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Abstract We frame the mechanical stress tensor decomposition in a general procedure which involves the
Helmholtz–Hodge decomposition. We highlight the impact of the mechanical stress tensor decomposition on
the Navier–Stokes equation, with emphasis on the dissipation function. For fluids with low compressibility,
we draw some insights on the Reynolds Averaged Navier–Stokes equations, and on the Reynolds stress tensor
decomposition.We derive a turbulent potential flowmodel, and investigate the transition from viscous potential
flow to turbulent potential flow. Under lowMach number approximation, we apply the turbulent potential flow
model to one-dimensional propagation of large amplitude pressure waves in liquid-filled pipe.

1 Introduction

Within the framework of the Reynolds Averaged Navier–Stokes equations (RANS equations), we explore the
possibility of modeling the turbulent flow in terms of potential flow. Turbulent flow is unsteady, irregular,
random and chaotic; consequently, this model should be considered to analyze turbulent flow when vorticity
effects are negligible. To build the potential flow model and to identify a possible field of application, our
analysis starts from the forces acting on a continuum system. In classical continuum mechanics, the forces are
classified as volume and surface forces [1]: the firsts are external forces acting at a distance; the seconds are
contact forces. According to the action and reaction principle, only the external forces are responsible for the
rate of change of momentum [2]. Assuming that the surface forces are defined by the symmetric Cauchy stress
tensor, we split the Cauchy stress tensor into the thermodynamic tensor, and the mechanical stress tensor [3].
Consistent with the decomposition quoted in [4–7], we identify the part of themechanical stress tensor that does
not alter the momentum and the kinetic energy. We denote this tensor as mechanical internal stress tensor; the
counterparty, which contribute to the rate of change of momentum, is the mechanical external stress tensor. We
frame this decomposition in a general decomposition procedure for a second-order tensor which involves the
Helmholtz–Hodge decomposition. As an application of this general procedure, we highlight two insights. On
the one hand, we formally express the momentum equation in the form of Helmholtz–Hodge decomposition;
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on the other hand, we show the thermomechanical role played by mechanical stress tensors. For Navier–
Stokes fluids, the findings lead to the analysis of the Stokes hypothesis [8–11], and the viscous potential flow
approach [12]. Subsequently, we focus on the RANS equation for fluids with low compressibility.We transpose
the decomposition of the Cauchy stress tensor to the Reynolds stress tensor. As a consequence, we split the
Reynolds stress tensor into thermodynamic and mechanical stress tensor, and we apply the general procedure
to decompose the mechanical Reynolds stress tensor into internal and external parts. The obtained insights
allow us to formulate few considerations about the constitutive equation for the Reynolds stress tensor, and to
propose a turbulent potential flow model. All these issues are discussed in Sect. 2. An in-depth analysis on the
RANS equations for fluids with low compressibility is given in Appendix 1. In Sect. 3, through dimensional
analysis, we identify the dimensionless number which governs the transition from viscous potential flow to
turbulent potential flow. In Sect. 4 we show the application of the turbulent potential flow model to one-
dimensional propagation of large amplitude pressure waves in liquid-filled pipe. Details about the proposed
analytical solution to simulate the pressure waves are summarized in Appendix 2. In Sect. 5 we outline the
main features of the paper.

2 Decomposition of the mechanical stress tensor

We assume that the generic field function (scalar b, vector b, or second order tensor B) is a spatial field which
depends on the Eulerian coordinates r and t , where r is space coordinate, and t is time coordinate.

2.1 Decomposition of a second-order tensor

We decompose a second order tensor B in the form

B = B1 + B2, (1)

∇ · B2 = 0. (2)

To do this, we can use a general procedure that starts from the Helmholtz–Hodge decomposition of the
divergence of the tensor B, i.e., on the existence of a scalar field ϕ and a vector field ψ such that

∇ · B = ∇ϕ − ∇ × ψ, (3)

with ∇ · ψ = 0 without loss of generality.
We introduce an antisymmetric stress tensor � defined as

∇ · � = −∇ × ψ, (4)

and obtain
∇ · B = ∇ϕ + ∇ · �

= ∇ · (ϕ1 + �
)
,

(5)

In agreement with Eq. (5), we get

B1 = ϕ1 + �, (6)

B2 = B − (
ϕ1 + �

)
, (7)

where 1 is the unit tensor.
When a direct manipulation is not possible, the functions ϕ and ψ can be found by taking the divergence

and the curl of Eq. (3), so that

∇ · (∇ · B) = ∇2ϕ, (8)

∇ × (∇ · B) = −∇2ψ . (9)

Even when Eqs. (8)–(9) cannot be solved analytically, the properties of the solution of the Poisson equations
describe the qualitative properties of ϕ and ψ .
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2.2 Cauchy equation

We consider the momentum equation

∂ (ρv)

∂t
− ρ f = −∇ ·

(
T + Q

)
, (10)

where ρ is the density; v the velocity; f the mass force per unit mass, f = g = −gêz = −∇ (gz), with g
the gravitational acceleration, g = |g|, êz the unit vector in vertical direction, z the elevation in gravitational
field; T the Cauchy stress tensor; Q = ρv ⊗ v the momentum flux density tensor.

Equation (10) is obtained by coupling the continuity equation

∂ρ

∂t
+ ∇ · (ρv) = 0, (11)

with the Cauchy equation

ρ
∂v

∂t
+ ρ∇v · v = ρ f − ∇ · T . (12)

We split the Cauchy stress tensor T into the thermodynamic tensor P , and the mechanical stress tensor M [3]

T = P + M, (13)

where P = p1, with p the thermodynamic pressure [13]. Accordingly, Eq. (10) becomes

∂ (ρv)

∂t
− ρ f = −∇ p − ∇ ·

(
M + Q

)
. (14)

By using the general procedure, we can formally write the momentum Eq. (14) in the form of a Helmholtz–
Hodge decomposition

∂ (ρv)

∂t
− ρ f = −∇ p − ∇

(
ϕM + ϕQ

)
+ ∇ ×

(
ψM + ψ Q

)
, (15)

where

∇ · M = ∇ϕM − ∇ × ψM , (16)

∇ · Q = ∇ϕQ − ∇ × ψ Q . (17)

On the other hand, in line with the decomposition

M = M1 + M2, (18)

where
∇ · M2 = 0, (19)

we express the Cauchy equation as

∂ (ρv)

∂t
+ ∇ · (ρv ⊗ v) = ρ f − ∇ p − ∇ · M1, (20)

In agreement with Eq. (20), we refer to M1 as the mechanical external stress tensor, M2 as the mechanical
internal stress tensor; we identify−∇ ·M1 as the mechanical external surface force (per unit volume),−∇ ·M2
as mechanical internal surface force. With this meaning, Eq. (20) agrees with the action and reaction principle,
according to which only the external forces are responsible for the rate of change of momentum [2]. This line
of reasoning highlights the difference between surface forces and stresses: though M2 �= 0, where 0 is the
zero tensor, we obtain −∇ · M2 = 0 (i.e., though the mechanical internal stresses are different from zero,
the mechanical internal surface forces vanish identically, where the mechanical internal stresses are the scalar
components of M2).
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In accordance with Eq. (20), the kinetic energy equation reads as

∂ (ρek)

∂t
+ ∇ · (ρvek) = ρ f · v − ∇ p · v − (∇ · M1

) · v

= ρ f · v − ∇ p · v − ∇ · (
M1 · v

) − φ,

(21)

where ek = 1
2v · v = v2

2 is the specific kinetic energy, with v = |v|; φ = −M1 : ∇v denoting the dissipation
function, i.e., the rate of dissipation of kinetic energy per unit volume. Equation (21) assures that only the
external forces expend power on kinetic energy (the internal forces perform no work). Therefore, mechanical
effects of the internal stresses vanish.

To show the thermodynamic role played by the mechanical stress tensors, we express the first principle of
thermodynamics as

∂

∂t
(ρ (ui + ek)) + ∇ · (ρv (ui + ek)) = ρ f · v − ∇ · (p · v) − ∇ · (

M · v
) − ∇ · q, (22)

where ui is the specific internal energy; q the heat flux vector. Accordingly, the internal energy equation reads
as

∂ (ρui )

∂t
+ ∇ · (ρuiv) = −p∇ · v − M : ∇v − ∇ · q

= −p∇ · v + φ − M2 : ∇v − ∇ · q,

(23)

whilst, the entropy equation is given as

∂ (ρs)

∂t
+ ∇ · (ρsv) = φ

T
− 1

T
M2 : ∇v − 1

T
∇ · q

= φ

T
− 1

T
M2 : ∇v − q

T 2 · ∇T − ∇ · q
T

= sp + s f ,

(24)

where s is the specific entropy; T the absolute temperature. In Eq. (24), sp indicates the entropy production
(per unit volume)

sp = φ

T
− 1

T
M2 : ∇v − q

T 2 · ∇T, (25)

s f a non-dissipative term which contributes to entropy flux

s f = −∇ · q
T

. (26)

Summarizing, the effect of the mechanical internal stress tensor is manifested in the stress state (the state of
stress is defined by the Cauchy stress tensor T ); it is not manifested in the rate of change of momentum, and
of kinetic energy. As thermodynamic effect, the mechanical internal stress tensor contributes to the entropy
production.

Within the framework of classical irreversible thermodynamics [14,15], the heat flux vector is given by
the Fourier law

q = −k∇T, (27)

where k is thermal conductivity. Assuming T = constant , Eqs. (24)–(26) reduce to

∂ (ρs)

∂t
+ ∇ · (ρsv) = φ

T
− ∇ ·

(
1

T
M2 · v

)
, (28)

sp = φ

T
, (29)

s f = −∇ ·
(
1

T
M2 · v

)
, (30)

being M2 : ∇v = ∇ · (
M2 · v

)
. Under this condition, M2 does not contribute to entropy production.
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2.3 Navier–Stokes equation

For linear viscous fluids, the mechanical stress tensor M is expressed as

M = −2μ1D − μ2 (∇ · v) 1, (31)

where D = 1
2

(∇v + ∇vT
)
is the strain rate tensor; μ1 is the first viscous coefficient; μ2 the second viscous

coefficient.
Within the framework of Navier–Stokes fluids (i.e., assuming μ1 = constant , and μ2 = constant), the

momentum equation reads as [4]

∂ (ρv)

∂t
+ ∇ · (ρv ⊗ v) = ρ f − ∇ p + (2μ1 + μ2)∇ (∇ · v) − μ1∇ × ω, (32)

whilst, a direct management of the mechanical stress tensor M, that does not invoke the general procedure,
provides [4–7]

M1 = − (2μ1 + μ2) (∇ · v) 1 − 2μ1�, (33)

M2 = 2μ1 (∇ · v) 1 − 2μ1∇vT, (34)

where � = 1
2

(∇v − ∇vT
)
is the vorticity tensor, with ∇ × ω = −2∇ · �, and ω = ∇ × v the vorticity. We

stress that the differential identity ∇ · (∇vT
) = ∇ (∇ · v) assures that

∇ · M2 = 2μ1∇ ((∇ · v)) − 2μ1∇ ·
(
∇vT

)
= 0. (35)

In the Helmholtz–Hodge decomposition, the Navier–Stokes equation (32) formally reads as

∂ (ρv)

∂t
− ρ f = −∇ p + ∇

(
(2μ1 + μ2) (∇ · v) − ϕQ

)
− ∇ ×

(
μ1ω − ψ Q

)
. (36)

In agreement with Eq. (33), the dissipation function is given as

φ = (2μ1 + μ2) (∇ · v)2 + 2μ1ω
2. (37)

where ω2 is the enstrophy, with ω = |ω| According to Eq. (37), for a fluid making a solid-like rotation, the
dissipation function becomes

φ = 2μ1ω
2. (38)

To overcome this (apparent) paradox (for the problem under consideration, the dissipation function must be
null), we observe that in the special case in which the fluid makes a solid-like rotation, we obtain T = P = p1,
M = 0, ∇ · M1 = 0. Thus, according to Eq. (21), φ = 0, and M1 does not contribute to entropy production.

In agreement with Eq. (37), the term (2μ1 + μ2) (∇ · v)2 relates to kinetic energy dissipation during
isotropic dilatations. According to Stokes hypothesis [8–10], setting 2

3μ1 + μ2 = 0 we obtain (2μ1 + μ2) =
4
3μ1, and the dissipation function is still formally expressed by Eq. (37). This result disagrees with the idea
according to which, under Stokes hypothesis, isotropic dilatations are reversible processes. The theoretical
refutation of the Stokes hypothesis is given in [11].

On the other hand, if we consider potential flows, which arise from the kinematic assumption ω = 0, the
dissipation function (37) reduces to

φ = (2μ1 + μ2) (∇ · v)2 . (39)

As a consequence of Eq. (39), the statement according to which the potential flow implies inviscid flows is
incorrect. The readers are referred to [12], and the references therein, for a deeper insight into the viscous
potential flow.
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2.4 RANS equation

We consider the decompositions of the Reynolds stress tensor TRe. We recall that the Reynolds stress tensor
arises in Reynolds Averaged Navier–Stokes (RANS) turbulence models [16]. We focus on the fluids with low
compressibility for which the RANS equation can be written as (see Appendix 1)

∂

∂t
(ρ [v]) + ∇ · (ρ [v] ⊗ [v]) = ρ f − ∇ [p] + (2μ1 + μ2) ∇ (∇ · [v]) − μ1∇ × [ω] − ∇ · TRe, (40)

where
[ ]

is the ensemble-mean operator; TRe = ρ
[
v′ ⊗ v′], with v′ denoting the turbulent fluctuation of v.

In agreement with the previous findings, we invoke the decompositions

TRe = Ptur + Mtur , (41)

M tur = M tur,1 + M tur,2, (42)

∇ · M tur,2 = 0, (43)

where P tur is the homologous of the isotropic thermodynamic pressure tensor P ; M tur the homologous of
the mechanical stress tensor M; M tur,1 and M tur,2 the homologues of M1 and M2. According to the general
procedure, we can introduce the field functions ϕtur , ψ tur , and � tur such that

M tur,1 = ϕtur1 + � tur , (44)

M tur,2 = M tur − (
ϕtur1 + � tur

)
, (45)

where the antisymmetric stress tensor � tur is defined as

∇ · � tur = −∇ × ψ tur . (46)

We stress that a turbulence model based on the Helmholtz–Hodge decomposition of the Reynolds stress tensor
can be found in [17].

With this setting, the RANS momentum Eq. (40) becomes

∂

∂t
(ρ [v]) + ∇ · (ρ [v] ⊗ [v]) = ρ f − ∇ [p] + (2μ1 + μ2)∇ (∇ · [v]) − μ1∇ × [ω]

− ∇ · P tur + ∇ × ψ tur − ∇ϕtur .

(47)

We underline that

• the term ∇ · P tur takes into account the effects of turbulent fluctuations on the momentum flux (see
Appendix 1);

• the tensor M tur,1 is such that the additional friction forces (per unit volume) due to turbulent fluctuations
are given as −∇ · M tur,1.

Whitin the framework of Boussinesq formulation [16], we assume TRe = TRe ([v]). Thus, we argue that

• the constitutive equation for P tur can be given as P tur = mtur [v]2 1, where mtur is the coefficient of
turbulent diffusivity of momentum;

• the implicit constitutive equation for ϕtur can be given as ϕtur = ϕtur (∇ · [v]);
• the implicit constitutive equation for � tur can be expressed as � tur = � tur ([ω]).

Following the suggestion proposed in [18], we propose the ansatz

ϕtur = −μd,tur∇ · [v] . (48)

We refer to μd,tur as the turbulent dilatational viscosity. We stress that turbulent dilatational viscosity shows a
substantial similarity to the turbulent bulk viscosity [18]. On the other hand, we can introduce the tensor C tur
such that

ψ tur = −∇ · C tur , (49)

where
C tur = −μr,tur∇ [ω] . (50)
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We refer to μr,tur as the turbulent rotational viscosity. Accordingly, the RANS Eq. (47) can be expressed as

∂

∂t
(ρ [v]) + ∇ · (ρ [v] ⊗ [v]) = ρ f − ∇ [p] + (2μ1 + μ2)∇ (∇ · [v]) − μ1∇ × [ω]

− ∇ (
mtur [v]

2) + ∇ (
μd,tur∇ · [v]) + ∇ × (∇ · (

μr,tur∇ [ω]
))

.

(51)

In Helmholtz–Hodge decomposition, Eq. (51) reads as

∂

∂t
(ρ [v]) − ρ f = −∇

(
[p] + (

mtur [v]
2) + ϕ[

Q
]
)

+ ∇ ((
2μ1 + μ2 + μd,tur

)∇ · [v])

− ∇ ×
(

μ1 [ω] − ∇ · (μr,tur∇ [ω]
) − ψ[

Q
]
)

,

(52)

where

∇ · (ρ [v] ⊗ [v]) = ∇ ·
[
Q

]
= ∇ϕ[

Q
] − ∇ × ψ[

Q
]. (53)

In placing Eqs. (49)–(50), we are guided by the theory of second order fluids as developed in [19]. The
connection between the second order fluids and turbulence is first noted in [20] (the readers are referred to
[19,21] for more details). Assuming in first approximation mtur = constant , μd,tur = constant , μr,tur =
constant , and using the differential identity

∇ × (∇ · (μr,tur∇ [ω]
)) = μr,tur∇2 (∇ × [ω]) , (54)

Equation (51) becomes

∂

∂t
(ρ [v]) + ∇ · (ρ [v] ⊗ [v]) = ρ f − ∇ [p] − μ1∇ × [ω] − mtur∇ [v]2

+ (
2μ1 + μ2 + μd,tur

)∇ (∇ · [v]) + μr,tur∇2 (∇ × [ω]) . (55)

For incompressible fluids, Eq. (55) reduces to

∂

∂t
(ρ [v]) + ∇ · (ρ [v] ⊗ [v]) = ρ f − ∇ [p] − μ1∇ × [ω] − mtur∇ [v]2 + μr,tur∇2 (∇ × [ω]) . (56)

The numerical treatment of Eq. (56), with appropriate boundary conditions, can be found in [22].
On the other hand, if we consider turbulent potential flows, putting ω = [ω] = 0, Eq. (55) reduces to

ρ
∂ [v]

∂t
+ ρ∇ [v]2

2
= ρ f − ∇ [p] − mtur∇ [v]2 + (

2μ1 + μ2 + μd,tur
) ∇ (∇ · [v]) , (57)

being

∂

∂t
(ρ [v]) + ∇ · (ρ [v] ⊗ [v]) = ρ

∂v

∂t
+ ρ∇v · v

= ρ
∂ [v]

∂t
+ ρ∇ [v]2

2
− ρ [v] × [ω] = ∂ [v]

∂t
+ ρ∇ [v]2

2
.

(58)

We stress that the mean dissipation function linked to Eq. (57) is given as

[φ] = (
2μ1 + μ2 + μd,tur

)
(∇ · [v])2 . (59)
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3 Brief remarks on the transition from viscous potential flow to turbulent potential flow

We recall that, under potential flow conditions, the Navier–Stokes equation reads as

ρ
∂v

∂t
+ ρ∇ v2

2
= −ρgêz − ∇ p + (2μ1 + μ2)∇ (∇ · v) . (60)

Equation (60), can be rewritten as

∇
(

∂ϑ

∂t
+ ∇ϑ · ∇ϑ

2
+ gz

)
= − 1

ρ
∇ p + (2μ1 + μ2)

ρ
∇ (∇ · v) , (61)

which implies

∇ ×
(

− 1

ρ
∇ p + (2μ1 + μ2)

ρ
∇ (∇ · v)

)
= 0, (62)

where ϑ is the potential velocity function, v = ∇ϑ . According to Eq. (62), there exist a function � such that
[23]

− 1

ρ
∇ p + (2μ1 + μ2)

ρ
∇ (∇ · v) = ∇�. (63)

According to Eq. (63), the fluid evolves in barotropic condition [24]. In line with the previous settings, we
assume the isothermal condition at T = constant , and we express the barotropic pressure-density relation as
follows [25]

dρ

ρ
= dp

ε
, (64)

where ε is the fluid bulk modulus. Consistent with Eq. (64), the speed of sound is given as

c =
√
dp

dρ
=

√
ε

ρ
. (65)

To investigate the transition from viscous potential flow to turbulent potential flow we rewrite Eq. (60) in
dimensionless form. For this scope, in addition to the velocity scale vs and the length scale 
s , we introduce a
pressure scale ps defined as [26,27]

ps = ρsvscs, (66)

where ρs is the density reference value, cs the refence value of the speed of sound. Using cs , we define the
time scale ts as [27]

ts = 
s

cs
. (67)

Setting the dimensionless terms in curly bracket, Eq. (60) becomes (for all details the readers are referred to
[27])

1

Ma

{
∂v

∂t

}
+

{
∇ v2

2

}
= − 1

Fr2
êz − 1

Ma

{
1

ρ
∇ p

}
+ (2μ1 + μ2) cs

ps
s

{
1

ρ
∇ (∇ · v)

}
, (68)

where Ma = vs
cs

is the Mach number; Fr =
√

v2s
g
s

the Froude number. We stress that the dimensionless number
ps
s

(2μ1+μ2)cs
is very similar to the Russo Spena number [27]; therefore, we define ps
s

(2μ1+μ2)cs
as the Russo

Spena number under potential flow conditions, RSp = ps
s
(2μ1+μ2)cs

. The RSp number is related to the viscous
forces which arise from the volume variation. According to Eq. (68), we conjecture that the transition occurs
when the RSp exceed a critical value RSp,c: as RSp > RSp,c, the stabilizing effect due to viscous forces
become evanescent, and the viscous potential flow turns into the turbulent potential flow. In agreement with
the barotropic Eq. (64), the transition can be occurred when a pressure wave travels through the fluid, and
therefore, a change in density happens; as a consequence, the transition is caused by the energy transport, and
no mass transport is needed.
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4 Pressure waves of large amplitude

To test the turbulent potential flow model, we consider the hydraulic transient in liquid-filled pipe. This
unsteady flow arises as a result of a local liquid velocity variations due to valve maneuvers [28–32]; the
distinct characteristic is the propagation of large amplitude pressure waves at low frequency. For 1D flow in a
horizontal pipe, Eqs. (57) and (59) become

ρ
∂U

∂t
+ ρU

∂U

∂x
+ 2mturU

∂U

∂x
= −∂�

∂x
+ (

2μ1 + μ2 + μd,tur
) ∂2U

∂x2
, (69)

φ1D = (
2μ1 + μ2 + μd,tur

)
(

∂U

∂x

)2

, (70)

whereU (x, t) denotes the velocity; � (x, t) the thermodynamic pressure; φ1D (x, t) the dissipation function;
x the coordinate along the flow direction.

Due to very important kinetic energy dissipation in propagation of large amplitude pressure waves [33,34],
we conjecture that μd,tur � 2μ1 +μ2 (for water, under low frequency condition, we can assume 2μ1 +μ2 ≈
10−3 kg

ms [35]). Accordingly, Eqs. (69)–(70) reduce to

ρ
∂U

∂t
+ ρU

∂U

∂x
+ 2mturU

∂U

∂x
= −∂�

∂x
+ μd,tur

∂2U

∂x2
, (71)

φ1D = μd,tur

(
∂U

∂x

)2

. (72)

In pipe of constant cross-section area, the continuity equation reads as (details about the continuity equation
are given in Appendix 1)

∂ρ

∂t
+ ρ

∂U

∂x
+U

∂ρ

∂x
= 0. (73)

The barotropic pressure-density relation (64) becomes

dρ

ρ
= d�

ε̃
, (74)

where ε̃ is the bulk modulus of the pipe-liquid system [18,36–38]. According to Eq. (74), we express the wave
celerity c by the relationship

c =
√
d�

dρ
=

√
ε̃

ρ
. (75)

Setting ε̃ = constant , Eq. (74) leads to

ρ = ρ0e
(�−�0)

ε̃ , (76)

where ρ0 = ρ (�0) is the density reference value at the pressure reference value �0, whilst the continuity
equation (73) becomes

ρ

ε̃

∂�

∂t
+ ρ

ε̃
U

∂�

∂x
+ ρ

∂U

∂x
= 0. (77)

Without loss of generality, we assume �0 as the relative atmospheric pressure, �0 = 0.
Under low Mach number approximation (very common in water hammer phenomenon [39]), c � U (i.e.,

ε̃ � 1); as a consequence, the inertial term is much larger than the convective one, i.e. ∂( )
∂t � U ∂( )

∂x [28],

ρ ≈ ρ0, c ≈ c0 =
√

ε̃
ρ0
, and the system of equations can be approximated as

ρ0
∂U

∂t
+ ∂�

∂x
= μd,tur

∂2U

∂x2
, (78)

1

ρ0

∂�

∂t
+ c20

∂U

∂x
= 0, (79)
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in the unknown functions U (x, t), � (x, t). According to Eq. (78), μd,tur plays a similar role to that of the
artificial viscosity in shock capturing methods [40].

The system of Eqs. (78)–(79) becomes closed if auxiliary expressions for μd,tur and c0 are specified. On
the other hand, we can calibrate the parameters μd,tur and c0 matching numerical results to experimental
data. The experimental data used herein consist of thermodynamic pressure time series collected at the down-
stream section of a steel pipe (in x = L , where L = 72 m, with D = 42 mm), during the water hammer
phenomenon (ρ0 = 1000 kg

m3 ). The experiments are carried out using standard laboratory facilities (reservoir-
pump-pressurized tank-pipe-valve): the pipe connects the upstreampressurized tank to a downstreammaneuver
valve; the piezometric signals are measured employing piezoresistive transducers, the steady-state discharge
by electromagnetic flowmeters. Once the initial steady-state is established, the water hammer is generated by
an instantaneous closure of the valve. The readers are referred to [41] for all details about experimental set-ups
and procedures. The initial conditions refer to the normal formulas for circular pipe

� (x, 0) = � (L , 0) + ρ0 f
U 2
0

2D
(L − x) , (80)

U (x, 0) = U0, (81)

where � (L , 0) = 5.04 · 105 Pa; U0 = 0.405 m
s . The Darcy friction factor f is computed by the Blasius

formula [42]

f = 0.3164

Re0.25
, (82)

with Re = ρ0U0D
μ1

= 17010 being Reynolds number. The boundary conditions are defined as

U (L , t) = U0H (−t) , (83)

� (0, t) = constant, (84)

where H (−t) is the Heaviside step function, whereas � (0, t) = � (L , 0) + ρ0 f
U2
0

2D L = 5.08 · 105 Pa. We
stress that Eq. (83) simulates the valve instantaneous closure.

We deduce the linear damped equation

μd,tur

ρ0

∂3U

∂x2∂t
+ c20

∂2U

∂x2
− ∂2U

∂t2
= 0, (85)

by combining Eqs. (78)–(79). According to Eqs. (80)–(81) and (83)–(84), Eq. (85) is subject to the initial
conditions

U (x, 0) = U0, (86)
∂U

∂t
(x, 0) = 0, (87)

and the boundary conditions

∂U

∂x
(0, t) = 0, (88)

U (L , t) = U0H (−t) . (89)

As shown in Appendix 2, the analytical solution can be expressed in the following explicit form

U = U0H (−t) +
∞∑

n=0

cos (λnx)
4U0 (−1)n e− κn t

2

π (1 + 2n)
√

κ2
n − 4�2

n

(√
κ2
n − 4�2

ncosh

(
t

2

√
κ2
n − 4�2

n

)

− κnsinh

(
t

2

√
κ2
n − 4�2

n

))
, (90)

where

λn = π

L

(
n + 1

2

)
, (91)
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�n = c0λn, (92)

κn = μd,tur

ρ0
λ2n . (93)

At x = L , the pressure field reads as

�(L , t) = �(L , 0) + 4U0ρ0c20
L

∞∑

n=0

e− κn t
2 sinh

(
t
2

√
κ2
n − 4�2

n

)

√
κ2
n − 4�2

n

. (94)

By using a standard test-and-try procedure, the comparison between experimental and analytical results allows
to find the values μd,tur = 2.84 · 106 kg

ms , c0 = 1228.8 m
s . Figure 1 shows the comparison in the range

0 < t ≤ 3 s. Our results show good agreement against experimental results in terms of attenuation, and
dispersion ofwave fronts; the phase shift is also suitably described, i.e., thewave celerity is properly reproduced.
Figure 2 shows the evolution of the averaged dissipation function � (t) defined as

� (t) = 1

L

∫ L

0
φ1D (x, t) dx = 1

L

∫ L

0
μd,tur

(
∂U

∂x

)2

dx

= 2
μd,turU 2

0

ρ0L2

∞∑

n=0

(
e− κn t

2
√

κ2
n − 4�2

n

(√
κ2
n − 4�2

ncosh

(
t

2

√
κ2
n − 4�2

n

)

−κnsinh

(
t

2

√
κ2
n − 4�2

n

)))2

. (95)

The averaged dissipation function tends to infinity for t → 0 because of the instantaneous closure at the valve.
Figure 3 shows the monotonous increase of the function � (t) defined as

� (t) =
∫ t

0
� (t) dt =

∫ t

0

(
1

L

∫ L

0

μd,tur

ρ0

(
∂U

∂x

)2

dx

)

dt

= μd,turU 2
0

ρ0L2

∞∑

n=0

e−κn t

κn
(
κ2
n − 4�2

n

)
(
4�2

n + e− κn t
2

(
κ2
n − 4�2

n

)

−κ2
ncosh

(
t
√

κ2
n − 4�2

n

)
+ κn

√
κ2
n − 4�2

nsinh

(
t
√

κ2
n − 4�2

n

))
. (96)

Fig. 1 Time-series of � (L , t); — analytical results; • experimental results
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Fig. 2 Time evolution of �

Fig. 3 Time evolution of �

According to the energy conservation law, we deduce � (t) → ρ0
U2
0
2 for t → ∞

lim
t→∞ � (t) = μd,turU 2

0

ρ0L2

∞∑

n=0

1

κn
= μd,turU 2

0

ρ0L2

∞∑

n=0

4ρ0L2

ηturπ2

1

(2n + 1)2

= 4U 2
0

π2

∞∑

n=0

1

(2n + 1)2
= U 2

0

2
.

(97)

5 Conclusions

We have explored the decomposition of the mechanical stress tensor into internal and external stress tensors,
and we have shown the thermomechanical roles played by them. We have framed the mechanical stress tensor
decomposition in a general decomposition procedure; as a result, we have formally expressed the momentum
equation (Cauchy equation,Navier–Stokes equation,RANSequation) in theHelmholtz–Hodge decomposition.
For fluids with low compressibility, the findings have been used to develop a turbulent potential flow model.
Through dimensional analysis, we have investigated the transition from viscous potential flow to turbulent
potential flow. In low Mach number approximation, we have tested the turbulent potential flow model to one-
dimensional propagation of large amplitude pressure waves in liquid-filled pipe.We have shown that the model
is in agreement in a reasonable way with the experimental data available in literature.
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Appendix A RANS equations for fluids with low compressibility

Under isothermal conditions at T = constant , the balance equations for Navier–Stokes fluids read as

∂ρ

∂t
+ ∇ · (ρv) = 0, (A1)

∂

∂t
(ρv) + ∇ · (ρv ⊗ v) = ρ

∂v

∂t
+ ρ∇v · v = ρ f − ∇ p − ∇ · M, (A2)

∂

∂t
(ρem) + ∇ · (

ρemv + pv + M · v
) = p∇ · v + M : ∇v, (A3)

∂

∂t
(ρet ) + ∇ · (ρetv + pv + M · v) = 0, (A4)

∂

∂t
(ρui ) + ∇ · (ρuiv) = −p∇ · v − M : ∇v, (A5)

∂

∂t
(ρT s) + ∇ · (ρT sv) = −M : ∇v, (A6)

∂

∂t

(
ρep

) + ∇ · (
ρepv

) = −p∇ · v, (A7)

where em = ek + gz is the specific mechanical energy; et = ui + em the specific total energy; ep the specific
elastic potential energy. We stress that Eqs. (A5)–(A7) are in agreement with the Gibbs relationship

dui = T ds + p

ρ2 dρ = T ds + dep. (A8)

Setting ε = constant in Eq. (64), the relationship between the density and the thermodynamic pressure is
given as

ρ = ρ0e
(p−p0)

ε = ρ0e
p
ε , (A9)

where ρ0 is the density reference value at the relative atmospheric pressure p0 = 0. By using the Reynolds
decomposition

b = [b] + b′, (A10)

where [b] is the mean-value of the generic field b, and b′ the turbulent fluctuation, we conjecture that for fluids
with low compressibility, i.e., fluids in the liquid state for which ε � 1, the turbulent density fluctuations are
evanescent [18]. Accordingly

ρ = [ρ] = ρ0e
[p]
ε , (A11)

ρ′ = 0. (A12)

http://creativecommons.org/licenses/by/4.0/
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Indeed, as ε � 1, p′
ε

� 1, e
p′
ε ≈ 1, and ρ = ρ0e

([p]+p′)
ε ≈ ρ0e

[p]
ε . With this setting, by using the conventional

RANS procedure [16], we obtain the following equations

∂ρ

∂t
+ ∇ · (ρ [v]) = 0, (A13)

∂

∂t
(ρ [v]) + ∇ · (ρ [v] ⊗ [v]) = −ρ

∂

∂t
[v] + ρ∇ [v] · [v] = ρgêz − ∇ [p] − ∇ · [

M
] − ∇ · T Re,(A14)

∂

∂t
(ρ [em]) + ∇ · (ρ [em] [v] + [p] [v] + [

M
] · [v] + ρ

[
e′
mv′] + [

p′v′] + [
M ′ · v′])

= − [p]∇ · [v] − [M] : ∇ [v] − [
p′∇ · v′] − [

M ′ : ∇v′] ,

(A15)

∂

∂t
(ρ [et ]) + ∇ · (

ρ [et ] [v] + [p] [v] + [
M

] · [v] + ρ
[
e′
tv

′] + [
p′v′] + [

M ′ · v′]) = 0, (A16)

∂

∂t
(ρ [ui ]) + ∇ · (

ρ [ui ] [v] + ρ
[
u′
iv

′]) = − [p]∇ · [v] − [
M

] : ∇ [v] − [
p′∇ · v′] − [

M ′ : ∇v′] ,

(A17)
∂

∂t
(ρT [s]) + ∇ · (

ρT [s] [v] + ρT
[
s′v′]) = − [

M
] : ∇ [v] − [

M ′ : ∇v′] , (A18)

∂

∂t

(
ρ

[
ep

]) + ∇ ·
(
ρ

[
ep

]
[v] + ρ

[
e′
pv

′]) = − [p]∇ · [v] − [
p′∇ · v′] . (A19)

We stress that in 1D contest, Eq. (A13) reduces to Eq. (73). By using the decomposition (41), Eq. (A14) can
be written as

∂

∂t
(ρ [v]) + ∇ · (ρ [v] ⊗ [v]) = ρgêz − ∇ [p] − ∇ · P tur − ∇ · G = ρgêz − ∇ [p] − ∇ · P tur − ∇ · G,

(A20)

where
G = [

M
] + M tur . (A21)

The physical insights about P tur and M tur can be highlighted by using an alternative form of the RANS
equations. For this purpose, we deduce the mean mechanical energy equation from Eq. (A14) by scalar
product by [v]

∂

∂t
(ρ [em]) + ∇ · (

ρ [em] [v] + [p] [v] + P tur · [v] + G · [v])

= [p]∇ · [v] + P tur : ∇ [v] + G : ∇ [v] .
(A22)

According to Eq. (A22), the mean total energy equation can be given as

∂

∂t
(ρ [et ]) + ∇ · (

ρ [et ] [v] + [p] [v] + P tur · [v] + G · [v]) = 0, (A23)

whilst the mean internal energy can be expressed as

∂

∂t
(ρ [ui ]) + ∇ · (ρ [ui ] [v]) = − [p]∇ · [v] − P tur : ∇ [v] − G : ∇ [v] . (A24)

By using Eq. (A21), the comparison between Eqs. (A17) and (A24) leads to the relationship

∇ · (
ρ

[
u′
iv

′]) + [
p′∇ · v′] + [

M ′ : ∇v′] = P tur : ∇ [v] + M tur : ∇ [v] . (A25)

We conjecture that

∇ · (
ρ

[
u′
iv

′]) + [
p′∇ · v′] = P tur : ∇ [v] , (A26)

[
M ′ : ∇v′] = M tur : ∇ [v] . (A27)

By using Eqs. (A21) and (A27), the mean entropy Eq. (A18) becomes

∂

∂t
(ρT [s]) + ∇ · (

ρT [s] [v] + ρT
[
s′v′]) = −G : ∇ [v] . (A28)
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Accordingly, we can split the entropy production in two parts

−G : ∇ [v] = − [
M

] : ∇ [v] − M tur : ∇ [v] , (A29)

where − [
M

] : ∇ [v] is the contribution due to the viscosity; −M tur : ∇ [v] is the contribution due the
turbulent fluctuation. In agreement with this line of reasoning, the tensor field P tur is not responsible for
entropy production; the term∇ · P tur takes into account the effects of turbulent fluctuations on the momentum
flux; the tensorfieldM tur is such that the additional friction forces (per unit volume) due to turbulent fluctuations
are given as −∇ · M tur . Thus, identifying P tur as a “convective” term, and M tur as a “dissipative” term, the
momentum equations can be written as

∂

∂t
(ρ [v]) + ∇ · (

ρ [v] ⊗ [v] + P tur

) = −ρgêz − ∇ [p] − ∇ · G. (A30)

From Eq. (A8), putting

∂

∂t
(ρ [ui ]) + ∇ · (ρ [ui ] [v]) − ∂

∂t
(ρT [s]) + ∇ · (Tρ [s] [v]) = ∂

∂t

(
ρ

[
ep

]) + ∇ · (
ρ

[
ep

]
[v]

)
, (A31)

and using Eqs. (A24) and (A28), we deduce

∂

∂t

(
ρ

[
ep

]) + ∇ · (
ρ

[
ep

]
[v]

) = − [p]∇ · [v] − P tur : ∇ [v] + ∇ · (
ρT

[
s′v′]) . (A32)

The comparison between Eqs. (A19) and (A32) provides the relationship

∇ ·
(
ρ

[
e′
pv

′]) + [
p′∇ · v′] + ∇ · (ρT [

s′v′]) = P tur : ∇ [v] , (A33)

whilst Eqs. (A26) and (A33) lead to the equation

∇ · (
ρ

[
u′
iv

′]) − ∇ · (
ρT

[
s′v′]) = ∇ ·

(
ρ

[
e′
pv

′]) . (A34)

Appendix B Remarks on the analytical solution

We consider the governing equation for U in x ∈ [0, L]

α
∂3U

∂x2∂t
+ β

∂2U

∂x2
− ∂2U

∂t2
= 0, (B35)

subject to the initial conditions

U (x, 0) = U0, (B36)
∂U

∂t
(x, 0) = 0, (B37)

and the boundary conditions

∂U

∂x
(0, t) = 0, (B38)

U (L , t) = U0γ (t) , (B39)

where α = μd,tur
ρ0

; β = c20; γ (t) the valve closing law. By using the separation of variables method as proposed
in [43], we set

U = W (x, t) +U0γ (t) , (B40)

where W satisfies the boundary value problem

α
∂3W

∂x2∂t
+ β

∂2W

∂x2
− ∂2W

∂t2
= U0

d2γ

dt2
, (B41)
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∂W

∂x
(0, t) = 0, (B42)

W (L , t) = 0, (B43)

W (x, 0) = U0 (1 − γ (0)) , (B44)
∂W

∂t
(x, 0) = −U0

dγ

dt
(0) . (B45)

We assume the following eigenfunction expansion

W =
∞∑

n=0

Tncos

(
πx

L

(
n + 1

2

))
=

∞∑

n=0

Tncos (λnx), (B46)

where Tn = Tn (t) are the unknown expansion coefficients, and λn = π
L

(
n + 1

2

)
are the eigenvalues. Equation

(B46) satisfies Eqs. (B42)–(B43) and the x-dependence of the homogeneous counterpart of Eq. (B41). By using
the orthogonality property of the cosine eigenfunctions, we obtain the following non-homogeneous differential
equation

d2Tn
dt2

+ αλ2n
dTn
dt

+ βλ2nTn = −2U0

L

∫ L

0

d2γ

dt2
cos (λnx) dx = Qn, (B47)

and the corresponding initial conditions for Tn

Tn (0) = −2U0

L

∫ L

0
γ (0) cos (λnx) dx = Fn, (B48)

d

dt
Tn (0) = −2U0

L

∫ L

0

d

dt
γ (0) cos (λnx) dx = Gn . (B49)

By using the variation of the parameters method [44], the solution of the Cauchy problem (B47)–(B49) is
given by

Tn = e− αλ2n t
2

(

Fncosh

(
tλn
2

√
α2λ2n − 4β

)
+ 2Gn + Fnαλ2n

λn
√

α2λ2n − 4β
sinh

(
tλn
2

√
α2λ2n − 4β

))

+ 2

λn
√

α2λ2n − 4β

∫ t

0
e− αλ2n (t−τ)

2 sinh

(
(t − τ) λn

2

√
α2λ2n − 4β

)
Qndτ . (B50)

The solution for U finally reads as

U = U0γ +
∞∑

n=0

cos (λnx)

(
2

λn
√

α2λ2n − 4β

∫ t

0
e− αλ2n (t−τ)

2 sinh

(
(t − τ) λn

2

√
α2λ2n − 4β

)
Qndτ

+e− αλ2n t
2

(

Fncosh

(
tλn
2

√
α2λ2n − 4β

)
+ 2Gn + Fnαλ2n

λn
√

α2λ2n − 4β
sinh

(
tλn
2

√
α2λ2n − 4β

)))

. (B51)

Equation (B51) can be also written in the following form

U = U0γ +
∞∑

n=0

cos (λnx)

(
2

√
κ2
n − 4�2

n

∫ t

0
e− κn (t−τ)

2 sinh

(
t − τ

2

√
κ2
n − 4�2

n

)
Qndτ

+e− κn t
2

(

Fncosh

(
t

2

√
κ2
n − 4�2

n

)
+ 2Gn + Fnκn√

κ2
n − 4�2

n

sinh

(
t

2

√
κ2
n − 4�2

n

)))

, (B52)

where

�n = √
βλn = √

β
π

L

(
n + 1

2

)
, (B53)

κn = αλ2n (B54)
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represent the eigenfrequency and the damping rate of the n-th mode, respectively. In the case of instantaneous

closure, γ = H (−t). By noting that d
2H(−t)
dt2

= − dδ
dt , where δ = δ (t) is the Dirac Delta function, the analytical

solution (B52) reduces to

U = U0H (−t) +
∞∑

n=0

cos (λnx)
4U0 (−1)n e− κn t

2

π (1 + 2n)
√

κ2
n − 4�2

n
(√

κ2
n − 4�2

ncosh

(
t

2

√
κ2
n − 4�2

n

)
− κnsinh

(
t

2

√
κ2
n − 4�2

n

))
.

(B55)

Accordingly, we obtain the following explicit expressions

∂U

∂x
(L , t) = −

∞∑

n=0

2U0e− κn t
2

L
√

κ2
n − 4�2

n

(√
κ2
n − 4�2

ncosh

(
t

2

√
κ2
n − 4�2

n

)

−κnsinh

(
t

2

√
κ2
n − 4�2

n

))
,

(B56)

� (L , t) = � (L , 0) + 4U0ρ0c20
L

∞∑

n=0

e− κn t
2 sinh

(
t
2

√
κ2
n − 4�2

n

)

√
κ2
n − 4�2

n

. (B57)

By using the orthogonality property of cosine eigenfunctions, the averaged dissipation function �(t) reads as

� (t) = 1

L

∫ L

0
μd,tur

(
∂U

∂x

)2

dx

= 2
μd,turU 2

0

ρ0L2

∞∑

n=0

(
e− κn t

2
√

κ2
n − 4�2

n

(√
κ2
n − 4�2

ncosh

(
t

2

√
κ2
n − 4�2

n

)

−κnsinh

(
t

2

√
κ2
n − 4�2

n

)))2

. (B58)
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