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Abstract

In this paper we consider polynomial cointegrating relationships
between stationary processes with long range dependence. We express
the regression functions in terms of Hermite polynomials and we con-
sider a form of spectral regression around frequency zero. For these
estimates, we establish consistency by means of a more general result
on continuously averaged estimates of the spectral density matrix at
frequency zero.
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1 Introduction

The extension of the standard cointegration paradigm to more general, frac-
tional circumstances has drawn growing attention in the time series litera-
ture over the last decade, prompting the development of many novel estima-
tion approaches. Robinson (1994) introduced the idea of using degenerating,
narrow band regression in a long memory context, establishing also consis-
tency for fractional cointegrating relationships in the stationary case. The

*This paper is part of the first author PhD dissertation. We are grateful to Franco
Peracchi and an Associated Editor for useful comments.



properties of this estimator (which has become known as NBLS) were then
investigated under nonstationary circumstances by Marinucci and Robinson
(2001), Robinson and Marinucci (2001, 2003). Chen and Hurvich (2003a,b)
considered principal components methods in the frequency domain, whereas
Velasco (2003), Robinson and Hualde (2003) advocate pseudo-maximum
likelihood methods which improve the efficiency of the estimates and yield
standard asymptotic properties. Cointegration among stationary processes
has also been considered, for instance by Marinucci (2000), Christensen and
Nielsen (2006).

All these papers have focused on the case of linear cointegration. Nev-
ertheless, the possibility of polynomial cointegrating relationships seems of
practical interest, for instance (but not exclusively) for applications to fi-
nancial data. Nonlinear cointegration has been considered in the literature
(most recently by Karlsen, Myklebust, and Tjostheim (2006)), but only in
non-fractional circumstances, to the best of our knowledge. In this paper, we
shall focus on nonlinear cointegrating relationships between stationary long
memory processes; the restriction to a stationarity framework is made neces-
sary by the need to exploit expansions into Hermite polynomials, a powerful
tool to investigate nonlinear transformations (see for instance Giraitis and
Surgailis (1985), Arcones (1994), Surgailis (2003)). Our general setting can
be explained as follows. Let {A;} = {z¢, e}, t € Z be a stationary bivariate
time series with mean zero and covariance such that

2
EA AL, =T(r) = F)e™d
0
where

0 = [ Jex (V) feN) ] |

fex(X)  fee()

is the spectral density matrix of {A4;}. We shall take {z,e;} to be long
memory, in the sense that

Yab(T) 22 Ggprdat®1 (1)

fora,b=x,e,0<d,, dy < %, GazyGee > 0, |Gge| > 0. We write z; ~ I(d,)
for long memory processes with memory parameter d,, and ~ to denote that
the ratio of the left- and right-hand sides tends to 1.
Now assume there is a polynomial function g(-) such that E[g(z;)] = 0
and
yr = g(xy) + ey, 0<de<dy<d,<1/2; (2)

in this case, we say that y;, x; are nonlinearly cointegrated. Clearly, the
standard (stationary) fractional cointegrating relationship is obtained in the



special case where d,, = d, and g¢(-) is a linear function. It is very important
to stress that x4, e; are allowed to be correlated, which entails Ordinary
Least Squares are typically inconsistent in these stationary circumstances
(Robinson (1994)).

Our main idea in this paper is to write g(-) as a sum of Hermite poly-
nomials; the coefficients of these polynomials will be estimated by means
of a spectral regression method, as in Robinson (1994), Marinucci (2000)
and Marinucci and Robinson (2001). We shall show that, by using a degen-
erating band of frequencies around the origin, then the estimator of these
coefficients is consistent, despite the lack of orthogonality between x; and
€.

In the sequel, C' denotes a generic, positive, finite constant, which need
not to be the same all the time it is used; for two generic matrices A and
B, of equal dimension, we say that A ~ B if, for each (i, j), the ratio of the
(i,7)-th elements of A and B tends to unity.

2 Nonlinear cointegration

There is now a well-established literature on the analysis of nonlinear trans-

formation of stationary Gaussian time series by means of Hermite polynomi-

als; see Taqqu (1975, 1979) and Dobrushin and Major (1979) and more re-

cently Dittmann and Granger (2002) and Dalla, Giratis, and Hidalgo (2006).
These polynomials are defined through the formula:

2 j 2
N _ z d z .
Hj(z,0%) = (=1)0™ exp <W>Mexp <—M>, j=1,2,...
It is well-known that, for any mean zero Gaussian random variables v and
u, we have:

plE(uv)]” forp=gq

0 forp#gq (3)

E [Hp(u)Hy(v)] = {
The index of the first non null coefficient by is termed Hermite rank of
g(.). Of course, y; is non-Gaussian unless ¢(-) is linear. For our aims, the
most important property of Hermite polynomials is their orthogonality. This
property allows us to characterize in a simple way the dependence structure
of a nonlinear transformation of a stationary Gaussian process that exhibit
long range dependence. Let z; ~ I(d,); in view of (1) and (3) it is easy to
see that

E[Hy,(20)Hi(27)] = k¥ (7) ~ 0¥ a5 7 — oo



so the sequence Hpy1(z;) is “less” dependent then Hy(z;). More precisely,
if z; ~ I(d,), then Hy(z;) can be viewed as a long memory series that is
fractional integrated of order dy, ,

dk::{k<d2;>+;}v0§dz. (4)

The above equation follows straightforwardly from the equality 2d, — 1 =
k(2d, —1).

We state here more precisely our full set of assumptions.
ASSUMPTION A

1) (x¢,&) are jointly Gaussian and long memory, that is, as 7 — oo

'Y:m:(T) = szTde_l, 0< Gpp < 0
Yee (T) 2 G241, 0 < Gee < 0
Ve (T) = Grerdetde=1 |G| < 00

for 0 < de,d, < 3 .
2) The following equation holds:
yr = g(we) + et (5)
where for ¢t = 1,2, ...

g(we) = Y3y antf = Spg, bHi(a) . by #0,

K K
et =Yg, Ot = Xig, Glliled &, A0,
3) The parameters K, ko are such that
K(2d, —1) > {—1 v ko(2d. — 1)} .

Assumptions A1-A2 identify a polynomial cointegration model where the
residual is a Gaussian subordinated process. By assumption A2, the cointe-
grating relation (2) can be rewritten as

yr = B'H(z¢) +e;, where H(xy) = [Hi(z¢), ..., Hr(z4)] .

The possible correlation between x; and e; leads to the inconsistency of OLS
and justifies the use of the spectral regression techniques. As it shall be
apparent from the proofs, in our arguments a great simplification occurs for
Gze = 0. However, in our view, in general it seems difficult to assess a priori



what sort of behavior will characterize the covariance between regressors and
residual at long lags (Gye = 0 would entail these covariances to be eventually
zero). Therefore in this paper we focus on the general situation where the
value of this parameter is left unconstrained, abiding in some sense to the
traditional cointegration framework.

Assumption A3 ensures that Hg () is still a long memory process, with
stronger memory than e;. This is also a necessary identification condition:
there are no means to distinguish Hy(z:) and e; if they are not orthogonal
unless the former has stronger long range dependence. In this paper, we
take kg and K to be known, whereas their estimation will be addressed in
a different work. Note that to implement our estimates we need no a priori
information on Eo, K , although the value of EO(QdE — 1) does affect the rate
of consistency of our estimators.

Let us now define:

fll(/\) 0 fle(/\)

0 fa(r) 0 e\

= | . = | W
0 fKK(/\) fKe()‘)

and let also, for a,b=1,2,... K.
Yab(7) = E[Hy(w)Hy(w11-)] = ald) {E (z2145)}°

K
Yae(T) = E[Ho(zt)errr] =E | Ho(zy) Z & Hy(er)

k=ko
{ aléo {E (z48047)}" fora < K

0 , otherwise

where 0% represents the Kronecker delta function. Likewise

(e 9]

faz(A) = (27r)_1 Z VaZ(T)e_i/\T

T=—00

where z = a, y, e.
The Weighted Covariance Estimator (WCE) (see Marinucci (2000)) of
B = (p1,...,PK) is defined as

Bar = Frar(0)7 fr, (0)

whence

Bt — B = frm(0) " fre(0) ;



as usual, we assume fgp(0) is non-singular, where

A [ Zakr/Aen(n) e Xy k(M (7)
fHH(O):g : : ,
S k(@ /Mexa(r) o XM k(r/M)ekk (1)
) . S k(T /M)e(7)
sz(O):g :

y :
Y= k(T/M)eg(7)
and k() is a kernel function to be discussed later, M is a positive integer
representing a bandwidth parameter,

n—rt

Cab(T) = nilea(mt)Hb(l'H-T)
t=1

n—r
Caz(T) = n_lea(fUt)ZtJrT
=1

for a,b = 1,2,...K, z = y,e. and 7 < 0. For 7 < 0, we have cq,(7) =
Cwa(A—|T|), w=",z.

Oy can be interpreted as resulting from a continuously averaged lest
square regression of the discrete Fourier transform (DFT) of y; on the DFT
of H(xz;) around a band of frequencies degenerating to zero as n goes to
infinity. It is thus a continuously averaged analogous of the NBLS estimator
considered for the linear case by Robinson (1994), Robinson and Marinucci
(2001); in both cases, the numerator and the denominator can be viewed as
spectral density estimates at zero frequency.

While there is certainly scope to consider discretely averaged estimates
in this framework, we stick to the continuous case because we believe a
time-domain expression can be appealing for practitioners and in view of
the greater transparency of the proofs. Also, an explicit allowance for a
general kernel grants more flexibility in the analysis of real data.

The last two assumptions concern the kernel and the bandwidth condi-
tion.

AssuMPTION B: The kernel k(-) is a real-valued, symmetric Lebesgue
measurable function that, for v € R, satisfies

1
/ k(v)dv =1 0<k(v)<oco, k(v)=0 for|v]>1.
-1



AsSUMPTION C: Let n = K \/7%0; as n — oo ,

1 M3V (n—2) 0
M Y

Assumption B is common for spectral estimates, and it is satisfied by
(normalized version of) truncated lag windows such as Bartlett, modified
Bartlett, Parzen, and many others, see Brillinger (1981) for a review.

Assumption C imposes a minimal lower bound and a significant upper
bound on the behaviour of the user-chosen bandwidth parameter M. The
need for this bandwidth condition is made clear by inspection of the proof
in the appendix; heuristically, as K grows the signal in Hg (x;) decreases,
which makes the estimation harder; on the other hand an increase in Eo
makes the convergence rates in Lemma 1 and Theorem 1 faster, whence the
need for tighter bandwidth conditions. We are not claiming Assumption C
is sharp, however an inspection of the Proof of Lemma 1 reveals that any
improvement is likely to require at least almost unmanageable computations.

The following lemma is the main tool for our consistency result, compare
Lemma 1 in Marinucci (2000). By (4) we write

1 1 ~ 1 1
da—a<dx_2>+2,de—{k0<d5—2>+2}\/0,

by Assumption A3 we have d, > 0, a = ko, ..., K.

LEMMA 1 Under Assumptions A-C, as n — oo we have:

M
Z k - {Cab(T) - 7ab(7>} = Op(Mda+db) (6)
T=—M M

D k() feuels) = aelr)) = op(Mr% ) @)
T=—M

fora,b=1,2,... K
Proof See Appendix

We are now ready to state the main result of this paper. Let

1
By : = a!GchSg/ k(v)|v|*CNdy < oo |
-1

1 ~
B, : =al§, {Gm}“/ k(v)\v\“(d“ﬁdffl)dv < oo, fora< K,
~1

7



see also Assumption B, a,b = kg, ..., K. Let
Bum = diag {Bi1, ... Bxx} . Bre = {Bie, .. Bie} , M = diag {M*dl, . M*dK} .

Note that Bge = 0 unless a < K , due to the orthogonality of Hermite
polynomials.

Theorem 1 Under the Assumptions A-C, as n — oo
Mdi=de 0

0 0| (B 8) = BiBue +op(1) .
0 0 Mix—de

Proof By the dominated convergence theorem, as M — oo
—(dg+dy) M T M T Yap(T) 1 B
M Z k (M) Yab(7) = Z k (M) Mdatdo—1 7 ab
T=—M T=—M

—(da+de) < T — - T vie(r) 1
M > k(5p)eeln) = 30 k(57) qpasarag — Be
T=—M T=—M

From Lemma 1, it follows easily that

Gt op(MPH) oy (MAFE) op(M U +r)
. Op(Mdz+d1) Co+ op(M2d2) o op(Md2+dp)
fan(0) = : ) .
Op(MdK-Hh) CK“‘Op(MQdK)
where
1 M T
Coi= 5= D kl(57)%aa(7)
T=—M
Moreover
Bi1 +op(1) op(1)
op(1) Brk +0p(1)

Therefore, for M — oo
fHH(O) = MfllgHHMil + Op(l) = BHHM72 + Op(l) ,

since Byp is diagonal and hence commutes with M~!. Using the same
arguments, it follows easily that:

M_de./\/lfhe(()) — Bye ,asn — oo .



Finally, asn — oo ,

M By = 5} = {MAO M} MM i (0) — BB

which completes the proof of Theorem 1.
O

Remark In Theorem 1 we have proved the consistency of the WCE estima-
tor of the cointegrating vector, BM 2 B. In a very loose sense, this result
follows from consistency of a continuously averaged estimate of the spectral
density at frequency zero, see Lemma 1. It is also possible to use Lemma
1 to derive a robust estimate for the memory parameter of an observed,
Gaussian subordinated series wy := g(zy), (ko(dy — 3) + 5 =: du, say). We
use a very similar idea to the averaged periodogram estimate advocated by
Robinson (1994). More precisely, with an obvious notation we can consider

~ log Zyz—M k(37)cww(T)
i, . = M :dw—l—IOngw

2log M 2log M
= dy+op(1),

+ Op(l) ’

where we have used Lemma 1. This estimate converges at a mere logarithmic
rate and it is not asymptotically centered around zero; it is however consis-
tent under broader circumstances than usually allowed for in the literature
(see Velasco (2006) for a recent survey).

3 Comments and conclusions

We view this paper as a first step in a new research direction, and as such
we are well aware that it leaves several questions unresolved and open for
future research. A first issue relates to the choice of the Hermite rank ky and
of K. As far as the former is concerned, we remark that for the great ma-
jority of practical applications, kg can be taken a priori as 1 or 2. Under the
assumption that kg = 1, the equality d, = d, holds; this trivial observation
immediately suggests a naive test for ky = 1, which can be simply imple-
mented by testing for equality of the two memory parameters. It should be
noted, however, that when x; and y; are cointegrated the standard asymp-
totic results on multivariate long memory estimation (for instance Robinson
(1995)) do not hold. Incidentally, we note that the nonlinear framework
allows to cover the possibility of cointegration between time series with dif-
ferent integration orders, a significant extension over the standard paradigm.



For K, we can take as an identifying assumption
K = argmax(k : k(2d; — 1) > (2d. — 1)) ; (8)

higher order terms can be thought of as included by definition in the resid-
uals, to make identification possible. Indeed, it is natural to suggest to view
g(.) as a general nonlinear function and envisage K as growing with n; we
expect, however, that only the projection coefficients b, with k satisfying
(8) could be consistently estimated in this broader framework. On the other
hand, we note that the it is also possible to estimate consistently K* < K
regression coefficients, by simply dropping the higher order regressors: it is
immediate to see that their inclusion in the residual would not alter any of
our asymptotic result (there may be an effect in finite samples, however).
We stress that a lower number of regressors allows in general a weaker band-
width condition, see Assumption C.

The extension to multivariate regressors does not seem to pose any new
theoretical problem: multivariate generalizations of Hermite expansions are
well known to the literature. The non-Gaussian case is more complicated
to consider, even if some results using Appell polynomials are provided by
Surgailis (2000).

Of course, much more challenging seems to be the possibility to allow
for multiple cointegrating relationships. An important point to remark is
the following. In standard cointegration theory, the role of the variables on
the left and on on the right-hand sides is, by all means, symmetric: this is
no longer the case when nonlinear relationships are allowed. In particular,
it should be noted that the memory parameter of the dependent variable 1
is always smaller or equal than d,; this information can be exploited in an
obvious way to decide the form of the regression, provided that first step
estimates of the long memory parameters are available. We also remark
that our procedure requires a preliminary knowledge on the variance of the
regressor x¢; such knowledge can clearly be derived from first step estimates,
and we leave for future research the analysis of its consequences in finite
samples.

In this paper, we restricted ourselves to consistency results, and gave no
hint on asymptotic distributions. The latter are likely to be non-Gaussian,
at least if the Hermite rank is larger than one and/or the memory of the
raw series is such to make their autocovariances not square summable (see
for instance Fox and Taqqu (1985, 1986). A much wider issue relates to the
possible extension to nonstationary circumstances. Here, a major techni-
cal difficulty arises: the higher order terms in Hermite expansions need no
longer be of smaller order in the presence of nonstationarity. We believe,

10



however, that the stationary framework considered in this paper is of suf-
ficient interest by itself for applications to real data, see again Christensen
and Nielsen (2006) for examples on how fractional cointegration between
stationary variables may be implied by some models of volatility, based on
the Black-Scholes formula for option pricing.

Appendix

Proof of Lemma 1 Recall we have
Yabl(r) = Glrl =+l as 7 00,
where for a,b =1, ..., K, d, is such that

g4 5(2da—1)+3 for a(2d, —1)> -1 (©)
“ 0 for a(2d, —1)< -1 '

The first part of the proof follows closely Marinucci (2000). For (6), it is
sufficient to show that

of £ o} - oL 8 ) e--Draal}

¢ Z Z |Cov{cap(p), cap(q)}| = o(M>dat2dv)
—M g=—M

IN

From Hannan (1970), p.210 we have:
Cov{cap(p) can(a)}

n—1

1
= 25 (1) e+ a-9) + sl -} (10
r=—n+1
1 n—1 n—r
+ﬁ Z Z CUMgpgp (8,5 +p, s +7,5+1+q) , (11)

r=—n+1s=1—-r

where
CUMgpab (S, s+p,s+r,s+r+ Q) = cuin {Ha(l's)a Hb($s+p)a Ha(xs+r)a Hb(l'errJrq)} .
Likewise, for (7) we shall show that

Var{ Mz_:l k(ﬁ) cae(p)}

= M+1

< c Z S (Covtearlphcacldll = o(h425) (12

—M q=—M

11



For (10) we have

M M ‘7”
PIPIIDY (1= frastrrmatr + -
—M q=—M r=—mnm-+1
M 2M
i 2da-1 2dp—1
c > (rl+1) (Jr + 7| + 1)~ 14
T==—2M \|r|<2M

N (S ) e (R e Ve

|r|>2M
M 2M
-2 OVHJV%l §:<V+TH4P%1)
[r|<2M T=—2M

2M
+ Y ST (el + 1) (4 7| 4 1)

T=—2M \2M<|r|<n
— O(MnflMQdaMde) + O(M2nfln2da+2dbfl) — O(MQdaJerb) )

As usual, summations over empty sets are taken to be equal to zero. For
the second term we have:

Z Z i: <1 - an) Yab (T + P)Yba(r — @)

Mq—— r=—nm+1
Ir|
e z z T (1= 1) S+ m) o= a)
—M q=—M r——n+1
C M M
< = 2dq+2dp—2 _ 2dg+-2dp—2
< > | X Ur+pl+ + D (r—d+1)
|7“S2M p=—M q=—M
M2
+CT Z [WJFM+1)2da+2db—2+(’r_q’+1)2da+2db—2
2M<|r|<n

_ O(Mn—1M2da+2db) +O(M2n—1n2da+2db—1) _ 0(M2d“+2db) )

The argument for (11) is entirely analogous, but simpler, to that we are
giving below for (12). More precisely, to bound (12) we need to focus on

ClMgeae (S,3+p,8+7’,8+7’+q)

= cum {Hq(xs), €s+p, Ha(Tstr), €str4q}

= Z Z cum { Hy(7s), Hi(es+p) Ha(Ts1r), Hirs (Estrtq) } -
k=Fko k'=ko

12



The orders of magnitude of the cumulants are investigated by means of
the diagram formula (see Arcones (1994), Surgailis (2003); some diagrams
emerging from our arguments are represented in Figures 1 to 7). The proof
is quite tedious. From the diagram formula it follows easily that, for any
finite k, k' > ko

K K
Z Z |cum {Ho(25), H(€s54p), Ha(Tstr), Hir (Es4r+q) }
k: ko

< c \cum {Halw), Hy, o)y Halworn), Hy (o) }] . (13)

Indeed, increasing the value of Eo to k, k" entails including more products of
covariances in the cumulant, and these covariances are bounded. In order
to simplify the presentation, we divide it in three parts, that is

1)a=1, k0>20ra>2 kofl

2) a=2, k022ora22, ko =2

3) a, ko > 3.

Throughout the proof, we shall assume for brevity’s sake EO(QdE -1) >
—1; it is simple to check that for %0(2d8 — 1) < —1 the proof is analogous,
indeed slightly simpler.

PartI:azl,E022ora22,E0:1

For a =1, %0:2we have

Z Z |Cum {zs, H2(Es4p)s Tstry Ha(Estr1q) H
qu

< Z Z n2 Z Z Yae(P)Vae (@) Vee (1 + ¢ = p)
—M qg=—M r=—n+1s=1-r
"JYEE(T +4q— p)'}/&r(r - p)’Y:L‘E(T + Q)|
< = Z (Ip| + 1)%tde=t Z (gl + D)% F 1N (|4 g —p +1)% !

- ¢=—M r|<3M

+ > (r+g-pl+1)"
3M<|r|<n

M

M
¢ 2d.—1 dzt+de—1 dy+de—1
=D > | D (rrapl+ )X (r—pl+1) (Ir+q| +1)
p=—Mq=—M \|r|<3M

13



S (e e o e ) e (e O L (T DR
3M<|r|<n

_ O(n—lMdg;—i-dgMdz-i-dgMng)+O(n—1M2dz+2den2d5)
_’_O(n—lMMdm-i-dEMng) 4 O(n—1M2n2d1+4d5—3)
M 24, +4d.1 4d.+2d M? 4 43d.—1 4d.+2d
= O<nM z+ 6_)+O(M e+ z)+0<an+ E_)+O(M e+ :c)

= o(MPdetidemly — o(py2dat2dey  pecause 2d, = 4d. — 1 .

The extension to Eo > 2 is trivial:

cum {xSvHE (58+p>:$s+r:Hg (5s+r+q)}

= Z Z Z Z%e P) Ve (@7 (r + g — p)
—M qg=—M

r=—n+1s=1-r

B 4 g — P)Yea(r — P)Yac(r + @)

_ O(nflM2dz+2dsM(~kOfl)(2dafl)+l> I O(nflM2dz+2dsn(7c071)(2d571)+1)
+O(nflMdz+d5+1M(~kOfl)(2dsfl)+1) I O(nflM2n2d1+2d572+(7c071)(2d571)+1)

- 0 (]\ZMQdI+2dE1M(7g01)(2d51)+1> I 0(M2d1+'150(2d571)+1)

2 .
L0 <M gdatde—1 (ko —1)(2d5—1)+1> + O(n—! M2p2e+Fo(2d-1))
n

— O(M2dz+2de)
by the same argument as before. The proof for a > 2, Eo = 1 is entirely
analogous and hence omitted.

PartII:a:2,%0220ra22,%:2

For a = 2, Eo = 2 we have

M n—1 n—r
Z Z Z Z cum{ Hy(zs) Ha(Es+p) Ha(Ts4r) Ha(Es1r+9) }
—M qg=— r=—n+1s=1-r
< Z Z n2 Z Z 'Yxa 'Yxa 'Ya:x( )7&5(T +q- p)
—M q=—M r=—n+1s=1-r

+7x6( )Vze (T + @)Vex (1 — P)Vze(q)

Yoz (1) Vee (1 + @ = D) Vea (T — D) Vae (1 + q)

14



C - - —
. Z Z S [pl+ )%= gl ) )2 (gl 4+1) 2

p=—M q=—M |r|<3M
+(|p|+1)dm+ds—1(‘q|+1)dm+dg—1(|T+q|+1)d(x+ds_1(|r _p| + 1)dx+ds_1
+ (\ry+1)2dw-1<\r+q—p\+1)2ds-1(|r—py+1>dz+ds—1(yr+qy+1)dz+ds—1}}

C
T Z Z S [l 1) (g 4+ 1) (1) (o g 4 1)

" —M qg=—M 3M<r<n
ﬂ’f”\Jrl)d’”*”lf’l(\qlﬂLl)‘l“ﬂ“lfl(\rnLq|+1)““%*1(|r—p|+1)d”df*1
+ (|T|+1)2d$_1(|7“+q—p|+1)2d5_1(|r—p|+1)dz+ds—1(|r+q’+1)dz+d5—1}}
= O(n_1M2dz+2d5M2d€) + O(n—lMdz+d5Mdz+dstz+dE) + O(n_1M3d€+3dz)
4O (M2 22— 1y L 0 (1 2t 2ey 2da 42 =1y | ()2 L dde+Ade=3)

= 0O <WM2dx+4da—2> + O <

M2dx+4d5—2> + O(M4dx+4d5—2)
n

n
= 0(M2d2+2d6) because 2ds = 4d, — 1 and 2d, = 4d. — 1 .

For EO > 2 the argument is very much the same:

Z Z = S S cum{ e (o) s (o)

—M q=— r=—n+1s=1-r
< Z Z Z Z Yae () Vo (0)Vaw (P72 (r + ¢ = p)
—M q=— r=—n+1s=1-r

ko—2

Ve (p>7:v€ (Q)7$€ (7' + Q)75$ (T - )75& (71 +q— p)

Yz (1) Yea (T — P)Yae (7 + Q)'Yfg l(r +q—p)

_ O(n71M2d1+2d5M(~k071)(2d571)+1) i O(n71M2d1+2d5M(~k072)(2d571)+1)
+O(n—1M2dxde+dgM(igo—1)(2ds—1)+1) i O(n—1M2dx+2d5nde—1+(~k0—1)(2d5—1)+1)
+O(n—lM2dz+2dan?dz+2ds—l+(~ko—2)(2d5—1)) 4 O(M2n—1n4dz+2d5—2+(~k0—1)(2d5—1))

_ O<WM2dx—1MEO(2dE—1)+1) +0<WMde+2dE—1+%O(2ds—1)+1>
n

n

10 (]\fMSdzldsMEo(stl)Jrl) L0 (]\f

M4dle%o(2d€1)+1)

= o(M?®21+2) pecause 2d, = ko(2d. — 1) + 1 .
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Part III: a > 3, ko > 3

We note that, by the diagram formula (as in (13))

‘Cum [Ha@S)HEU (58+p)Ha(xs+T)HEO (Es-i-r-&-q)} ‘
< Cleum [Hs(2s) Hs(€s4p) H3(Tstr) H3(Estr44)]| -

It suffices then to focus on a = %0 = 3. There are seven different kinds of
connected diagrams, which are represented in Figures 1 to 7. We have

ZMq_X_:
_ ZMq_Z

n—1 n—r
Z Z Cum{HS(xS)HL’v(58+p)H3(xS-i-r)HS(Es-I—r-I-q)}‘

r=—n+1s=1-r

n—1 n—r
Do D (@ e (r = P)Yae(r + @)+

r=—n+1s=1-r

e(P) Y2z (1) Vae (T + @)Vee (T + ¢ = P)Vea (T — P)V2e(q)
7+ q = p)Vex(r — P)Yze(r + @)

) Vax (1) Vee (r + ¢ — p)

7+ q = P)Vae(P) Ve (q)

Voo (1 + @) Vo (D) V22 (0)

Vo (1 + @) Vaw () Ve (r + ¢ — p)|

™

+ o+ o+ + o+t

~—

Voe(r —p

M

M
C
< 23 (bl DEETETD ST (] )2y
p=—M q=—M

X (Ir = p| + 1)%=Fde=1(|p 4 g| + 1)d=tde1
rl<2M

+ (r = pl + Y gl 410 | (1)
2M<|r|<n

3\@

M
Z (Ipl + )t Z (gl + 1)+

q=—M

< | (rl+ D5 (e + g = pl + D)X (|r = pl + DFHET (4 g + )t
Ir|<3M

+ ) (D (g —p )P (=l )BT (g )BT (15)
3M<|r|<n
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C M M
s S 1P S S (g pf 1)
|

r|<3M p=—M q=—M

(I =pl+ 1) (gl + 1)) o §j 5 ( > (1)

—M q=—M \3M<|r|<n
xv+q—m+n%m*MV—m+n%”f%v+ﬂ+n%”fﬁ] (16)
C M M
v 2(dp+de—1) 2(d$+d5—1) 2d,—1
=D (el DD N (gl 1) >l +1)
M g=—M [r|<3M
X (Ir+q=pl+ 127 ) + 30 (Il + D)™ (r+q—pl+1)* | (17)
3M<|r|<n
C M M
o dp+de—1 dp+de—1 2(2d,—1)
+ = > (pl+) > (lal+1) > (rl+1)
p=—M q=—M 7| <3M

><(\7’+q—p\+1)2(2d5*1))+ > (7’+1)2(2d””1)(7’+qp+1)2(2d€1)] (18)
3M<|r|<n

M
C _
+ = ) (el E (gl + DB+t Y (I gf 4 1)t
p=—M g=M |r|<3M

« (|T,_p|_{_1)2(dx+dg—1))+ Z |r—|—q|+1) (dgp+ds—1) (|T’ p|+1) (dgp+ds—1) (19)
3M<r|<n

C _ _
SEPINCISEeD VD o SR e
|r|<3M

—M qg=—

x(|r —p| +1)° d“+d571)(IT+QI+1)2(dz+drl)+ Yo (1)t
3M<|r|<n
M M
x Y > (rp—gl 1) (fr—p| 4 1) (g4 1) D (20)
p=—M q=—M
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After lengthy but straightforward computations, it is not difficult to see that

(14) =

O(n—1M2dz+2d5—1M2dr+2d5—lMdz+d5) + O(n—1M4dz—1M4d5—1n2dz+2d5—1)
M4dx+4dg—1
0 () 4 O(M4dZ71M4d571n2dz+2d572>
n

M4dx+4d5—1
o) < > + O(M4dz—1M4d5—1n2dz+2d5—2)
n

O(n—1M4dw—1M4dg) + O(n—lMQnﬁdx+6dg—5)
M4dz+4d571
O ( ) + 0(M4dx—1M4dg—1n2dx+2dg—2)
n
O(n71M2d1+2dsflM2d1+2d571M2dz) + O(nfleldzflM4d571n2dz+2d571)

M4dz+4d571
0 ( ) + O(M4d$—1M4d5—1n2dx+2d5—2)
n

O<nflMdz+d5 Mdz+d5 M4d571) + O(nflMde M2dz n4d1+4d573)

M4dz+4d5—1
O ( ) 4 O(M4dz—1M4d5—1n2dz+2d5—2)
n

O(n—lMdz-l-dstz-l-dgM2dz+2d€—1) + O(n_1M2d1+2d8n4dz+4d€_3)
M4dx+4da—1
O <) 4 0(M4dz71M4d€fln2dz+2d572)
n

O(n—1M2dxM2dx+2ds) + O(n—lMQnde+6dE—5)
MAdo+4de—1
0(7) 4 0(M4dz—1M4d5—1n2dz+2ds—2)
n

M4d;c+4d5—1
— O(T) 4 0(M4dz—1M4d5—ln2dz+2ds—2) .

In view of the previous results, our proof will be completed if we show that

where

M4dz +4d:.—1

+ M4dm—1M4d5—1n2dz+2d€—2 —_ O(MQda+2de) ,
n

2dy + 2d, = 2ad, + 2kod. — (a + ko) + 2 .

We note first that

NAde+ad-—1 NAda+ad-—1 M 2(2—a)ds+2(2—ko)d=—3+a+ko

nMQda+2d8 o n(MQad‘z“!‘Q%Odg_(a“l‘%O)‘f'Q) o n

From (9) and d. > 0 it follows that

1 1
dx>§—% and d5>

1

-~ Y

2%ko

N |
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whence, because a, kg > 2 we have

2(2-0) (3 - ) +22—Fo) (3 - 51 )-3+a+Eo

A2(2—a)de+2(2—ko)d=—3+a+ko M a 5

n n

(M) o,

in view of Assumption C. To complete the proof, note that, again from
Assumption C, for some o > a — 2, kg — 2 we have M* = O(n), whence

IN

M4dz +4d. —2n2dz +2d.—2

O(M(QfaJra)(2dzfl)+(27%o+a)(2d571)) — o(1) as 7 — 00

M 2adx+2kode—(a+ko)+2

Thus the proof is completed.
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QD)

s o Ts Ts4r
2 0

1‘s+r @

Estr+g D

Figure 1: v2.(p)v2.(q)Vze (r + @) Ve (r — D)

Es+r+q Estrtq

T ° Ts Lsr
Es+p . °

Lstr D

Estrtg e Estp Estrtq

Figure 2: Yoe(r + @)Vea (r — p)V2. (r)VE(r + ¢ — p)

=909 =

Estrtq Es+p Es+r+q

Figure 3: Vae (P)Vae (@) 72 (r + 0)V2. (1 — D) Yoz (r)Vee (r + g — D)

Ty 0 Ts Lsr
Es+p °

Ts4r @ @

Estrdqg 8 e Es+p Est+rtq

Figure 4: v2.(p)v2.(¢) Y2z (r)7=e(r + ¢ — p)

100 T

Estrtq Es+p Es+r+q

Figure 5: v2.(p)v2. ()72, (1A (r + ¢ — p)
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QD)
QD

Estriq Es+p Estr+q

Figure 6: yze(p)V2e (9)72 (r + )72, (r — p)

T e

Est+rtq Es+p Es+r+q
Figure 7: Yo (r)vee (r + q — p)V2(r + @)V, (r — p)
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