
Zy={Vu=0}noN=0. (2.2)
Proof. It is sufficient to observe that locally
—Ap(u) + Ku? = f(u) + Ku? >0, (2.3)
and therefore Theorem 2.1 applies in this case. O

Theorem 2.3 (Weak Comparison Principle [7, 8]). Suppose that u, v weakly
solve
—Ap(u) — f(u) < —Ap(v) — f(v) in . (2.4)

Assume that either 1 < m < 2 and u,v € WH(Q) and f(-) is locally
Lipschitz continuous or that or m > 2, u,v € Wh™(Q) N L>®(Q) and f(-)
is positive and locally Lipschitz continuous. Assume also that either u or v
weakly solves the equation —A,,(w) = f(w).

Let Q' C Q be open and suppose u < v on 9OSY, then there exists 6 > 0,
depending on the Lipschitz constant of f in [0, ||ul| ()], such that, if || <
5, then u < v in Q.

Theorem 2.4 (Strong Comparison Principle [9]). Let u,v € C1(Q) where
Q is a bounded smooth domain of RN with 2]<,Vi22 < m < oo. Suppose that
either uw or v is a weak solution of —Ap,(w) = f(w) with f positive and
locally Lipschitz continuous. Assume

—Ap(u) = flu) < =Ap(v) — f(v) u<v in . (2.5)

Thenu=v i oru<vin .

Let us recall that the linearized operator L,(v,¢) at a fixed solution
u of —Ap,(u) = f(u) is well defined, for every v, ¢ € H;Q(Q) with p =
|Vu|™=2(see [8] for details), by

Ly(v, ) =
/QHVUV”_Q(VU, V) + (m — 2)|Vu|™" " (Vu, Vo) (Vu, V) — f'(u)vp)dz.

Moreover, v € H ,}’2(9) is a weak solution of the linearized equation if

Ly(v,) =0, (2.6)
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for any ¢ € Hgi(Q) More generally, v € H, ;’Z(Q) is a weak supersolution
(subsolution) of (2.6) if Ly, (v, ¢) > 0(< 0) for any nonnegative ¢ € Hég(ﬂ)

By [8] we have uy, € H;’Q(Q) for i = 1,...,N, and L,(ug,,¢) is well
defined for every ¢ € H&’i(Q), with

Lu(uz, ) =0 Vo € Hyo(Q). (2.7)

In other words, the derivatives of u are weak solutions of the linearized
equation.

Theorem 2.5 (Strong Maximum Principle for the Linearized Operator).
Let v € Hy*(Q) N C%Q) be a weak supersolution of (2.6) in a bounded
smooth domain Q of RN, N > 2, with QJi,ij <m < oo and f positive and
locally Lipschitz continuous. Then, for any domain ' C Q with v > 0 in
Q, we havev=0in Q orv >0 in Q.

Since u,; weakly solves (2.6), by Theorem 2.5 we obtain the following.

Theorem 2.6. Let u € C*(Q) be a weak solution of —A,,(u) = f(u) in a
bounded smooth domain 2 of RN with jS,v_t; < m < oo, and f positive and
locally Lipschitz continuous. Then, for any i € {1,...,N} and any domain

Q' C Q with ugy, >0 in @, we have either uy, =0 in Q' or uy, >0 in .

We also recall the following definition.

Definition 2.7. We say that a weak solution u € C’lloco‘(Q) of —=A,(u) = f(u)
¢ is stable if L,(p,¢) > 0, for every ¢ € C1(Q).

By density arguments, it is enough to consider the case ¢ € H;’EOC(Q).
We refer the reader to [6] for more details.

3. PROOF OoF THEOREM 1.1

We prove here Theorem 1.1 via Theorem 3.1, stated below and proved
later. We set ¥y = {(z,y) € R? : 0 < y < A}, and u) defined in ) by

u,\(az,y) = ’LL(QZ‘, 2X — y)
Theorem 3.1. Let u be a weak C-% solution of (1.1). Assume that f

loc

satisfies (H1), (Hs) and (H3) and 3 < m < co. Let 20 € R and A € R fized,
and assume the following.

a) J4(20,y) > 0 for every y € [0, ]
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b) For every 0 < X < X we have u(zo,y) < u(xo,2\ —y) (that is
u < uy) provided that y € [0, \).
Then, for every 0 < X < X and (z,y) € Xy, we have u(z, y) < u(z, 2N\ —y).

Theorem 3.1 essentially says that if the moving plane procedure works on
a vertical segment, then it works in the corresponding strip. Using it we can
prove our main result, Theorem 1.1 and its consequences, as follows.

Proof of Theorem 1.1. Since u does not coincide with zero, by (Ha) we
can exploit the strong maximum principle (see Theorem 2.1 and Corollary
2.2) and get u > 0 in D. Also, given any x € R, by the Hopf boundary
lemma, (see [26] and Corollary 2.2 above), it follows that

ou
dy
obviously, u,(z,0) possibly goes to 0 if + — Fo00. Let z be fixed and let
r > 0 be such that

ou

a7y(ac, y) =v>0 VY(z,y) € Bar(x0), (3.1)

where Ba,(xg) is the ball of radius 2r centered at zp Note that such values
v >0 and r > 0 exist since u € C1¥(Ba,(x9) N D). Now, it follows that for
A < r fixed we have g—Z(azo,y) > 0 provided 0 < y < A. Also, by (3.1), for
every 0 < X < X we have u(xg,y) < u(zg, 2\ — y) provided that y € [0, \).

Therefore, we can exploit Theorem 3.1 and obtain, for every 0 < X < )\,
that u(xo,y) < u(zo, 2\ —y) in Xy = {(z,9) : 0 <y < N}; that is, u < uy/
in Xy.

Let usset A ={\ € RT : w < uy in ¥y VN < A} which is a nonempty
set as shown above. Define A = sup A. To prove the theorem, we have to
show that actually A = oco.

Note that by continuity v < wuy in X5 and also u < uy by the strong
comparison principle (see theorem 2.4). Moreover, u is strictly increasing in
the es-direction in X5. In fact, given (z,y1) and (x,y2) in X5 (say 0 < y1 <
Y2 <)), we have by construction that u(z,y1) < wy 4y, (z,71) Which gives

2

uy(z,0) = =—(z,0) > 0;

exactly u(z,y1) < u(z,y2).

This immediately gives %Z(x,y) > 0 in X5. But actually, by the strong
maximum principle for the linearized operator L, (see [9] and Theorem 2.6
above), it follows that %Z(x,y) > 0, in 5. 7To prove that actually A = oo,
let us argue by contradiction, and assume A < oo. First of all let us show
that there exists some zy € R such that ‘g—;(aso, A) > 0. Observe that in the
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case m = 2 (or more generally when dealing with strictly elliptic operators)
by Hopf’s lemma it follows easily that g—;(xo, A) > 0 for every zo € R. In
the general case, we argue as follows.

Note that, since %(w,y) > 0 in Xy, by continuity (u € Ch®), it follows
that g—Z(m, A) > 0. We argue by contradiction, and assume that the thesis
fails; that is, g—Z(az, A) =0, for every x € R.

Now, consider the function u*(x,y) defined in X535 by

u(z,y) if  0<y<A
u(,y) = 5 ey 5
u(z,2X —y) if A<y <2),
and the function u,(z,y) defined in 3,5 by
2X — if  0<y<A
(2, y) = u(z, Y) it OsysA
u(x,y) if A<y <2

Note that u, is the even reflection of u|sx; and u* the even reflection of
’LL‘E2S\\E;\. Since we are assuming that %(m, \) = 0 for every z € R, it follows

that u* and u, are C! solutions of —A,,w = f(w). Since by definition u < uy
in X5, we have u, < u* in X535 and u, does not coincide with u* because of
the strict inequality u < uy in Xj.

Since uy(x, A) = u*(z,\) for any x € R, by Theorem 2.4 it would follow
that u, = v* in ¥Xy5. This contradiction actually proves that there exists
some zg € R such that g—Z(xo, A) > 0.

Let us now consider the segment {(zo,y) : 0 <y < A}, where %(xo, A) >

0. Since %Z(xo, y) > 0 for every y € [0, \], it follows that we can find ¢ > 0

such that the following hold:

a) %Z(xo,y) > 0 for every y € [0, A + €].

b) For every 0 < X < X+ ¢ we get u(wg,y) < u(zo,2)\ — y)(that is
u < uy/) provided that y € [0, \).

Note that a) follows easily by the continuity of the derivatives. The proof
of b) is standard in the moving plane technique (and it is in any case also
contained in the proof of claim-1 in the proof of Theorem 3.1).

By Theorem 3.1 we now get that u < wuy for every 0 < X < X + ¢ which
implies sup A > X, a contradiction. Therefore, A = co.

Proof of Theorem 1.3. Let u be a Ch* solution of (1.1) with m > 2 and
f(u) = uP. It was shown in [6] (see Theorem 1.8) that any nonnegative so-
lution is actually the trivial solution w = 0, in the case when the domain is a
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coercive epigraph. This assumption was only used in order to get the mono-
tonicity of the solution and consequently the stability of the solution. In fact
the monotonicity in one direction was obtained via the Alexandrov-Serrin
moving plane method.® Here the monotonicity of the solution is obtained
in Theorem 1.1 and therefore the proof of Theorem 1.8 of [6] can be carried
out as well as in [6] obtaining Theorem 1.3.

Proof of Theorem 1.4. For any (x,y) € R? and t € R, we define

o= {_ue? REZh ma o= { 10 20

It follows easily that
—Apu* = f*(u¥). (3.2)
By construction, since u is monotone and u, > 0 in R? N {y > 0}, it follows
that B
U
¥ = uy >0, (3.3)
in R?. Moreover, f* is locally Lipschitz continuous, since f(0) = 0. We note
now that the fact that u; > (0 implies that u is stable. This fact is classic
for the semilinear case m = 2. For the general case m # 2 we refer the
reader to [6, 16]. Also since the gradient of u is bounded, the gradient of u*
is bounded too. We can therefore exploit” Theorem 1.1 in [16] to get that
u has one-dimensional symmetry in the sense that there exists u : R — R
and w € S! in such a way that u*(z) = u(w - 2), for any 2z € R%. Since in
this case the level sets of our solution are parallel hyperplanes, and since the
zero level set is {u = 0} = {y = 0}, it follows that necessarily w = ey and
the thesis follows.

Proof of Corollary 1.5. Let us first note that we have the right assumption
to exploit Theorem 1.4 and get that u(x,y) = u(y). Therefore, if u is not
the trivial solution, then % is a solution of the one-dimensional problem

(@)Y = —(m (@) Da = fm),  in R

_ R
1f > 0, in (3.4)
u(0) =0, Vr e R

a >0, in RTU {0}.

6We refer to [1, 2, 3, 10, 14] for the semilinear case m = 2, while we refer to [7, 8] for
the generalization of the moving plane technique to the case of the m-Laplace operator.

"Note that, thanks to (3.3), we have that the set {Vu = 0} is empty. Therefore all the
assumptions of Theorem 1.1 in [16] are fulfilled.
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Since @ is bounded and monotone, we have that

lim @(y) = ¢ > 0.

y—oo
Now, since f is positive and @' also is positive, by the fact that —(m —
1)(@)™=2a" = f(a) it follows that @’ < 0. Therefore, @ decreases to 0 at

infinity as does the term (@)™ ~1). It then follows that also ((u’)(mfl))’ goes
to 0 at infinity, at least on a sequences of points y,, — 0. This would imply
n—oo

that lim f(u(y,)) = 0, a contradiction because lim f(u(y)) = f(c) > 0 since
n—o0 Y—00
we assumed that f is positive. We have therefore that u(x,y) = u(y) = 0.

4. PROOF OF THEOREM 3.1

Let Ly be the vector (cos(f),sin(f)) and Vjy the vector orthogonal to Ly
such that (Vp,e2) > 0.
We define L, 5 ¢ to be the line parallel to Ly passing through (o, s).

Vg\ @) Ly g
6

X0

FIGURE 1

We define 7T, s g as the triangle delimited by Ly, 59, {y = 0} and {z = xo}
(see figure 2), and we set
Uzg,s,0(T) = u(Tig,5,0(2)),
where Ty, s9(x) is the point symmetric to z, with respect to Ly, 59 (see
figure 2). In addition,
Wgg,s,0 = U — Ugg,s,0-
It is well known that u,, s ¢ still satisfies
Aty s = fUzgs6)-
Also for simplicity we set
Uzg,s,0 = Us and ug(z,y) = u(z,2s — y).
Let us now consider xg € R and A € R fixed and assume the following:

a) %‘(azo,y) > 0 for every y € [0, A].
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710,.&',9()()
.
*
=
g °x
S
7—):0,3,67
X
X0
FIGURE 2

b) For every 0 < X < X\ we get u(zg,y) < u(xg, 2\ —y)(that is u < uy)
provided that y € [0, \).
As in the statement of Theorem 3.1, we have the following.
Claim-1. Let g € R and A as above and as in the statement of Theorem
3.1. Then there exists § > 0 such that, for any —§ < 6 < ¢ and for any
0 < XN < A+ 4, we have

(20, y) < Ugy\.0(T0,Y) for every o<y <\
Proof. We argue by contradiction. If the claim were false, we could find a
sequence of values 6., An, Yn, O, such that
O — 0, =6, < 0, < 0p, 0 < Ny < A+ 6, 0 <y < Ay with u(zo,yp) =
Uz A 0 (Z0, Yn)-

FIGURE 3

Passing to the limit (of a subsequence) we get A, — A< \and y, —
¥ < A. Let us show that § = A. In fact if A = 0 it also follows that
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Y= A = 0 since 0 < UYn < Ap. If instead A >0, by continuity it follows that
u(wo,y) = us(wo,y). Consequently y, — A = § since we know that u < uy
for all M < Ain Xy
By the mean value theorem, since u(zo, yn) = Ugy 1, .0, (T0,Yn) (see figure
3), it follows that
ou

Vg,
at some point &, = (Zy, Jn) lying on the line from (g, yn) to Ty 2.0, (0, Yn)-
We recall that the vector Vp, is orthogonal to the line L, z, 6, and Vp, — e2
since 6,, — 0. Passing to the limit it follows that

(xna yn) <0,

ou ~

— (20, A) <0,

ay( 0 ) S
which is impossible by the assumptions. This contradiction proves claim-
1. O

Claim-2. Consider ¢ given by claim-1. Then we find p = p(d) such that
for every 0 < s < p we have

U < Ugg,s,8 in 7;0,5,5 (and u < Uzg,s,6 O 6(7;307375))
U < Ugy,s,—6 in 7:130,8,—5 (and u < Ugy,s,—6 ON 8(7;:0,5,—6))-

Proof. We prove that we can find p = p(d) such that, for every 0 < s < p,
we have

U < Ugy 55 10 Ty 55 (and u < ugy 56 on O(Typ.5.6))-

If we replace § by —9d the proof is exactly the same.

To prove this, note that ¢ is fixed and we can fix p in such a way that the
following hold:

e p < A, where A is given in the statement of Theorem 3.1 that we are
proving.

e For every 0 < s < p we have u < Uy 55 on 0(7y, 55). In fact we
have u < ug, 55 on the line (zg,y) for 0 <y < s, by claim-1.

It is also the case that u < ug, s if y = 0 by the Dirichlet assump-
tion, and the fact that u is positive in the interior of the domain.
Finally u = g 55 on Ly, s 5.

e Taking p sufficiently small, since ¢ is fixed, we assume that for every
0 < s < p the Lebesgue measure £(7, ) is sufficiently small in
order to exploit the weak comparison principle in small domains (see
Theorem 2.3).
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Remark 4.1. In order to exploit the weak comparison principle (Theorem
2.3) we need the functions that we compare to be bounded in the domain that
we consider. The constant ¢ in Theorem 2.3 in fact depends also on the L*°
norms of these functions. Under our assumption, u is possibly unbounded
in D and f is possibly only locally Lipschitz continuous in [0, c0).

We will always apply Theorem 2.3 in compact sets, so that everything
works as well as in the case of bounded domains. In particular we may
assume that u, ug, ss € C1(K) where K C D is a compact set which contains
T4.s,5 and the reflection of 7, ; s with respect to Ly, s 5.

Therefore, given any 0 < s < p, if we consider wy, 55 = U — Uy 5,5, We
have wgy, s 5 < 0 on 07, s s and therefore, by the weak comparison principle
in small domains (see Theorem 2.3) we get

Wz ,s,6 <0 in 7;(:0,5,6-
Also, by the strong comparison principle (see Theorem 2.4), we get
Wyg,s,6 <0 in 7;0,5,67
since the case wg, s = 0 is clearly impossible. This proves claim-2. ]

Remark 4.2. In what follows we will use a refined version of the Alexandrov-
Serrin moving plane method (see [4, 17, 23]). In particular we refer to [4]. We
refer the readers to [5, 7, 8] for the case of problems involving the m-Laplace
operator.

Let us consider (p,d) given by claim-1 and claim-2 and A as in the state-
ment of the theorem. Consider 0 < X < X and let us fix 0 < § < min{p, '}
so that by claim-2 we have

(%) Weo 56 < 0 on 0(Ty56) and wy, 55 < 0in Ty 55.
We define the continuous function g(t) = (s(t),0(¢)) : [0,1] — R? (in figure
4 this is represented Ly, s).0()), DY
g(t) = (s(t),0(t)) = (tN + (1 = 1)5, (1 — t)9)
so that g(0) = (8,9), g(1) = (N,0) and 0(t) # 0 for every t € [0,1).
Moreover, by claim-1, we have
Wey s(t),0() <0 on 0Ty s),0()) for every t € [0,1),
and wy, 4(1),6() 18 not identically zero on 9(7,, s1),0(1)) for every t € [0,1).
We now let T = {t € [0,1] : Wao st),0() < 0 In Ty )00 for every

0<t<t}andt=sup T where possibly = 0.
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on ,8(1),6)

FIGURE 4

Claim-3. Given t defined above, we have t = 1.
Proof. To prove this, assume ¢ < 1 and note that, in this case, by continuity

Wy s, SO0 Doy o) 05

and, by the strong comparison theorem,

W s@,00) <0 I Ty s@),00)-

Since wy, 00 < 0 in T, o500 we can therefore take a compact set
K C T, o000 where wyg sy o) < p < 0. Considering 7, o(7ye) 0(f+e) ~
T20,5(0),60(5), for € > 0 sufficiently small we may assume that for every 0 < e <
€ we have K C Ty y(7+¢),6(i+¢) and

Wy s(Fre) B(i+e) S 5 <0 in K.

We can also take K such that the Lebesgue measure E(’Z;D’S(ﬂg)yg(gﬂ) \
K) is small enough in order to exploit the weak comparison principle in
small domains (see Theorem 2.3). Therefore, recalling Remark 4.1, since
Wi, s(t+e€),0(T+¢) < 0Oon 8(7:1:0,5({+€),9(5+€) \K) (recau that Wgo,s(t),0(t) <0 on
(T 5(0),0(t)) for every t € [0,1)), we have

Wa s(i+e) 0(+e) <O A0 Ty o(iye) 0(4e) \ K,

and therefore in 7, y74c) (i) Also, by the strong comparison principle
(see Theorem 2.4), We get Wy (#4e),0(+e) < 010 Ty s(t4e) 0(i+e)-
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Concluding, for & sufficiently small and for every 0 < ¢ < &, we get 8

(*) W, s(t4¢),0(T+¢) < 0Oon 8(%0,8({—‘,—8),0({4—6)) and Wag,s(F+e),0(F+e) < 0 in
z0,8(t+¢),0(t+¢).

We, therefore, obtain that supT > ¢; that is a contradiction with the
definition of , proving therefore that actually ¢ = 1 and claim-3 follows. [

Conclusion. By claim-3 it follows that wy, sp).0¢) <O In Ty s).00)
for every t € [0,1). Therefore by continuity we get wy = wyyno =
Wao s(1),001) < 000 Toy (1),001) = (EA/ N{x < 1‘0}). By the strong comparison
principle u < uy in Xy N {x < zp}; that is,

uw(z,y) < uy(z,y) =u(x, 2\ —y) in Xy N {z < 2o} (4.1)
If, now, we consider
g(t) = (s(t),0(t)) = (X' + (1 = )5, (1 — t)(=0)) = (X' + (1 — )5, (t — 1)9),

we can argue exactly as in claim-3 above. It is easy to see that, with the
same procedure, we get

u(x,y) < uy(z,y) =u(r, 2N —y) in Xy N {z > 20} (4.2)
Finally, by (4.1) and (4.2), we get
w(z,y) <ux(@,y) =u(z, 2\ —y) in Iy,
for every 0 < M < \, and the theorem is proved.
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