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Abstract

Physics-informed neural networks (PINNs) are deep learning neural networks explicitly
conceived as an alternative solver of partial differential equations with respect to standard
numerical techniques. PINNs offer some unique features, such as the capability of constraining
the solution with internal or external and local or integral information, allowing to take into
account uncertainty of this information. They can also be constrained with incomplete physics
equations, allowing the development of modelling tools. Therefore, they offer the possibility of
developing a unique framework, which permits to combine physics and data. In this work, their
potential has been investigated by applying them to one of the most important inverse problems
in tokamaks, the plasma equilibrium reconstruction. More specifically, an advanced
PINN-based equilibrium reconstruction method has been developed that combines
multi-diagnostic constraints with high-fidelity physics modelling of the measurements, able to
take into account both non-linearities and relativistic effects. All the relevant diagnostics have
been included in the study, confirming the potential of the technology to perform also integrated
data analysis. A series of numerical tests, performed with the help of the Tokalab platform, have
proven the quality of the results in cases, for which the right solution is known. After this
validation, the developed tools have been applied to analyse various Joint European Torus (JET)
discharges, with particular attention to high performance experiments in DT. A detailed
comparison with the reference inversion codes used on JET (EFIT, EFTP and EFTF) is reported
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together with diagnostic ablation tests, confirming both the accuracy and the reliability of the
approach. The obtained performances motivate various future developments such as the
implementation of multi-fluid magnetohydrodynamic equations, plasma dynamics
reconstruction, and acceleration schemes to reduce the computational times.

Keywords: physics-informed neural network, equilibrium reconstruction, multi-diagnostic,

experimental data

(Some figures may appear in colour only in the online journal)

1. Introduction

Experimental physics and engineering are strongly depend-
ant on measurements: it is impossible to conduct an exper-
iment without measuring what is going on. This is particu-
larly true for the field of science, in which this work is loc-
ated (Magnetic Confinement Nuclear Fusion, MCNF) and its
experimental apparatus (in the specific case, tokamaks). In
tokamaks, integrating various diagnostics enhances our under-
standing of plasma behaviour [1-4], and the more diagnostics
we interrogate, the more information we get. Of course, there
are technological and experimental limits to the information
one can get from an experiment. In the case of tokamaks,
they can depend, for example, on the presence of electromag-
netic forces, neutron fluxes, and high thermal loads, restricting
the operation of most diagnostics to measure external local
variables (e.g. pick-up coils (PUs) or flux loops (FLs)) or
line-integrated quantities (e.g. interferometers, polarimeters,
bolometers [5—8]). Internal local measurements are typically
confined to a very small volume of the plasma (e.g. Thomson
scattering (TS) [9, 10]).

Several problems in tokamak plasmas are inverse in nature:
indeed, inferring plasma quantities from external or spa-
tially integrated measurements constitutes an inverse prob-
lem. Some of the most important examples in tokamaks are
tomography [11-15], kinetic profile reconstruction [16-20],
and equilibrium reconstruction [21-29].

The core focus of this work is the so-called equilibrium
reconstruction, which aims to evaluate the magnetic fields and
the electron temperature and density. As an inverse problem, it
relies on measurements and the compliance with the magneto-
hydrodynamic (MHD) equations. This problem can be formu-
lated through a system of partial differential equations (PDEs)
(the ideal steady-state one-fluid MHD equations) with known
boundary conditions (measurements). Reconstructing equilib-
ria is crucial in MCNF: from the reconstruction of current pro-
file parameters and plasma shape [30-33], to discharge control
[34, 35], and kinetic profiles [16, 19, 36].

Most standard reconstruction methodologies rely mainly or
exclusively on magnetic diagnostics [37] (such as PUs, saddle
loops (SLs) and FLs) but utilising only magnetic informa-
tion renders the problem ill-posed [25, 28, 38—40], requir-
ing algorithms capable of constraining the equilibrium with
internal measurements. Moreover, as the inverse problem is
formulated as a PDE, it is also fundamental to properly model
diagnostics and to propagate the errors [41-44].

In recent years, physics-informed neural networks (PINNs)
have emerged as an innovative approach in situations where
standard methodologies are inadequate or inefficient [45-47].
PINNs and physics-informed deep learning have been use-
ful in various scientific and technological applications, such
as constraining predictive models for physics-guided extra-
polation and regularisation, solving PDEs with a meshless
approach and domain decomposition, and addressing prob-
lems with incomplete physics. Recent work has explored the
applicability of PINNs in plasma physics and MCNF, includ-
ing solving the Grad—Shafranov equation, inverse problems,
turbulence, and transport simulations [48-53].

The potentialities of PINNs implementation for the study of
tokamaks plasmas and the importance of a multi-diagnostics
approach with a proper diagnostic modelling have already
been discussed in other authors’ articles [54, 55]. This work
can so be considered as an advancement in PINNs application
to plasma physics in tokamaks.

In this paper, we present the reconstruction of the equilib-
rium and the electron temperature and density profiles with the
PINN technology. We demonstrate that the method is reliable
in terms of stability and capable of filtering out outlier meas-
urements within the dataset. To validate the proposed method,
we first show results for a synthetic case (Tokalab [56], serving
as a ground-truth reference) and then for JET (Joint European
Torus) pulse #89724. We decided to test our algorithm with
this discharge since it is a well-studied L-mode experiment
[57] and presents several validated diagnostics. Additionally,
the reconstruction of high-performance pulses #99948 (the
best baseline shot in deuterium—tritium (D-T) in terms of dura-
tion and peak power [58, 59]) and #99950 (a hybrid 50/50 D/T
type | ELMy H-mode shot [59, 60]) are presented. Moreover, a
comparison with EFTF and EFTP for pulse #96996 is reported.

The paper is organised as follows: section 2 reviews the
physical concepts related to equilibrium reconstruction, on
which the PINN algorithm is based. It also describes the
measurements used (in the case of JET) and the model-
ling of diagnostics (utilised in the simulation of the syn-
thetic cases and in the learning algorithm for both the syn-
thetic equilibrium and JET experiments). Section 3 intro-
duces the PINN algorithm, detailing hyperparameters and
architecture selections, and fully describes the loss func-
tion formulations. Section 4 presents and discusses the res-
ults and provides validation of the method. Finally, the con-
clusion section summarises the principal findings of the
work.
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Figure 1. Schematic representation of the validation procedures followed for both synthetic (a) and JET experimental cases (b).

2. Methodology: validation schemes, data
generation and diagnostics

In this section, the validation approach is introduced first and
then the generation of the synthetic data and the modelling of
the diagnostics are presented.

2.1. Validation methodology

Figure 1 summarises the analysis and validation procedures
followed in the rest of the work for both the synthetic scenario
(a) and JET experiments (b).

When analysing experimental data, the ground-truth is
unknown, so, it is useful to investigate synthetic cases, to per-
form preliminary tests and verify the proposed method. In this
work, the synthetic scenario is designed with Tokalab, an
open-access virtual tokamak, which is presented in section 2.2.

Figure 1(a) shows the procedure followed in the first part
of the work: verification and validation of the method using
a scenario generated with the TokalLab case. The synthetic
scenario produces the plasma quantities of interest (mag-
netic fields, electron density and electron temperature pro-
files, green box of figure 1(a)), from which we simulate the
measurements (better described in section 2.2). The simu-
lated measurements, together with physical equations, consti-
tute the input to the PINN algorithm that returns, as output,
the reconstructed plasma quantities of interest (bottom-right
pink box). We then analyse the performances of the PINN
algorithm by comparing the reconstructed quantities with the
original TokaLab ones. In this way it is possible to quantify the
performances of our methodology and to verify the procedure
(top-right box of figure 1(a)). The details of the algorithm are
presented in section 3.1.

For what concerns the experimental data (figure 1(b)), a
different procedure has been used. Once again, measurements
(and physical equations describing the observed phenomena)

are the input to the PINN algorithm. These measurements
are the ones recorded by JET diagnostics (presented in
section 2.3). As output of the PINN, we obtain the plasma
quantities of interest. To analyse them, since in this case the
ground-truth is unknown, we made a comparison with EFIT,
the standard and most established code for JET equilibrium
reconstruction [30, 61, 62]. Our method aims at predicting
both the magnetic fields and kinetic profiles, constraining the
problem with internal and external, local and line-integrated
measurements. This approach is different from the standard
EFIT, which computes the equilibrium utilising only magnetic
diagnostics, thus a specific validation procedure is needed. A
comparison with EFTP (EFIT using internal pressure meas-
urements) and EFTF (EFIT bounded with Faraday rotation
measurements implemented assuming the type-I approxima-
tion) is also provided for pulse #96996. All the details of the
validation are reported in section 4.

2.2. TokalLab geometry, equilibrium simulation and
diagnostics

The synthetic scenario used as reference in the following is
one of the main scenarios of TokalLab, an open access virtual
tokamak for education and research [56]. Although its geo-
metry can be readily modified, in this work, TokalLab geo-
metrical features are fixed with the major geometrical radius
Ry = 6 m and the minor radius a = 2 m. The equilibrium has
been obtained using a standard finite difference algorithm that
resolves the Grad—Shafranov equation [37, 63], where the
plasma boundary (last closed flux surface, LCFS) is imposed
using the parametric function detailed in [64]. The equilibrium
has been computed assuming a Single Null (SN) configuration,
with a plasma current of 12 MA and a toroidal field of 5 T. In
the numerical simulation, a pressure of 100 Pa at the LCFES is
imposed.
Figure 2(a) shows TokalLab geometry and diagnostic set.
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Figure 2. Geometry and diagnostic settings for TokaLab (on the left) and JET (on the right).

The physics equations used for simulating the TokaLab
plasma equilibrium are introduced below. Even if in this work
it is not so important to present in detail how Tokal.ab sim-
ulates the plasma equilibria, reporting the equations below is
useful, since they are the same used for the training algorithm
of the PINN and so they will be recalled later.

For simplicity’s sake, the plasma equilibrium reconstruc-
tion in nuclear fusion is normally based on the ideal (no res-
istivity) steady-state static (negligible velocity) single-fluid
MHD equations, which can be written as:

V- -B=0
/J,()J:VXB
JxB=Vp €))

where J is the plasma current density, B is the magnetic field,
and p is the plasma pressure. The equilibrium reconstruction
is an inverse problem aiming at reconstructing the magnetic
fields, plasma density currents and pressure.

The MHD equations in tokamaks are typically expressed
in cylindrical coordinates (R, ¢, z) and toroidal symmetry
(0/0¢ = 0) is assumed. Under these hypotheses, the MHD
scalar form is:

OBr OB,
V-B=0— — =0
OR 0z
r o 1 OB
JR*_Q aj
J6) OB,
pioJ =V x B — J¢:ﬁ(%—aﬁ”)
o)
=t ()
_ o
]¢BZ_JZB¢_ﬁ
JXBZVP—) JRBZ—JZBR:O . 2)
| JrBy —JsB. = %

It is possible to manipulate them to write the Grad—Shafranov
equation:
dF

2
(@m)'F 3)

* 2 dP
AU = —po(27R) 0
where ¥ is the magnetic flux (WDb). In this paper the normal-
ised flux per unit radiant ¢/ (Wb rad—") is also used.

In this study, we have implemented the approximation that
electron and ion densities are equal (N, = N; = N) and that
electron and ion temperatures are equal (7, = 7; = T). Under
this approximation, the plasma pressure is p = 2NT. The elec-
tron density is subsequently calculated using a typical radial
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function on the normalised flux surface (¢ ,,):

Ne (¢n) = (Ne,O_Ne,LCFS)(l _wgl)az"_Ne,LCFS (4)

where N, g is the electron density on the magnetic axis while
N, 1cFs is the density on the LCFS. It follows that the temper-
ature is equal to:

__P
¢ 2eN,’

&)

Once all the synthetic plasma quantities are computed, it is
possible to model the diagnostics and, so, to simulate the
measurements.

Regarding the diagnostics, the second part of this
Subsection introduces the modelling procedures adopted to
simulate the measurements in Tokal.ab. Once again, the for-
mulation introduced here will be recalled later because, as a
part of the PINN training algorithm, the diagnostic measure-
ments will be calculated from the reconstructed plasma quant-
ities, following the same procedure adopted for the Tokal.ab
simulations.

For the TokaLab case, the diagnostics modelled are shown
in figure 2(a) and include PUs, FLs, SLs, TS, interferometer-
polarimeter (IP), and the motional Stark effect (MSE). Each
diagnostic includes multiple measurements; for instance, the
interferometer has 8 lines of sight. In the following, the index
‘i’ denotes each individual measurement.

The PUs, which are induction sensors, measure the local
magnetic field along the coil axis direction (), which forms an
angle v with the poloidal surface axis, with each measurement
calculated as [2, 65]:

Bpui = B(R[,Z,') ‘n (Ri,Zi) = Bg (R,',Z;) Ccos (’Y[) + B; (R[,Z,‘) sin (’y,‘) (6)

where R; and z; are the coordinates of the coil centre.
FLs and SLs measure the magnetic field linked to the loop,
expressed as:

YL =1 (Riyzi) @)
YsLi =1 (Ry,22) — v (R1,21) (¥

where the subscripts 1 and 2 indicate the extremities of the
SLs, considering a counterclockwise orientation.

TS, a laser-based diagnostic, evaluates the local electron
density and temperature at various points by analysing the
laser light scattered by the plasma [2]:

NeTs,' = Ne (Ri,Zi)
Ters; = T, (Ri,zi) . )

The IP is used to measure the line-integrated density (LID)
[2]:

LID; = / N.dZ (10

where dZ is the infinitesimal distance along the interfero-
meter’s line of sight.

For polarimetric measurements (Faraday rotation and
Cotton—-Mouton phase shift), we use the complete Stokes
formulation [66]. Being €2 a vector modelling the plasma, the
Stoke’s vector describing the evolution of the polarised light
along the optical path is:

ds;/dz
) _ o2 xs2)= 1 dn/dz (11
dz ds; /dZ
with:
o CIN'N. (Z) (B} (Z) — B} (Z))
Q2)=| X | = 2C1 AN, (2) B, (Z) By (Z)
9% C3\2N, (Z2)B,(Z
12)

From the previous equations it is possible to derive the Faraday
rotation and Cotton—Mouton phase shift as follows:

1 1 [Q1(2)51(2)s53(2) + 0 (2) 2 (Z) 53 (2)

Farfi/ﬁ%(Z)dZ—E/ CD+2Q2) dz
_ [0 (@D)52(2)s1(Z) + 25 (Z)s3(2)s1(2)

CM—/QI (2)dz / ETOETIe) dz.

13)

The derivation of this formulation is presented in [55], while
the importance of using the complete formulation is discussed
in [41, 55].

The MSE diagnostic is based on the measurement of the
light polarisation emitted by a beam of hydrogen neutral atoms
injected into the plasma [2]. Due to the motion of the ions
inside the tokamak magnetic field, an apparent electric field is
generated that causes the Stark effect. By measuring the light
polarisation, it is possible to determine the direction 6§ of the
magnetic field in the plasma

MSE, = G(Ri;Zi)- (]4)
It is crucial to note that the algorithm’s modularity allows for
easy implementation of additional diagnostics (both for their
simulation through TokaLab and for their implementation in
the PINN multi-diagnostic algorithm).

To simulate the diagnostics realistically in the synthetic
scenario, normally distributed random noise has been added to
the ideal measurements. It is important to highlight that both
the geometric configurations and the noise uncertainties for
the TokaLab diagnostics are based on JET diagnostic config-
uration and statistics [8, 9, 65]. Table 1 displays the number
and the set of diagnostics used for the PINN algorithm for both
TokaLab scenario and all JET pulses. The measurement uncer-
tainties are also reported.

2.3. JET geometry and diagnostics

Figure 2(b) shows JET geometry and diagnostic positions. As
for the Tokalab case, in table 1 the number of diagnostics
and the diagnostic sets used for each pulse reconstruction are
reported.
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Table 1. Number and set of diagnostics used in each case. (The acronymous stand for: PU = pick-up coils, FL. = flux loops, SL = saddle
loops, TS = Thomson scattering, LID = interferometry line integrated density, POL-Far = polarimetry-Faraday rotation,
POL-CM = polarimetry-Cotton—-Mouton phase shift, MSE = motional Stark effect).

Pulse PU FL SL TS LID POL-Far POL-CM MSE
Tokalab — 42 6 30 60 8 8 8 25
o OPU OFL = OsL = OTSye OTSpe OFar ocM OMSE
=0.05T 0.05Wbrad~! 0.05Wbrad™' =10®*m™> =10®m™> =35mrad =35mrad =1.7mrad
0TSy,
=100eV
JET 89724 36 4 27 63 6 401,2,34] — —
[1,3,4,6,7,8]
99948 36 4 27 63 5[3,4,6,7,8] 4[1234] — —
99950 36 4 27 63 5[3,46,78] 6 — —
[1,2,3,4,7.8]
96996 36 4 27 63 6 8
[2,3,4,6,7,8] [1,2,3,4,5,6,7.8]

The uncertainties are calculated as the standard deviation of the measurements in the considered time window.

For JET pulses, it is important to underline that it has been
necessary to operate a choice and neglect some measurements
from the set of diagnostics, namely some lines of the interfer-
ometer and of the polarimeter. For what concerns the inter-
ferometer, as it can be clearly see from figure 2, line 2 inter-
cepts the divertor and its measurements are altered by the
density in the private region and the SOL. Different physical
equations should be used in those regions, requiring a multi-
physics approach. Regarding the Faraday rotation, sometimes
the measurements of the horizontal lines are too noisy and so
we decided not to use them to train the model. Unfortunately,
for the considered instants of time of each pulse, the Cotton—
Mouton phase shift measurements are all too noisy and not
in agreement with the Faraday rotation information, so we
decided not to consider at all that set of measurements.

In general, in the case of JET data, all the measurements
have been averaged in a time window equal to 50 ms centred
at the interested instant of time. The assumed uncertainties are
equal to the maximum value between the declared errors bars
from JET and the measurement standard deviation in the con-
sidered time window.

3. Equilibrium reconstruction with PINNs

Equilibrium reconstructions are based on the MHD equations,
which are PDEs traditionally solved using numerical tech-
niques such as finite volumes, finite differences, or finite ele-
ments. These techniques require the domain to be discretised,
which generally affects the accuracy of the results. Partial
derivatives are approximated using finite differences, where
the step size depends on the element size. PINNs present an
innovative method for solving PDEs [45, 67, 68].

A PINN is a deep neural network, whose training algorithm
is guided by physical constraints. According to the universal
approximation theorem, a deep neural network can approxim-
ate any function F(x,0) =y, where y is the target, x is the
input space, and 6 represents the function parameters. The
training process consists of tuning the network parameters to

best approximate the desired target, satisfying both data and
physics constraints.

One significant advantage of PINNs is that all partial deriv-
atives are computed using automatic differentiation, which
is far more precise than numerical differentiation, allowing
for meshless solvers [45, 69]. PINNs can integrate noisy
data with PDEs, making them well-suited for inverse prob-
lems, even with non-linear relationships. They can also man-
age incomplete physics, aiding the development of self-
modelling algorithms [47, 70]. Unlike purely data-driven
neural networks, PINNs incorporate PDEs as regularisation
terms, enabling them to handle sparse and incomplete data
effectively.

However, PINNs come with certain limitations. Their train-
ing is specific and does not generalise like standard data-
driven neural networks. Thus, each new PDE solution neces-
sitates new training, making PINNs unsuitable for real-time
or rapid predictions but better suited to determining precise
solutions and to identifying innovative applications such as
self-modelling. Additionally, as a relatively new methodology,
PINNSs lack a standard framework and may require paramet-
ric analyses for optimisation. In this work, we aim to lay the
groundwork for efficient multi-diagnostic equilibrium recon-
structions for tokamaks.

3.1. PINN architecture and training process

Figure 3(a) illustrates the neural network specifically designed
for equilibrium reconstruction. The PINN takes the coordin-
ates R and z, where plasma quantities need to be assessed, as
inputs. The outputs are the potential vector Ay, the toroidal
magnetic field By, the electron density N,, and the electron
temperature 7,. As mentioned, in this study we assume that
the electron density N, is equal to the ion density N; and that
the electron temperature 7, is equal to the ion temperature 7;.
A physics layer is employed to calculate the poloidal magnetic
field Bpoi = (B, B;) from the potential vector A, , and another
layer evaluates the plasma pressure p = 2N,T,. Thus, in this
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Figure 3. Schematic representation of the neural network used in this work for both TokalLab and JET cases (a) and schematic
representation of the training algorithm (b). The bottom block diagram represents a single epoch: if the convergence criteria are not met at

the end of 100 iterations, a new epoch is started.

specific case, the PINN is a function F([R,z],6) that returns
the plasma quantities given the coordinates. The neural net-
work architecture implemented is a fully connected network
with 8 hidden layers, each containing 20 neurons. The activa-
tion function is a hyperbolic tangent and biases are used. The
non-linear transformation operated by each neuron can so be
expressed as:

Xoutput = tanh (W Xinput + b) . (15)

Being Xoutpur and Xinpy respectively the output and input of
each neuron, w a multiplication factor called weight and b a
constant called bias. The weight w together with the bias b
constitute the network parameters ¢. The overall number of
parameters for the neural network used (see figure 3(a)) is
3084.

As usual the inputs to the network are normalised so that
their absolute values are in the same range. To obtain phys-
ically meaningful quantities, the output layer (figure 3(a)) is
then rescaled appropriately:

For TokaL ab:
Ay 1 1 8
B, 1 1
= Y Y ()
N, 1024O 0 + W
T, 10 0 S
For JET:
Ay 1 1 g
By 1 1
= Y Y Y(3)
N, 10" 0 + Hf?o—gym
Te 103 0 R(C

[Ew o)
(16)
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where Y is the output of the network, and the second term
of the sum ensures the non-negativity of electron density and
electron temperature (components 3 and 4 of the output).
Multiplicative factors for electron density and temperature dif-
ferences between Tokalab and JET are due to the different
order of magnitudes of these two plasma quantities in the two
scenarios (compare, for example, figures 4 and 8§).

The parameters are fine-tuned using an iterative training
process shown in figure 3(b). The training requires defining
a loss term to minimise, which includes information from the
boundaries and the physics model. To determine the boundary
loss, diagnostic values must be calculated based on the recon-
structed plasma quantities. These reconstructions are evalu-
ated on the diagnostic points as described in section 3.2. The
physics loss is calculated at the so-called collocation points,
generated through a Sobol distribution [71, 72]. At each iter-
ation, a subset (minibatch) of the collocation points is selec-
ted, and the neural network predicts the plasma quantities at
these points. The resulting loss and the gradient of the loss
with respect to the neural network parameters (VgLoss,) are
then calculated. The ‘ADAM’ algorithm is used to estimate
the new neural network parameters, and a new iteration begins
[73]. At the end of 100 iterations, if the convergence criteria
are reached, the training ends, otherwise a new epoch consist-
ing of 100 new iterations begins.

The minibatch size of the collocation points is 1000, and
thus 100 000 collocation points are generated using the Sobol
sequence.

A decaying learning rate is employed:

LearningRatey
1 + iteration - LearningDecayRate

Learning Rate =

a7
where  LearningRatey = 1073
=10"%

At the end of each training epoch, a check is performed
to determine if the stop condition is met. If the condition is
satisfied, the training process halts, and the neural network is
considered trained. Generally, the stop conditions are based
on either a target value for the loss term (defining the desired
accuracy), a threshold for the loss gradient (indicating no fur-
ther improvement), or a maximum number of training epochs.
In this work, the stop condition is the maximum number of
epochs, set to 5000.

and LearningDecayRate

3.2. Loss function formulation and adaptive weighting
scheme

As previously discussed, the minimisation of the loss function
is central to the training of PINNSs. In the context of PINNs, the
loss is typically composed of two terms: the data (or boundary)
loss and the physics loss:

LoSSpoundaries + @ Lossphysics

LosSir = T

(18)

Both Losspoundaries and LoSSphysics are expressed as the normal-
ised mean squared error between the predicted value (the net-
work output) and the desired target (either the measurements

or the physical constraints):

L - w (y » — Vb ) ?
OSSboundaries = s 2
Wiot gy

2
Lossphysics - %Z M (19)

G
where y, is the predicted value, y; is the measurement, o, is
the measurement uncertainty, w is the diagnostic weight with
respect to the total weight of the boundaries (Wiot), frarget 18
the physical equation describing the investigated phenomenon,
and Cy is a suitable normalisation parameter.

The parameter o weights the relative importance of the
two loss functions. Recent studies have demonstrated that
balancing these two losses impacts the quality of the results
significantly [74-76], especially when dealing with noisy data
[76]. In a recent work, an adaptive weighting scheme optim-
ised for inverse problems with noisy data was developed. This
scheme is based on the consideration that while LoSSphysics
should converge to zero, LosSpoundaries has a different limit,
which is a function of the measurement errors [77].

If the measurements used as boundary conditions were per-
fect (without noise or error), y, would converge to yy, as the net-
work trains, and LosSpoundaries Would approach zero. However,
real measurements are affected by random noise, and it can
be shown that (y, —y;)” statistically converges to o2, mak-
ing LoSSpoundaries approach one. If LosSpoundaries reaches values
much smaller than one, it is likely that the neural network is
overfitting the noise. Therefore, an adaptive weighting scheme
has been developed to ensure that LoSSpoundaries CONVErges to
one and when this value is reached, the importance of the phys-
ics loss, i.e. « is increased.

This ensures that the neural network finds the optimal solu-
tion. At each epoch, LosSpoundaries 1S €valuated, and the weight
parameter « is updated with the following equation:

<Aa> = 0.1tanh [_10 (Lossboundaries (epoch) B 1)]
@/ epoch LosSarget

A«
Qlepoch = (epoch—1 1+
epoch

«

Qlepoch = Max (aepocm amin) (20)

where the last equation ensures that cepoch does not fall below a
minimum value to avoid training saturation at a local minimum
representing a non-physical solution. Empirically, i, has
been set to 0.01. From a practical standpoint, due to statistical
considerations, it is advisable to increase the ideal LosSarget
by a numerical factor. In ideal cases (no noise), the final tar-
get would be zero, but this would imply that o would never
increase. For noisy data, the target of one is true only for an
infinite number of measurements. A value of 1.5 has been
found to be a good choice for achieving accurate reconstruc-
tions. A discussion on the impact of LoSSrge: selection has
been detailed in previous works [77]. In this study, LosStarget
is set to 1.5.

Details about the calculation of the loss boundaries includ-
ing each diagnostic modelling are described in appendix A
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while information about the uncertainties and configurations
for both TokalLab and JET are reported in table 1.

With regard to the physics losses, a soft-constrained
approach is used by considering the MHD equilibrium through
the set of equation (2) instead of the Grad—Shafranov formula-
tion (3). Indeed, assuming the MHD equilibrium through (3)
means imposing the hard constraint that the kinetic profiles
are a function of the magnetic flux ). While this could be
useful to accelerate the convergence of the PINN algorithm,
we would like to develop a more-flexible tool to test a less-
constrained algorithm, opening the prospect of including addi-
tional effects, such as plasma rotation, and of addressing time
dependent MHD, multi-fluid MHD and core-edge integration
problems.

The loss physics therefore is made of five terms which con-
sider the error on the plasma MHD equations (pressure bal-
ance), the vacuum MHD equations (pressure and density cur-
rent equal to zero), boundaries from physics (i.e. the fact that
the plasma quantities are zero on the wall), and two regular-
isation terms, which favours smooth solutions for the dens-
ity and temperature profiles in the parallel and orthogonal dir-
ections, with a smaller constraint along the orthogonal direc-
tion. These five terms have been normalised to ensure that they
are balanced. Details about their formulations are provided in
appendix A.

4. Results

This section is mainly divided in two parts. The first part
analyses the PINN performances for the synthetic scenarios
using TokaLab. The synthetic scenarios allow for direct per-
formance evaluations since they are numerical solutions of the
Grad—-Shafranov equation. They have been used to calculate
the synthetic measurements and therefore they are the target
the reconstruction algorithm should converge to. They are also
referred to as ground truth.

More specifically, this first part of the section reports the
following analyses:

1. The first analysis illustrates the importance of using
multi-diagnostic constraints to converge on accurate res-
ults, showing also the capability of the multi-diagnostic
approach to filter out outliers or faulty diagnostics.

2. Performance evaluation of the PINN algorithms for four
different scenarios relevant for tokamaks, i.e. the SN, the
Double Null (DN), the Negative Triangularity (NT), and
Inverted g-profile (IQ). The scope of this first analysis is
to prove the capability of PINNs to reconstruct different
types of equilibria.

3. The last synthetic analysis briefly illustrates the import-
ance of high-fidelity modelling of plasma diagnostics,
by referring to the IP diagnostics, which requires both
the inclusion of the hot plasma assumption (relativ-
istic effects) and modelling of the non-linear interactions
between Faraday rotation and Cotton—Mouton phase shift.

Then, a second section focuses on experimental analyses
performed on JET pulses. In this case, the ground truth is
unknown and therefore a different approach is used to corrob-
orate accuracy and reliability. This section is then divided into
the following parts:

1. Diagnostic ablation tests: one diagnostic is removed from
the PINN constraints and used as independent diagnostic
for the test.

2. Comparison with advanced equilibrium reconstruction
codes typically used at JET.

3. Application to advanced baseline and hybrid pulse
scenarios.

4.1. Synthetic cases

As mentioned, the first synthetic case modelled with Tokal.ab
consist of a virtual tokamak with a major geometrical radius
Ry = 6 m and the minor radius @ = 2 m in a SN configuration,
with a plasma current of 12 MA, a toroidal field of 5 T. In
the numerical simulation, a pressure of 100 Pa at the LCFS
is imposed. Gaussian noise is added to each diagnostic with
the standard deviations reported in table 1. Figure 4 shows the
target quantities computed with Tokal.ab (top row), the recon-
structed fields using the PINN (middle row), and the differ-
ences between them (bottom row). This case has been calcu-
lated using all the set of diagnostics (Magnetics, TS, IP, and
MSE). From a qualitative point of view, one can see that the
reconstructed quantities are very close to the true values, as
confirmed by the small values of the errors.

Quantitative results shown in table 2, where the recon-
struction errors (in terms of RMSE) and the goodness of fit
(R?*) for the main plasma quantities are reported as a func-
tion of the diagnostic used as constraints. By increasing the
number of diagnostics from ‘Magnetics + Thomson scatter-
ing’ to ‘Magnetics + Thomson scattering + Interferometer-
Polarimeter” and ‘Magnetics + Thomson scatter-
ing + Interferometer-Polarimeter + Motional Stark Effects’
leads to clear improvements to all reconstructed quantities.
Indeed, increasing the number of diagnostics increases the
quantity of information and, so, the model capability of recon-
structing the equilibrium.

Figure 5 reports the errors (in relative terms, calculated as
1 — R?) on the kinetic profiles as a function of the flux coordin-
ate N, (¢) and T, (¢). The figure shows that also the recon-
struction of these quantities improves by adding more dia-
gnostics, as expected.

The reconstructed fields are compared with the target in
figure 4 where the RMSE of the residuals are also shown.
The robustness of the algorithm has been tested by repeating
3 times the reconstructions with all the diagnostics. Table 3
reports the uncertainty of RMSE and R? for this case, showing
very good stability of the solutions.

Using a multi-diagnostic approach together with the imple-
mented adaptive weighting scheme allows to easily filter out
outliers, offsets and diagnostic faults. As example, let us sup-
pose that a measurement is severely anomalous due to a faulty
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Table 2. Reconstruction performance improvement by increasing the number of diagnostics. Unit of measurements are (Wb rad ') for ¢,

(m™3) for N., (eV) for T, and (T) for all the B components.

¢ Ne T, Br B¢ Bz

Magnetics + Thomson RMSE  7.58x 107!  3.68x10®  550x10° 9.50x1072  421x1072  1.12x107!
Scattering R? 92.20 % 98.87 % 98.30 % 86.19 % 99.98 % 95.23 %
Magnetics + Thomson RMSE 124x107'  211x10®  268x10>° 222x1072  274x1072  3.69x 1072
Scattering + Interferometer-  R? 99.86 % 99.61 % 99.56 % 99.51 % 99.99 % 99.59 %
Polarimeter

Magnetics + Thomson RMSE 1.07x107"  7.92x107  1.09x10> 1.01x1072  216x1072  1.24x1072
Scattering + Interferometer-  R? 99.90 % 99.95 % 99.92 % 99.90 % 99.99 % 99.96 %

Polarimeter + Motional
Stark Effect

SL, the one indicated in figure 1. The outlier has been mod-
elled with the following equation:

Outliers;, = Modelleds;. + 4 o 21
That is equivalent to a systematic error ~50% (offset equal
to 0200 Wb rad~! with respect to the ideal value of
—0.396 Wb rad—!). All the other measurements are affected
by the previously mentioned basic level of noise. The PINN
reconstruction, shown in figure 6, is again very close to the
target, as also quantified in table 4, with an error compar-
able with the statistics previously described. This particular
PINN robustness against offsets and outliers is due to the
combination of the multi-diagnostic approach and physics

constraints, which implies that there are not alternative solu-
tions that are in line with both the physics and the other
diagnostics.

Another important study has consisted of assessing the flex-
ibility of the PINNs in reconstructing different plasma scen-
arios. To verify this, as previously anticipated, the PINN has
been applied to other typical plasma scenarios: a DN, a NT
and a SN with 1Q. The descriptions of how these scenarios
have been generated and all the target, reconstructed, and error
fields can be found in appendix C. In this subsection only the
main statistics (table 5) and comparisons with the magnetic
flux (figure 7) are reported. The results clearly show that the
PINN performances are stable also for other plasma scenarios,
verifying the generality of the methodology.
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Table 3. Algorithm robustness in terms of standard deviation of RMSE and R? for the three repetitions of the reconstruction.

1/) Ne Te BR B¢ Bz
-3 17 2 -3 -3 -3
ORMSE 3.49 x 10 2.22x 10 1.28 x 10 1.12 x 10 9.35x 10 4.5 x 10
OR2 0.01% 0.05% 0.31% 0.03% ~0%& 0.07%
R
 [Whirad] N, -Rec [10" m™] T, - Rec [keV] By, - Rec [T] B, - Rec[T] B, - Rec[T]
5 5 10 5 20 5 5 5 i
8
5 8 05
15 2 28
- - 6 - s = —
Eo o Eo Eo w Eo 0 Eo . Eo y
N N N N N N
4 05
5 5
2 5 . 05 4
5 10 5 5 -5 -5 A -5 AB
4 6 8 4 6 8 4 6 8 4 6 8 4 6 8 4 6 8
R [m] R [m] R[m] R [m] R [m] R [m]
4 - Rec [Whirad N, -Rec[10"® m™] T, - Rec [keV] B -Rec|T] B, -Rec[T] B, -Rec|T]
5 5 ik 5 20 5 5 5 ’
05 8
5 8 \
15 7 0.5
—_— —_ 6 —_— —_— —_— _—
Eo 0 Eo Eo i Eo 0 Eo i Eo it
N N N N N N
4 05
5
2 5 : 05 2 g
5 -10 5 5 -5 5 2 5 S
4 6 8 4 6 8 4 6 8 4 6 8 4 6 8
R[m] R[m] R [m] R[m] R[m]
Error 4 [Whirad) Error N 110" m?) Error T [keV] Error B [T] Error B, [T]
5 5 5 07 5 5 0.02 5
0.4 1.2 e - 0.08 0.08
1 ) A 0015
03 ’ \ o8 05 - 0.06 0.06
Eo Eo Eo 04 Eg E o 001 B0
N 0.2 N y. 06 N a’ 03 N 0.04 N H 0.04
0.1 i 02 c 002 0.005
: 002
02 0.4 N/
5 5 5 5 5 5
4 6 8 4 6 8 4 6 8 4 6 8 4 6 8 4 6 8
R [m] R [m] Rim] R [m] R[m] R [m]

Figure 6. Case with a saddle loop affected by a systematic error, becoming an outlier. Top row: target fields. Centre row: reconstructed

fields. Bottom row: RMSE.

The last important consideration, confirming and extend-
ing what already discussed in [55], is the need for high-
fidelity modelling of the diagnostics. This is important for
diagnostics such as interferometers and polarimeters, whose

measurements are not direct local quantities, but are line-
integrated complex functions that can be affected by non-
linearities (see type-I vs Stokes polarisation modelling) [55]
and hot plasma (e.g. relativistic) effects [78]. (Full Stokes hot
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Table 4. Reconstruction performance comparison in terms of RMSE and R without the outlier and with the outlier. Unit of measurements
are (Wb rad ") for P, (m™3) for N., (eV) for T, and (T) for all the magnetic field components.

¢ Ne Te BR B¢ Bz
Without outlier RMSE 1.07 x 107! 7.92 x 10" 1.09 x 10? 1.01 x 1072 2.16 x 1072 1.24 x 1072
R? 99.90% 99.95% 99.92% 99.90% 99.99% 99.95%
With outlier RMSE 1.08 x 107! 2.10 x 108 1.46 x 10% 2.09 x 1072 5.57%x 1073 237 x 1072
R? 99.90% 99.62% 99.86% 99.56% 100.00% 99.83%

Table 5. Goodness of fit between true and reconstructed fields for the four scenarios.

SN TN DN 1Q
. 0 N 0 N (2 . 0
P 99.78% 99.87% 99.59% 99.92%
N, 99.88% 99.89% 99.71% 99.94%
T. 99.95% 99.93% 99.79% 99.61%
Br 99.62% 99.85% 99.54% 99.58%
By 99.99% 99.98% 99.96% 99.96%
B 99.87% 99.93% 99.76% 99.90%
SN NT DN 1Q
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Figure 7. True (top) vs reconstructed (bottom) magnetic flux for the single null (SN), negative triangularity (NT), double null (DN) and

inverted g-profile (IQ) scenarios.

Table 6. Goodness of fit for the TokaLab reference scenario in case of different fidelity levels of the interferometer-polarimeter diagnostic

models.
w Ne Te Br B¢ Bz
Type-I—cold plasma 94.27% 99.88% 99.98% 94.35% 98.57% 92.88%
Full Stokes—cold plasma ~ 99.06% 97.18% 99.16% 94.87% 99.41% 97.46%
Full Stokes—hot plasma 99.90% 99.98% 99.92% 99.90% ~100% 99.96%

plasma) includes also the hot plasma effects on both interfer-
ometer and polarimeter. In this last simulation, very accurate
results are obtained, showing the importance of modelling cor-
rectly the diagnostics to achieve accurate reconstructions.
Table 6 shows the goodness of fit for the SN TokaLab scen-
ario in three cases. In the first case (Type-I Cold Plasma), both
the polarimeter and the interferometer are modelled assuming

a cold plasma and the polarimeter implements the type-I
approximation. In this case, the errors are quite high con-
sidering that the measurements in this case are perfect (no
random noise has been added). The second example (Full
Stokes cold plasma) models the non-linear interaction between
Faraday rotation and Cotton—Mouton phase shift but again
in the cold plasma approximation, while the last case (Full
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Table 7. Algorithm robustness in terms of mean and standard deviation of RMSE and R? for pulse 89724. Unit of measurements are
(Wb rad ™) for, (Pa) for p, (T) for all the B components, (A) for all the J components.

P p Br By B; Jr Jo J.
RMSE 2.19x 1072 4.43 x 10° 9.55 x 1073 8.49 x 1072 7.37 x 1073 2.45 % 10° 3.70 x 10* 4.20 x 10°
ORMSE 3.69 x 1073 9.87 x 10 1.34x 1073 9.05x107*  6.84x107*  6.21 x 10 1.71 x 10° 1.03 x 10°
R? 99.87% 89.23% 99.68% 99.73% 99.93% 99.26% 99.31% 98.89%
o 0.04% 0.48% 0.09% 0.01% 0.01% 0.33% 0.06% 0.47%

Stokes hot plasma) includes also the hot plasma effects on
both interferometer and polarimeter. In this last simulation,
very accurate results are obtained, showing the importance
of modelling correctly the diagnostics to achieve accurate
reconstructions.

Complementary quantities for the performances of the
equilibrium reconstruction in the synthetic case can be found
in appendix D. In the same section, a discussion on the benefits
of automatic differentiation is also provided.

4.2. Application of the PINN technology to JET data and
validation of the results

In this section, the results obtained by applying the PINN tech-
nology to JET experimental data are shown. In this case, the
ground truth is unknown and therefore some indirect confirm-
ations of the method quality are needed:

1. Firstly, a comparison analysis of the reconstruction with
EFIT, the standard equilibrium reconstruction code of JET,
for pulse #89724. This comparison is performed to ensure
that the PINN does not return absurd results, while small
differences cannot be directly attributed to EFIT or to the
PINN method error, since the ground truth is not known.
Even in this case, robustness and sensitivity to outliers are
analysed.

. For the same pulse, a second form of validation consists
of analysing the compliance with the physical equations.
In detail, this is achieved by evaluating how the solutions
fit the Grad—Shafranov equation. The detected errors are
compared also with the EFIT errors.

. A diagnostic ablation analysis has also been performed.
This test consists of removing one diagnostic from the
PINN constraints, reconstruct the equilibrium, and com-
pare the predictions of ablated diagnostics with the actual
measurements.

. At the end, a comparison between the EFTF, EFTP, and
PINN reconstructions is discussed for pulse #96996. An
evaluation of diagnostics reconstruction errors is provided.
The benefits of increasing number of diagnostics on
boundary conditions reconstruction are in line with find-
ing presented in [79]. The error committed in fitting the
Grad-Shafranov equation are comparable with the ones
from EFTF.

Table 7 reports the RMSE and R? between PINN and EFIT,
showing good agreement for all MHD fields, with a larger
error observed for the pressure. This was expected since EFIT

is not constrained with a pressure diagnostic, making the core
ill-posed. The standard deviation of both RMSE and R?, done
by replicating the PINN reconstruction three times, show high
robustness of the method. The reconstructed fields using EFIT
and PINN on pulse 89724 are shown in figure 8, with also the
illustration of the q profile as a function of the poloidal flux
coordinate. The PINN reconstruction, figure 8(b), is plotted on
a more extended grid with respect to the EFIT’s one. This is to
show the interesting reconstruction of magnetic fields inside
the divertor coils.

Table 8 reports the RMSE and the R? evaluated by compar-
ing the case with and without the outlier, added following the
same procedure for the TokaLab analysis. The results validate
the low sensitivity of the PINN method to outliers.

Figure 9 shows the probability density distribution (left)
and the cumulative density function (right) of the errors in
the fit of the Grad—Shafranov equation committed by EFIT (in
blue) and PINN (in red) for JET pulse 89724. The errors are
evaluated on the same grid, the one used by EFIT. The results
show that both methods are characterised by almost the same
distributions, with PINN showing a smaller tail. The RMSE
values obtained for the two cases are 2.41 (Wb(m”2 rad)~!)
for EFIT and 2.35 (Wb(m”2 rad)~!) for the PINN. This con-
firms that both the PINN and EFIT converge on the same phys-
ical solution.

The ablation test is conducted by removing a different
diagnostic each time, training the algorithm and evaluating
its performance in reconstructing the measurements of the
ablated diagnostic and the plasma quantities of interest. The
TS has been treated slightly differently by ablating in turn the
electron density measurements (case indicated in the table as
TS-N,) and the electron temperature measurements (TS-T,).
Table 9 shows the ablation results by evaluating the RMSE
(top) and the Pearson coefficients (middle) between the recon-
structed and ablated diagnostics and by comparing the recon-
structed fields with and without ablation (bottom).

The largest errors in diagnostic reconstructions are
obtained, as expected, for the diagnostic that is ablated.
Regarding MHD-related diagnostics (PU, FL, SL), the abla-
tion has not important effects on the reconstruction. Indeed,
PU and SL show small RMSE error, high Pearson coeffi-
cient and high R?. The FL case has high RMSE and low
R? on the FL and magnetic flux reconstruction. However,
this error is given by an offset that it is physically expected.
Indeed, if the FL are not used, there are infinite solutions ;
described by ¥; = e + ¢, Where ¢ is a constant. This is
demonstrated by the fact that the comparison on normalised
magnetic flux ¢, is quite good, since this loses the offset
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Figure 8. Pulse reconstruction at t = 15 s with EFIT (a), PINN (b) and g(v)) profile (c).

information. Moreover, all other fields have high R? and the
Pearson coefficient between measurements and reconstructed
FL is high. Coherent results have been also obtained for the
kinetic fields. In the case of TS-N,, LID and Far, the abla-
tion tests show good stability, with small degradation of the

performance in the case of TS-N,. This is interpreted as a con-
sequence of the fact that TS-N, is the only diagnostic with high
information content (local measurements from edge to core),
while the IP is characterised by a small number of lines of
sight (8 total lines, 6 used for the interferometer and 4 for the
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Table 8. PINN reconstruction performances for the case with one outlier. The target, in this case, is the PINN reconstruction without
outliers. Unit of measurements are (Wb rad ") for 1, (Pa) for p, (T) for all the B components and (A) for all the J components.

Y p Br By B; Jr Jo J
RMSE  3.68x107%  3.28 x 10? 3.01x107° 5.18x 1073 2.20x% 1073 1.07 x 10° 1.76 x 10*  1.29 x 10°
R? 100.00% 99.88% 99.97% 100.00% 99.99% 99.88% 99.84% 99.92%
3.5
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Figure 9. Pulse 89724. Absolute error distribution in the fit of the Grad—Shafranov equation for both EFIT reconstruction (blue) and PINN

reconstruction (orange).

polarimeter) and by a less informative type of measurement
(line-integrated). A worse result is obtained also when ablat-
ing the TS-T,, since this is the only diagnostic used to con-
strain the electron temperature. However, the performances
are still quite respectable (R” on T, field ~87%) thanks to the
multi-diagnostics approach. Indeed, the pressure, density and
temperature are interrelated and therefore the temperature is
reconstructed by using the information from the density pro-
file and from the pressure, evaluated combining the constraints
from the data and the physics.

Figure 10 shows the measured against the reconstructed TS
data for both electron density and temperature in two distinct
cases, named PINN_0 and PINN__1. In the case of PINN_O, the
standard deviations of the TS variables have been evaluated
using the methodology described in section 2. However, this
standard deviation is quite high, and the PINN reconstructs a
less steep density profile. By decreasing the standard deviation
on the pedestal by a factor 5, the results are the ones shown by
PINN_1, where the reconstructed density profile follows the
measured one much more closely.

In the case of figure 10, the PINN reconstruction results are
the ones previously called ‘PINN;’, and so the ones with the
imposition of narrower uncertainties on the TS. The magnitude
of the reconstructed density and temperature are in line with
the results reported in the literature [57], even if the magnitude
of the PINN-reconstructed pressure is not completely coherent
with EFIT. On the other hand, the magnetic field reconstruc-
tions are in agreement with the ones from EFIT.

This result clearly suggests that the definition of the stand-
ard deviation plays a key role, especially in cases where there
is no other good information for the same plasma quantity.

This is the case of the electron density, which in H-mode
shows a steep gradient in the pedestal region. This effect is not
modelled in the PINN, since there are no physical equations
(e.g. no transport model) able of reproducing this strong gradi-
ent. At the same time, the other relevant diagnostic, the inter-
ferometer, provides line-integrated information, in which the
detailed local information is lost. In brief, these results suggest
that:

1. If there are no other sources of information, it might be
advantageous to increase the constraints on specific dia-
gnostics, by decreasing their uncertainty.

. If diagnostics are not reliable, it is fundamental to imple-
ment a multi-diagnostic approach or insert physical mod-
els able to inform the PINN about poorly measured
quantities.

Comparisons with more advanced EFIT algorithms have
been also performed. The first one, named EFTP, implements
a pressure constraint using the high-resolution TS measure-
ments, while the second, named EFTF, implements also the
constraint of the Faraday rotation, even if it is modelled with
the type-I cold-plasma approximation. A comparison with
these codes has been conducted for pulse #96996.

Figure 11 shows the comparison between the reconstruc-
ted magnetic flux fields both for EFTF and for PINN. The rel-
ative error is mainly located in the core region. In this case,
average errors fitting the Grad—Shafranov equation are 2.38
(Wb(m”2 rad)~!") for EFTF and 2.31 (Wb(m"2 rad)~') for
the PINN, in line with the errors evaluated for pulse #89724.
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Table 9. Pulse 89724. RMSE and Pearson coefficients of diagnostic reconstruction in the ablation test and the reconstructed fields
performances through R?. Units of measurement are (T) for PU, (Wb rad™") for FL and SL, (m— for TS (N.) and (eV) for TS (T.), (m %)
for LID and (rad) for Far.

Diagnostics—RMSE

PU FL SL TS-N, TS-T, LID Far
No ablation  6.74 x 10~3  7.65 x 103 1.01 x 102 2.09 x 10" 1.13 x 10? 5.15 x 107 1.52 x 102
PU 336 x 1072 733x107%  1.19x 1072 2.25 % 108 1.20 x 10? 5.65 x 10" 1.30 x 1072
FL 8.39x 1073  2.42 9.23 x 1073 2.16 x 10'8 1.23 x 10? 5.91 x 10" 1.24 x 1072
SL 691 x107° 3.88x10~° 3.1 x 102 2.34 x 108 1.21 x 10? 5.22 x 10" 1.25x 1072
TS-N, 6.52x107°  6.78x107°  1.29x 1072 3.66 x 108 1.39 x 10? 6.30 x 10" 1.56 x 1072
TS-T., 8.86x 1073  7.62x1073 1.36x 1072 1.93 x 10" 8.41 x 10? 6.12 x 10" 2.39 x 1072
LID 828x 1073  7.49x1073  1.29x 1072 1.66 x 10'8 1.16 x 10? 1.99 x 10'8 1.29 x 1072
Far 1.04x 1072 7.03x107%  1.41x107? 1.58 x 10"8 1.17 x 10? 3.39 x 10" 1.84 x 102
Diagnostics—Pearson coefficient
PU FL SL TS-N, TS-T. LID Far
No ablation 99.97% 99.94% 99.95% 99.07% 99.27% 99.99% 99.81%
PU 99.53% 99.94% 99.93% 98.92% 99.19% 99.99% 99.89%
FL 99.96% 98.88% 99.96% 99.01% 99.16% 99.98% 99.88%
SL 99.96% 99.98% 99.56% 98.77% 99.15% 99.99% 99.87%
TS-N, 99.97% 99.93% 99.92% 97.03% 98.89% 99.98% 99.84%
TS-T, 99.95% 99.93% 99.91% 99.19% 98.89% 100.00% 99.16%
LID 99.95% 99.94% 99.92% 99.36% 99.25% 99.98% 99.82%
Far 99.93% 99.93% 99.90% 99.45% 99.22% 100.00% 99.54%
Ablated reconstructed fields R respect with not ablated reconstruction
1 N, T. Br By B. Jr Jy J. b
PU 99.88% 99.65% 99.76% 99.76%  99.99% 99.78%  98.99% 99.22% 99.03% 99.97%
FL —418% 99.45% 99.80% 99.88% 99.91% 99.97%  99.71% 99.74% 99.63% 99.94%
SL 99.99% 99.90% 99.82% 99.95% 100.00%  99.98%  99.78% 99.79% 99.68% 99.99%
TS-N, 99.99% 99.64% 99.81% 99.95% 100.00%  99.99%  99.71% 99.88% 99.77% 99.99%
TS-T. 99.98% 99.42% 87.15% 99.92%  99.46% 99.91%  98.88% 99.58% 98.69% 99.97%
LID 99.97% 98.40% 99.69% 99.87% 100.00%  99.96%  99.33% 99.63% 99.25% 99.98%
Far 99.99% 99.17% 99.55% 99.87%  99.99% 99.95%  99.04% 99.67% 99.23% 99.98%
x10% 3500
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As it happens for the PINN, also in the case of EFIT increas-
ing the number of diagnostics results in an improvement of the

R [m]
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Figure 10. Pulse 89724. Reconstructed vs measured (HRTS) density and temperature profiles.

reconstruction quality [79].

Table 10 shows the RMSE between reconstructed dia-
gnostics (given the equilibrium) and the measurements for

EFTP, EFTF, and multi-diagnostic PINN. The error between
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Figure 11. Pulse 96996. Reconstruction of magnetic flux ¢ with EFTF (first on the left) and PINN (second). The respective RMSE map is

shown on the third plot and the magnetic flux lines on the right.

Table 10. Comparison between EFTP, EFTF and multi-diagnostic PINN equilibrium reconstructions for pulse 96996.

PU [T] FL [T] SL [T] p-TS [Pa] LID [m~?] Far [rad]
EFTP 1.36x 1072 2.03 x1072 1.31x1072 1.30x10* — —
EFTF 1.38 x1072 2.33 x1072 1.35x1072 5.90x10° 9.04x10" 3.68x107!
PINN 7.21 x1073 5.24 x1073 1.10x1073 5.28x10° 5.87x10" 3.00x107!
EFIT - 4 [Wh/rad
=1 il 0965 -1.31 EFIT - [Wbirad] 0.9598
\ 0.9597
 [Whirad] N D%E*mz 0.9596
2 TN {1 0.9595
2 0.9594
1 0.955 -1.34 0.9593
15 2.7 27 271 272
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05 v 0.9597
1.32
-2 0 = 0.9596
i ( 0.9595
2 3 4 1.33
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g = 0955 -1.34 A 0.9593
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Figure 12. Pulse 89724. Example of super-resolution. Zoom in of the X-point in an area of 9 cm?.

the reconstructed diagnostics and the measurements are small
and in line with their uncertainty, and this was expected since
they are used to constrain the models. As mentioned before,
in this case it is not possible to evaluate the accuracy of each
model since the ground truth is unknown. However, the good
accordance with the measurements together with small errors
in the fit of the Grad—Shafranov equation suggests that the
PINN provides good solutions.

Before moving to the application of PINN to high-
performance pulses, it is worth introducing another PINN fea-
ture known as super-resolution [80, 81]. Indeed, contrary to
standard computational methods, which evaluate the quantit-
ies in a discretised domain, PINNs predict holistically entire
functions. These functions are obtained by training on a

huge amount of collocation points, which are sub-sampled
at each iteration. This implies that the PINNs are trained on
a highly resolved space, and that therefore they can provide
information at small scales without applying any interpolation.
This aspect is shown in figure 12. The top row shows the fields
around the X-point by zooming at increasingly smaller scales,
showing that the X-point is lost just at the second image, since
the zoom is comparable with the EFIT grid. On the contrary,
the bottom row shows the output of the PINN, and it is evident
that the X-point shape is conserved at smaller scales. This fea-
ture can be relevant in various applications where small-scale
phenomena occur, like in turbulence, or in the reconstruction
of quantities that show different scales across different direc-
tions, as occurs in the scrape-off layer.
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Figure 13. Pulse #99948 (¢t = 10 s). EFIT reconstruction (a) vs PINN reconstruction (b) and g profile (c).

4.3. Application to high-performance pulses

This section illustrates the application of the PINN equi-
librium reconstruction algorithm to two high-performance
pulses at the JET. The first pulse, numbered 99948, is a D-T
baseline scenario with a toroidal field of 3.3 T, a plasma cur-
rent of 3.5 MA, additional heating power of approximately
29 MW from Neutral Beam Injection (NBI), and approxim-
ately 3.7 MW from Ion Cyclotron Resonance Heating (ICRH).
Pulse 99948 is the best D-T baseline shot in terms of both
duration and peak fusion power, which reached 7.8 MW for
around 2 s of operation [58].

The PINN reconstruction has been achieved using the dia-
gnostic configuration reported in table 1. The results obtained
with this pulse are mostly consistent with the EFIT recon-
struction, as shown in figure 13. All the diagnostics used
to constrain the equilibrium have been correctly reconstruc-
ted, indicating that this discharge was not affected by out-
liers or anomalous measurements. Regarding the errors in the
Grad-Shafranov equation, their distributions are similar. By
comparing the EFIT and PINN reconstructed fields, it is evid-
ent that the significant differences are concentrated in the core.
This is expected since the EFIT used in this paper is the
‘magnetic only’ version, which uses PUs, SLs, and FLs that
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Figure 14. Pulse #99950 (r = 9.5 s). EFIT reconstruction (a) vs PINN reconstruction (b) and ¢ profile (c).

constrain the reconstruction only at the boundary, while the
core is driven by the Grad—Shafranov equation. However, this
is an ill-posed problem. The PINN benefits from the internal
constraints (high-resolution TS, interferometer, and polari-
meter) and therefore returns a reconstructed equilibrium with
the same errors on the Grad—Shafranov equation but with bet-
ter fits of the internal measurements.

The second high-performance JET pulse is the 99950. This
is a hybrid scenario pulse with a toroidal field of 3.45 T, a
plasma current of 2.3 MA, and additional heating power of

~29 MW from NBI and ~4 MW from ICRH. This pulse made
one of the records of DTE2 campaign, with a fusion energy of
45 MJ [10].

The results are shown in figure 14. In this case, as well,
the comparison between the measured and reconstructed dia-
gnostics is satisfactory, along with a small error in the
Grad-Shafranov equation. The differences between the EFIT
and PINN reconstructions are in the core, for the same reasons
discussed earlier: the PINN has internal constraints, aiding to
reconstruct the core better.
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5. Conclusions

In tokamaks, and in general, in all MCNF experimental react-
ors, a good reconstruction of the equilibrium between the kin-
etic and magnetic pressures represents an important prerequis-
ite for any plasma study. In this work, a method base on PINN
is proposed. The PINN equilibrium reconstruction implements
some important features for reliable plasma reconstructions:

e Multi-diagnostics constraints with both local and
line-integrated measurements. This allows to include many
diagnostics in the model, by allowing a data-integrated
equilibrium reconstruction, improving both accuracy and
reliability of the outputs.

High-fidelity physics modelling of the diagnostics. This is
fundamental for diagnostics such as polarimeters, where
both non-linearities and relativistic effects may be not neg-
ligible, as in future tokamaks of the ITER class.

Direct integration of both magnetic quantities (magnetic
flux, magnetic field) and kinetic fields (density and tem-
perature). This is an important advancement with respect to
most standard methodologies, such as EFIT, which typically
implement a multi-step approach (equilibrium reconstruc-
tion with only the magnetic measurements followed by map-
ping kinetic quantities onto the poloidal magnetic flux).

The model has been deeply investigated. Firstly, systematic
analyses have been performed with synthetic cases using
TokaLab. The studies have demonstrated the importance of
the multi-diagnostics approach and have allowed to quantify
the method’s performances. In this synthetic case, perform-
ances obtained in terms of accuracy report an R> > 99% for
all the plasma quantities of interest (magnetic flux, magnetic
fields, electronic temperature and electronic density). This is
achieved both in absence and in presence of an outlier meas-
urement. The method produces also very reproducible results.

Then, a validation with experimental data has been conduc-
ted for pulse 89724 at t = 15 s. Firstly, a comparative ana-
lysis with respect to EFIT reconstructed fields has been per-
formed. Then a stability analysis and a study of the sensitiv-
ity to outliers have been conducted. The validation has been
carried out through an ablation test: several reconstructions
have been conducted using different sets of diagnostics. For
each diagnostic ablated during the PINN training, an analysis
of the errors in the reconstruction of the same diagnostic has
been conducted: it turns out that the method is able to recon-
struct the ablated diagnostic with a Pearson correlation factor
always >97%. The evaluations of the R*> or of the RMSE
require some interpretation, since a diagnostic ablation could
lead to a volatile problem, such as in the case of the FLs.
In such cases, the PINN is indeed capable of reconstruct-
ing the field (in this specific case the magnetic flux), but up
to a constant. In any case, the capability of reconstructing
measurements from diagnostics in agreement with the Grad—
Shafranov equation confirms the quality and reliability of the
method.

20

At this point, it is also important to discuss the choice of the
adopted PINN architecture. A more Grad—Shafranov-oriented
architecture could have been used (see, for example, the Grad—
Shafranov Net in [54]), with the property of imposing certain
functionalities directly on the architecture as hard constraints,
rather than incorporating them into the loss function as soft
constraints. However, this work aims to lay the foundation for
multi-fluid, time-dependent, and core-edge integrated plasma
reconstruction studies. To achieve this, the current work sac-
rifices some Grad—Shafranov-optimised solutions in favour
of flexibility, which will play a fundamental role in future
developments. Nevertheless, if one is interested in implement-
ing the Grad—Shafranov within the framework of the present
work, it can be accomplished with minor adjustments and
modifications.

In terms of physical studies, it is worth mentioning another
limitation of the current PINN algorithm, namely the single-
fluid approximation. In fact, our PINN algorithm assumes that
the electron and ion temperatures and densities are identical.
However, this approximation does not apply to these pulses,
because they are both externally heated by NBI and ICRH,
which results in an ion temperature higher than the electron
one. This limitation is expected to be overcome in the next step
of the present work, which is the implementation of a multi-
fluid approach where ion and electron temperatures are treated
separately. It should be noted that this increases the com-
plexity of the inverse problem, which can only be addressed
by incorporating additional physical models and/or new
diagnostics.

From a practical point of view, the main limitation of the
proposed method is the computational speed. Being a trained
PINN very specific (since it depends on measurements and
since in this case the physical equations rely on the station-
ary assumption), it is necessary to train it again every time
the conditions change (and so for every different measure-
ment and instant of time). Moreover, training a PINN needs
significant computational time. For instance, the cases repor-
ted in this paper have required approximately between 6 h
to a full day on a desktop PC with the following hardware
characteristics: 14 cores 13th Gen Intel® Core™ i5-13600KF,
32 GB RAM, 500 GB SSD, and an NVIDIA GeForce GTX
1650 GPU.

However, it is worth noting that:

1. No implementation of parallel computation has been con-

ducted to train our PINNS faster.

In the examples reported, we have aimed at high accur-

acy and have decided to stop the training at a high num-

ber of epochs. However, depending on necessities, a differ-

ent stop condition can be implemented and less iterations

could be needed.

. No pre-trained networks have been used, while specific
pretraining could be implemented. This, of course, would
speed up the training.

2.

In any case the present versions of the PINNs are not suit-
able for real-time applications, but they are a valid tool for
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post-pulse analysis: the accurate results they can provide, their
features as super-resolution and their capability of ‘diagnose
diagnostics’ (filtering out the outlier measurements between
data) make them a powerful tool for plasma studies and phys-
ical knowledge.

Future perspectives of this work will proceed in different
directions:

1. Development of  multi-physics  multi-diagnostics
approaches, by implementing higher-fidelity physics, from
the implementation of multi-fluid MHD equations, to take
into account differences between ion and electron tem-
perature and density, to the inclusion of a transport model
and edge plasma physics. This would lead to a powerful
instrument to reconstruct the entire plasma state.

. Inclusion of uncertainty estimates in the results. Possible
approaches could be, for example, methodologies such
as Monte Carlo PINN [76], Multi-Output PINN [76],
Bayesian PINN [82].

. Improvement of the PINN architecture. In this work, a
standard fully connected architecture has been used, but
more sophisticated and efficient solutions (e.g. ResNet)
may increase performances.

. Improvement of convergence schemes, hyper-parameter
fine tuning, acceleration by parallelisation and high-
performance computing implementation, are also con-
sidered to reduce the computational time.
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Appendix A. PINN loss formulation details

In this appendix section, the loss formulation for the PINN is
presented in detail. The total loss of the PINN is the weighted
sum of the boundary and physics losses:

LOSSboundaries + aLOSSphysics

Lossir = Ta

(AD)

where the weight « is varied using an adaptive weighting
scheme formulated to avoid that the PINN overfits the noise
and by ensuring that the physics loss reaches very small error.

The loss of the boundaries evaluates the error between the
measurements (y,) and the ‘reconstructed’ diagnostics (y,),
i.e. the expected measurements given the PINN predictions.
These losses have been formulated with a weighted (w) MSE
normalised by the measurement uncertainty (o5):

1
Wit

W(yp _yb)2

5 where W = E w.
Op

(A2)

LOSSboundaries =

Being the measurements affected by noise, the loss of the
boundaries should ideally tend to one. However, to both take
into account possible non predictable errors in the diagnostics
(like offsets and faults) and to ensure a rapid increase of the
physics weight, the target is typically set to higher value (from
1.5 to 3). In this work, a target value equal to 1.5 has been
used. Details about weighting scheme are in the main text
(section 3.2) and in [77]. The formulation of the weighted
MSE allows to easily turn off one diagnostic without the need
to change the target.

It is now fundamental to describe how each diagnostic
boundary loss is defined. In the case of the local measure-
ments, the losses are evaluated as the local predictions against
the measurements. For example, for the PUs, the magnetic
field seen by each coil is evaluated from the magnetic field
reconstructed by the neural network
B (Ri,zi) cos (7;) + B: (R;,zi) sin (7;) .

Bpug,.,i = (A3)

Being R; and z; the coordinates of the ith PU centre and ~; the
orientation angle of the pickup coil with respect to the poloidal


https://github.com/TokaLab
https://github.com/QEP-Repository/PINN_MHD_Equilibria
https://github.com/QEP-Repository/PINN_MHD_Equilibria

Nucl. Fusion 66 (2026) 046006

N. Rutigliano et al

surface axis. Then, the loss associated with the PUs is:

>

In the same way, the losses for the FLs, saddle coils, TS and
MSE (at the moment implemented on for Tokalab) can be
written as:

1
Wiot

WpU,i (BPU,,- - BPURec,i)z

2
Opu

Losspy =

(A4)

2
WEL,i (77/1 FL,; — ¢FLRec,i)

2
OFL

1

tot

Lossg, =

>

wsL,i (AYsL,; — Ay SLRec,i)2

2
OsL

1
Wiat

Lossgy, =

>

1

tot

2
(GMSE,Z‘ - QMSERec,i)
Lossmse = E WMSE, i 5
OMSE

2
wrs,ve (Nets,i — NeTsgec.:)

2 )
For the line-integrated measurements, the local variables are
evaluated on an equally spaced grid of M = 100 points for

each line. For the interferometer, the LID is reconstructed as
follows:

Lossts =

Wtot

|

n WTS, Te (TeTs,i - TeTSRec,i)

2
OTS,Ne

o (AS)
0TS, Te

M

LIDRec,i = ZNeRec,i (ijzj) AZ]
i=1

(A6)
where R; and z; are the grid points along the line of sight, AZ;

is the step size along the line of sight. Then, the loss is:

1
Wiot

3 wrip i (LID; — LIDgec ;)°

LOSSLID = (A7)

2
LD

The plasma polarimetry is implemented using the full Stokes
model, and therefore the polarisation evolution is computed
with a finite element method based on the explicit backward
Euler scheme:

$1j =511+ (Qorec (R},2j) $3j—1 — Q3 Rec (R}»27) $2,j—1) AZ
525 =521+ (Q3Rec (R},2j) S1j—1 — Qi Rec (R}17j) 83j—1) AZ

53 = 53,j—1 + (Q1Rec (R},7) 52, —1 — Qarec (R),2j) 51,j-1) AZ.
(A8)

Both the cold and the hot plasma formulation can be used by
modifying €2 as shown in [55]. Then, the Faraday rotation and
Cotton—Mouton phase shift are evaluated from the equations
in section 2 and the two losses are:
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Wear,i(Far; — FarRec,i)2

2
OFar

1
Losspar = sz

tot
1

tot

(CM; — CMgec;)’
Losscy = ZWCM,I( i Rec,z) .

5 (A9)
9cm
Only for what concerns JET reconstructions there are two
other contributions: one is the value of the toroidal magnetic
field in absence of plasma at Ry = 2.96 m, called in this paper
for brevity Fy, and the other is the constraint on the divertor
coil currents.

Concerning Fj, at first its value is evaluated in different
points (R;, z;) where there is not plasma (wall) and then the
loss is evaluated as it follows:

Forec = Bg (Ri,zi) R

1 Z WFo,i(FOi *FORec,i)z

tot g %0
where wp, ; is equal to 1 and oy = 0.1184 mT.

Concerning the reconstruction of the divertor coil currents,
let us consider (R;, z;) with i = 1: N the discretisation points
belonging to the coil C; with j = 1:4. Then, the plasma density
current and therefore the losses are evaluated as:

Lossgy = (A10)

N

¥ ' JR(RhZi)jz
‘v , Jrey
Jg=| y 2 JoRiz); | =| Jog
117}l 2 Teci
v 2 (R, i),
L i=1 4
Loss - 1 Weoils, i J2 )
Jeoils — Y7 i i
b Wit 02 | TRoli=ra T Tl
2
2
+ (J%, . —J¢j> ] (A1)

where weoii; = 1 and o is evaluated as the other uncertain-
ties for JET case. Boundaries losses can so be written for
TokaLab case as:

LoSSpoundaries = Losspy + Lossgr, + Losssy, + Lossts + Lossyp

+ Lossgar + Losscy + Lossysk.- (A12)

And for JET case as:

LoSSpoundaries = LL0sspy + Lossgr, + Losssy, + Lossts

+ Losspip + Lossgar + Lossgg + Loss jeoils-
(A13)

The loss physics is the sum of five terms. The first term aims
at minimising the error in fitting the MHD equation. Note that
only the pressure balance is needed since both divergence of
magnetic field and Ampere’s law are automatically fulfilled by
the PINN architecture. It is written as:
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NphysicalPoints

2

dp\ 2
fvmp = [<J¢BZ—J2B¢ - d;;) + (JrB, — J.Bg)’
)]+

where i, is an index equal to 1 if inside the wall and 0 if out-
side and NppysicalPoints 18 the mini-batch size. For what concerns
the normalisation factor, Cmup, Bp,0 = Brodo/ (2mRo) being
B: o = Fo /Ry where F) is the measurement already introduced
before, Rp =2.96 m and ay = 1 m for JET and Ry =6 m
and a = 2 m for TokaLab. Consequently Jo = By ,/ (aoft0). To
ensure that current and pressure outside the wall are zero, we
introduced the LoSSyacuum:

fiz\/[HD

LOSSMHD = C2
MHD

N PhysicalPoints

dp

JrBy —J4 Br —
+(R¢> ¢Rdz

Cwvup = JoB, o (A14)

NphysicalPoints fz

vacuum
Lossyacuum =

N PhysicalPoints

Q

i=1 vacuum

2

NS e R
ﬁo(l—lp)‘*‘?()(l—lp)lc'*‘ﬁo(]

-f% acuum

2
pe . .
= 17%(1—111)'*‘ —ip)

(A15)

Q

vacuum

where i, is an index that is equal to O inside the divertor coils
in the JET case and equal to 1 outside. This allows an inde-
pendent prediction of the toroidal current inside the divertor
coils, limited only by the coils’ current measurements through
the Lossyeois. For the Tokal.ab case, since no divertor coils
are present in the model, i, is always equal to 1. The norm-
alisation factor py = NyTj is: a) for the TokalLab case, Ny =

10®m~3 and Ty =2 x 10%eV, py = 321800 Pa b) for JET,
Ny = 10”m—3 and T, = 10°eV, py = 1609 Pa. Another phys-
ics constraint is that the plasma quantities on the wall are zero:
5 1 Nbordsm Ng (RW7 ZW)2 Tg (RW , Zw)2
LoSSporders = Z 2 2
N borders w—1 N 0 TO
2 2 2
JR(Rwazw) Jd) (RW7ZW) + JZ(RW7ZW)
T3 T3 T3

(A16)

Being Nyorders the 100 points, in which the wall has been dis-
cretised, (R, z,,) the coordinates of a point belonging to the
wall and the normalisation factors the same already intro-
duced. A soft constraint on the density and temperature gradi-
ents has been also implemented. Indeed, the parallel gradi-
ent is expected to be very small (typically, magnetic surfaces
are considered iso-density and iso-temperature for most cal-
culations), while a much weaker requirement in the ortho-
gonal direction is implemented just to avoid strong fluctu-
ations. However, the orthogonal regularisation actually never
plays a role (its contribution is always several order of mag-
nitude smaller than the other loss contributions in the studied
cases). The gradients of these quantities can be written:
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(V-Ne), =(V-Ne)-n
(V'Ne)H:(v'Ne)'t
(V-T.), = (V-T,)n
(V-T.), = (V-T.)t (A17)

where ¢ and n are the parallel and orthogonal unit vectors eval-
uated from the magnetic flux gradient direction:

ovr 1
-(3)-(2)
oz ||
(A18)

The regularisation term to be minimised can so be defined as:

Ig
tZ

nR

Lossy.y, = lz (f(VN +fv1v) )
Lossy.z. = %Z (f(ZV'T«)L +f(2V'Tf)H)

fogy, =LA (V-Ne)L
f(zv-zve)H Lﬁ (V'Ne)ﬁ
foory, =LL(V-T. 2
fogry, =LT (VT (A19)

Being L and Lj two normalisation lengths equal to 27 Ry [m]
and 10~3[m] respectively. At the end, the whole term quanti-
fying the physical losses can be written as:

LOSSphysics = Lossmup + LoSSyacuum + LOSSporders

+ Lossvy.ye + Lossv.7e (A20)

Appendix B. Losses evolution during training

The weighing of the physics and boundary losses play a cru-
cial role in the convergence and accuracy of PINNs. This work
implements an adaptive weighing scheme tailored for noisy
boundaries that has proved to have high accuracy and good
convergence properties.

In this appendix section, the evolution of the phys-
cs, boundary, and total losses are shown in figure Bl
for the synthetic, or Tokalab, (a) and JET (b) cases (for
pulse #89724). At the beginning, the boundary loss dom-
inates the total loss (« is small) and it is the one that
decreases most. When the boundary loss reaches the tar-
get value, equal or lower to 1.5, which suggests that the
average error between ‘reconstructed’ diagnostics and meas-
urements are in line with the statistics of the noise, the
weight « starts to increase giving more importance to the
physics. Therefore, epoch by epoch, the physics equations
assume a higher weight, ensuring that the loss boundary is
equal or below the target. Such an approach allows reaching
very small errors in the physics loss without overfitting the
noise.

The adaptive procedure is important because with a fixed
weight one could have the following situations:
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Figure B1. Loss functions trends for (a) the TokaLab reference scenario and (b) JET (pulse #89724) reconstructions with PINNs.

e The weight is too small: the loss physics is never import-
ant with respect to the boundary, with result that the PINN
overfits the noise and returns a non-physical solution.

e The weight is too large: typically, this has a convergence
problem. The boundary loss is negligible and therefore the
PINN converges to one of the infinite solutions, in general
the trivial solution where all the fields are zero.

e Good weight balance: it allows obtaining a good physical
solution in line with the boundaries.

It is important to motivate the reason why the TokaLab case
converges to very low physics loss, while JET reconstruc-
tion seems to be limited to higher values. This is mostly due
to the fact that while Tokalab is simulated, and therefore
the synthetic measurements come from a numerical solution
of the Grad—Shafranov equation. On the contrary in experi-
mental plasmas there are many aspects that are not solutions of
the Grad—Shafranov equation, from small transients induced
by the actuators to MHD instabilities (e.g. sawteeth, edge-
localised modes).

Appendix C. Complementary details about
synthetic results

This appendix section includes some details concerning the
synthetic results section, fundamental to render the results
reproducible, but not included in the main text to improve read-
ability and maintain the focus on the novelty of the work.

At first, it is important to specify how the Tokalab scen-
arios are computed. Tokalab equilibria are based on the solu-
tion of Grad—Shafranov equation by imposing a specific target
separatrix and a relation between the poloidal flux ¢) and the
toroidal current J;. By using the separatrix model given in [83],
one can simulate equilibria with different upper and low trian-
gularities, elongation, etc. The relation between the toroidal
current is a modified version of a standard method [64] which
allows to displace the peak
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Table C1. Tokal.ab scenarios parameters (see [83] and [56] for
details).

SN NT DN 1IQ
Major radius Ry (m) 6 5.9 6 6
Minor radius a (m) 2 1.9 2 2
Vertical position zo (m) 0 0.1 0 0
Elongation—upper k; [arb. units] 1.7 1.7 1.7 1.7
Elongation—bottom k; [arb. units] 2 2 1.7 2
Triangularity—upper d; [arb. units] 0.5 —0.5 0.5 0.5
Triangularity—bottom d> [arb. units] 0.5 —-0.5 05 0.5
Angle—upper left ~,, ; [rad] 0 0 /3 0
Angle—upper right 7, ; [rad] 0 0 w/6 0
Angle—bottom left ~,, , [rad] /3 w/6 =w/3 =3
Angle—bottom right -y, , [rad] w/6 w/3 w/6 w/6
J¢ parameter 1—0 [1] 0.5 0.5 0.5 0.5
J ¢ parameter 2—aox; [1] 2 2 2 2
J ¢ parameter 3—ax; [1] 2 2 2 2
J ¢ parameter 4—1p,, pox [1] 0 0 0 0.3
Plasma current I, [MA] 12 12 12 15
Toroidal magnetic field By [T] 5 5 5 5
Jl,proﬁle (’IZJH): (BO%"’ ((1 _BU) %)) (1 - (%) )
1
Jt 7Jt,proﬂlcm- (Cl)

Table C1 reports the parameters for the SN, DN, NT and
reverse g-profile (IQ) scenario used in this work.

All the simulated (true) and reconstructed quantities and
the error fields are reported in figures C1-C3 for the negat-
ivity triangularity, the DN and the IQ respectively. Firstly,
three different plasma configurations and the reconstructed
profiles are shown. Then, a parametric analysis of the mag-
netic axis reconstruction capability, varying the number of dia-
gnostics in the standard SN configuration, is documented. The
reconstructions have been obtained with the full diagnostic set
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Figure C1. Reconstruction maps for negative triangularity (NT) plasma configuration. Top row: Tokalab scenario. Central row:

reconstructed fields. Bottom row: RMSE of the reconstruction.

19 3
o [Tm?Irad] N, [107 m™] T, [keV]
5 15 5
10
— " .
Eo £,
N 0 N
5
5 10 5
4 6 8 4 6 8
R [m] R [m)
¥ - Rec [Tmzlrad T_ - Rec [keV]
5 15 5 4
10
3
= 5 .
Eo £, l,
N 0 N
5 "
-5 10 5
4 6 8 4 6 8
R ml Riml
Error ¢ [I'mzﬁrad Error T, [keV]
s 6 5 0.14
08 1
0.12
06 - 01
Lo Eyp 08 Eg 0.08
ot 04 N N

0.06
0.04
0.02

~
@
@

4 8

6
R [m] R m] R [m)

B, [T B,[T]
1
7 05
E {o Eyp 6 Eo 0
N N N
s 05
05 h
A
-5 4 -5
4 6 8 4 6 8
R[m] R[m]
B¢-Rac|T] Bz-Rec[T]
5 5
05 9 L
7 05
E 0 Eop e Eo 0
N N N
: 05
-05 4
-5 L -5
4 6 8 4 6 8 4 6 8
R [m] R [m] R [m]
Error B [T] Error B, T] Error B, [T]
5 5 5
0.04 02 0.08
0.05
= 003 015
Eo Eo Eo ) .
N 002 N 01 N 0.03
0.02
0.01
008 0.01
-5 -5 -5
4 6 8 4 6 8 4 6 8
R[m] R [m] R [m]

PINN

Bl[T]
5 5
1 1
05
1os
= T T 0
Eo 0 E Eo
N N N ii
05
-1
-1
5 -5 A5
4 6 8
R[m]
Bx-Rec[‘I']
5 5 1
1
05
05
= € = 0
Eyp o & Eo
N N N 05
05
-1
-1
5 5 15
4 6 8
RIml
Error B_[T]
z
0.1
5 5
0.08
0.08
0.06
= — = 0.06
Eo E Eo
N 0.04 N N 004
0.02 0.02
-5 5

R [m]

Figure C2. Reconstruction maps for double null (DN) plasma configuration. Top row: TokaLab scenario. Central row: PINN reconstructed

fields. Bottom row: RMSE of the reconstruction.

(magnetics, TS, IP, MSE) for TokaL.ab as described in the main
text.

Another typical information relevant for any equilibrium
reconstruction problem is the capability to measure the mag-
netic axis (O-point) and the X-point. This analysis has been
performed by varying the set of diagnostics. The two target
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values are calculated for the TokaLab equilibria and compared
with the PINN reconstructed magnetic flux. Being Tokal.ab
equilibria evaluated on a grid a dimension equal to 9 cm along
R and 14.3 cm along Z direction, errors below these dimen-
sions are not reliable, or in other words, the true O-point and
X-point positions have an uncertainty around half dimension
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Figure C3. Reconstruction maps for inverted g profile (IQ) plasma configuration. Top row: TokaLab scenario. Central row: PINN

reconstructed fields. Bottom row: RMSE of the reconstruction.

Table C2. Error on reconstruction of O point and X point calculated
as Euclidean distance.

Diagnostics setting dopoint (M) dxpoins (M)
Mag + TS 0.1297 0.3392
Mag + TS + INT 4 POL 0.0751 0.0473
Mag + TS + INT + POL + MSE 0.0751 0.0473

size, i.e. ~4.5 cm and ~7.1 cm. To evaluate the error on the
position reconstruction of both X point and O point, we evalu-
ated the Euclidean distances (d) between the target points and
the reconstructed ones:

dOpoint = \/(R

2 2
Target 7RReLmlrucled> + <ZTarget _ ZRecn%lrucled)

Opoint Opoint Opoint Opoint
Ay — RTreet _ pRecnstructed 2 + glarget ZRecnstruued (CZ)
Xpoint = Xpoint Xpoint ‘Xpoint Xpoint .

Table C2 shows the results, which suggest again that for a
small set of diagnostics (magnetics + Thomson scattering), the
accuracy is quite limited, while by including interferometer,
polarimeter and MSE has beneficial effects on the calculation
of these critical points. In these two cases, the errors is of the
same order of the grid size and therefore comparison between
case 2 and 3 is not statistically significant.

Appendix D. Complementary evaluation of other
equilibrium quantities

This appendix reports some complementary evaluations of
other equilibrium quantities. At first, both the divergence of
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magnetic field V - B and plasma density current V - J are eval-
uated to check the consistency of the physical quantities with
physical equations (both are expected to vanish: the former
follows directly for the Gauss’s law for magnetism, while the
latter arises from the definition of the current density given by
the second of equation (2)). Second, some integral quantities,
namely the thermal and magnetic energy (the latter explained
separately in the poloidal and toroidal contributions) are com-
pared with the numerical case Tokal.ab used as target

3
Ethermdl / Ldv /ZNeTeeidV
Vv

Vv
B2
Emag,t = leodv (D1)
\4

where v = % for a monoatomic plasma and p being the total
pressure defined under the assumption of 7, = 7;. All the
integral quantities are calculated inside the separatrix.

This analysis also provides an opportunity to discuss the
advantages of automatic differentiation with respect to numer-
ical differentiation, in particular its independence from the dis-
cretisation size of the predictive grid.

Table D1 reports the evaluation of the five analysed quantit-
ies for the TokalLab SN scenario, as well as for network predic-
tions obtained on three grids with increasing spatial resolution.
The numbers in brackets in the first column represent the dis-
cretisation of the prediction grid in the horizontal and vertical
dimension respectively.
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Table D1. Analysed quantities for TokalLab and for the PINN reconstructions for the three different grid resolutions.

V-B(Tm™") V-J (Am™?) Etermat [J] Emag,p [J] Enmag,: (J)
TokaLab 3.70 x 1073 26.67 1.88 x 108 2.68 x 108 8.29 x 10°
Grid, [30 x 40] 8.71 x 1078 5.37 x 1072 1.88 x 108 2.77 x 10® 8.37 x 10°
Grid, [80 x 70] 8.60 x 1072 5.25 x 1072 1.88 x 108 2.74 x 108 8.33 x 10°
Grids [300 x 400] 8.69 x 1078 5.16 x 1072 1.89 x 108 2.74 x 10® 8.33 x 10°

The TokalLab equilibrium is a numerical solution of the
Grad—-Shafranov equation (as discussed in section 2.2) and
therefore satisfies both the conditionsof V-B=0and V - J =
0. Consequently, the deviations from zero reported in table D1
are solely due to numerical differentiation errors. In this
respect, an error of 26 A m~3 compared to the reference value
of 10° A m~2 is negligible. Remarkably, the errors obtained
with the PINN are four to five orders of magnitude smaller.
This improvement is attributed to the reduced differentiation
errors associated with automatic differentiation. Moreover, as
expected from automatic differentiation, the results exhibit
invariance with respect to the grid refinement when automatic
differentiation is employed.
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