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Chapter 1
Introduction

1.1 Motivation for Automotive Control Research

There are a lot of motivations to make research in the automotive field:

safety, comfort, performance and other related issues. Vehicle Safety

Technology (VST) is a term used by the automotive industry applied to

technologies focused on ensuring safety and performance of vehicle. The

car safety problem is a critical issue due to the high number of accidents

and life losses (above 6000 per year in Italy); many accidents involve

only one vehicle and are caused by loss of control.

The overall driver task is non trivial from a control viewpoint: the driver

directly controls only one state variable (or one combination of them)

by the front steering angle (the yaw rate when he is negotiating a turn

or the lateral deviation, which is directly related to the lateral speed,

when he is performing an overtaking); the lateral speed steady state

gain changes with longitudinal speed (positive at low speed and nega-

tive at medium and high speed); the lateral speed transfer function is

minimum-phase at low speed and non minimum-phase at medium and

high speed; moreover poorly damped oscillatory modes at high speed

can induce resonances when drivers are inexperienced.
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Also for this reasons many electronics control systems are introduced

with the goal of safety; this target do not always align with those of

performance: some employed systems can help the driver to perform

greater longitudinal acceleration without taking in to account the sta-

bility of the vehicle. For this reason, recently, several papers are focused

on the design of integrated chassis control.

1.1.1 Safety

Automobile safety is the avoidance of automobile accidents or the min-

imization of harmful effects of accidents, in particular as pertaining to

human life and health. Numerous safety features have been built into

cars for years for the safety of car’s occupants only and for the safety of

others. The safety systems can be divided in two category: passive and

active.

Passive safety refers to:

• Seatbelts (or safety belts) which absorb energy and limit forward

motion of an occupant, and help keep occupants from being ejected

from the vehicle.

• Shoulder harnesses add additional protection to seatbelts by re-

straining the upper body, absorbing energy and preventing injuries

from second collisions where the moving occupant hits the station-

ary dashboard or windshield.

• Energy absorbing windshields which had a deformable polymer

layer that allows the windshield to deform on impact absorbing

energy and preventing penetration of the head through the wind-

shield and the airbags which should be considered supplemental

restraint systems used in addition to belts.

Active safety refers to:

4
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• Traction Control System (TCS) which actuates brakes or reduces

throttle to restore traction if driven wheels begin to spin.

• Four Wheel Drive (4WD) which, distributing power to all four

wheels, lessens the chances of wheel spin.

• Reverse backup sensors, which alert drivers to nearby objects in

their path.

• Electronic Stability Control (ESC, also known by ESP and other

numerous manufacturer-specific names) which can reduce power

from the engine and even applies braking actions to prevent the

car from understeering or oversteering.

• Four Wheel Steering (4WS) which gives, at the cost of mechan-

ical complexity, quicker, more accurate maneuvers at high speed

and/or decreased turning circle at low speed.

• Anti-lock Braking System (ABS)

• Electronic Brake force Distribution (EBD)

• Lane Departure Warning System (LDW)

• Dynamic Brake Control (DBC)

Many of this control systems were implemented on cars on the market in

recent years such as the Anti-lock Braking System, the Acceleration Slip

Regulation (ASR), the Electronic Stability Program, the active steering

(BMW) and the four wheel steer steering (4WS) technologies (Renault,

Honda, Mazda) with the goal of increasing safety.

1.1.2 Comfort

Some electronic control systems are also introduced to improve comfort

such as:

5
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Adaptive Cruise Control (ACC); Intelligent Speed Adaptation (ISA)

which physically prevents vehicles from being able to exceed the speed

limit through electronic throttle control governed by a GPS matched

database of speed limits and the Variable Electronic Power Steering

(VEPS) which allows assistance while parking and reduces steering ef-

fort. Other control systems can be designed to improve comfort and

manoeuvrability (the goal is to obtain that the yaw rate and lateral

acceleration are in-phase) as will be shown in Chapter 3.

1.1.3 Performance

To increase longitudinal vehicle performance and to avoid wheels spin the

mechanical self locking differential is generally introduced. In a power on

driving condition a free differential can not transmit the driving torque

to the wheel with high adherence and the vehicle does not move while the

locking action of the self locking differential can generate an undesired

understeer at low speed or a critical oversteer at high speed. Recently,

the development of the semiactive and active differential allow to design

electronic control system which can help the driver to perform greater

longitudinal acceleration taking in to account the stability of the vehicle

as will be shown in Chapter 4.

1.2 Goals of this Study and Chapters Overview

The intent of this research is to propose new control strategies to improve

vehicle safety and performance integrating: the active front and rear

wheel steering; the electronically controlled differentials and the active

front steering; or integrating the information given by a vision based

vehicle with the active steering.

The thesis is organized as follows. In the remaining part of this chapter

a literature review on vehicle dynamics is presented: the four wheel

6
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steering, the active differential and the autonomous vehicle technology

is recalled.

In Chapter 2 the vehicle model is presented and analyzed to explore

and evaluate the driver effort; in Chapter 3 the Asymptotic Sideslip

and Yaw Rate Decoupling Control in Four Wheel Steering Vehicles is

presented. In Chapter 4 the Integrated Control of Active Steering and

Electronic Differentials in Four Wheel Drive Vehicles is presented. In

Chapter 5 a Nested PID Steering Control for Lane Keeping in Vision

Based Autonomous Vehicles is designed and finally in Chapter 6 the

global chassis integrated control systems that can be examined in the

near future are briefly illustrated.

1.3 Literature Review on Vehicle Control

1.3.1 Four Wheel Steering Control

Several cars on the market use four wheel steer steering (4WS) tech-

nologies as shown recently by Renault and BMW or in the last years

[1]. In the first generation (Honda) of rear steering vehicles [2], the front

wheels steering angle δf is transmitted to the rear wheels mechanically

by a shaft; in this case the control law is given by δr = K(δf )δf with

δr the rear steering angle. In active rear steering systems a feedback

control δr = K(v)r from the yaw rate measurement r is also used with

K depending on the vehicle speed. The rear wheels are steered, at low

speed, in the opposite direction to the front wheels to improve manoeu-

vrability for instance during parking. At high speed, the rear wheels are

steered in the same direction as the front wheels to improve stability.

Also Mazda uses a feed-forward system that steers the rear wheel like

the Honda 4WS but the steering ratio depends on vehicle speed while

Nissan uses a feedback control depending on the front wheel aligning

torque and the vehicle speed to set the maximum rear steering angle.
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More recently some patented feedback control laws on the rear axle are

based on the yaw tracking error; in [3] a static lookup table determines

the desired yaw rate and a PID controller on the yaw rate tracking er-

ror is proposed while in [4] a feed-forward control algorithm includes a

proper transfer function between driver and rear control signals to re-

duce the lateral velocity and to increase stability.

Nowadays two important car company such as BMW and Renault work

on 4WS technology: Renault develops its new four-wheel steering Ac-

tive Drive Chassis with the European introduction of the new high-

performance GT versions of the new Laguna Hatch and Sport Tourer;

the patented work done by Renault on the four wheel steering system

is also shown in [16] in which a coordination of selective backing and

active rear steering is presented. Also BMW recently present its new

Integral-Active-Steering which will be published for the first time on the

FISITA 2008 [19]. In Fig. 1.3 and in Fig. 1.4 the Renault active rear

steering systems is shown.

Figure 1.1: Renault active rear steering system.

Also on the front axle many control laws are proposed such as in [11]

8
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Figure 1.2: Renault active rear steering system detail.

or [12] and implemented on cars such as BMW 5 Series models, or on

steer by wire prototypes in which the conventional steering elements are

replaced by two electrical actuators which are positioned in the front

corners of the vehicle and turn the front wheels. In [11] a PI active front

steering control on the yaw rate tracking error with different gains for

braked and unbraked driving conditions is used while in [12] a patented

method is used to ensure safety during active steering system failure

computing the steering wheel angle as the sum of the proposed control

law steering angle and the driver steering angle; in Fig. 1.3 and in Fig.

1.4 the BMW active steering systems is shown.

1.3.2 Decoupling Issues

The independent control of the yaw rate and the sideslip angle dynam-

ics improves vehicle handling, comfort, safety and lane keeping. In four

wheel steering (4WS) vehicles the decoupling issues are addressed in

several papers ([5]-[10]). Decoupling by active front steering was first

analyzed in [5]: for a simplified model at constant speed, it is shown

9
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Figure 1.3: Active steering column whit actuator prototype.

Figure 1.4: BMW Active steering system.
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that the dynamics of the front axle acceleration may be robustly tri-

angularly decoupled from the yaw rate dynamics, using only the front

wheel steering angle as control input, by feeding back the yaw rate er-

ror through an integrator; in four wheel steering vehicles yaw damping

can be adjusted (see [6]) so that it becomes velocity independent. In

order to achieve exact decoupling between lateral speed and yaw rate

dynamics accurate state measurements are needed. While the yaw rate

is easily measurable by low cost gyroscopes, the lateral speed measure-

ments require high cost systems such as GPS systems [20] or in-vehicle

cameras [21]. To allow low cost measurements of the lateral speed, some

estimation techniques have been developed.

In [22] a nonlinear body sideslip angle and yaw rate observer is pre-

sented while two different state observer are presented in [23]: the first

observer is based on a physical model and produces a noise-free, vehicle

parameter dependent lateral speed estimate; the second one is based on

a kinematic model relating longitudinal and lateral acceleration, longi-

tudinal and lateral speed and yaw rate. In [24] extended Kalman filters

are used to estimate vehicle state and tire forces from noise-corrupted

measurements. A study of lateral speed estimation algorithms is pre-

sented in [25] in which three different estimation methods are illustrated,

simulated and experimentally validated:

• transfer function approach, which is based on the identification of

the input-output linearised model for yaw rate and lateral speed;

• state-space approach, which is based on an adaptive algorithm

which provides states and unknown parameters of the linearised

model for yaw rate and lateral speed dynamics;

• kinematics approach, which is based on the kinematic model pro-

posed in the paper: [23].
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In [26] an algorithm for estimation of vehicle yaw rate and sideslip angle

using steering wheel angle, wheel speed and lateral acceleration sensors

is proposed. A nonlinear observer approach for estimation of lateral

and longitudinal speed of a vehicle is proposed in [27]: the nonlinear

observers are based on lateral acceleration, yaw rate, wheel speed and

steering angle measurements. In [7] the decoupling between yaw and

lateral dynamics is studied when longitudinal speed is time-varying and

an observer is proposed to estimate the lateral speed from yaw rate mea-

surements only.

In [8] and [9] a decoupling control is proposed using full state measure-

ments (including lateral speed) that can be obtained by non standard

automotive sensors in order to track a reference model for both state

variables. In [10] it is shown that the lateral speed dynamics and the

yaw rate dynamics can be exactly decoupled by feeding back longitudi-

nal speed, yaw rate and lateral acceleration measurements (lateral speed

measurements are not required): the yaw rate tracking error dynamics

follow a second order reference model with arbitrary poles, while the lat-

eral speed dynamics tend exponentially to zero with a vehicle-dependent

time constant and lateral acceleration tends to be proportional to the

yaw rate.

In this Ph.D. thesis, in the Chapter 3, it is shown, for a four wheel

steering vehicle, that a proportional-integral (PI) active front steering

control and a proportional-integral (PI) active rear steering control from

the yaw rate error together with an additive feedforward reference sig-

nal for the vehicle sideslip angle can asymptotically decouple the lateral

velocity and the yaw rate dynamics, that is the control can set arbitrary

steady state values for lateral speed and yaw rate at any longitudinal

speed; moreover the PI controls can suppress oscillatory behaviours by

assigning real stable eigenvalues to a widely used linear model of the

12
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vehicle steering dynamics for any value of longitudinal speed in under-

steering vehicles. In particular the four PI control parameters are ex-

plicitly expressed in terms of the three real eigenvalues to be assigned:

this parameterization allows to compute the optimal controlled system

eigenvalues by a numerical minimization of a weighted sum of the cross

transfer functions H infinity norms so that the influences of the yaw rate

and the vehicle sideslip references on the vehicle sideslip angle and the

yaw rate respectively are reduced during transient responses. No lateral

acceleration and no lateral speed measurements are required.

The controlled system maintains the well-known advantages of both

front and rear active steering control: higher controllability, enlarged

bandwidth for the yaw rate dynamics, suppressed resonances, new sta-

ble cornering manoeuvres and improved manoeuvrability. In addition

zero lateral speed may be asymptotically achieved: in this case comfort

is improved since the phase lag between lateral acceleration and yaw

rate is reduced.

The robustness of the proposed decoupling PI control with respect to

tire parameters such as the cornering stiffnesses (which may change due

to different adherence conditions and/or low tire pressure), the vehicle

mass and the vehicle moment of inertia (that vary from unloaded to full

load conditions) is analyzed by means of the eigenvalues displacement

and the Bode plots.

A nonlinear reference model is designed to generate the yaw rate refer-

ence signal on the basis of the driver steering wheel angle so that the

uncontrolled and the controlled vehicle dynamic behaviours may be com-

pared while the vehicle sideslip angle reference is set equal to zero.

Several simulations, including moose tests, are carried out on a standard

small SUV CarSimr model to explore the robustness with respect to

unmodelled effects such as combined lateral and longitudinal tire forces,

pitch, roll and driver dynamics. The simulations show the advantages

13
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obtained by the proposed PI decoupling control: reduced lateral speed,

suppressed oscillations, smoother driver commands and new stable tra-

jectories.

1.3.3 Semiactive and Active Differential

The development of electro actuated differentials allows for new control

strategies in vehicle systems dynamics control as in [30], [31], [32], [33],

[34] and recently in [18] and [17]. In Fig. 1.5 and in Fig. 1.6 a logical

scheme of the semiactive and the active differential is shown.

Figure 1.5: Logical scheme of the semiactive differential.

In [32] the control is semiactive since the electronic control system

can determine the torque transferred by the differential but not its di-

rection; the torque is transferred from the fastest wheel to the slowest

one; the control operates when the rear wheel speed difference exceeds

a given threshold and its value is computed by a proportional-integral

control law based on the error between the measured and the desired

14
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Figure 1.6: Logical scheme of the active differential.

rear wheel speed angular velocity. In [33], the proposed controller is

designed following the Internal Model Control approach and it is active

since it can generate yaw moments of every amount and direction. In

[34] the locking action of the rear semiactive differential is electronically

controlled according to a Lyapunov analysis. In [17] the active sport

differential is introduced: an innovative regulating system distributes

torque from the engine in continuously variable proportions between the

rear wheels. This greatly enhances agility, driving pleasure and active

driving safety. The controlled power flow enables the car to take corners

even more directly and responsively, and to retain its directional stabil-

ity considerably longer.

1.3.4 Integrated Control Design

Many papers are currently focused on the design of integrated global

chassis control systems: in [35] an integrated control of active front
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steering and direct yaw moment generated by a distribution of braking

forces is designed; in [36] the electronic stability program (ESP) is in-

tegrated with the active front wheel steering, the active suspension and

an active anti roll bar; in [37] four wheel steering is coordinated with

wheel torque distribution using an optimization approach; a non lin-

ear optimization approach is followed by [38] to determine the optimal

force to be exerted by each tire controlled by active steering and brake

pressures distribution; in [39] the global chassis control optimization is

obtained by a gradient-based optimal control algorithm approach: the

active rear steering and the active rear differential are used as actuators.

In [42] a feasibility study on optimization based coordination of active

front steering, active rear steering and active roll stabilizer is presented;

a risk calculator determines the probability of an accident in any given

situation and help the control systems to coordinate and allocate the

active systems action. In [43] the active front steering, the active rear

differential and the active brake are integrated by an allocation algo-

rithm which distributes the requested global yaw torque based on the

torque potential of each actuator. In [44] the active front steering, the

electronic stability control and the continuous damping control are in-

tegrated to produce a defined compensation moment while minimizing

the electronic stability control range of action. In [45] the integration

of active steering and electronic stability program have been developed

using a supervisory and a Characteristic Locus method showing that the

integrated controls can improve vehicle performances that are superior

with respect to the individual control modules without any integration

scheme.

In this Ph.D. thesis, in the Chapter 4, the front and rear active

or semiactive electronically controlled differentials and an active front

steering control are designed and integrated: the goal is to improve ve-

16
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hicle dynamics by suppressing resonances and enlarging the bandwidth

for the yaw rate tracking dynamics so that the driver effort is reduced

and to improve safety. Moreover the control law on the electronically

controlled differentials is designed in order to improve safety by reduc-

ing the drawbacks due to the mechanical self-locking differential action

which may cause undesired understeering and oversteering behaviours

especially in critical manoeuvres such as braking or standing start condi-

tions on surfaces with different adherence between the left and the right

side of the vehicle. The control strategy for the electronic differentials is

not only aimed at keeping the wheel speed differences at desired values

but it is also integrated with the active steering control action (a PI

control on the yaw rate error) to produce a yaw moment, based on the

yaw rate error, which improves the vehicle steering dynamics since the

corresponding eigenvalues can be placed to be all real at every speed

to prevent oscillations. The stability analysis is performed using both

singular perturbation and Lyapunov techniques in the presence of small

parameters which are due to the ratio between the moments of inertia

of the wheels and of the vehicle.

The proposed active differential control law is adapted to a semiactive

differential and the stability of the integrated hybrid control law is in-

vestigated.

Several simulations are carried out on a CarSimr small SUV model

to explore the robustness with respect to unmodelled dynamics such as

pitch, roll and nonlinear combined lateral and longitudinal tire forces ac-

cording to combined slip theory. In response to sudden direction changes

the simulations show suppressed oscillations, enlarged bandwidth for the

yaw rate dynamics while new stable manoeuvres are allowed especially

in critical conditions. In standing start or brake manoeuvres when the

vehicle wheels on one side are on low adherence surface the proposed

integrated control shows new stable manoeuvres with improved perfor-
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mance (greater accelerations) and reduced driver effort. Comparisons

between active and semiactive differentials are also performed.

1.3.5 Vision Based Autonomous Vehicles

Intelligent vehicles and automated highway systems have attracted a

growing attention in the last years with the aim of increasing safety and

comfort: see for instance [54], [55], [56], [57], [63], [64], [66], [67], [53],

[58], [59], [60], [61], [62], [68], [11] and [12]. In [54, 55] a feedback from

lateral and longitudinal vehicle speed, yaw angle and yaw rate is used to

help the driver to steer back to the lane the vehicle during diminished

driving capability due to inattention. The control strategy is based on

the Lyapunov theory and LMI optimization by defining polytopic and

hypercubic state space regions, where if the driver stays in, the driving

task is considered safe; the main idea is to approximate these regions by

standard and composite Lyapunov level curves. In [56] a H∞ controller

is designed to minimize the effect of the disturbances on the measured

lateral offset and the desired yaw angle. In [57] a steering controller,

which uses finite preview optimal control methods, is proposed to con-

trol the measured lateral offset, the yaw angle and their derivatives.

In [63] a closed loop control strategy is analyzed on the basis of a feed-

back from the lateral offset: an automatic lane keeping is combined with

the driver’s steering without any switching strategy. In [64] a control

system based on the loop shaping technique is tested by experiments

using a feedback from the lateral offset. In [66] a non linear observer

based control strategy is investigated by measuring the lateral offset, its

derivative, the yaw angle and the yaw rate. In [67] a combined control

system, which integrates Active Cruise Control and Lane Keeping Con-

trol is analyzed by using Model Predictive Control (MPC) to define a

lane changing algorithm. In [53] a model predictive steering controller

is used to emulate the driver behaviour in the CarSim environment: it
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is designed on the basis of a simplified linear model and on longitudinal

and lateral speed, yaw angle and yaw rate measurements to predict the

error with respect to a given target path. Also in [58] a model predictive

control approach is followed: the controlled outputs are the lateral offset,

the yaw rate and the yaw angle; the controller is designed both on a non-

linear and a linear vehicle model using lateral and longitudinal vehicle

speed, yaw angle and yaw rate measurements. In [59] a feedforward and

a feedback action on the lateral offset and the yaw angle error is experi-

mented. In [60] a gain scheduling based proportional feedback from the

lateral offset is experimented. In [61] a feedforward term from road cur-

vature and a PID on a weighted sum of the heading error and the lateral

offset are used as steering controller in the DARPA Grand Challenge.

In the same competition the yaw angle and a nonlinear term propor-

tional to the lateral offset are used in [62] as measurements to design the

steering controller.Furthermore, to improve safety, driver comfort and

vehicle performance, several driver assistance systems are investigated

in the literature. In [68] a steering assistance control system with a feed-

back from the lateral offset and lateral speed is designed to follow the

desired path while an assistance torque is applied in order to improve

the vehicle handling and steering feel. In [11] and [12] the active front

steering is proposed and implemented on cars such as BMW 5 Series

models. In [11] a PI active front steering control on the yaw rate track-

ing error with different gains for braked and unbraked driving condition

is used while in [12] a patented method is proposed to ensure safety

during active steering system failure computing the steering wheel angle

as the sum of the proposed control law steering angle and the driver

steering angle. Most control algorithms employed in lane keeping make

use of pole placement, model predictive and observer based techniques

or require difficult measurements of lateral speed, vehicle absolute po-

sition and orientation. The simplest algorithm [60] only implements a

19



i

i

“PHD thesis” — 2009/1/28 — 18:33 — page 20 — #25
i

i

i

i

i

i

proportional feedback from the lateral offset; since in addition to lateral

offset measurements from vision systems the yaw rate measurements are

easily obtained by an on board gyroscope, in this paper we propose a

control scheme which integrates the active steering action based on the

yaw rate error with the lane keeping action based on lateral offsets.

In this Ph.D. thesis, in the Chapter 5, a nested PID steering con-

trol for lane keeping in vision based autonomous vehicles is designed to

perform path following in the case of roads with a curvature which in-

creases linearly with respect to time. No lateral speed measurement is

used since it can be hardly measured with high cost and low accuracy

and reliability. The designed control input is the steering wheel angle: it

is computed on the basis of yaw rate measured by a gyroscope and the

lateral offset measured by the vision system as the distance between the

road centerline and a virtual point at a fixed distance from the vehicle.

A PI active front steering control on the yaw rate tracking error is used

to reject constant disturbances and the effect of uncertain parameters

while improving vehicle steering dynamics. To integrate the additional

lateral offset measure the yaw rate reference is viewed as the control sig-

nal in an external control loop: it is designed using a PID control (with

an additive double integral action) on the lateral offset to reject the dis-

turbances on the curvature which increase linearly with respect to time.

The robustness is proved, by using the theorem presented in [69, 70],

with respect to speed variation and uncertainties on vehicle physical pa-

rameters such as the front and rear cornering stiffnesses and the vehicle

mass. It is shown how the robustness of the controlled system decreases

as speed increases. The asymptotical stability is however ensured for all

perturbations in the range of interest. Several simulations, such as the

tracking of a CarSim environment default path and a standard sudden

braking action on surfaces with different adherence conditions (µ-split

braking manoeuvre), are carried out on a standard big sedan CarSim

20



i

i

“PHD thesis” — 2009/1/28 — 18:33 — page 21 — #26
i

i

i

i

i

i

vehicle model to explore the robustness with respect to unmodelled ef-

fects, such as combined lateral and longitudinal tire forces, pitch and

roll. The simulations show reduced lateral offsets and new stable µ-

split braking manoeuvres with respect to the CarSim model predictive

steering controller which requires lateral speed.
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Chapter 2
Vehicle Model

In this section the commonly used nonlinear and linear single track ve-

hicle models are considered to capture the essential steering vehicle dy-

namics. More detailed models of a car can also be found in [13, 28, 29].

2.1 Model Derivation

The essential features of car steering dynamics in a horizontal plane

are described by the well-known single track model. It is obtained by

lumping the two front wheels into one wheel in the longitudinal axis of

the car, the same is done with the two rear wheels. Since the vehicle

center of gravity is assumed at road level and no suspensions model

is included, there are no roll, pitch and heave motion: the car can be

considered as a rigid body with three degree of freedom. Two reference

frames are considered as shown in Fig. 2.1 [13]:

• R(X,Y, Z) is an inertial reference frame .

• R(x, y, z) is an non-inertial reference frame fixed to the vehicle

centre of gravity. The x axis corresponds to the longitudinal axis

of the car while the y axis coincides with the lateral axis. The yaw
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angle, denoted with φ, is the angle between the X axis and the x

axis.

X

x

Y

y

β

φ

~V

vx

vy

CG

Figure 2.1: Reference frames used to derive the vehicle model.

The coordinates X, Y and φ are the state variables of the vehicle

model in the inertial frame. The equations of motion are

mẌ = mV̇x = Fx (2.1a)

mŸ = mV̇y = Fy (2.1b)

Jφ̈ = Jṙ = Mz (2.1c)

where Fx, Fy are the total forces acting on the vehicle center of gravity

expressed in the X − Y reference frame and Mz is the total yaw torque.

They can be obtained by the following relation

~F =

[

Fx

Fy

]

=

[

cos(φ) − sin(φ)
sin(φ) cos(φ)

] [

fx

fy

]

= R−1
z (φ)~f (2.2)
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where fx and fy are the total forces in the vehicle reference frame. Also

vehicle speeds in the two frames are related by a similar relation:

~V =

[

Vx

Vy

]

= R−1
z (φ)

[

vx

vy

]

= R−1
z (φ)~v (2.3)

where ~v is the vehicle velocity vector in the vehicle reference frame.

From (2.1), (2.2) and (2.3) the vehicle equations of motion, written in

the inertial frame, are

m
d~V

dt
= m

dR−1
z (φ)~v

dt
= (2.4)

= mR−1
z (φ)

d~v

dt
+m

dR−1
z (φ)

dφ
φ̇~v = R−1

z (φ)~f. (2.5)

Multiplying both members of (2.5) by Rz(φ) yields

m
d~v

dt
+mSr~v = ~f, (2.6)

where

S =

[

0 −1
1 0

]

,

and the equations of motion in the vehicle coordinate system are

m(v̇x − rvy) = fx + dx (2.7a)

m(v̇y + rvx) = fy + dy (2.7b)

Jṙ = Mz + Tz (2.7c)

where dx, dy and Tz are the external forces and torques disturbances

acting on the vehicle. The forces transmitted from the road to the car

via the tires are represented in Fig. 2.2 for a single track vehicle model;

each tire has a lateral force fs, which is responsible of the cornering
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Figure 2.2: Single-track car model.
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motion of the car, and a longitudinal force fl which is responsible of the

longitudinal (accelerating and braking) motion of the car.

Other forces and torques result from aerodynamics, gravity (on slopes

and on roads with non-zero bank angle), aligning moment of the wheels

and so on. In this approach, the forces generated by tires are included

in the model; other forces will be handled as external disturbances. The

expressions of the x and y force components of each axle are (see Fig.

2.2):

fxf = flf cos(δf ) − fsf sin(δf )

fxr = flr cos(δr) − fsr sin(δr)

fyf = flf sin(δf ) + fsf cos(δf )

fyr = flr sin(δr) + fsr cos(δr).

From these expressions, it easy to obtain the expressions of fx, fy

and Mz since results

fx = fxf + fxr

fy = fyf + fyr

Mz = lffyf − lrfyr

where lf and lr are the distance between the vehicle center of grav-

ity and the front and rear axle respectively. Finally the three degree-

of-freedom single track nonlinear car model is given by the following

equations:

m (v̇x − rvy) = flf cos δf − fsf sin δf + flr cos δr − fsr sin δr + dx(2.8a)

m (v̇y + rvx) = flf sin δf + fsf cos δf + flr sin δr + fsr cos δr + dy(2.8b)

Jṙ = lf (flf sin δf + fsf cos δf ) − lr(flr sin δr + fsr cos δr) (2.8c)
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2.1.1 Tire Forces

Several tire friction models describing the nonlinear behaviour of the tire

forces are reported in the literature. There are static models as well as

dynamic models, models which are constructed based on heuristic data

as well as others which have been derived from physical behaviour. The

most reputed tire model is the Pacejka tire model, also known as ”magic

formula” and it is derived heuristically from experimental data. The

”magic formula” has been shown to suitably match experimental data

and is on the form:

fsi(αi) = Dy sin{Cyatan[(1 − Ey)Byαi + Eyatan(Byαi)]} (2.9)

fli(λi) = Dx sin{Cxatan[(1 − Ex)Bxλi + Exatan(Bxλi)]}. (2.10)

where fsi (fli) are the lateral (longitudinal) forces of the i−th tire

(i =front, rear) given by Pacejka tire model and the basics parameters

that appear in the Pacejka magic formula are the following: D is the

peak value of the curve (except for addition/shift), C is the shape factor

(determines the shape of the peak) and B,C,D and E variables are

functions of the wheel load, slip angle, slip ratio and camber. The lateral

forces depend on the term αi which represents the side slip angle αf , αr

which are defined as:

αf = δf − βf (2.11a)

αr = δr − βr (2.11b)

βf = arctan
(

vy+lf r
vx

)

(2.12a)

βr = arctan
(

vy−lrr
vx

)

(2.12b)
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The longitudinal forces depend on the term λi which represents the

longitudinal slip λf , λr which are defined as:

{

λi = (ωiRw − Vi) /Vi

Vi =
(

(vy ± rlf )2 + (vx ± rTf/2)2
)1/2 (2.13)

in which Vi are the wheels velocities in the ideal case of free rolling.

2.2 Linear Single Track Vehicle Model

The state variables in (2.8) are (vx, vy, r) while (δf , δr) are the input

variables in four wheel steering (4WS) vehicles. The linearized model

around the operating condition x∗ = 0 (vy = 0, r = 0), u∗ = 0 (δf = 0,

δr = 0) when the longitudinal speed is kept constant is given by the

following widely used equations [6] (see Fig. 2.2)

v̇y =
fsf (αf )

m
cos δf +

fsr(αr)

m
cos δr − rV

ṙ =
fsf (αf )lf

J
cos δf −

fsr(αr)lr
J

cos δr

which can be written in the following vectorial form:

ẋ = f (x,u) (2.14)

Linearizing the function f (x,u) by a Taylor series about x∗ = 0 e

u∗ = 0

ẋ = f (x,u) ≈ f (x∗,u∗)+
∂f

∂x

∣

∣

∣

∣

∣

x=x
∗

u=u
∗

(x − x∗)+
∂f

∂u

∣

∣

∣

∣

∣

x=x
∗

u=u
∗

(u − u∗) (2.15)

ẋ =
∂f

∂x

∣

∣

∣

∣

∣

x=x
∗

u=u
∗

x +
∂f

∂u

∣

∣

∣

∣

∣

x=x
∗

u=u
∗

u = Ax +Bu (2.16)
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the matrices A and B are computed as follows:

∂f

∂x
=

[

a11 a12

a21 a22

]

a11 =
(

∂fsf

∂αf

∂αf

∂vy

)

cos δf

m +
(

∂fsr

∂αr

∂αr

∂vy

)

cos δr

m

a12 =
(

∂fsf

∂αf

∂αf

∂r

)

cos δf

m +
(

∂fsr

∂αr

∂αr

∂r

)

cos δr

m − V

a21 =
(

∂fsf

∂αf

∂αf

∂vy

)

lf cos δf

J −
(

∂fsr

∂αr

∂αr

∂vy

)

lr cos δr

J

a22 =
(

∂fsf

∂αf

∂αf

∂r

)

lf cos δf

J −
(

∂fsr

∂αr

∂αr

∂r

)

lr cos δr

J

in which

∂fsf

∂αf

∣

∣

∣

∣

∣

αf=0

= cf (2.17)

∂fsr

∂αr

∣

∣

∣

∣

∣

αr=0

= cr (2.18)

∂αf

∂vy

∣

∣

∣

∣

∣

αf=0

= −
1

V
(2.19)

∂αr

∂vy

∣

∣

∣

∣

∣

αr=0

= −
1

V
(2.20)

∂αf

∂r

∣

∣

∣

∣

∣

αf=0

= −
lf
V

(2.21)

∂αr

∂r

∣

∣

∣

∣

∣

αr=0

= +
lr
V
. (2.22)
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∂f

∂x

∣

∣

∣

∣

∣

x=x
∗

u=u
∗

= A =













−
cf

mV − cr

mV −
cf lf
mV + crlr

mV − V

−
cf lf
JV + crlr

JV −
cf l2

f

JV − crl2r
JV













∂f

∂u

∣

∣

∣

∣

∣

x=x
∗

u=u
∗

=

[

b11 b12
b21 b22

]

b11 =
∂fsf

∂αf

∂αf

∂δf

cos δf
m

−
fsf

m
sin δf +

∂fsr

∂αr

∂αr

∂δf

cos δr
m

b12 =
∂fsf

∂αf

∂αf

∂δr

cos δf
m

+
∂fsr

∂αr

∂αr

∂δr

cos δr
m

−
fsr

m
sin δr

b21 =
∂fsf

∂αf

∂αf

∂δf

lf cos δf
J

−
lffsf

J
sin δf −

∂fsr

∂αr

∂αr

∂δf

lr cos δr
J

b22 =
∂fsf

∂αf

∂αf

∂δr

lf cos δf
J

−
∂fsr

∂αr

∂αr

∂δr

lr cos δr
J

+
lrfsr

J
sin δr

in which

∂αf

∂δf
= 1

∂αr

∂δf
= 0

∂αf

∂δr
= 0

∂αr

∂δr
= 1

∂f

∂u

∣

∣

∣

∣

∣

x=x
∗

u=u
∗

= B =













cf

m
cr

m

cf lf
J − crlr

J













The linearized system ẋ = Ax+Bu is equal to:
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[

v̇y

ṙ

]

=

[

a11 a12

a21 a22

] [

vy

r

]

+

[

b11 b12
b21 b22

] [

δf
δr

]

(2.23)

where
a11 = −(cf + cr)/mV
a12 = −V − (cf lf − crlr)/mV
a21 = −(cf lf − crlr)/JV
a22 = −(cf l

2
f + crl

2
r)/JV

(2.24)

b11 = cf/m b12 = cr/m
b21 = cf lf/J b22 = −crlr/J

(2.25)

and cf e cr are the lateral front and rear cornering stiffness. The

linear model can be also rewritten considering the vehicle sideslip angle

vy = v sinβ (2.26)

obtaining the following linear system:

[

β̇
ṙ

]

=

[

a11 a12

a21 a22

] [

β
r

]

+

[

b11 b12
b21 b22

] [

δf
δr

]

(2.27)

where

a11 = −
(cf+cr)

mv ,

a12 = −1 −
(cf lf−crlr)

mv2 ,

a21 = −
(cf lf−crlr)

J ,

a22 = −
(cf l2

f
+crl2r)
Jv ,

b11 =
cf

mv , b12 = cr

mv ,

b21 =
cf lf
J , b22 = − crlr

J .

(2.28)

The linearized steering dynamics will be considered to design the

control laws presented in this thesis.

2.3 The Driver Task

To capture the essential vehicle steering dynamic and to better under-

stand the driver task a brief single track vehicle analysis is carried out.
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2.3.1 Vehicle Dynamics Analysis

The transfer matrix of the second order system (2.23) are given by

[

vy(s)
r(s)

]

=

[

φ11(s) φ12(s)
φ21(s) φ22(s)

] [

δf (s)
δr(s)

]

. (2.29)

Each single transfer function of the matrix given before is:

φ11(s) =
vy(s)

δf (s)
=

b11s− b11a22 + a12b21
s2 − (a22 + a11)s+ a11a22 − a12a21

(2.30)

φ12(s) =
vy(s)

δr(s)
=

b12s− b12a22 + a12b22
s2 − (a22 + a11)s+ a11a22 − a12a21

(2.31)

φ21(s) =
r(s)

δf (s)
=

b21s+ a21b11 − b21a11

s2 − (a22 + a11)s+ a11a22 − a12a21
(2.32)

φ22(s) =
r(s)

δr(s)
=

b22s+ a21b12 − b22a11

s2 − (a22 + a11)s+ a11a22 − a12a21
(2.33)

where a11, a12, a21, a21, b11, b12, b21 and b21 are given in the previous

section; each transfer function has relative degree one.

The expressions of the zeroes of the four transfer function are:

z11 = −
lfcrlr − lfmV

2 + crl
2
r

JV

z12 = −
lrcf lf + lrmV

2 + cf l
2
f

JV

z21 = −
cr(lr + lf )

V mlf

z22 = −
cf (lr + lf )

V mlr

The bode diagram of the transfer function between the driver steering

wheel angle δf and the lateral velocity vy and between δf and the yaw
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Figure 2.3: Bode diagram of the transfer function between δf and vy at
V = 10 [m/s].
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Figure 2.4: Bode diagram of the transfer function between δf and r at
V = 10 [m/s].
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Figure 2.5: Bode diagram of the transfer function between δf and vy at
V = 30 [m/s].

−5

0

5

10

15

20

M
ag

ni
tu

de
 (

dB
)

10
−2

10
−1

10
0

10
1

10
2

−90

−45

0

P
ha

se
 (

de
g)

Bode Diagram Transfer Function δ
p
 −−> r

Frequency  (rad/sec)

Figure 2.6: Bode diagram of the transfer function between δf and r at
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Figure 2.7: Bode diagram of the transfer function between δf and vy at
V = 50 [m/s].
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rate r for different speed are shown in Fig. 2.3, Fig. 2.4, Fig. 2.5, Fig.

2.6, Fig. 2.7 and Fig. 2.8.

As shown in Fig. 2.3 and Fig. 2.5, the zero z11 of the transfer function

φ11(s) from δf to vy changes its sign with respect to the longitudinal

speed. The system (2.23) is minimum phase at low speed (V < 10 m/s)

and becomes non-minimum-phase at medium and high speed so that the

drive should compensate different lateral vehicle behaviours at different

speed. In Fig. 2.6 and Fig. 2.8 it is depicted that the yaw rate response

shows increasing resonances for increasing speed.

The steady-state values of r and vy, obtained from (2.23), are given by

[

vy

r

]

= −

[

a11 a12

a21 a22

]−1 [

b11 b12
b21 b22

] [

δf
δr

]

(2.34)

Expanding expression (2.34) using (2.24) and (2.25) yields:

vy = V
−cfcrl

2
r − cf lfcrlr +mV 2cf lf

−cfcrl2r − crcf l
2
f − 2cf lfcrlr +mV 2cf lf −mV 2crlr

δf

+ V
−crcf l

2
f − cf lfcrlr −mV 2crlr

−cfcrl2r − crcf l
2
f − 2cf lfcrlr +mV 2cf lf −mV 2crlr

δr (2.35)

r =
−V cfcr(lr + lf )

−cfcrl2r − crcf l
2
f − 2cf lfcrlr +mV 2cf lf −mV 2crlr

(δf − δr).

(2.36)

In a standard 2WS vehicle the steady-state values of r and vy are

function of the front steering angle only

vy = V
−cfcrl

2
r − cf lfcrlr +mV 2cf lf

−cfcrl2r − crcf l
2
f − 2cf lfcrlr +mV 2cf lf −mV 2crlr

δf

r =
−V cfcr(lr + lf )

−cfcrl2r − crcf l
2
f − 2cf lfcrlr +mV 2cf lf −mV 2crlr

δf (2.37)

and are drawn for different vehicle speed in Fig. 2.9 and Fig. 2.10.
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Figure 2.9: Steady state values of vy for different values of the longitu-
dinal speed.
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Figure 2.10: Steady state values of r for different values of the longitu-
dinal speed.
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The plot of eigenvalues versus longitudinal speed is given in Fig.

2.11. It is shown that the eigenvalues of an understeering vehicle be-

come complex conjugates, with negative real part, as the longitudinal

speed V increases. The damping factor of the eigenvalues tends to de-

crease as shown in Fig. 2.11. This results in an undesirable poorly

damped oscillatory behaviour at medium and high speed that may lead

to instability involving the driver’s reaction delay.
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1 < V < 50  [m/s]
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Im
ag

Figure 2.11: Uncontrolled vehicle eigenvalues for different speed (1 <
v < 50 [m/s]).

Moreover the phase portrait of the system

m(v̇y + rV ) = fsf (αf ) + fsr(αr) (2.38a)

Jṙ = lffsf (αf ) − lrfsr(αr) (2.38b)

for δf = 0 shows that the origin (vy = 0, r = 0) is the stable

and attractive equilibrium point. This equilibrium point corresponds

to a rectilinear uniform motion for a given longitudinal speed. In Fig.
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2.12 it is shown the phase portrait at v = 30 [m/s]; the oscillating

behaviour near the equilibrium points indicates that the linearized model

has complex conjugate eigenvalues.
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v
y
 [m/s]

r 
[r
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Figure 2.12: Phase portrait of the nonlinear single track model (2.38)
when δf=0 [rad], v=30 [m/s].

The phase portrait for different initial conditions and constant front

steering angle δf=0.01 rad is given in Fig. 2.13. The corresponding sta-

ble equilibrium point has r > 0 and vy < 0 and its domain of attraction

is reduced.

Increasing the front steering angle results in a new stable equilibrium

point closer to the unstable one as shown in Fig. 2.14. The domain of

attraction of the stable equilibrium point is greatly reduced if compared

with the one shown in Fig. 2.12 since some stable initial conditions in

Fig. 2.12 becomes unstable.

In conclusion, the driver directly controls only one state variable (or

one combination of them) by the front steering angle: he controls the

yaw rate when he is negotiating a turn or he controls the lateral devi-
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Figure 2.13: Phase portrait of the nonlinear single track model (2.38)
when δf=0.01 [rad], v=30 [m/s].

ation (directly related to the lateral speed) when he is performing an

overtaking. Moreover the driver should compensate different lateral be-

haviours at different speed both in transient and stedy state: the lateral

speed steady state gain changes with longitudinal speed (positive at low

speed and negative at medium and high speed); the lateral speed transfer

function is at minimum-phase at low speed and non minimum-phase at

medium and high speed. Furthermore poorly damped oscillatory modes

at high speed can induce resonances when drivers are inexperienced so

that the overall driver task is non trivial from a control viewpoint.

2.3.2 Driver Simulations

The difficult driver task can be observed also analyzing the following of

a given road curvature at a given constant longitudinal speed by means

of the driver steering wheel angle (δf ) and an external longitudinal force

(fm).
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Figure 2.14: Phase portrait of the nonlinear single track model (2.38)
when δf=0.02 [rad], v=30 [m/s].

m (v̇x − rvy) = flf cos δf − fsf sin δf + flr (2.39a)

m (v̇y + rvx) = flf sin δf + fsf cos δf + fsr (2.39b)

Jṙ = lf (flf sin δf + fsf cos δf ) − lrfsr (2.39c)

in which the longitudinal forces flf and flr are computed as follows:

flf = γfm (2.40a)

flr = (1 − γ)fm (2.40b)

where γ is a repartition parameter of the total longitudinal force.

The following simulation is computed inverting the non linear 3DOF

vehicle model for a giver road curvature (1/R) equal to 0.01 [m−1].

In Fig. 2.15 it is shown that the desired longitudinal speed and road
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curvature are followed. In Fig. 2.16 the required driver steering wheel

angle and longitudinal traction forces are shown. To avoid the typical

vehicle oscillations the driver must give a countersteer to track a ramp

reference on the yaw rate; the same behaviour can be observed for the

longitudinal traction force.
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Figure 2.15: References and vehicle dynamics for the yaw rate and the
longitudinal speed.
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Figure 2.16: Driver inputs to follow a ramp for the yaw rate and a
constant speed of v = 25 [m/s].
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Chapter 3
Asymptotic Decoupling Control

in Four Wheel Steering Vehicles

3.1 Control Design

The asymptotic decoupling feedback control law acting on the front and

rear steering angles is presented in this section. For a desired vehicle

sideslip angle βd and for a desired yaw rate reference rd the simple func-

tional scheme of the control system which is designed in Theorem 1 is

described in Fig. 3.1.

+

+

βd

δf

δr

r

v

rd

V ehicle
Control

Control

PIfront

PIrear

Figure 3.1: Functional scheme for the controlled system.

Theorem 1 Consider the model (2.27) and let (βd, rd) be the constant
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reference signals for (β, r) and r̃ = r − rd the yaw rate tracking error;

the controller






















δf = −Kpf r̃ −Kifα0 + βd

= −Kpf r̃ −Kif

∫ t
0 r̃ (τ) dτ + βd

δr = −Kprr̃ −Kirα0 + βd

= −Kprr̃ −Kir

∫ t
0 r̃ (τ) dτ + βd

α̇0 = r̃

(3.1)

with

Kpr = (−b11a21a11a
2
22 + (a12b11a

2
21 + (a12a11b21

− b11a
2
11 − (λ3 + λ1 + λ2)b11a11)a21 + a3

11b21
+ (λ3 + λ1 + λ2)b21a

2
11 + (λ1λ3 + λ1λ2

+ λ3λ2)b21a11 + b21λ1λ2λ3)a22 + (−b21a
2
12

+ (a11 + λ1 + λ3 + λ2)b11a12)a
2
21 + (−a2

11b21
− (λ3 + λ1 + λ2)b21a11 − b21(λ1λ2 + λ1λ3

+ λ3λ2))a12a21)/(−a21(a11a22 − a21a12)(b22b11
− b21b12))

(3.2)

Kpf = ((−a2
22a21a11b12 + (a2

21b12a12 + (a11a12b22
− a2

11b12 − (λ3 + λ2 + λ1)b12a11)a21 + b22a
3
11

+ (λ3 + λ2 + λ1)b22a
2
11 + (λ1λ3 + λ3λ2

+ λ1λ2)b22a11 + b22λ1λ2λ3)a22 + (−b22a
2
12

+ (λ1 + λ2 + a11 + λ3)b12a12)a
2
21 + (−b22a

2
11

− (λ2 + λ1 + λ3)b22a11 − b22(λ3λ2 + λ1λ2

+ λ1λ3))a12a21)/(a21(a11a22 − a21a12)(−b21b12
+ b22b11))

(3.3)

Kif = − λ3λ2λ1(a12b22−b12a22)
(a11a22−a21a12)(−b21b12+b22b11)

(3.4)

Kir = −
Kif (a22b11−a12b21)

a22b12−a12b22
(3.5)

and λ1 < 0, λ2 < 0, λ3 < 0 arbitrary negative real eigenvalues, achieves:

• Asymptotic Decoupling, i.e.

arbitrary steady state values for vehicle sideslip angle
(

lim
t→∞

|β (t) − βd| = 0
)

and yaw rate
(

lim
t→∞

|r (t) − rd| = 0
)

at any constant speed v;
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• Eigenvalues Assignment, i.e.

the real stable eigenvalues λi, 1 ≤ i ≤ 3, for the controlled system

(2.27,3.1) are arbitrarily placed at every constant speed v if the

vehicle has an understeering behaviour (cf lf < crlr).

Proof

Asymptotic Decoupling:

denoting by xc = [ β, r, α0 ]T the extended state variables, the con-

trolled linearized system (2.27,3.1) can be written in the state space form

ẋc = Acxc +Bc1rd +Bc2βd, by introducing the matrices:

Ac =









a11 ā12 ā13

a21 ā22 ā23

0 1 0









,

Bc1 =





b11Kpf + b12Kpr

b21Kpf + b22Kpr

−1



 , Bc2 =





b11 + b12
b21 + b22

0



 (3.6)

in which

ā12 = a12 − b11Kpf − b12Kpr,
ā13 = −b11Kif − b12Kir,
ā22 = a22 − b21Kpf − b22Kpr,
ā23 = −b21Kif − b22Kir.

The equilibrium point xe
c = −A−1

c Bc1rd − A−1
c Bc2βd for the controlled

system is equal to:

xe
c =











Kif (a12b21−a22b11)+Kir(a12b22−a22b12)
Kif (a21b11−a11b21)+Kir(a21b12−a11b22)

1

−a11a22+a21a12

Kif (a21b11−a11b21)+Kir(a21b12−a11b22)











rd

+











Kif (b12b21−b11b22)+Kir(b11b22−b12b21)
Kif (a21b11−a11b21)+Kir(a21b12−a11b22)

0

0











βd. (3.7)
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Substituting (2.28,3.5) in (3.7) the controlled system equilibrium point

is equal to:

xe
c =











0

1

−
lrmv2+cf (lrlf+lf

2)

v(lr+lf)cf Kif











rd +









1

0

0









βd. (3.8)

According to (3.8) the equilibrium values of the sideslip angle β and the

yaw rate r are βd and rd respectively. The exponential stability of xe
c is

shown in the following.

Eigenvalues Assignment:

substituting (3.5) in (3.6) the characteristic polynomial of the matrix Ac

is given by:

det(sI −Ac) = (s3 + d2s
2 + d1s+ d0) (3.9)

The coefficients in (3.9) are related to the control parameters as:

d2 = b21Kpf + b22Kpr − (a22 + a11)

d1 =
(

b22(a11(a12b22−b12a22)−a21b12a12)
−a12b22+b12a22

+ a21b12
2a22

−a12b22+b12a22

)

Kpr

−
(

a21b11(a12b22−b12a22)
−a12b22+b12a22

+ a11b21(b12a22−a12b22+)
−a12b22+b12a22

)

Kpf

−
(

a22b22b11−b21b12a22

−a12b22+b12a22

)

Kif − ax

d0 =
(

a11a22(b22b11−b12b21)
−a12b22+b12a22

+ a21a12(b12b21−b11b22)
−a12b22+b12a22

)

Kif

(3.10)

where

ax =
(a11a22 − a12a21)(a12b22 − b12a22)

−a12b22 + b12a22
.

Equation (3.10) may be rewritten in matrix form as

M





Kif

Kpr

Kpf



 =





d0

d1 + ax

d2 + (a11 + a22)





by introducing the matrix M given in Appendix (Table 7.4); since:

det [M ] = (b22b11−b21b12)2(a11a22−a21a12)a21

−a12b22+b12a22
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=
mv2(cf lf−crlr)−crcf L2

J3v2m2(lrmv2+lrcf lf+cf lf
2)
cf

2crL
2 (cf lf − crlr) (3.11)

det[M] 6= 0 if and only if

(cf lf 6= crlr) (3.12)

and

(crlr − cf lf )mv2 + crcfL
2 6= 0. (3.13)

Since by assumption (cf lf < crlr) then (3.12) and (3.13) hold and there-

fore det[M] 6= 0: the controlled system eigenvalues, which are the zeros of

the characteristic polynomial (3.9), can be arbitrarily placed at λ1, λ2, λ3

by a proper choice of the control parameter as follows




Kif

Kpr

Kpf



 = M−1





λ1λ2λ3

λ1λ2 + λ1λ3 + λ2λ3 + ax

λ1 + λ2 + λ3 + (a11 + a22)



 , (3.14)

where:
d0 = λ1λ2λ3;
d1 = λ1λ2 + λ1λ3 + λ2λ3;
d2 = λ1 + λ2 + λ3.

The computation of M−1 in (3.14) leads to (3.2,3.3,3.4).

Remark 1 According to (3.11) det[M]=0 in the following two cases:

1. if cf lf = crlr (neutral vehicle) then, substituting cf = crlr/lf , two

eigenvalues can be arbitrarily placed since rank[M]=2, while the

third eigenvalue is negative real for every velocity and is equal to:

cf (lf + lr)

lrmv
. (3.15)

2. if (crlr − cf lf )mv2 + crcfL
2 = 0, which may happen only when

cf lf > crlr (oversteering vehicle), then for the following velocity

v∗ =

√

cfcrL2

(cf lf − crlr)m
(3.16)
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the characteristic polynomial of the matrix Ac is given by:

λ(s) = (s2 + d1s+ d0)s (3.17)

According to (3.17) the controlled system has an eigenvalue in zero

while two eigenvalues can be arbitrarily placed since rank[M]=2.

The velocity v∗ (3.16) is equal to the critical speed defined in [14]

as the velocity above which an oversteering vehicle is unstable. If

v∗ is above the vehicle maximal speed then det[M]6= 0 for every

speed below v∗ so that in this case the eigenvalues of Ac may be

assigned according to (3.14) for oversteering vehicles as well.

Remark 2 The linearized model of a small SUV vehicle taken from

CarSimr, whose values are given in Appendix (Table 7.2 and Table

7.3), has an understeering behavior (cf lf < crlr). The uncontrolled ve-

hicle eigenvalues are computed from matrix A in (2.27) and are shown

in Fig. 3.2 when v ranges between 5 and 40 [m/s]. The possibility of

allocating real stable eigenvalues by the coordinated action of a PI con-

troller in rear steering and a proportional controller in front steering

from yaw rate error was established in [47]: this is a crucial property

since the appearance of poorly damped oscillatory modes at high speed

and/or low adherence makes the vehicle difficult to control. The contri-

bution of Theorem 1 with respect to [47] is to show that if a coordinated

integral action is also used for front wheel steering, (β, r) can be driven

to arbitrary constant references (βd, rd) including (0, rd) and (βd, 0): the

reference model which generates (βd, rd) from driver inputs or external

inputs can be freely designed while in [47] zero lateral speed is achieved

only at low longitudinal speed by a careful design of the reference model.

Moreover Theorem 1 gives an explicit parameterization of the PI decou-

pling control strategy.
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Figure 3.2: Uncontrolled vehicle eigenvalues for different velocities 5 ≤
v ≤ 40 [m/s].

Remark 3 The steady state values of the front and rear steering angle

are obtained from (2.27) as follows:

[

βd

rd

]

= −

[

a11 a12

a21 a22

]−1 [

b11 b12
b21 b22

] [

δf
δr

]

=

=

[

a12b21−a22b11
a11a22−a12a21

a12b22−a22b12
a11a22−a12a21

a21b11−a11b21
a11a22−a12a21

a21b12−a11b22
a11a22−a12a21

]

[

δf
δr

]

;

the values of δf and δr for a given equilibrium point (βd, rd) are:

δe
f = βd −

(a12b22 − a22b12) rd
b22b11 − b12b21

(3.18)

δe
r = βd −

(a22b11 − a12b21) rd
b22b11 − b12b21

. (3.19)

The steady state values of the front and rear steering angle (3.18) and

(3.19) are equal to the steady state values of the computed steering angles

for the proposed control law (3.1).
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The advantages introduced by the designed control law (3.1) with respect

to the feed forward control action (3.18) and (3.19) are given by the

feedback: the lateral speed and the yaw rate references are asymptoti-

cally tracked with exponential modes, constant disturbances on the yaw

rate dynamics are rejected by the integral part of the control law and

more robustness with respect to parameters variations, including speed,

is achieved.

Moreover, according to Theorem 1, the computed parameterization (3.14)

of the proposed control law in terms of the desired eigenvalues to be as-

signed allows to place the controlled systems eigenvalues so that a spe-

cific index (rise time, bandwidth, controllability or a combination) can

be min/maximized.

3.2 H∞ Optimized Decoupling

Theorem 1 guarantees at steady state the decoupling between the de-

sired vehicle sideslip angle and the desired yaw rate and gives a pa-

rameterization of the PI control parameters with respect to the desired

eigenvalues. To improve the transient responses a numerical optimiza-

tion of a weighted sum of the cross transfer functions H infinity norms

is performed with respect to the desired eigenvalues. Recall that the H

infinity norm is defined as:

‖H (jω)‖
∞

= sup
ω∈ℜ

‖H (jω)‖2 (3.20)

whereH(jω) is a generic transfer function. LetWβ,rd
(jω) be the transfer

function between the desired yaw rate and the sideslip angle, Wr,βd
(jω)

the transfer function between the desired sideslip angle and the yaw rate

and (γ1, γ2) two positive arbitrary weights such that γ1 + γ2 = 1; the

numerical minimization, on a compact set of negative real eigenvalues Ω
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of interest, is defined as:

min
λ∈Ω

(

γ1 ‖Wβ,rd
(jω)‖

∞
+ γ2 ‖Wr,βd

(jω)‖
∞

)

; (3.21)

since the controlled system is exponentially stable for each value of

λ1, λ2, λ3 according to Theorem 1, the two cross H infinity norms in

(3.21) exist and are finite for every λ ∈ Ω.

According to (3.21) the H infinity norm of the transfer functionWβ,rd
(jω)

may be minimized (γ1 = 1) so that, for zero lateral speed reference, the

yaw rate reference influence on the lateral dynamics is minimized. If a

non zero reference for the vehicle sideslip angle is chosen, a compromise

between the numerical optimization on both the cross transfer functions

Wβ,rd
(jω) and Wr,βd

(jω) may be obtained by a suitable choice of the

weights γ1 and γ2. In this paper the weights γ1 and γ2 are chosen

to be equal (γ1 = γ2 = 0.5) while the admissible set Ω is chosen as

Ω = {−20 ≤ λ1 ≤ −1, −20 ≤ λ2 ≤ −1, −300 ≤ λ3 ≤ −100}; the

minimum (3.21) is achieved at

λ1 = −4, λ2 = −4, λ3 = −200. (3.22)

In Fig. 3.3 the weighted sum of the cross transfer functions H infinity

norms (3.21) with γ1 = γ2 = 0.5 for different values of λ1 and λ2 and for

a given λ3 = −200 is reported: the strict minimum in Fig. 3.3 occurs at

λ1 = −4, λ2 = −4, λ3 = −200.

The Bode diagrams of the four transfer functions between the ref-

erence signals (βd, rd) and (β, r) of the controlled system (2.27,3.1), for

the chosen parameters (3.22), are shown in Fig. 3.4 and in Fig. 3.5:

recalling Fig. 3.2, Fig. 3.4 shows that the resonances are suppressed; in

Fig. 3.5 the Bode diagrams of the cross transfer functions Wβ,rd
(jω) and

Wr,βd
(jω) are given: attenuation greater than 20db for all frequencies

is obtained showing an almost decoupled behavior during transients as
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Figure 3.3: Weighted sum of the cross transfer functions H infinity norms
for the controlled vehicle at v = 30 [m/s].

well.

3.2.1 Zero Yaw Rate Reference

To analyze the achieved dynamic decoupling two different sideslip angle

references are given to the nonlinear controlled vehicle (2.8),(3.1) while

a zero yaw rate reference is set. Fig. 3.6 shows that the steady state

values of the front and the rear steering angles are equal: this is consis-

tent with equations (3.18) and (3.19) when rd is set equal to zero. Fig.

3.6 also shows that a substantial decoupling is maintained also during

transients: in particular the dependence of the yaw rate dynamics from

the vehicle sideslip angle reference is greatly reduced and the sideslip

reference signals are tracked with no oscillations.
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Figure 3.4: Bode diagrams of Wβ,βd
(jω) and Wr,rd

(jω) for the controlled
vehicle at v = 30 [m/s].
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Figure 3.5: Bode diagrams of Wr,βd
(jω) and Wβ,rd

(jω) for the controlled
vehicle at v = 30 [m/s].
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Figure 3.6: Responses to two increasing vehicle sideslip angle references
for the controlled vehicle at v = 30 [m/s].

3.2.2 Zero Lateral Speed Reference

While zero yaw rate may be desirable during lane keeping, in many four

wheel steering control systems ([1], [4]) the steady state value of the lat-

eral velocity is set to zero to improve comfort and manoeuvrability since

in this case the yaw rate and lateral acceleration are in-phase according

to the following equation:

ay = v̇y + rvx . (3.23)

Setting βd equal to zero from (3.18) and (3.19) it follows:

δr = −a22b11−a12b21
a22b12−a12b22

δf =
cf(lf mv2−crlr

2−lf crlr)
cr(lrcf lf+cf lf

2+lrmv2)
δf (3.24)

which implies:

Gn =
rd
δf

=
b22b11 − b21b12
a22b12 − a12b22

. (3.25)
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Equation (3.24), (see also [1] and [4]), guarantees, at steady state, zero

lateral speed: it implies that it is impossible to achieve zero lateral speed

by using only the front wheel steering angle as control input when δf = 0.

Equation (3.25) gives the ratio between yaw rate and the front steering

angle when β = 0. Fig. 3.7 shows that the static gain Gn in (3.25) which

is compatible with zero lateral speed is different from the uncontrolled

vehicle (δr = 0) static gain Gu between δf and r which is given by:

Gu = lim
s→0

C (sI −A)−1B

= a21b11−b21a11

a11a22−a12a21

(3.26)

where:

C = [0 1].
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Figure 3.7: Static gain of the transfer function from δf to r.

In the proposed control law (3.1) zero lateral speed can be obtained

by setting βd equal to zero. Consequently the ratio of the steady state

values of the computed steering angles for the controlled vehicle is equal
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to (3.24); however an arbitrarily static gain from the driver wheel input

to the yaw rate may be chosen which gives an additional degree of free-

dom to the designer.

To compare the driveability and the handling of both the uncontrolled

and the controlled vehicle, the ratio between the steering wheel and the

yaw rate reference is chosen as in (3.26) (i.e. rd = Guδp). The Bode

diagrams of the transfer functions from δp to vy and r are first com-

pared and then the responses to a step input of the controlled nonlinear

model (2.8),(3.1) and of the uncontrolled model (2.8) in which the steer-

ing wheel angle is equal to a fixed steering gear ratio multiplied by the

driver steering wheel angle (δf = 1/18δp) are analyzed.

According to (3.5) the numerator of the transfer function between the

driver steering wheel input and the lateral velocity (3.27) is given by

num(δp → vy) = Gu (Kprb12(a12b22 − b12a22)
+ Kpfb11(a12b22 − b12a22)) s

2

+Gu

(

Kifa12(b11b22 − b12b21) +Kpr(b12
2a22

2

+a12
2b22

2 − 2a22a12b22b12) +Kpf (b12a22
2b11

−a22a12b22b11 + a12
2b22b21 − a12b12a22b21))s

(3.27)

which vanishes at s = 0. The reduction of the lateral velocity is con-

firmed, for the range of frequencies of interest, by comparing the Bode

diagrams for the controlled and uncontrolled vehicle of the transfer func-

tion between the driver input and the lateral velocity in Fig. 3.8. This

analysis confirms that the previously defined steady state benefit for the

lateral dynamics is extended to the frequency range of interest. The

lateral velocity reduction increases also the comfort: in fact the Bode

diagram in Fig. 3.9 of the transfer function between yaw rate and lat-

eral acceleration (Way ,r(jω)) shows an improved comfort since the phase

lead and the magnitude are reduced over a wide range of frequencies.

Fig. 3.10 shows the suppressed resonances and the enlarged bandwidth

for the transfer function between δp and r for the controlled vehicle.

To confirm the achieved dynamic decoupling a yaw rate reference
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Figure 3.8: Bode diagrams of the transfer functions between δp and vy

for the uncontrolled and the controlled vehicle at v = 30 [m/s].
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controlled vehicle at v = 30 [m/s].
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Figure 3.10: Bode diagrams of the transfer functions between δp and r
for the uncontrolled and the controlled vehicle at v = 30 [m/s].

(rd = Guδp) is given to the nonlinear controlled vehicle (2.8),(3.1) while

a zero vehicle sideslip angle reference is set. Both the uncontrolled and

the controlled vehicle responses to a step steering angle are shown in

Fig. 3.11 for the non linear model (2.8): the suppression of overshoot

in the yaw rate response, the zero steady state value and the reduced

transient response of the lateral velocity to a driver steering angle are

clearly shown in Fig. 3.11.

3.3 Robustness Analysis

Many variations may occur from the nominal vehicle parameters: the

cornering stiffnesses may change due to different road adherence condi-

tions and/or low tire pressure, the vehicle mass and moment of inertia

change from unloaded to full load conditions. Setting a variation of
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Figure 3.11: Sudden direction changes for the uncontrolled and the con-
trolled vehicle at v = 30 [m/s].

±20% for cf , cr, m and J with respect to the nominal parameters, the

controlled system is analyzed by means of the eigenvalues displacement

and the Bode diagrams of both the uncontrolled and the controlled sys-

tems. The improvements shown for the nominal parameters are main-

tained for variations from nominal values in the range (0,±20%) for cf ,

cr, m, J as far as the eigenvalues assignment is concerned: the controlled

vehicle has real modes or complex modes with a damping coefficient

greater than 0.7 while the uncontrolled vehicle may have poorly damped

oscillations with a damping coefficient smaller than 0.7 as shown in Fig.

3.12 in which 34 eigenvalues displacements are reported corresponding

to three variations for each parameter. In Fig. 3.13 and Fig. 3.14 the

transfer functions between δp and vy, between δp and r and between ay

and r are plotted for nine combinations of front cornering stiffness cf

(cf(nominal) ± 20%) and rear cornering stiffness cr (cr(nominal) ± 20%).

Fig. 3.13 shows that the lateral velocity is greatly reduced also in cor-

rispondence to vehicle parameters variations while the oscillations and
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the static gain variations are suppressed while the bandwidth is enlarged

for the yaw rate dynamics. In Fig. 3.14 the improved comfort is also

confirmed by the reduced phase lead for the transfer function Way ,r(jω).

More robustness with respect to parameters variations is obtained by the

the proposed feedback control strategy.
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Figure 3.12: Uncontrolled and controlled vehicle eigenvalues for param-
eters variations at v = 30 [m/s].

3.4 Nonlinear Reference Model Design

The generation of the desired reference signals βd and rd is an important

issue for the control system in Fig. 3.1. As in [47], the steering wheel

angle given by the driver is the input δp to a non linear first order

reference model which, according to the velocity v, generates the yaw

rate references signal rd or equivalently, for a given velocity, the lateral
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Figure 3.13: Bode diagrams of the transfer functions between δp and vy

and between δp and r with respect to nine cornering stiffnesses pairs at
v = 30 [m/s].

acceleration reference ayd. The reference model is defined as:

ȧyd = −λref (v)

(

ayd − sat
ay max

[G (δp, v) δpv]

)

rd =
ayd

v

(3.28)

where λref (v) is a positive design parameter and G(δp, v) is the imposed

static gain between δp and r which may depend on δp and on tire-road

adherence conditions. The gain G(δp, v) is obtained from the uncon-

trolled vehicle by storing the steady state yaw rate values in a lookup

table for different steering angles, vehicle velocities and adherence con-

ditions; the yaw rate references G(δp, v)δp for the vehicle used in this

paper in dry conditions are shown in (Fig. 3.15).

In (3.28) the saturation with respect to the lateral acceleration aymax

is used to increase safety and to avoid unstable vehicle behaviours due

to inadmissible driver steering inputs. The values of aymax can be set
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Figure 3.14: Bode diagrams Way ,r(jω) with respect to nine cornering
stiffnesses pairs at v = 30 [m/s].

greater than the maximum uncontrolled vehicle lateral acceleration to

improve the performance of the controlled vehicle. The driver could

change the set-up of the vehicle by changing the nonlinear reference

model by means of a selector on the steering wheel: the map G(δp, v)

may be changed to adapt to different road conditions and different ve-

hicle performance limits.

Similarly to the yaw rate reference the sideslip angle reference can be

computed from uncontrolled vehicle measurements by storing the steady

state lateral velocity value in a lookup table for different steering angles

and vehicle velocities. Furthermore the desired sideslip angle can be

related to external inputs such as an auxiliary driver input or can be

received from collision avoidance radar information systems, artificial

visual systems or instrumented roads equipped with info structures [15]

for instance to perform an automated lane keeping.
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Figure 3.15: Yaw rate references for different driver steering wheel input
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3.5 Simulation Results on a CarSimr Vehicle

A full vehicle model of a standard CarSimr small SUV (see Fig. 3.16)

is used to analyze the responses of both the uncontrolled and the con-

trolled vehicle and to check robustness with respect to combined lateral

and longitudinal tire forces effects and to unmodelled dynamics such as

pitch and roll. The simulated vehicle has independent front suspension

system and a rear solid axle; the front and rear wheel are 205/70R15;

the transmission is automatic which has five gears and the engine is a

2.5L (118KW) four wheel drive. CarSimr vehicle takes into account

the major kinematics and compliance effects of the suspensions (nonlin-

ear spring models) and steering systems and uses detailed nonlinear tire

models according to combined slip theory.

The simulations are performed using in (3.28) the uncontrolled ve-

hicle static gain G(δp, v) obtained from CarSimr by storing the steady

state yaw rate values in a lookup table for different steering angles and
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Figure 3.16: CarSim user interface.

vehicle velocities on dry roads. The controller (3.1) with βd = 0 is

parametrized according to (3.22).

3.5.1 Sudden Direction Changes

Two canonical manoeuvres, such as sudden direction changes, are sim-

ulated for two increasing driver steering wheel angles. Fig. 3.17 shows:

the two increasing driver inputs; the corresponding two computed front

and rear control steering angles, the two uncontrolled and controlled ve-

hicle sideslip angles and the two yaw rate controlled and uncontrolled

signals. The proposed control counteracts the yaw rate tracking errors

so that the oscillations are suppressed and lateral speed is reduced both

during transients and in steady state.
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Figure 3.17: Sudden direction changes for the uncontrolled(u) and the
controlled(c) CarSimr vehicle model at v = 30 [m/s].

3.5.2 Nonlinear Car Model Inversion

To compare the driver control efforts in driving both the uncontrolled

vehicle and the controlled one on the same XY-trajectory the same lon-

gitudinal and lateral acceleration profile is set for both vehicles. To set

zero longitudinal acceleration CarSim uses a feedback speed controller

to simulate the action of a driver whose goal is to maintain a target

speed which can be specified either as a function of time or as a function

of road position: the speed controller uses the brakes to slow the vehicle

down and to reproduce the behaviour of a cruise controller. To set the

desired lateral acceleration profile a PI control on the error between the

lateral acceleration in the fixed reference system and the desired lateral

acceleration reference is used for the driver command

δp = P (Ayref −Ay) + I

(
∫ t

0
(Ayref −Ay)dt

)

. (3.29)
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Figure 3.18: Coincident XY-trajectory for the uncontrolled(u) and the
controlled(c) CarSimr vehicle model at v = 30 [m/s].

The results for both the uncontrolled and the controlled systems, when

the driver is modelled according to (3.29), are shown in Fig. 3.18 and

Fig. 3.19. The desired lateral acceleration is tracked for both the ve-

hicles as shown in Fig. 3.18 so that the same path in the XY-plane is

followed. Fig. 3.19 shows the front and rear steering control actions

which suppress the oscillations and reduce the vehicle sideslip angle so

that the driver steering angle is much smoother for the controlled vehi-

cle than for the uncontrolled one: a reduced control effort is required to

drive the controlled vehicle.

3.5.3 Moose Test

The moose test is finally performed to check the robustness of the pro-

posed control law with respect to a driver controller modelled in CarSim

which uses an optimal feedback control strategy to follow a prescribed
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Figure 3.19: Coincident XY-trajectory for the uncontrolled(u) and the
controlled(c) CarSimr vehicle model at v = 30 [m/s].

path; in this case the path is part of the ISO/DIS 3888 standard. The

test is defined by a pre-determined cone placement in the road and the

manoeuvre is carried out on a dry surface. To show the improved perfor-

mance two moose tests are performed at increasing speeds for both the

uncontrolled and the controlled vehicle. For the first moose test, carried

out at v = 30 [m/s], Fig. 3.20 shows the reduced oscillations for the

yaw rate dynamics and lateral velocity and the time intervals in which

the front and the rear steering angles have opposite sign. The binding

test is performed sucessfully for both vehicles: the uncontrolled vehi-

cle reaches a lateral acceleration value equal to ayu = 7.5 [m/s2] while

the controlled vehicle has a lower maximal lateral acceleration equal to

ayc = 6.7 [m/s2] showing an increased safety margin with respect to

the maximum lateral acceleration. For the moose test, carried out at

v = 35 [m/s], the proposed control reduces, especially during the sec-

ond direction change, the yaw rate oscillations allowing the driver to
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perform successfully the test with a maximum lateral acceleration equal

to 8.5 [m/s2] while the uncontrolled vehicle rolls over. Fig. 3.21 shows

the action of the front and rear steering angles in response to the driver

steering wheel angle and the needed counter phase action of the rear

wheels with respect to the front wheels to obtain a faster response for

the yaw rate dynamics.

Several realistic simulations confirm that driveability and safety are im-

proved by the proposed control.
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Figure 3.20: Moose test for the uncontrolled(u) and the controlled(c)
CarSimr vehicle model at v = 30 [m/s].
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Figure 3.21: Moose test for the uncontrolled(u) and the controlled(c)
CarSimr vehicle model at v = 35 [m/s].
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Chapter 4
Integrated Control of Active

Front Steering and Electronic

Differentials in Four Wheel Drive

Vehicles

4.1 Introduction

In this chapter the integrated control of front and rear active differentials

with active front steering is investigated in order to improve vehicle

dynamics (i.e. suppress resonances and enlarge the bandwidth of the yaw

rate tracking dynamics), safety and to avoid the drawbacks due to the

action of a mechanical self-locking differential which may cause undesired

understeering or oversteering behaviours in critical manoeuvres.

To design the control a double track vehicle model is introduced to

extend the previously defined lumped model.

4.2 Double Track Vehicle Models

A detailed standard CarSimr small SUV model is used in numerical

simulations to analyze the responses of both the uncontrolled and the
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controlled vehicle. However to capture the essential vehicle steering

dynamics and to design the controller a simplified non linear seventh

order model is presented and analyzed in this section. The non linear

model is described by the following equations:



































































































































v̇x = rvy + (Flf l cos δf + Flfr cos δf − Fsfl sin δf
−Fsfr sin δf + Flrl + Flrr − cavx

2)/m

v̇y = −rvx + (Flf l sin δf + Flfr sin δf + Fsfl cos δf
+Fsfr cos δf + Fsrl + Fsrr)/m

ṙ = (lf (Flf l sin δf + Flfr sin δf + Fsfl cos δf
+Fsfr cos δf ) − lr(Fsrl + Fsrr) − (Flf l cos δf
−Flfr cos δf − Fsfl sin δf + Fsfr sin δf )Tf/2
(Flrl − Flrr)Tr/2)/J

ω̇fl = −(RwFlf l − Teng1
+ Td1)/Jw

ω̇fr = −(RwFlfr − Teng2
− Td1)/Jw

ω̇rl = −(RwFlrl − Teng3
+ Td2)/Jw

ω̇rr = −(RwFlrr − Teng4
− Td2)/Jw

(4.1)

where vy (vx) are the vehicle lateral (longitudinal)velocity, v is the

vehicle velocity, β is the vehicle slip angle (see Fig. 4.1), r is the vehicle

yaw rate, ωij are the wheel speed, δf is the front steer angle, lf (lr) is

the longitudinal distance from the front (rear) axle to the center of mass,

Tf (Tr) is the front (rear) distance from the wheels on the same axle, ca

is the aerodynamics drag coefficient, m is vehicle mass, J is the vehicle

inertia with respect to the vertical axle through to the center of mass,

Jw are the wheels inertia, Rw are the wheels radius, Tengi
is the net

torque due to the engine to the wheels, Td1 and Td2 are the transferred

torque between the front and rear wheels respectively and Fs (Fl) are

the lateral (longitudinal) forces given by Pacejka tire model, [13], and
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are defined as in (2.9,2.10). The lateral forces (2.9) depend on the front

(rear) wheel sideslip angle αf (αr) which are defined, for a double track

vehicle model, as:

{

αfl = δf − βfl; αrl = −βrl;
αfr = δf − βfr; αrr = −βrr

(4.2)

in which















βfl = ((vy + rlf ) / (vx − rTf/2))
βfr = ((vy + rlf ) / (vx + rTf/2))
βrl = ((vy − rlr) / (vx − rTr/2))
βrr = ((vy − rlr) / (vx + rTr/2))

(4.3)

The longitudinal forces (2.10) depend on the front (rear) longitudinal

wheel slip λf (λr) which are defined as:

{

λi = (ωiRw − Vi) /Vi

Vi =
(

(vy ± rlf )2 + (vx ± rTf/2)2
)1/2

.
(4.4)

The system (4.1) is linearized about uniform rectilinear motion (vx =

v = constant, r = 0, vy = 0, δf = 0, Td1 = 0, Td2 = 0): the linearized

system, ẋ = Ax+Bu, is given by:

A =





















a11 0 0 a14 a15 a16 a17

0 a22 a23 0 0 0 0
0 a32 a33 a34 a35 a36 a37

a41 0 a43 a44 0 0 0
a51 0 a53 0 a55 0 0
a61 0 a63 0 0 a66 0
a71 0 a73 0 0 0 a77





















, (4.5)

x =





















vx

vy

r
ωfl

ωfr

ωrl

ωrr





















, B =





















0 0 0
b21 0 0
b31 0 0
0 b42 0
0 b52 0
0 0 b63
0 0 b73





















, u =





δf
Td1

Td2



 . (4.6)
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Figure 4.1: Full car model.

where the front steering angle δf and the torques Td1 and Td2 are

the control inputs. By introducing the coordinates x̄ = Tx, we obtain

the following linear system, ˙̄x = Āx̄+ B̄u , in which the new state space

variable are the sum and the difference between the front and rear wheel

speed:
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x̄ = Tx =





















(ωfl + ωfr) /2
(ωrl + ωrr) /2

vx

vy

r
ωfl − ωfr

ωrl − ωrr





















=





















ω̄f

ω̄r

vx

x̄1

x̄2

x̄3

x̄4





















dx̄
dt =





















a11 0 a13 0 0 0 0
0 a22 a23 0 0 0 0
a31 a32 a33 0 0 0 0
0 0 0 a44 a45 0 0
0 0 0 a54 a55 a56 a57

0 0 0 0 a65 a66 0
0 0 0 0 a75 0 a77





















x̄

+





















0 0 0
0 0 0
0 0 0

b41 0 0

b51 0 0

0 b62 0

0 0 b73

























δf
Td1

Td2



 .

(4.7)

The system (4.7) is decoupled in two subsystems: the first one is

an autonomous system (neglecting the engine) and describes the third

order longitudinal dynamics, and the second one represents the fourth

order lateral dynamics. Neglecting the longitudinal dynamics the lateral

dynamics becomes

ż = Āz + B̄u (4.8)

with z = [vy r x̄3 x̄4]
T . The entries in the matrices Ā and B̄,

which may depend on v, are:
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ā44 = −
2(cyf+cyr)

mv , ā45 = −
(mv2+2cyf lf−2cyrlr)

mv ,

ā54 = −
2(cyf lf−cyrlr)

Jv , ā55 = −
(4l2

f
cyf+4l2rcyr+T 2

f
cxf+T 2

r cxr)

2Jv ,

ā56 = −
Tf cxf Rw

2Jv , ā57 = −TrcxrRw

2Jv , ā65 = −
Tf cxf Rw

Jwv ,

ā66 = −
R2

wcxf

Jwv , ā75 = −TrcxrRw

Jwv , ā77 = −R2
wcxr

Jwv ,

b̄41 =
2cyf

m , b̄51 =
2cyf lf

J , b̄62 = b̄73 = 2
Jw
.

(4.9)

The vehicle parameters, whose values are identified from a small

SUV CarSimr model used in the simulation paragraph, are given in

Appendix (Table 7.5 and Table 7.6).

4.3 Integrated Control with Active Differentials

4.3.1 Control Design

The integrated feedback control law acting on the front steering angle

and on the active front and rear differentials is presented in this section.

Considering the first two equations of the linear decoupled vehicle model

(4.8) the following equations can be written:

[

v̇y

ṙ

]

=

[

ā44 ā45

ā54 ā55

] [

vy

r

]

+

[

0
ā56

]

z3 +

[

0
ā57

]

z4 +

[

b̄41
b̄51

]

δf

(4.10)

in which the front and the rear wheel speed difference z3 = ωfl −ωfr

and z4 = ωrl − ωrr can be viewed as control inputs to generate a yaw

moment in addition to the active front steering action. The designed ac-

tive front steering control for δf is a proportional-integral (PI) controller

from the yaw rate error as in [11]; the PI feedback control algorithm can

be written as follows (Kpf and Kif are positive parameters):

{

δf = −Kpf r̃ −Kif

∫ t
0 r̃ (τ) dτ = −Kpf r̃ −Kifα0

α̇0 = r̃
(4.11)
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where: r̃ = r − rd and rd is the desired yaw rate constant reference.

Define the variables z̃3 and z̃4 as follows:

z̃3 = z3 − z∗3 − z3d

z̃4 = z4 − z∗4 − z4d
(4.12)

with

z∗3 = γKpMz (r − rd)
z∗4 = (1 − γ)KpMz (r − rd) ,

(4.13)

in which γ, 0 ≤ γ ≤ 1, is a repartition parameter to assign the

percentage of yaw moment to be generated by front and rear wheels and

z3d and z4d are the constant desired reference signals for the front and

rear wheel speed differences. The error dynamics for the new state space

variables z̃3 and z̃4 are:

˙̃z3 = ā65r + ā66z̃3 + ā66z
∗
3 + ā66z3d + b̄62Td1 − ż∗3

˙̃z4 = ā75r + ā77z̃4 + ā77z
∗
4 + ā77z4d + b̄73Td2 − ż∗4

(4.14)

in which, from (4.13), ż∗3 and ż∗4 are equal to:

ż∗3 =
∂z∗

3

∂r
∂r
∂t = γKpMz ṙ

ż∗4 =
∂z∗

4

∂r
∂r
∂t = (1 − γ)KpMz ṙ.

(4.15)

Substituting (4.15) in (4.14) the error dynamics of the front and rear

wheel speed differences are:

˙̃z3 = ā65r + ā66z̃3 + ā66z
∗
3 + ā66z3d + b̄62Td1

− γKpMz(ā54vy + ā55r + ā56z3 + ā57z4 + b̄51δf )
˙̃z4 = ā75r + ā77z̃4 + ā77z

∗
4 + ā77z4d + b̄73Td2

− (1 − γ)KpMz(ā54vy + ā55r + ā56z3 + ā57z4 + b̄51δf ).

(4.16)

The active front and rear differentials controls are defined as follows:



































Td1 = − 1
b̄62

[ ā66z
∗
3 − (γKpMz(ā55r + ā56z3 + ā57z4

+ b̄51δf )) ] −Kp1z̃3 −Ki1α1

Td2 = − 1
b̄73

[ ā77z
∗
4 − ((1 − γ)KpMz(ā55r + ā56z3 + ā57z4

+ b̄51δf )) ] −Kp2z̃4 −Ki2α2

α̇1 = z̃3
α̇2 = z̃4

(4.17)
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so that the controlled linear system (4.8,4.11,4.17) can be written in

the state space form

ẋc = Acxc +Bcuc (4.18)

in which:

Ac =





















0 0 1 0 0 0 0
ac21 ac22 ac23 0 0 0 0
ac31 ac32 ac33 ac34 ac35 0 0
0 ac42 ac43 ac44 0 ac46 0
0 ac52 ac53 0 ac55 0 ac57

0 0 0 1 0 0 0
0 0 0 0 1 0 0





















,

xc =
[

α0 vy r z̃3 z̃4 α1 α2

]T
,

(4.19)

Bc =

































−1 0 0

b̄41Kpf 0 0

b̄51Kpf −KpMz(ā56γ + ā57(1 − γ)) ā56 ā57

0 ā66 0

0 0 ā77

0 0 0

0 0 0

































,

uc =
[

rd z3d z4d

]T
,

(4.20)

and the entries in the matrix Ac are:

ac21 = −b̄41Kif , ac22 = ā44, ac23 = ā45 − b̄41Kpf ,
ac31 = −b̄51Kif , ac32 = ā54,
ac33 = ā55 +KpMz(ā57(1 − γ) + ā56γ) − b̄51Kpf ,
ac34 = ā56, ac35 = ā57, ac42 = −γKpMzā54,
ac43 = ā65, ac44 = ā66 −Kp1b̄62, ac46 = −Ki1b̄62,
ac52 = (γ − 1)KpMzā54, ac53 = ā75, ac55 = ā77 −Kp2b̄73,
ac57 = −Ki2b̄73.

(4.21)
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The error dynamics for the state space variables z̃3 and z̃4 of the

controlled system are:















˙̃z3 =
(

ā66 −Kp1b̄62
)

z̃3 −Ki1b̄62
∫ t
0 z̃3 (τ) dτ

+ γKpMzā54vy + ā65r + ā66z3d

˙̃z4 =
(

ā77 −Kp2b̄73
)

z̃4 −Ki2b̄73
∫ t
0 z̃4 (τ) dτ

+ (1 − γ)KpMzā54vy + ā75r + ā77z4d

(4.22)

In the design of the controlled system the lateral speed measurement

is not used since it can be hardly measured using optical sensors with

high cost and low accuracy and reliability, and it can be estimated on

line from available signals only with unnegligible errors due to parame-

ters uncertainty.

In order to choose the six control parameters in (4.11) and (4.17) the

controlled system (4.18) is investigated using singular perturbation anal-

ysis and a Lypunov analysis.

4.3.2 Singular Perturbation Analysis

Since the steering dynamics are physically slower than the wheel speed

dynamics a singular perturbation analysis [51] is carried out.

The controlled linear system (4.18) can be written as:

ẋc = Ac

[

xc1

xc2

]

+

[

bc1
bc2

]

uc (4.23)

with:

Ac =

[

Ac11 Ac12

Ac21 Ac22

]

, (4.24)

xc1 =





α0

vy

r



 , xc2 =









z̃3
z̃4
α1

α2









. (4.25)
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Defining the new time scale τ = t/J the controlled linear system

(4.23), in the error variables x̃c = xc − xd with xd = −A−1
c Bcuc,

x̃c =

[

x̃c1

x̃c2

]

=





















α̃0

ṽy

r̃
z̃3
z̃4
α̃1

α̃2





















, (4.26)

can be rewritten as follows:

[

d
dτ x̃c1

ǫ d
dτ x̃c2

]

=

[

Ãc11 Ãc12

Ãc21 Ãc22

] [

x̃c1

x̃c2

]

(4.27)

with ǫ = Jw/J a small positive scalar. The equations (4.27) are

written according to [51] in the slow subsystem and the fast subsystem.

We recall from [51] p.57-58 the following result which will be applied to

(4.27).

Corollary 1

If Ã−1
c22 exists and if A0 and Ãc22 are Hurwitz matrices with A0 = Ãc11−

Ãc12Ã
−1
c22Ãc21, then there exists an ǫ∗ > 0 such that for all ǫ ∈ (0, ǫ∗] the

system (4.27) is asymptotically stable.

Moreover as ǫ → 0 the first three eigenvalues of the system (4.27) tend

to fixed positions in the complex plane defined by the eigenvalues of A0

namely λ̃i(A0) while the remaining four eigenvalues of the system (4.27)

tend to infinity, with the rate 1/ǫ, along asymptotes defined by the

eigenvalues of Ãc22 namely λ̃i(Ãc22)/ǫ. Futhermore, if the eigenvalues of

A0 and Ãc22 are distinct then the eigenvalues of the system (4.27) are

approximated as
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λ̃i = λ̃i(A0) +O(ǫ) i = 1..3

λ̃i = [λ̃j(Ãc22) +O(ǫ)]/ǫ i = 4..7, j = 1..4
(4.28)

Eigenvalues Assignment

The aim of the following paragraph is to give a procedure to indepen-

dently assign the eigenvalues of the steering dynamics and the eigenval-

ues of the wheel speed dynamics using Corollary 1. The computation of

det(Ãc22) gives:

det(Ãc22) = 4J2
wKi1Ki2. (4.29)

Equation (4.29) implies that Ã−1
c22 exists while, computing the square

matrix A0 = Ãc11 − Ãc12Ã
−1
c22Ãc21 from (4.27) and obtaining A0 = Ãc11

we need to guarantee that both the matrix A0 and Ãc22 are Hurwitz.

Using the following two lemmas we satisfy all the hypothesis of Corollary

1 so that ǫ exists such that the eigenvalues of the integrated controlled

systems tend to the eigenvalues of A0 and Ãc22 which are the steering

and the wheel dynamics eigenvalues respectively.

Lemma 1

Let λ̃1 < 0, λ̃2 < 0, λ̃3 < 0 be arbitrary negative real eigenvalues, if the

control parameters KpMz, Kpf and Kif are chosen as follows:

KpMz = (−b̄251λ̃1λ̃2λ̃3 + b̄251ā44(λ̃1λ̃2 + λ̃2λ̃3 + λ̃1λ̃3)

− b̄251ā
2
44(λ̃1 + λ̃2 + λ̃3) − b̄51b̄41(ā

2
54ā45 + 2ā2

44ā54)

− ā2
54b̄

2
41(λ̃1 + λ̃2 + λ̃3 − ā44 − ā55) + ā54ā45b̄

2
51ā44 + b̄251ā

3
44

+ 2b̄51ā44ā54b̄41(λ̃1 + λ̃2 + λ̃3 − ā55)

− b̄51ā54b̄41(λ̃2λ̃3 + λ̃1λ̃3 + λ̃1λ̃2))/(ā54b̄41(ā54b̄41ā57(1 − γ)
− ā56γ(b̄51ā44 − ā54b̄41) − b̄51ā44ā57(1 − γ)))

(4.30)

81



i

i

“PHD thesis” — 2009/1/28 — 18:33 — page 82 — #87
i

i

i

i

i

i

Kpf = (ā54b̄41(λ̃1λ̃2 + λ̃1λ̃3 + λ̃2λ̃3) + b̄51λ̃1λ̃2λ̃3

+ b̄51ā
2
44(λ̃1 + λ̃2 + λ̃3) − b̄51ā44(λ̃1λ̃2 + λ̃2λ̃3 + λ̃1λ̃3)

+ ā2
54ā45b̄41 + ā2

44ā54b̄41 − b̄51ā
3
44 − ā54ā45b̄51ā44

− ā44ā54b̄41(λ̃1 + λ̃2 + λ̃3))/((ā54b̄41 − b̄51ā44)ā54b̄41)

(4.31)

Kif = −λ̃1λ̃2λ̃3/(ā54b̄41 − b̄51ā44); (4.32)

the integrated control law (4.11,4.17) arbitrarily assigns real stable

eigenvalues λ̃i, 1 ≤ i ≤ 3, to the time scaled steering dynamics Ãc11 at

every constant speed v provided that the vehicle does not have a neutral

behaviour (cyf lf 6= cyrlr).

Proof

The characteristic polynomial of the matrix Ãc11 is given by:

det(sI − Ãc11) = (s3 + d2s
2 + d1s+ d0). (4.33)

The coefficients in (4.33) are related to the control parameters as:

d2 = −ā44 − ā55 + ā56KpMzγ + b̄51Kpf + ā57KpMz(1 − γ)
d1 = ā44ā55 −Kpf (b̄51ā44 − ā54b̄41) − ā54ā45 −KpMzγā44ā56

+ b̄51Kif −KpMzā44ā57(1 − γ)
d0 = b̄41Kif ā54 − b̄51Kif ā44.

(4.34)

Equation (4.34) may be rewritten in matrix form as

M





KpMz

Kpf

Kif



 =





d0

d1 + (ā54ā45 − ā44ā55)
d2 + (ā44 + ā55)





by introducing the matrix M
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M =





0 0 ā54b̄41 − b̄51ā44

(γ − 1)(ā44ā57) − γā44ā56 ā54b̄41 − b̄51ā44 b̄51
ā57(1 − γ) + ā56γ b̄51 0





since:

det [M ] = γā44ā56ā54b̄41b̄51 + ā44ā57ā54b̄41b̄51(1 − γ)
− ā2

54b̄
2
41ā56γ − ā2

54b̄
2
41ā57(1 − γ).

(4.35)

Substituting the vehicle parameters in 4.35 det[M ] is computed as

follows:

det [M ] = −
8LRwc2

yf
cyr(Tf cxf γ+(1−γ)Trcxr)(cyf lf−cyrlr)

m2V 3J3
(4.36)

det[M ] 6= 0 if and only if

(cyf lf 6= cyrlr) . (4.37)

Since by assumption (cf lf 6= crlr) then (4.37) holds and therefore

det[M] 6= 0: the eigenvalues of the matrix Ãc11, which are the zeros of the

characteristic polynomial (4.33), can be arbitrarily placed at λ̃1, λ̃2, λ̃3

by a proper choice of the control parameters as follows





KpMz

Kpf

Kif



 = M−1





d0

d1 + (ā54ā45 − ā44ā55)
d2 + (ā44 + ā55)



 , (4.38)

where:

d0 = λ̃1λ̃2λ̃3;

d1 = λ̃1λ̃2 + λ̃1λ̃3 + λ̃2λ̃3;

d2 = λ̃1 + λ̃2 + λ̃3.

The computation of M−1 in (4.38) leads to (4.30,4.31,4.32).
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Remark 1 According to (4.36) det[M ] = 0 if and only if cyf lf = cyrlr

(neutral vehicle) then, substituting cyf = cyrlr/lf , two eigenvalues can be

arbitrarily placed since rank[M]=2, while the third eigenvalue is negative

real for every velocity and is equal to:

−
2cyrL

lfmv
. (4.39)

Lemma 2

Let λ̃4 < 0, λ̃5 < 0, λ̃6 < 0, λ̃7 < 0 be arbitrary negative real eigenvalues,

if the control parameters Kp1, Ki1, Kp2 and Ki2 are chosen as follows

Kp1 = ā66−λ̃4−λ̃5

b62
, Ki1 = λ̃4λ̃5

b̄62
,

Kp2 = ā77−λ̃6−λ̃7

b̄73
, Ki2 = λ̃6λ̃7

b̄73

(4.40)

the control law (4.11,4.17) arbitrarily assigns real stable eigenvalues

λ̃i, 4 ≤ i ≤ 7, to the time scaled wheel speed difference dynamics Ãc22

at every constant speed v.

Proof

Lemma 2 can be proved following the same steps of Lemma 1.

Using Lemma 1, Lemma 2 and (4.29) all the hypothesis of Corollary 1

are satisfied; in particular equation (4.29) implies that Ã−1
c22 exists.

Lemma 1 shows that A0 = Ãc11 − Ãc12Ã
−1
c22Ãc21 = Ãc11 is Hurwitz since

the eigenvalues, λ̃i, 1 ≤ i ≤ 3, of the time scaled matrix Ãc11 are arbi-

trarily assigned and are equal to the eigenvalues, λi, 1 ≤ i ≤ 3, of the

matrix Ac11 multiplied by J .

Lemma 2 shows that Ãc22 is Hurwitz since the eigenvalues, λ̃i, 4 ≤ i ≤ 7,

of the time scaled matrix Ãc22 are arbitrarily assigned and are equal to

the eigenvalues, λi, 4 ≤ i ≤ 7, of the matrix Ac22 multiplied by J . Using
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Corollary 1 we conclude that there exists an ǫ such that the eigenvalues

of the integrated controlled system are approximated by the eigenvalues

of A0 and Ãc22 which are the time scaled steering and wheel speed dif-

ference dynamics eigenvalues respectively.

The functional scheme of the proposed integrated control system is de-

scribed in Fig. 4.2.

-
rd

λ1, λ2, λ3 λ4, λ5, λ6, λ7

δf

z3

z4

z∗3
z∗4

z3d

z4d

r

Td1

Td2

PI-P

Integrated Control

Control Internal
Loop

Vehicle
ModelReference

Generator

Figure 4.2: Functional scheme for the controlled system.

Remark 4 For the linearized model of a small SUV vehicle taken from

CarSimr, which has an understeering behavior (cyf lf < cyrlr), the un-

controlled vehicle eigenvalues are computed from matrix Ā in (4.8) and

are shown in Fig. 4.3 when v ranges between 5 and 50 [m/s].

The possibility of allocating real stable eigenvalues by the coordinated

action of a PI controller in rear steering and a proportional controller in

front steering from yaw rate error was established in [47]. This is a cru-

cial property since the appearance of poorly damped oscillatory modes at

high speed and/or low adherence makes the vehicle difficult to control for

an unexperienced driver. The contribution of Lemma 1, Lemma 2 and

(4.29) with Corollary 1 is to give a simplified procedure to independently

assign the steering dynamics eigenvalues and the wheel speed dynamics

eigenvalues by an integrated action of the active front steering and the
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Figure 4.3: Uncontrolled vehicle eigenvalues for different velocities 5 ≤
v ≤ 50 [m/s].

active front and rear differentials.

Moreover, according to Lemma 1 and Lemma 2, the computed parame-

terizations (4.38) and (4.40) of the proposed control law in terms of the

desired eigenvalues to be assigned allows the designer to place the con-

trolled system eigenvalues so that a specific index (rise time, bandwidth,

controllability or a combination) can be min/maximized.

For the small SUV taken from CarSimr the chosen eigenvalues for the

steering dynamics are: λ̄1 = −30.4, λ̄2 = −8, λ̄3 = −5.5 while, for the

wheel speed dynamics are λ̄4 = −105, λ̄5 = −450, λ̄6 = −105, λ̄7 = −450;

choosing the control parameters as in (4.38) and (4.40) we obtain that

the error between the controlled system eigenvalues λi and the desired

eigenvalues λ̄i is:

max
i

(∣

∣λi − λ̄i

∣

∣ /λ̄i

)

≤ 0.05 (4.41)

which shows the effectiveness of the proposed approach.
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Fig. 4.4 shows, for the chosen parameters, the suppressed resonances

and the enlarged bandwidth (4 Hz) for the yaw rate dynamics of the con-

trolled vehicle since the bandwidth of the transfer function between the

driver steering wheel input and the yaw rate of the uncontrolled vehicle

(4.8) is 1.4 Hz.
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Figure 4.4: Controlled vehicle Bode diagram of the transfer functions
between rd and r at v = 30 [m/s].

4.3.3 Lyapunov Analysis

The performed singular perturbation analysis gives a good strategy in

the eigenvalues allocation but it does not give a bound for the parameter

ǫ∗ below which stability is guaranteed; to overcome this drawback the

following Lyapunov analysis is carried out. The integrated controlled

linear system (4.18) in the error variables can be rewritten as:
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˙̃xc = F1x̃c + νF2x̃c (4.42)

with:

F1 = Ac − F2 F2 =





















0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0





















, (4.43)

and ν is equal to 0.5KpMzā54. Define the following quadratic function

V :

V = x̃T
c Px̃c

in which P is a positive definite symmetric matrix; the time deriva-

tive of V is computed as follows:

V̇ = x̃T
c

(

PF1 + F T
1 P

)

x̃c

+ x̃T
c

(

νPF2 + νF T
2 P

)

x̃c .
(4.44)

Since F1 is Hurwitz by a proper choice of the control parameters

there exist an n x n symmetric positive definite matrix P such that:

F T
1 P + PF1 = −I .

(4.45)

Equation (4.44) can be rewritten as follows:

V̇ = −x̃T
c Ix̃c + x̃T

c

(

νPF2 + νF T
2 P

)

x̃c

= −‖x̃c‖
2 + x̃T

c

(

νPF2 + νF T
2 P

)

x̃c

≤ −‖x̃c‖
2 + 2νλmax(P ) ‖F2‖ ‖x̃c‖

2 .

(4.46)

If 2νλmax(P ) ‖F2‖ ‖x̃c‖
2 < 1 − Γ with Γ > 0 then
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V̇ ≤ −‖x̃c‖
2 + (1 − Γ) ‖x̃c‖

2

≤ −Γ ‖x̃c‖
2 (4.47)

so that the controlled system is exponentially stable for

|ν| <
1 − Γ

2λmax (P ) ‖F2‖
. (4.48)

For the chosen control parameters, which assign the eigenvalues given

in Remark 2, ν is equal to 0.017 and it satisfies the bound in (4.48) which

is equal to 0.081.

4.3.4 Robustness Analysis

Many variations may occur from the nominal vehicle parameters: the

cornering stiffnesses may change due to different road adherence condi-

tions and/or low tire pressure, the vehicle mass and moment of inertia

change from unloaded to full load conditions. Setting a variation of

±20% for cyf , cyr, cxf , cxr, m and J with respect to the nominal pa-

rameters, the controlled system is analyzed by means of the eigenvalues

displacement of both the uncontrolled and controlled vehicle. The im-

provements obtained for the nominal parameters are maintained as far

as the eigenvalues assignment is concerned: the controlled vehicle has

real modes or complex modes with a damping coefficient greater than

the uncontrolled vehicle as shown in Fig. 4.5 in which 36 eigenvalues

displacements are reported corresponding to three variations for each

parameter.

89



i

i

“PHD thesis” — 2009/1/28 — 18:33 — page 90 — #95
i

i

i

i

i

i

−10
3

−10
2

−10
1

−10
0

−5

−4

−3

−2

−1

0

1

2

3

4

5

Real

Im
ag

 

 

unc.
contr.

Figure 4.5: Uncontrolled and controlled vehicle eigenvalues for parame-
ters variations at v = 30 [m/s].

4.4 Integrated Control with Semiactive Differ-

entials

If the torque Tdi can be transferred only from the fastest wheel to the

slowest one since the employed differential is semiactive the control law

(4.17) for the active differential can be modified and simplified as shown

in this section. From (4.17) and (4.13) only the terms proportional to

the yaw rate error and to the wheel speed difference error are used in

the design of the semiactive differential control law to improve stabil-

ity and performance. Moreover the stability analysis of the switching

control system is based on Lyapunov techniques and on the strictly real

positive property. For simplicity the proposed control law is extended to

a semiactive rear differential but the following analysis can be extended

also to semiactive front differentials.
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The actuator’s power Pact is equal to:

Pact = Td2z4 (4.49)

and the torque Tdi is transferred only when (4.49) is negative due

to the passivity of the actuator. Since the differential is semiactive the

control algorithm (4.17) is modified as follows:

Tdiff =







Td2 if Td2z4 ≤ 0

0 if Td2z4 > 0 .
(4.50)

with:

Td2 = −Kp2z̃4 −KpMz r̃ (4.51)

4.4.1 Stability analysis

The stability of the discontinuous control law (4.50) integrated with

the active steering (4.11) is based on Lyapunov techniques and on the

strictly real positive property. Defined the controlled system with the

active steering ẋas = Aasxas +Basuas as follows:

dxas

dt
=













aas11 aas12 0 0 aas15

aas21 aas22 aas23 aas24 aas25

0 aas32 aas33 0 0
0 aas42 0 aas44 0
0 1 0 0 0













xas +













bc11 0

bc21 0
0 0

0 bc42
−G 0













uas

(4.52)

xas =













vy

r
z3
z4
α0













, uas =

[

δp
Td2

]

. (4.53)

where the desired yaw rate rd is equal to the uncontrolled vehicle

steady state yaw rate value and can be written such as rd = Gδp in
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which G is the static gain of the transfer function between δp and r.

The stability of the proposed discontinuous control law is based on the

time derivative of the following quadratic function V :

V = x̃T
asPx̃as

in which P is a positive definite symmetric matrix, x̃as = xas − xd

are the error variables, xd = −A−1
as bas1δp are the reference signals and

basi are the column vectors i-th of the matrix Bas. The time derivative

of V is computed as follows:

V̇ = x̃T
asP (Aasx̃as +Aasxd +Basuas)

+
(

x̃T
asA

T
as + xT

dA
T
as + uT

asB
T
as

)

Px̃as

V̇ = x̃T
asP

(

Aasx̃as +Aas(−A
−1
as bas1δp) + bas1δp + bas2Td2

)

+
(

x̃T
asA

T
as + (−A−1

as bas1δp)
TAT

as + bas1δp + bas2Td2

)

Px̃as

V̇ = x̃T
as

(

PAas +AT
asP

)

x̃as + 2x̃T
asPbas2Td2 . (4.54)

Defining:

c = [0 KpMz 0 Kp2 0] , (4.55)

so that the output of the controlled system (4.52) is equal to: yas =

cx̃as = KpMz r̃ + Kp2z̃4; we may observe (Fig. 4.6) that the transfer

function between Td2 and yas, for the nominal vehicle parameters shown

in Appendix (Table 7.5) of a small SUV model given by CarSimr, is

Strictly Real Positive (see [52] for SPR definition): in fact, for every

speed of interest, the Nyquist diagrams belong to the right half plane

for every frequency.
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Figure 4.6: Nyquist diagrams for different velocities (5 < v < 50 [m/s]).

Then, for any symmetric positive define n x n matrix Q there exist

an n x n symmetric positive definite matrix P , an n x 1 real vector q

and a positive real ε, (see [52] pp. 362-363), such that:

AT
asP + PAas = −qqT − εQ = −Q∗

Pb = cT .
(4.56)

The equation (4.54) can be rewritten as follows:

V̇ = −x̃T
asQ

∗x̃as + 2Td2cx̃as . (4.57)

V̇ = −x̃T
asQ

∗x̃as + 2Td2yas

= −x̃T
asQ

∗x̃as − 2(Kp2z̃4 +KpMz r̃)
2 .

(4.58)

When the control law (4.50) is on, the speed of convergence of the

controlled vehicle is greater than the uncontrolled one while, if the con-
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trol law (4.50) is off, the speed of convergence is equal to the uncontrolled

one; in fact, form (4.58) we may observe the following relations:

V (φ (t, x0))OFF ≥ V (φ (t, x0))ON .

In the simulation section the performance of the semiactive rear dif-

ferential integrated with the active steering will be illustrated.

4.5 Simulation Results on a CarSimr Vehicle

4.5.1 Nonlinear Reference Model Design

The generation of the desired reference signals rd, x3d and x4d is an

important issue for the control system in Fig. 4.2. As in [47], the

steering wheel angle given by the driver is the input δp to a non linear

first order reference model which, according to the velocity v, generates

the yaw rate references signal rd or equivalently, for a given velocity, the

lateral acceleration reference ayd. The reference model is defined as:

ȧyd = −λref (v)

(

ayd − sat
ay max

[G (δp, v) δpv]

)

rd =
ayd

v

(4.59)

where λref (v) is a positive design parameter for the non linear ref-

erence model and G(δp, v) is the imposed static gain between δp and r

which may depend on δp (making the reference model nonlinear) and

on tire-road adherence conditions. The gain G(δp, v) is obtained from

the uncontrolled vehicle by storing the steady state yaw rate values in

a lookup table for different steering angles, vehicle velocities and adher-

ence conditions to compare the driveability and the handling of both

the uncontrolled and the controlled vehicle so that the ratio between the

steering wheel and the yaw rate reference is equal to the uncontrolled

one. In (4.59) the saturation with respect to the lateral acceleration
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aymax is used to increase safety and to avoid unstable vehicle behaviours

due to inadmissible driver steering inputs. The values of aymax can be

set greater than the maximum uncontrolled vehicle lateral acceleration

to improve the performance of the controlled vehicle. The driver could

change the set-up of the vehicle by changing the nonlinear reference

model by means of a selector on the steering wheel: the map G(δp, v)

may be changed to adapt to different road conditions and different ve-

hicle performance limits may be set by changing the parameter ay max

in (4.59).

Similarly to the yaw rate reference the wheel speed difference references

can be computed from uncontrolled vehicle measurements by storing the

steady state front and rear wheel speed difference in a lookup table for

different steering angles and vehicle velocities. A standard CarSimr

small E-Class SUV is used to analyze the responses of both the uncon-

trolled and the controlled (4.8,4.11,4.17) vehicle and to check robustness

with respect to combined lateral and longitudinal tire forces effects and

to unmodelled dynamics such as pitch and roll. The simulated vehicle

has independent front and rear suspension systems; the front and rear

wheel are 255/75R16; the transmission is automatic which has five gears

and the engine is a 2.5L (200KW) four wheel drive with viscous differ-

entials when the active or semiactive differentials are not employed. To

distribute torque between the front and the rear axle a full time viscous

50/50 differential is employed: this system in modeled by CarSim as a

second order nonlinear system. CarSimr vehicle uses detailed nonlinear

tire models according to combined slip theory and takes into account

the major kinematics and compliance effects of the suspensions (nonlin-

ear spring models) and steering systems. The uncontrolled vehicle has

a nonlinear second order speed depending rack and pinion ratio steering

system. For the active steering and the active differentials a realistic

actuator with a bandwidth of 10Hz is considered.

95



i

i

“PHD thesis” — 2009/1/28 — 18:33 — page 96 — #101
i

i

i

i

i

i

The desired eigenvalues and, consequently, the chosen control parame-

ters can be set so that the differential action improves either safety, by

providing an additional yaw moment to counteract the yaw rate error,

or performance, by avoiding excessive wheel speed difference due to low

friction surface.

4.5.2 Sudden Direction Changes

A sudden direction change is simulated to show the suppressed reso-

nances and the faster response of the controlled vehicle at 33 [m/s].

The manoeuvre is analyzed on the same vehicle with three different con-

figurations: the uncontrolled vehicle (unc.), a vehicle equipped with the

active steering and the semiactive rear differential (semiactive) (4.11,

4.50) and the controlled vehicle with the active steering and the active

front and rear differentials integrated control (integr.) (4.11,4.17). Fig.

4.7 shows: the driver inputs; the uncontrolled and the controlled vehi-

cle sideslip, yaw rate and wheel speed differences. Fig. 4.8 shows: the

front steer angle and the front and rear differentials actions given by

the proposed integrated control law, the uncontrolled and the controlled

vehicle X-Y trajectory and longitudinal speed (desired value 33 [m/s]).

The second plot in Fig. 4.8 illustrates the coordinated control action:

the torques of the active differentials both at front and rear wheels are

first negative to speed up the response and then positive to reduce the

overshoot in coordination with a countersteering action performed by

δf . The integrated control action succeeds in suppressing the oscilla-

tions and the overshoots in the yaw rate and lateral speed responses

which are faster in the controlled vehicle as can be seen in Fig. 4.7. In

the first part of the manoeuvre the semiactive differential can not im-

prove vehicle performance since it can not give an additional oversteering

moment to speed up the vehicle response as shown in the last plot in
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Fig. 4.8; moreover the active steering action performed on the controlled

semiactive vehicle (4.11, 4.50) is greater than the action performed on

the integrated controlled active vehicle (4.11,4.17) as shwon in the first

plot in Fig. 4.8. Both the vehicles equipped with the active steering

and the active or the semiactive differential show improved performance

with respect to the uncontrolled vehicle.
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Figure 4.7: Sudden direction change: uncontrolled (unc.), active steer-
ing and semiactive differential (semiactive) and integrated controlled
(integr.) CarSimr vehicle on dry asphalt at v = 33 [m/s].

4.5.3 µ split braking

In a µ split manoeuvre the vehicle wheels on one side are on low ad-

herence surface; in a power on driving condition a free differential can

not transmit the driving torque to the wheel with high adherence and

the vehicle does not move while the locking of a mechanical differential
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Figure 4.8: Sudden direction change: uncontrolled (unc.), active steer-
ing and semiactive differential (semiactive) and integrated controlled
(integr.) CarSimr vehicle on dry asphalt at v = 33 [m/s].

may generate an undesired oversteering moment due to excessive wheel

speed difference. Similarly a µ-split braking action is a critical manoeu-

vre. Both tests are performed to check the robustness of the proposed

integrated control.

In Fig. 4.9 and Fig. 4.10 a µ split braking manoeuvre is analyzed. The

simulation is performed setting the high friction coefficient µ = 0.85 on

the right hand side and the very low friction coefficient µ = 0.1 on the

left hand side. A sudden braking action Pb is given on the same vehi-

cle with three different configurations: the uncontrolled vehicle (unc.);

a vehicle equipped with the active steering only (a.s.) (4.11) and the

controlled vehicle with the active steering and the active front and rear

differentials integrated control (integr.) (4.11) and (4.17). The PI con-
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trol parameters of the integrated controlled vehicle related to the wheel

speed errors are set equal to zero in (4.17) so that no torque is trans-

ferred by the differentials due to wheel speed errors since it can produce

an undesired oversteering moment.

In response to the sudden braking action of 1.5 [MPa] shown in Fig.

4.10, both the controlled vehicles keep the track while the uncontrolled

vehicle goes out of track. When the proposed integrated control (4.11,4.17)

is employed the active steering action and the errors from the desired

state variables are reduced (Fig. 4.9, Fig. 4.10) with respect to a ve-

hicle equipped with only the active front steering (4.11). The designed

integrated control actions which are reported in Fig. 4.10 counteract the

yaw rate error so that the zero yaw rate reference is achieved: notice that

the differential torques in Fig. 4.10, second plot, change in sign when

the yaw rate error changes sign. The integrated controlled system shows

a better performance on the XY plane as shown in Fig. 4.10, third plot,

with respect to a vehicle equipped with the active front steering only.

4.5.4 Standing start on µ split

On the same previously defined adherence surface a standing start ma-

noeuvre is carried out. The manoeuvre is performed by the same CarSimr

driver model ([53]), whose action δp is reported in the first plot of Fig.

4.11, on the same vehicle with two different configurations: the uncon-

trolled vehicle (unc.) and the controlled vehicle with the active steering

and the active front and rear differentials integrated control (contr.)

(4.11,4.17). The test shows improved performance for the integrated

controlled vehicle: in fact it can reach greater longitudinal accelerations

(fourth plot in Fig. 4.12) with respect to the uncontrolled vehicle. To

avoid the front and the rear left wheels spin the control (4.11,4.17) ap-

plies torque on both the wheels on the surface with higher adherence
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Figure 4.9: µ split braking on the uncontrolled (unc.), integrated con-
trolled (integr.) and controlled by active steering (a.s.) CarSimr car
model at v = 25 [m/s].

improving traction (see the second plot in Fig. 4.12); since this action

generates a counterclockwise yaw moment a negative steering angle is

performed by the active steering to obtain zero steady state yaw rate (see

the first plot in Fig. 4.12) showing the integrated action of the designed

control law. The integrated active control law can greatly reduce the

driver effort as shown in Fig. 4.11, first plot, since the CarSimr driver

model on the controlled vehicle (4.11,4.17) can perform the manoeuvre

giving a much smoother control action.
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Figure 4.10: µ split braking on the uncontrolled (unc.), integrated con-
trolled (integr.) and controlled by active steering (a.s.) CarSimr car
model at v = 25 [m/s].
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Figure 4.11: µ split standing start on the uncontrolled (unc.) and the
integrated controlled (contr.) CarSimr car model.
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Chapter 5
Vision Based Autonomous

Vehicles

5.1 Introduction

In this chapter a control scheme which integrates the active steering

action based on the yaw rate error with the lane keeping action based

on lateral offsets is presented.

5.2 Extended Vehicle model

A detailed standard big sedan CarSimr vehicle model is used in numer-

ical simulations to analyze the responses of both the uncontrolled and

the controlled vehicle. To design the controller a widely used simpli-

fied single track vehicle model (2.27) is considered. The CCD camera

measures the lateral deviation of the front preview point yL that can be

modeled [54] as follows:

ẏL = βv + lsr + vψ (5.1)

where ψ is the yaw angle and yL is the lateral offset from the road

centerline at a preview distance ls (see Fig. 5.1).
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Figure 5.1: Single track vehicle model.

The reduced linear system, ẋ = Ax+Bu, which includes the lateral

offset dynamics (5.1) is given by:









β̇
ṙ

ψ̇
ẏL









=









a11 a12 0 0
a21 a22 0 0
0 1 0 0
v ls v 0

















β
r
ψ
yL









+









b1
b2
0
0









δf +









0
0
−v
0









ρ (5.2)

where ρ is the road curvature defined as ρ = 1/R, with R the cur-

vature radius. The coefficients appearing in systems (5.2), which may

depend on v and on uncertain physical parameters are:

a11 = −
(cf+cr)

mv , a12 = −1 −
(cf lf−crlr)

mv2 ,

a21 = −
(cf lf−crlr)

J , a22 = −
(cf l2

f
+crl2r)
Jv ,

b1 =
cf

mv , b2 =
cf lf
J .

(5.3)
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where cf and cr are the front and the rear tire cornering stiffness

which are the linear approximation of Pacejka magic formula. The vehi-

cle parameters for the simplified single track vehicle model (5.2), whose

values are identified from a big sedan CarSimr vehicle model used in

the simulation paragraph, are given in Appendix (Table 7.7 and Table

7.8).

5.3 Control strategy

5.3.1 Control design

The proposed control strategy is illustrated in Fig. 5.2. It involves the

design of two nested control blocks. The first one, called C1, has to

ensure the tracking of a yaw rate reference signal on the basis of the

yaw rate tracking error in spite of constant disturbances and parameters

uncertainties while the second one, called C2, has to generate the yaw

rate reference signal. The task of C1 is to steer to zero the difference

between the measured yaw rate r and desired yaw rate rd. Following

the active steering approach in [11] a PI control has been used for C1:

C1 : δf = −KP1(r − rd) −KI1

∫ t
0 (r − rd) dν

= −KP1(r − rd) −KI1α0.
(5.4)

The feedback from the yaw rate r improves the transient response,

by changing the eigenvalues displacement of the steering dynamics. Sub-

stituting (5.4) in (2.27) we obtain:













β̇
ṙ

ψ̇
ẏL

α̇0













=













a11 a12 −KP1b1 0 0 −b1KI1

a21 a22 −KP1b2 0 0 −b2KI1

0 1 0 0 0
v ls v 0 0
0 1 0 0 0

























β
r
ψ
yL

α0












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+













KP1b1
KP1b2

0
0
−1













rd +













0
0
−v
0
0













ρ (5.5)

where α0 is the additional state introduced by the dynamic control

(5.4). Once the regulator C1 is designed, the key idea is to integrate

the additional lateral offset measure considering the yaw rate reference

signal rd in (5.5) as the control input to be designed to drive the output

yL to zero. Therefore, to design the desired yaw rate reference, it is

necessary to model the dynamics of the road curvature, considering it

as a disturbance on the lateral offset. In the case of a constant road

curvature one integral term is needed to reject the disturbance; since the

road curvature, in the case of non trivial manoeuvres, may be considered

as increasing linearly with respect to time an additional integral term is

necessary and the regulator C2 becomes:

C2 : rd = −KP2yL −KI2

∫ t
0 yL dν

− KI3

t
∫

0

ν
∫

0

yLdηdν −KdyLd

= −KP2yL −KI2α2 −KI3α1 −KdyLd .

(5.6)

where:

α̇1 = yL, (5.7)

α̇2 = α1. (5.8)

and the signal yLd is given by:

α̇3 = −
1

τ
α3 + yL (5.9)

yLd = −
1

τ2
α3 +

1

τ
yL (5.10)

where τ is the filter time constant.
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The final structure of the control algorithm is shown in Fig. 5.2 in

which C1 is given by (5.4) and C2 is given by (5.6).

r

e

rd

δf
C1

C2

ρ yL

V ehicle
+

−

Figure 5.2: Controlled system scheme.

5.3.2 Control properties

To choose the six control gains the closed loop linear system (5.5) and

(5.6) is considered assuming an ideal steering actuator. However the

control gains are chosen so that the bandwidth of the transfer function

between rd and δf is within a typical actuator bandwidth (about 10 Hz).

In order to avoid instability phenomena a derivative term has been added

and the integral gains are chosen to be small as suggested in [71]. The

derivative term gain is small in order to avoid chattering phenomena;

the chosen gains are:

KP1 = 20; KI1 = 10;
KP2 = 30; KI2 = 0.01; KI3 = 0.01; Kd = 0.05.

(5.11)

In conclusion the controlled system (5.5) and (5.6) ẋc = Acxc +Bcρ and

the equilibrium point xce are shown below:
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Ac =


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



ac11 ac12 0 ac14 ac15 ac16 ac17 ac18

ac21 ac22 0 ac24 ac25 ac26 ac27 ac28

0 1 0 0 0 0 0 0
v ls v 0 0 0 0 0
0 1 0 ac54 0 ac56 ac57 ac58

0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 − 1

τ

























Bc =
[

0 0 − v 0 0 0 0 0
]T (5.12)

with

xc =
[

β r ψ yL α0 α1 α2 α3

]T
(5.13)

xce = −









































(b2a12−b1a22)v
a11b2−a21b1

−v

(a11a42b2−a21a42b1−a41b2a12+a41b1a22)v
a43(a11b2−a21b1)

0

− (a11a22−a21a12)v
KI1(a11b2−a21b1)

0

v
KI2

0









































ρ, (5.14)

where τ is set equal to τ = 0.01 and ls is chosen equal to ls = 13 [m]

while the parameters acij are shown in the following table.

With the chosen gains (5.11) the controlled system stability is guar-

anteed since the poles are on the left hand side of the complex plane;

this result is confirmed with respect to vehicle parameter variations in

the robustness analysis paragraph. Finally the frequency behaviour of
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ac11 = a11 ac12 = a12 −KP1b1

ac14 = −KP1b1(KP2τ+Kd)
τ ac15 = −b1KI1

ac16 = −KP1b1KI3 ac17 = −KP1b1KI2

ac18 = KP1b1(Kd)
τ2 ac21 = a21

ac22 = a22 −KP1b2 ac24 = −KP1b2(KP2τ+Kd)
τ

ac25 = −b2KI1 ac26 = −KP1b2KI3

ac27 = −KP1b2KI2 ac28 = KP1b2Kd

τ2

ac54 = KP2τ+Kd

τ ac56 = KI3

ac57 = KI2 ac58 = −Kd

τ2

the controlled system has been analyzed. In Fig. 5.3 the behaviour of

the controlled system with respect to the road curvature ρ is shown.
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Figure 5.3: Bode diagram of the transfer functions between ρ and yL

and ρ and r.

On the left hand side of Fig. 5.3 the bandwidth of the transfer

function from the road curvature to the yaw rate is shown while, on the

right hand side of Fig. 5.3, the reduction of the road curvature effect on
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the lateral offset is shown.

The transfer function between ρ and yL for a speed v equal to v = 36

m/s is shown below to emphasize the double zeroes at the origin which

ensure the rejection of disturbances that increase linearly with respect

to time:

yL = −
36s2(36s4+45 103s3+444 104s2+2972 104s+137 105)

s8+h7s7+h6s6+h5s5+h4s4+h3s3+h2s2+h1s+h0
ρ (5.15)

where the coefficients hi are shown in Table 7.9.

5.3.3 Robustness

Only the robustness of the internal loop, Fig. 5.4, is analyzed since it

contains the uncertain parameters of interest cf , cr, m and v. As a

consequence only the first two dynamical equations in (2.27) along with

(5.4) are considered for the robustness analysis.

+

-
C1

δf

ρ r

e V ehicle

Model

rd

Figure 5.4: Internal loop control scheme.

We define: Σ0 as the reduced system containing the dynamics of β

and r with unperturbed parameters; Σ as the system with perturba-

tions on cf , cr and m, ∆P = P − P0 as the perturbation on Σ, where

P and P0 are the perturbed and the nominal transfer functions be-

tween the δf and r respectively; the transfer function between δf and

rd V0 = C1(1 + P0C1)
−1 as the control sensibility function; σ̄ as the

operator that gives the greater singular value of a transfer function. We
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can apply the following theorem.

Theorem 1 [69, 70]

If:

α0) lims→∞(1 + P0C1) 6= 0

α1) Σ0 is asymptotically stable

then Σ is asymptotically stable for all variations or perturbations of P

from P0 such that:

β) the number of eigenvalues of A in C− is equal to the number of

eigenvalues of A0 in C−

γ) lims→∞(1 + PC1) 6= 0

δ) σ̄ [∆P (ω)] < 1
σ̄[V0(ω)] ,∀ω ∈ Imaginary axis

Theorem 1 is satisfied for different speeds and perturbations on tire

parameters such as the cornering stiffnesses cr, cf (which may change

due to different adherence conditions and/or low tire pressure) and the

vehicle mass m (that vary from unloaded to full load conditions). The

robustness decreases as speed increases as shown in the Fig. 5.5, in

which a speed variation from 1 m/s to 36 m/s is considered. On the

Y-axis of Fig. 5.5 an upper bound for the percentage variations of all

the parameters cr, cf and m for which the robustness guarantees the

asymptotical stability of Σ is shown.

5.4 CarSim simulations

Several simulations in CarSim environment have been performed to com-

pare the CarSim driver model, which is based on a model predictive
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Figure 5.5: Robustness with respect of increasing speed.

control system [53] and makes also use of vehicle lateral speed, with the

proposed nested PID control. CarSim vehicle uses detailed nonlinear

tire models according to combined slip theory and takes into account the

major kinematics and compliance effects of the suspensions (nonlinear

spring models) and steering systems. The vehicle has a nonlinear second

order speed depending rack and pinion ratio steering system; for the ac-

tive steering a realistic actuator with a bandwidth of 10Hz is considered.

The first simulation, shown in Fig. 5.7, concerns a path following in the

case of a typical highway road curvature profile and a vehicle speed of

31 [m/s]. In Fig. 5.7 the XY-trajectory, the path following error, the

steering angle and the yaw rate are shown for the vehicle controlled by

the CarSim driver model and by the proposed control. To emphasize the

simulation results only a detail of the path following manoeuvre is de-

picted as shown in the first subplot of Fig. 5.7: in that curve the vehicle

reach a lateral acceleration of 7.8 [m/s2]. Both controllers achieve the
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path following however, as shown in the second subplot of Fig. 5.7, we

may observe a more accurate lane keeping and a reduced path following

maximum error in the lateral direction of 70% obtained by the proposed

control law.
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Figure 5.6: Target road curvature and lateral acceleration in a standard
CarSimr path following manoeuvre (v = 31 [m/s]).

Both controllers achieve the path following: the error of the proposed

control system is smaller than the error of the CarSimr simulated driver.

To analyze the performance of the proposed controlled system with

respect to tire-road adherence variations a µ-split braking manoeuvre

is performed (µ = 0.1 on the left hand side and µ = 0.8 on the right

hand side in the CarSim model). A sudden braking action of 15 [MPa]

at a velocity of 40 [m/s] is given on both the vehicle with the MPC

and the vehicle with the nested PID control strategy: the proposed

control system ensures the lane keeping (first subplot of Fig. 5.9) while
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Figure 5.7: Standard CarSimr path following manoeuvre (v = 31
[m/s]).

the vehicle controlled by the CarSim driver model leaves the lane. The

CarSim steering action saturates at the maximum allowed mechanical

constrain that is equal to 720 [deg] while we may observe the oscillations

on the steering signal, provided by the proposed control, due to the

ABS that prevents wheel lock while ensuring greater decelerations (third

subplot of Fig. 5.9).
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116



i

i

“PHD thesis” — 2009/1/28 — 18:33 — page 117 — #122
i

i

i

i

i

i

0 100 200 300
−2

−1

0

1

Target path Y [m]

T
ar

ge
t p

at
h 

X
 [m

]

 

 

Contr.
Driver
Target path

0 5 10
−1

0

1

2

Time [s]

P
at

h 
fo

llo
w

in
g 

er
ro

r 
[m

]

 

 
Contr.
Driver

0 5 10

0

5

10

15

Time [s]

S
te

er
in

g 
an

gl
e 

[r
ad

]

 

 

Contr.
Driver

0 5 10

−1

−0.5

0

0.5

1

Time [s]

Y
aw

 r
at

e 
[r

ad
/s

]

 

 
Contr.
Driver

Figure 5.9: µ-split braking manoeuvre.
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Chapter 6
Conclusions

6.1 Global Chassis Control Integration

In this Ph.D. thesis the following control systems are designed and val-

idated by simulation:

• A PI steering control on the front wheels and a PI steering control

on the rear wheels along with an additive feed forward reference

signal for the vehicle sideslip angle in order to decouple vehicle

sideslip and yaw rate dynamics from the desired yaw rate and

vehicle sideslip angle reference signals. The PI controllers feed

back the yaw rate tracking error. Chapter 3 shows that the pro-

posed control system assigns real stable eigenvalues to a widely

used linear model of the vehicle steering dynamics for any value of

longitudinal speed in understeering vehicles.

• An integrated control of front and rear active differentials with an

active front steering from the yaw rate and the wheel speed mea-

surements in order to improve vehicle dynamics (by suppressing

resonances and enlarging the bandwidth of the yaw rate tracking

dynamics), safety and reduce driver effort. The control of the elec-

tronic differentials is not only aimed at keeping the wheel speed
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differences at desired values but it is also integrated with the ac-

tive steering control (a PI action from the yaw rate error) to pro-

duce a yaw moment (also depending on the yaw rate error) which

improves the vehicle steering dynamics since the corresponding

eigenvalues can be placed to be all real at every speed to prevent

oscillations.

• A vision based lane keeping control for autonomous vehicles. As

a first step, on the basis of lateral displacements at a look ahead

distance provided by a vision system, a reference yaw rate signal

is designed using PID control techniques; as a second step the

steering angle is designed as a PI control on the yaw rate tracking

error. The robustness of the proposed control with respect to speed

variations and parameter uncertainties such as mass, front and

rear cornering stiffnesses has been analyzed. Simulations in the

CarSim environment illustrate the performance achieved by the

proposed lane keeping control strategy both on a standard path

and during a µ-split braking manoeuvre: the proposed controller is

compared with the MPC used in CarSim as steering control which

also requires the vehicle lateral speed and orientation. Future work

will explore the interactions of the proposed controller with the

driver both during normal driving and in emergency conditions.

A common output based approach is followed in the design of the

control laws presented in this thesis (no lateral speed measurements

or observer are required): the high variability of the physical vehicle

parameters and the variable tire-road adherence conditions together with

the good performance obtained by the proposed controls reinforce this

approach.
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6.2 New Control Avenues

Many sections of this thesis have hinted to possible future research top-

ics. Following the current increasing production of four wheel steering

vehicles [16] and [19] and the develop of high quality vision systems an

integrated controlled 4WS vision based vehicle can be designed in order

to combine the additional measure given by the camera with the gener-

ation of the yaw rate and/or the vehicle sideslip reference, as shown in

Fig. 6.1 for autonomous vehicle.

+

+

δf

δr

r

v
V ehicle

Control

Control

PIfront

PIrear

rd
yL

βd

C1

manoeuvre
recognition

Figure 6.1: Vision based Four wheel steering vehicle.

Moreover, future works, will explore also the interactions with the

driver both during normal driving and in emergency situations.

Also the works done on the active or semiactive differentials can be

integrated in the framework of 4WS; due to the high number of actuators

the control design of the overactuated system can be analyzed follow-

ing an optimal control theory approach. However, the introduction of

electric vehicles allow to directly control the torque at each wheel giving

more degree of freedom to the designer and removing the mechanical

constraints. The increasing number of electric vehicles is supported by
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electric motors that often achieve 90% energy conversion efficiency over

the full range of speeds and power of interest. They can also be com-

bined with regenerative braking systems that have the ability to convert

kinetic energy back into stored electricity. This can be used to reduce

the wear on brake systems (and consequent brake pad dust) and reduce

the total energy requirement. Another advantage is that electric vehicles

typically have less vibration and noise pollution than a vehicle powered

by an internal combustion engine. For this and other reasons, the control

of electric vehicle can be a very interesting field of research.
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Chapter 7
Appendix

7.1 Appendix - Asymptotic Decoupling Control

Table 7.1: Vehicle nomenclature:

v vehicle velocity

vx longitudinal speed

vy lateral speed

β vehicle sideslip angle

r vehicle yaw rate

ay lateral acceleration

δp driver steering angle

δf front steer angle

δr rear steer angle

CG centre of gravity

m vehicle mass

J vehicle inertia vertical axle
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lf distance front axle - CG

lr distance rear axle - CG

L lf + lr

µ adherence coefficient

fs,l lateral, longitudinal forces

ωi angular wheel speed

αf,r front,rear tire sideslip

λf,r long. front,rear sideslip

cyf lat. front cornering stiffness

cyr lat. rear cornering stiffness

cxf long. front cornering stiffness

cxr long. rear cornering stiffness

Bx,y f Pacejka parameter

Bx,y r Pacejka parameter

Cx,y f Pacejka parameter

Cx,y r Pacejka parameter

Dx,y f Pacejka parameter

Dx,y r Pacejka parameter

Ex,y f Pacejka parameter

Ex,y r Pacejka parameter
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Table 7.2: Vehicle parameters for the linear model (2.27):

m 1300 [kg] J 1296 [kg m2]

lf 0.88 [m] lr 1.32 [m]

cf 9.417e+4 [N/rad] cr 7.946e+4 [N/rad]

Tf 1.465 [m] Tr 1.470 [m]

Rw 0.334 [m] Jw 0.9 [kg m2]

Table 7.3: Pacejka tire model:

Bf 11.459 Br 11.459

Cf 1.400 Cr 1.400

Df 6562.8 Dr 5156.8

Ef -0.5 Er -0.7

Table 7.4: Matrix M entries:

M11
Llrcf crmv2−(lrlf mv2−L3cr+l2

f
mv2)c2

f

Jmv((lrlf+l2
f)cf+lrmv2)

M12 0

M13 0

M21
cf(crlr

2+cf lf
2)L

J(lrmv2+lrcf lf+cf lf
2)

M22 −
crcf L
Jmv

M23
crcf L
Jmv

M31 0

M32 − crlr
J

M33
cf lf
J
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7.2 Appendix - Integrated Control: Active Steer-

ing and Differentials

Table 7.5: Vehicle parameters for the linear model (4.8):

m 1862 [kg] J 2488 [kg m2]

lf 1.18 [m] lr 1.77 [m]

cxf 9.97e+4 [N] cxr 6.63e+4 [N]

cyf 9.69e+4 [N/rad] cyr 6.90e+4 [N/rad]

Tf 1.57 [m] Tr 1.57 [m]

Rw 0.38 [m] Jw 1.1 [kg m2]

Table 7.6: Pacejka tire model coefficients:

Byf 12.45 Byr 12.75

Cyf 1.42 Cyr 1.44

Dyf 5482 Dyr 3752

Eyf -1.65 Eyr -1.86

Bxf 13.80 Bxr 13.80

Cxf 1.30 Cxr 1.30

Dxf 5555 Dxr 3695

Exf -0.26 Exr -0.26
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7.3 Appendix - Vision Based Autonomous Ve-

hicles

Table 7.7: Vehicle parameters for the linear model (5.2):

m 2023 [kg] J 6286 [kg m2]

lf 1.26 [m] lr 1.90 [m]

cf 2.864e+5 [N/rad] cr 1.948e+5 [N/rad]

Table 7.8: Pacejka tire model:

Bf 11.459 Br 11.459

Cf 1.400 Cr 1.400

Df 6562.8 Dr 5156.8

Ef -0.5 Er -0.7

Table 7.9: Substitutions

h7 = 1251.7 h6 = 7.4 105 h5 = 582 105 h4 = 3981 105

h3 = 11231 105 h2 = 7434 105 h1 = 1373 105 h0 = 1.3 105
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[65] E.E. Sandoz, P.V. Kokotović, ”Continuous Path Following Control

for Underactuated Systems With Bounded Actuation”, Proceed-

ings of the 2007 IEEE Intelligent Vehicles Symposium. Istanbul,

Turkey, June 13-15 2007.
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