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?fg:/ Zirg;eter augmentation any constant € > 0, we design a linear-time (1 + &)-approximation algorithm for paths
Fast diameter computation when k = o(y/logn), thus establishing a dichotomy between paths and trees for k > 3.
Approximation algorithms Our algorithm employs an ad-hoc data structure, which we also use in a linear-time 4-
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1. Introduction

The k-Diameter-Optimally Augmenting Tree Problem (k-DOAT) is defined as follows. The input consists of a tree T of n
vertices that is embedded in an unknown space c. The space c associates a non-negative cost c(u, v) to each pair of vertices
u,v e V(T), with u # v. The goal is to quickly compute a set S of k shortcuts whose addition to T minimizes the diameter
of the resulting graph T + S. The diameter of a graph G, with a cost of c(u, v) associated with each edge (u, v) of G, is
defined as diam(G) := maxy,vev ) dc (U, v), where dg(u, v) is the distance in G between u and v that is measured w.r.t.
the edge costs. We assume to have access to an oracle that answers a query about the cost c(u, v) of any tree-edge/shortcut
(u, v) in constant time.

When c satisfies the triangle inequality, i.e., c(u, v) < c(u, w) + c(w, v) for every three distinct vertices u, v, w € V(T),
we say that T is embedded in a metric space, and we refer to the problem as metric k-DOAT.

k-poAT and metric k-DoAT have been extensively studied for k = 1. k-DoaT has a trivial lower bound of Q(n?) on the
number of queries needed to find S even if one is interested in any finite approximation and the input tree is actually
a path.! On the positive side, it can be solved in O(n?) time and O(nlogn) space [1], or in O(n%logn) time and O(n)
space [2]. Interestingly enough, this second algorithm uses, as a subroutine, a linear time algorithm to compute the diameter
of a unicycle graph, i.e., a connected graph with n edges.
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Fig. 1. The graph G of the lower bound construction. The edges of the tree T are solid and have cost 2; the non-tree edges are dashed and their colors
reflect the different types of augmenting edges as defined in the proof of Lemma 1. To reduce clutter, only some of the augmenting edges are shown. (For
a color version of this figure please refer to the electronic version of the manuscript.)

Metric k-DoAT has been introduced in [3] where an O (nlog> n)-time algorithm is provided for the special case in which
the input is a path. In the same paper the authors design a less efficient algorithm for trees that runs in O (n®logn)
time. The upper bound for the path case has been then improved to O (nlogn) in [4], while in [1] it is shown that the
same asymptotic upper bound can be also achieved for trees. Moreover, the latter work also gives a (1 + €)-approximation
algorithm for trees with a running time of O (n + % log %).

Our results. In this work we focus on metric k-DoAT for k > 1. In such a case one might hope that o(n?) queries are enough
for an exact algorithm. Unfortunately, we show that this is not the case for 3 <k =o(n), even if one is only searching for
a o-approximate solution with o < %. Our lower bound is unconditional, holds for trees (with many leaves), and trivially
implies an analogous lower bound on the time complexity of any o -approximation algorithm.

Motivated by the above lower bound, we focus on approximate solutions and we show two linear-time algorithms with
approximation ratios of 4 and 1 + ¢, for any constant ¢ > 0. The latter algorithm only works for trees with few leaves and
k = o(y/logn). This establishes a dichotomy between paths and trees for k > 3: paths can be approximated within a factor
of 1+ ¢ in linear-time, while trees (with many leaves) require €(n?) queries (and hence time) to achieve a better than
10/9 approximation. Notice that this is not the case for k = 1. We leave open the problems of understanding whether exact
algorithms using 0(n?) queries can be designed for 2-DoAT on trees and k-DOAT on paths.

To achieve the claimed linear-time complexities of our approximation algorithms, we develop an ad-hoc data structure
which allows us to quickly compute a small set of well-spread vertices with large pairwise distances. These vertices are
used as potential endvertices for the shortcuts. Interestingly, our data structure can also be used to compute the diameter
of a non-metric graph with n+k — 1 edges in O (nklogn) time. For k = O (1), this extends the O (n)-time algorithm in [2] for
computing the diameter of a unicycle graph, with only a logarithmic-factor slowdown. We deem this result of independent
interest as it could serve as a tool to design efficient algorithms for k-DoAT, as shown for k=1 in [2].

Other related work. The problem of minimizing the diameter of a graph via the addition of k shortcuts has been extensively
studied in the classical setting of optimization problems. This problem is shown to be NP-hard [5], not approximable
within logarithmic factors unless P = NP [6], and some of its variants — parameterized w.r.t. the overall cost of the added
shortcuts and w.r.t. the resulting diameter - are even W[2]-hard [7,8]. As a consequence, the literature has focused on
providing polynomial time approximation algorithms for all these variants [9,6,10,11,7,12]. This differs from k-DOAT, where
the emphasis is on o(n?)-time algorithms.

Finally, variants of 1-DOAT in which one wants to minimize either the radius or the continuous diameter of the aug-
mented tree have been studied [13-18].

Paper organization. In Section 2 we present our non-conditional lower bound. Section 3 is devoted to the algorithm for
computing the diameter of a graph with n+k — 1 edges in time O (nklogn). This relies on our data structure, which is
described in Section 3.2.1. Finally, in Section 4 we provide our linear-time approximation algorithms for metric k-DoAT that
use our data structure.

2. Lower bound

This section is devoted to proving our lower bound on the number of queries needed to solve k-DOAT on trees for k > 3.
We start by considering the case k = 3.

Lemma 1. For any sufficiently large n, there is a class G of instances of metric 3-DOAT satisfying the following conditions:

(i) Ineach instance (T, c) € G, T is a tree with ©(n) vertices and all tree-edge/shortcut costs assigned by c are positive integers;
(ii) No algorithm can decide whether an input instance (T, c) from G admits a solution S such that diam(T + S) <9 using o(n?)
queries.

Proof. We first describe the 3-DOAT instances. All instances (T, c) € G share the same tree T, and only differ in the cost
function c. The tree T is defined as follows: consider 4 identical stars, each having n vertices and denote by x; the center
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of the i-th star, by L; the set of its leaves, and let X; = L; U {x;}. The tree T is obtained by connecting each pair x;, x;+1 of
centers with a path of three edges (x;, vi), (vi, uj+1), and (uj+1, Xi+1), as in Fig. 1. All the tree edges (u, v) have the same
cost c(u,v) =2.

The class G contains an instance I, for each pair (a,b) € Ly x L3, and an additional instance I. Fix (a,b) € L x L3. The
costs of the shortcuts in I, are defined w.r.t. a graph G, obtained by augmenting T with the following edges:

All edges (x1,y) with y € Ly, and all edges (x4, y) with y € L3 with cost 2.

The edges (y, z) for every y € L, and every z € L3. The cost (a, b) is 1, while the cost of all other edges is 2;

The edges (y, z) for every distinct pair of vertices y, z that are both in L, or both in L3. The cost of all such edges is 3.
All edges (x2, y) with y € L3, and all edges (x3, y) with y € L, with cost 3;

All edges (x1, y) with y € L3, and all edges (x4, y) with y € L, with cost 3.

We define the cost c(u, v) of all remaining shortcuts (u, v) as dg,, (u, v).

We now argue that c satisfies the triangle inequality. Consider any triangle in G, having vertices u, v, and w. We show
that the triangle inequality holds for the generic edge (u, v). As the costs of all edges of G, except for the shortcut (a, b),
are either 2 or 3 and since c(a, b) =1, we have that c(u, v) <3 <c(u, w) + c(w, v). Any other triangle clearly satisfies the
triangle inequality as it contains one or more edges that are not in G4, and whose costs are computed using distances in
Gap.

To define the cost function ¢ of the remaining instance I of G, choose any (a,b) € L, x L3, and let G be the graph
obtained from G, by changing the cost of (a,b) from 1 to 2. We define c(u, v) = dg(u, v). Notice that, in G, all edges
(u,v) € Ly x L3 have cost 2 and that the above arguments also show that c still satisfies the triangle inequality.

Since our choice of I, and [ trivially satisfies (i), we now focus on proving (ii).

We start by showing the following facts: (1) each instance I, admits a solution S such that diam(T + S) <9; (2) all
solutions S to I are such that diam(T + S) > 10; (3) if u #a or v #b then dg(u, v) =dg,, (u, v).

To see (1), consider the set S = {(x1, a), (a, b), (b, x4)} of 3 shortcuts. We can observe that diam(T +S) < 9. This is because
dr4s(xj,xj) <5 for every two star centers x; and x; (see also Fig. 1). Moreover, each vertex u € L; is at a distance of at most
2 from x;. Therefore, for every two vertices u € X; and v € X, we have that drys(u, v) <dr(u, ;) +dr1s(xi, Xj) +dr (xj, v) <
24+5+2=09.

Concerning (2), let us consider any solution S of 3 shortcuts and define B; as the set of vertices X; plus the vertices u;
and v, if they exist. We show that if there is no edge in S between B; and Bj;1 for some i =1, ..., 3, then diam(T +S) > 10.
To this aim, suppose that this is the case, and let u € L; and v € Lj;1 be two vertices that are not incident to any shortcut
in S. Notice that the shortest path in T + S between u and v traverses x; and x;;1, and hence drys(u, v) =drys(u, x;) +
drys(Xi, Xit1) +dr+sXit1, V) =4+ dris(Xi, Xir1). We now argue that drys(x;, Xi+1) > 6. Indeed, we have that all edges in
T + S cost at least 2, therefore dr4s(Xi, Xi+1) <6 would imply that the shortest path v from x; to x;+1 in T 4+ S traverses a
single intermediate vertex z. By assumption, z must belong to some B; for j ¢ {i, i + 1}. However, by construction of G, we
have c(x;,z) > 3 and c(xj41,2z) > 3 for every such z € B;.

Hence, we can assume that we have a single shortcut edge between B; and Bjq, fori=1,...,3. Let x € L1 (resp. y € L4)
such that no shortcut in S is incident to x (resp. y). Notice that every path in T + S from x to y traverses at least 5 edges
and, since all edges cost at least 2, we have diam(T + S) >dr+s(x, y) > 10.

We now prove (3). Let u, v be two vertices such that there is a shortest path 7 in G4 from u to v traversing the edge
(a,b). We show that there is another shortest path from u to v in G, that avoids edge (a, b). Consider a subpath 7’ of &
consisting of two edges one of which is (a, b). Let w #a, b be one of the endvertices of 7/ and let w’ € {a, b} be the other
endvertex of 7r’. Observe that edges (a,b), (a, w), and (w,b) forms a triangle in G4} and c(a, w), c(w, b) € {2, 3}. Since
c(a,b) =1, we have c(w,a) < c(w,b)+c(b,a) and c(w, b) < c(w,a) +c(a, b). This implies that we can shortcut 77" with the
edge (w, w’) thus obtaining another shortest path from u to v that does not use the edge (a, b).

We are finally ready to prove (ii). We suppose towards a contradiction that some algorithm 4 requires o(n?) queries
and, given any instance (T, c) € G, decides whether diam(T + S) <9 for some set S of 3 shortcuts.” By (2), .4 with input I
must report that there is no feasible set of shortcuts that achieves diameter at most 9. Since A performs o(n?) queries, for
all sufficiently large values of n, there must be an edge (a, b) with a € L, and b € L3 whose cost c(a, b) is not inspected by
A. By (3), the costs of all the edges (u, v) with (u, v) # (a,b) are the same in the two instances I and I, and hence A
must report that I, , admits no set of shortcuts S such that diam(T + S) <9. This contradicts (1). O

With some additional technicalities we can generalize Lemma 1 to 3 < k = o(n), which immediately implies a lower
bound on the number of queries needed by any o -approximation algorithm with o < 10/9.

Lemma 2. For any sufficiently large n and 3 < k = o(n), there is a class G of instances of metric k-DOAT satisfying the following
conditions:

2 For the sake of simplicity, we consider deterministic algorithms only. However, standard arguments can be used to prove a similar claim also for
randomized algorithms.
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Fig. 2. An example showing how to compute the eccentricity of a vertex s in P+ S. (a) Edges of P are solid, while edges in S are dashed. Vertices marked
as terminals are white. (b) The condensed graph G’. (c) Every terminal v; is labeled with its corresponding «; and the arrows point to the vertices u; in
each (shaded) path P; such that j > 2 is the smallest index with £(j) >r(j).

(i) Ineach instance (T, c) € G, T is a tree with ©(n) vertices and all tree-edge/shortcut costs assigned by c are positive integers;
(ii) No algorithm can decide whether an input instance (T, c) from G admits a solution S such that diam(T + S) <9 using o(n?)
queries.

Proof. We extend the construction given in the proof of Lemma 1 to general values of k = o(n). We modify the input tree
T as follows. Let Z € L be a set of size |Z| =k — 3 and let y € L4 be fixed. The input tree T is obtained from the input
tree defined in the proof of Lemma 1 where each edge (x1, z), with z € Z, is swapped with the edge (y, z), i.e., we remove
the edge (x1,z) and add the edge (y, z). We set the cost of the new edge c(y,z) to 9 and notice that this coincides with
the distance between y and z in G4} and in G. Similarly to the proof of Lemma 1, we just need to prove the following
three properties: (1) each instance I, admits a solution S such that diam(T + S) <9; (2) all solutions S to I are such that
diam(T + 5) > 10; (3) if u #a or v #b then dg(u, v) =dg,, (u, v).

To prove (1), we just need to observe that for any instance I, p, the set S = {(x1,a), (a,b), (b,x4)} U {(x1,2) | z€ Z} is
such that diam(T + S) =9.

Concerning (2), let us consider any solution S of k shortcuts. We prove if S does not contain all the shortcuts (z, x;) with
z € Z, then diam(T + S) > 11. To see this, suppose that there is a vertex z € Z such that (z,x1) €S, and let v € L4\ {y} with
no incident shortcuts in S. Then diam(T + S) > dr4s(v,z) =dr4s(v,X4) +dr+s(xa,2) >dg(v,Xx4) +dg(x4,2) >24+9=11.

Notice that, once these k — 3 shortcuts (z, x1) are forced to be in S, we are again in the situation of Lemma 1, hence
property (2) follows from the same arguments given in the proof of Lemma 1.

Finally, property (3) trivially holds since no distance in G or G, changes as a consequence of our modifications to T.

The rest of the proof is identical to that of Lemma 1. O

Theorem 1. There is no o(n?)-query o -approximation algorithm for metric k-pDoAT with o < 10/9 and 3 < k = o(n).

3. Fast diameter computation

In this section we describe an algorithm that computes the diameter of a graph on n vertices and n + k — 1 edges, with
non-negative edge costs, in O (nklogn) time. Before describing the general solution, we consider the case in which the graph
is obtained by augmenting a path P of n vertices with k edges as a warm-up.

3.1. Warm-up: diameter on augmented paths

Given a path P and a set S of k shortcuts we show how to compute the diameter of P + S. We do that by computing
the eccentricity £ := maxyev (p)dp+s(s, v) of each vertex s. Clearly, the diameter of P + S is given by the maximum value
chosen among the computed vertex eccentricities, i.e., diam(P + S) = maxscv (p) &. Given a subset of vertices X € V(P),
define & (X) := maxyexdp+s(s, v), i.e, E(X) is the eccentricity of s restricted to X.

In the rest of the section we focus on an fixed vertex s. We begin by computing a condensed weighted (multi-)graph G'.
To this aim, we say that a vertex v is marked as terminal if it satisfies at least one of the following conditions: (i) v =s, (ii) v
is an endvertex of some shortcut in S, or (iii) v is an endpoint of the path. Traverse P from one endpoint to the other and
let vq,..., vy be the marked vertices, in order of traversal. We set the vertex set of G’ as the set M of all vertices marked
as terminals while the edge set of G’ contains (i) all edges e; = (vi, vi+1) fori=1,...,h — 1, where the cost of edge e; is
dp(vi, viy1), and (ii) all edges in S, with their respective costs. The graph G’ has O (k) vertices and edges, and it can be
built in O (k) time after a one-time preprocessing of P which requires O (n) time. See Fig. 2 for an example.

We now compute all the distances from s in G’ in O (klogk) time by running Dijkstra’s algorithm. Since our construction
of G’ ensures that dpys(s, v) =d¢ (s, v) for every terminal v, we now know all the distances «; :=dps(s, vi) with vi € M.
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Fig. 3. The rooted binary tree T with root r is depicted on the left side. The set of terminal vertices is M = {c, f, g, h, i, j, k} and is represented using white
vertices. The square vertices are the Steiner vertices. The corresponding shrunk tree T(M) is depicted on the right side.

Fori=1,...,h — 1, define P; as the subpath of P between v; and v;;1. With a slight abuse of notation we use P; to
refer both to the subpath of P between v; and v;;; and to the set of vertices therein. In order to find & (V (P)), we will
separately compute the quantities £(P1), ..., E(Py_1). Fix an index i and let u be a vertex in P;. Consider a shortest path
m from s to u in P+ S and let x be the last marked vertex traversed by m (this vertex always exists since s is marked). We
can decompose 7 into two subpaths: a shortest path m, from s to x, and a shortest path 7, from x to u. By the choice of
X, x is the only marked vertex in ;. This means that x is either v; or v;;q and, in particular:

dpys(s,u) =min {o; +dp, (vi, u), otit1 +dp, (Vigr, u)} .

Hence, the farthest vertex u from s among those in P; is the one that maximizes the right-hand side of the above
formula, i.e.:

& (Pi) = maxmin {a; + dp; (vi, w), @i1 +dp; (Vi1 W}
1

We now describe how such a maximum can be computed efficiently. Let u; denote the j-th vertex encountered when P;
is traversed from v; to vyq. The key observation is that the quantity £(j) = o +dp; (v;, u;) is monotonically non-decreasing
w.r.t. j, while the quantity r(j) = i1 +dp;(vi+1, u;) is monotonically non-increasing w.r.t. j. Since both £(j) and r(j) can
be evaluated in constant time once «; and «;; are known, we can binary search for the smallest index j > 2 such that
£(j) = r(j) (see Fig. 2 (c)). Notice that index j always exists since the condition is satisfied for u;j = v;;.

This requires O (log|P;|) time and allows us to return &(P;) = max{¢(j — 1), r(j)}.

After the linear-time preprocessing, the time needed to compute the eccentricity of a single vertex s is then O (klogk +
Z?;ll log | P;|). Since Z?:_f |Pij| <n+h and h = O (k), this can be upper bounded by O (klogk + klog ',1—<) = 0 (klog max{k, %}).
Repeating the above procedure for all vertices s, and accounting for the preprocessing time, we can compute the diameter
of P+ S in time O (nklogmax({k, ;}).

3.2. Diameter on augmented trees

We are now ready to describe the algorithm that computes the diameter of a tree T augmented with a set S of k
shortcuts. The key idea is to use the same framework used for the path. Roughly speaking, we define a condensed graph
G’ over a set of O (k) marked vertices, as we did for the path. Next, we use G’ to compute in O (klogk) time the distance
oy :=drys(s, v) for every marked vertex v, and then we use these distances to compute the eccentricity & of s in T + S.
This last step is the tricky one. In order to efficiently manage it, we design an ad-hoc data structure which will be able to
compute & in O(klogn) time once all values «, are known. In the following we provide a description of the operations
supported by our data structure, and we show how they can be used to compute the diameter of T + S. In the next
subsection we describe how such data structure can be implemented.

3.2.1. An auxiliary data structure: description

Given a tree T that is rooted in some vertex r and two vertices u, v of T, we denote by LcAT(u, v) their lowest common
ancestor in T, i.e., the deepest node (w.r.t. the hop-distance) that is an ancestor of both u and v in T. Moreover, given a
subset of vertices M, we define the shrunk version of T w.r.t. M as the tree T(M) whose vertex set consists of r along with
all vertices in {LcAT(u, V) |u, v € M} (notice that this includes all vertices v € M since LcA(v, v) = v), and whose edge set
contains an edge (u, v) for each pair of distinct vertices u, v such that the only vertices in the unique path between u and
v in T that belong to T(M) are the endvertices u and v. We call the vertices in M terminal vertices, while we refer to the
vertices that are in T(M) but not in M as Steiner vertices. See Fig. 3 for an example.

Our data structure can be built in O (n) time and supports the following operations, where k refers to the current number
of terminal vertices:

MakeTerminal(v): Mark a given vertex v of T as a terminal vertex. Set «, = 0. This operation requires O (logn) time.
Shrink() : Report the shrunk version of T w.r.t. the set M of terminal vertices, i.e., report T(M). This operation requires
O (k) time.
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Case (i) Case (ii) Case (iil)

Fig. 4. The three cases of updating the shrunk tree T(M) after the call of MakeTerminal(v). Case (i) shows the tree update when we only need to add v as
a leaf appended to some existing terminal vertex x. Case (ii) shows the tree update when v splits an edge (z, u) into two edges (z, v) and (v, u). Case (iii)
shows the tree update when we need to add v as a leaf appended to a new Steiner vertex y that splits the edge (z, u) into two edges (z,y) and (y, u).
Case (iii) is the only case in which we also need to add a new Steiner vertex (y in this example) that corresponds to the lowest common ancestor between
v and some other vertex (u in this example). The tree T is depicted in Fig. 3 and the vertex v added in cases (i), (ii), and (iii) is the vertex v1, v, or v3
in Fig. 3.

SetAlpha(v, o): Given a terminal vertex v, set o, = . This requires O (1) time.
ReportFarthest() : Return max,cr minycp (ay +d7 (v, u)), where M is the current set of terminal vertices, along with a pair
of vertices (v, u) for which the above maximum is attained. This operation requires O (klogn) time.

3.2.2. An auxiliary data structure: implementation
In this section we show how to implement the data structure described in Section 3.2.1
Our data structure consists of:

e An array that stores, for each vertex v in T, whether v is a terminal or a non-terminal vertex, along with the value «,
for terminal vertices.

e An oracle of size O (n) that is able to report, in constant time, both the distance d7 (u, v) and the number of edges of the
path between any two vertices u,v in T.

e An oracle of size O(n) that can answer lowest common ancestor [19] and level ancestor [20,21] queries on T in constant
time. Given two vertices u, v, a lowest common ancestor query returns LCAT(u, v). Given a vertex v and a non-negative
integer ¢, a level ancestor query returns the ancestor of v at hop-distance ¢ from v in T.

e A link-cut tree [22] that stores the shrunk tree T (M) w.r.t. the current set M of terminal vertices. A link-cut tree maintains
a dynamic forest under vertex additions, vertex deletions, edge insertions (link), and edge deletions (cut). Each operation
requires time O (logm), where m = O (n) is the number of nodes in the forest.

e A top-tree [23] Ty that stores the tree T, supports marking and unmarking vertices, and is able to report the closest
marked ancestor of given query node in O(logn) time per operation. The marked vertices in 7y will be exactly the
vertices in T(M).

e A top-tree T that stores a forest of (edge-weighted) trees under link and cut operations and that, given a vertex v, can
report the eccentricity of v in the unique tree of the forest that contains v.> Each query and update operation requires
O (logm) time, where m = O (n) is the number of nodes in the forest.

All of the above components can be initialized in time O (n). We now describe how the operations are implemented.

MakeTerminal(v). We start by updating the type of vertex v and setting o, to O in constant time. Next, we update the
link-cut tree storing the shrunk tree T(M) to account for the new terminal vertex. Notice that, since T is a binary tree, so
is any shrunk version of T as it contains all pairwise lowest common ancestors. We can assume that v was not already in
T(M) as a Steiner vertex, otherwise there is nothing to do.

Following the update, T(M) changes in one of the following three ways (see Fig. 4):

(i) v becomes a new leaf of T(M) dangling from some existing vertex x.
(ii) an edge e of T(M) is split by the new vertex v.
(iii) an edge e of T(M) is split by a new Steiner vertex y, which will be the parent of v.

In order to distinguish the above cases, we query (in O (logn) time) 7y to find the closest marked ancestor z of v. Next,
we query (in constant time) the LCA oracle for the lowest common ancestors between v and each of the (at most two)

3 [23] already shows how to maintain the diameter of each tree in 7. It is not difficult to modify the above query to also retrieve vertex eccentricities.
Alternatively, one can employ the following black-box solution to report the eccentricity of v: find the diameter D of the tree containing v, link v with an
auxiliary vertex u via an edge (u, v) of weight D, compute the new diameter D’ of the tree containing v, cut (u, v) from 7, and return D’ — D.
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Fig. 5. Left: The tree T in which terminal vertices v are depicted as white circles labeled with their value &, while Steiner vertex are black squares. The
paths P of T corresponding to edges in T(M) are shaded. Right: the forest obtained after cutting the edges (x;_1, x;) of each path P from 7. Each tree
contains exactly one vertex u in T(M). Each vertex u in T(M) is labeled with g,.

children of z in T(M). If all the LCA queries (possibly none) return z, then we are in case (i) with x =z and we can simply
add vertex v to the link-cut tree and perform link operation to add the edge (v, x). Otherwise, there is some child of u of
z in T(M) such that Lca(v,u) # z. If LcA(v, u) = v we are in case (ii) and the split edge is (z, u). We delete (z, u) from the
link-cut tree, we add vertex v, and perform two link operations to add edges (z, v) and (v, u). Finally, when there is some
child of u of z in T(M) such that Lca(v,u) ¢ {z, v} we are in case (iii) with y = LcA(v, u). We handle this case by cutting
(z,u) from the link-cut tree, inserting the new vertices y and v, and performing 3 link operations to add the edges (z, y),
(y,u), and (y, v).

In all of the above cases, we only perform a constant number of updates on the link-cut tree and hence the overall time
spent is O (logn).

We conclude the operation by ensuring that the marked vertices of 7y are kept up to date. We do so by marking v and
possibly y (if we are in case (iii)) in time O (logn).

Shrink(). We return (a copy of) the tree T(M) maintained by the link-cut tree. The required time is linear in the size of
T (M), which is in O (k).

SetAlpha(v, ). We simply set «, to o in constant time.

ReportFarthest(). This operation works in three phases.

Phase 1. In the first phase we propagate the quantities o, from terminal vertices towards all vertices in T(M). In partic-
ular, given vertex u in T(M), we compute 8, = minyey (& +dr(v,u)) and we let v, denote the vertex v for which the
above minimum is attained. Since the number of vertices of T(M) is O(|M]), all the values B, and v, can be found in
O(|M|) time by performing a postorder visit of T followed by a preorder visit of T(M), while using the distance-reporting
oracle to find the needed distances between vertices in T in constant time.

Phase 2. The goal of the second phase is that of decomposing 7 into a forest that contains exactly one tree T, for each
vertex u in T(M). Roughly speaking, the tree T, will contain all vertices v that are “closer” to u than to any other vertex
u’ in T(M), when the values «y, and o, are taken into account.

We now formalize the above intuition. We start by providing a tie-breaking scheme that will ensure that the sought
partition is unique. To this aim we fix an arbitrary order of the vertices in T. Given a vertex u in T(M) and a vertex v
in T (possibly u = v), we define 87 (u, v) as the tuple (dr(u, v), ¢, u), where £ is the number of edges in the path from u
to v in T. We will also write w + §7(u, v) as a shorthand for (w + dr(u, v), ¢, u). By comparing tuples lexicographically
we obtain distance function that provides a total strict order relation over all possible pairs (u, v). This distance preserves
suboptimality of shortest paths and agrees with dr(u, v) in the sense that dr(u, v) < dr(u’, v) implies 81 (u, v) < 87(1’, v).

We now consider each edge in T(M). Any such edge e = (u, v) corresponds to a unique simple path P between the
vertices u and v in T. Let u =xq,X2,...,Xp = Vv be the vertices of P as traversed from u to v and notice that, thanks
to our distance reporting and level ancestor oracles, we know the number |[P| — 1 of edges in P and we can access the
generic i-th edge/vertex of P in constant time. Since 87 (u, x;) and &t (v, x;) are monotonically increasing and monotonically
decreasing w.r.t. i, respectively, we can binary search for the smallest index i > 2 such that 8, + 37 (u, x;) > By + 81 (Vv, x;).
Once such index i has been found, we cut the edge (x;_1,x;) from 7. See Fig. 5 for an example. The time needed to find all
the O (k) indices i and to perform the corresponding cut operations is O (klogn) (i.e., O (logn) for each index).

After all the edges e in T(M) have been processed, 7 stores a forest with one tree T, per vertex u in T(M). Such a tree
T, contains exactly the vertices v of T that satisfy B, + 1 (u, v) < By + 8t (u’, v) for every vertex u’ #u in 7.

Phase 3. In the third and last phase we compute the answer to the query and restore the original state of the data
structure, so that we are ready to handle future operations.

To answer the ReportFarthest() query, we query each of the O (k) trees T, in 7 for the vertex u* that is farthest from u
in Ty. The total time needed is O (klogn), i.e., O (logn) per query. If we consider a vertex z € argmaxyerm) (Bu +dr (u, u*)),
we have that the sought answer is exactly 8; + dr(z, z*) while the corresponding pair of vertices in T is (v, z*).

Finally, we undo all the cut operations by re-linking all the edges cut from T. Since each link operation on 7 takes
O (logn) time, and there are O (k) edges in T(M), the overall time needed is O (klogn).

7



D. Bilo, L. Guala, S. Leucci et al. Journal of Computer and System Sciences 153 (2025) 103658

3.2.3. Our algorithm

In this section we show how to compute the diameter of T + S in time O (nklogn). We can assume w.l.o.g. that the
input tree T is binary since, if this is not the case, we can transform T into a binary tree having same diameter once
augmented with S, and asymptotically the same number of vertices as T. This transformation requires linear time and is
described in Appendix A. Moreover, we perform a linear-time preprocessing in order to be able to compute the distance
dr(u,v) between any pair of vertices in constant time. This can be done by rooting T in an arbitrary vertex, noticing
that dr(u, v) =dr(u, LcAr(u, v)) + dr(Lcar(u, v), v), and using an oracle that can report LcA(u, v) in constant time after a
0O (n)-time preprocessing [19].

We use the data structure D of Section 3.2.1, initialized with the binary tree T. Similarly to our algorithm on paths, we
compute the diameter of T by finding the eccentricity & in T + S of each vertex s. In the rest of this section we fix s and
show how to compute &;.

We start by considering all vertices x such that either x =s or x is an endvertex of some edge in S, and we mark all such
vertices as terminals in D (we recall that these vertices also form the set M of terminals). This requires time O (klogn).
Next, we compute the distances from s in the (multi-)graph G’ defined on the shrunk tree T(M) by (i) assigning weight
dr(u,v) to each edge (u,v) in T(M), and (ii) adding all edges in S with weight equal to their cost. This can be done in
O (klogk) time using Dijkstra’s algorithm. We let o, denote the computed distance from s to terminal vertex v.

We can now find & by assigning cost «, to each terminal v in D (using the SetAlpha(v, oy ) operation), and performing
a ReportFarthest() query. This requires O (k+klogn) = O (klogn) time. Finally, we revert D to the initial state before moving
on to the next vertex s. This can be done in O (klogn) time by keeping track of all the memory words modified as a result
of the operations on D performed while processing s, along with their initial contents. To revert D to its initial state it
suffices to rollback these modifications.

Theorem 2. Given a graph G on n vertices and n + k — 1 edges with non-negative edge costs and k > 1, we can compute the diameter
of G in time O (nklogn).
Since there are n = (g) —n-—-1)= ("’l)zﬂ possible shortcut edges, we can solve the k-DOAT problem by computing

the diameter of T + S for each of the (Z) = 0(n?*) possible sets S of k shortcuts using the above algorithm. This yields the
following result:

Corollary 1. The k-DoAT problem on trees can be solved in time 0 (n**1 . klogn).

4. Linear-time approximation algorithms

In this section we describe two O (n)-time approximation algorithms for metric k-DoAT. The first algorithm guarantees

an approximation factor of 4 and runs in linear time when k = O( /@). The second algorithm computes a (1 + €)-

approximate solution for constant ¢ > 0, but its running time depends on the number A of leaves of the input tree T and it
1
is linear when A =0 (n (2k+2)2 ) and k =o(,/logn).

Both algorithms use the data structure introduced in Section 3.2.1 and are based on the famous idea introduced by
Gonzalez to design approximation algorithms for graph clustering [24]. Gonzalez’ idea, to whom we will refer to as Gon-
zalez algorithm in the following, is to compute h suitable vertices xi,...,x; of an input graph G with non-negative
edge costs in a simple iterative fashion.* The first vertex x; has no constraint and can be any vertex of G. Given the
vertices x1,...,x;, with i < h, the vertex x;;1 is selected to maximize its distance towards xi,...,x;. More precisely,
Xj}1 € arg MaXyey () Minj<j<i dg (v, xj). We now state two useful lemmas, the first of which is proved in [24].

Lemma 3. Let G be a graph with non-negative edge costs and let x1, ..., X, be the vertices computed by Gonzalez algorithm on input
G and h. Let D = minq<; j<p dg (X, X;j). Then, for every vertex v of G, there exists 1 <i < h such that dg(v, x;) < D.

Lemma 4. Given as input a graph G that is a tree and a positive integer h, Gonzalez algorithm can compute the vertices x1, ..., xy in
0 (n + h2logn) time.

Proof. We can implement Gonzalez algorithm in time O(n + h%logn) by constructing the data structure D described in
Section 3.2.1 and use it as follows. We iteratively (i) mark the vertex x; as a terminal (in O(logn) time), and (ii) query D
for the vertex x;y1 that maximizes the distance from all terminal vertices (in O (hlogn) time). O

In the remainder of this section let S* be an optimal solution for the k-DOAT instance consisting of the tree T embedded
in a metric space c, and let D* = diam(T + S*).

4 In the original algorithm by Gonzalez, these h vertices are used to define the centers of the h clusters.
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4.1. The 4-approximation algorithm

The 4-approximation algorithm we describe has been proposed and analyzed by Li et al. [12] for the variant of k-DOAT
in which we are given a graph G as input and edge/shortcut costs are uniform. Li et al. [12] proved that the algorithm
guarantees an approximation factor of (4 + %); the analysis has been subsequently improved to (2 + %) in [6]. We show
that the algorithm guarantees an approximation factor of 4 for the k-DOAT problem when c satisfies the triangle inequality.

The algorithm works as follows. We use Gonzalez algorithm on the input G =T and h =k + 1 to compute k + 1 vertices
X1,...,Xk+1. The set S of k shortcuts is given by the star centered at x; and having xp,...,Xxq as its leaves, ie, S =
{(x1,%;) | 2 <i <k+ 1}. The following lemma is crucial to prove the correctness of our algorithm.

Lemma 5 ([7, Lemma 3]). Given G =T and h = k + 1, Gonzalez algorithm computes a sequence of vertices X1, ..., Xx+1 With
ming <j<k+1dr (X;, v) < D* for every vertex v of G.

Theorem 3. In a k-DOAT input instance in which T is embedded in a metric space and k = O( /@), the algorithm computes a
4-approximate solution in O (n) time.

Proof. By Lemma 4, the vertices X1, ..., X1 can be computed in O (n +k?logn) = O (n) time. So, it only remains to prove
that diam(T + S) < 4D*. We show this by proving that dr;s(u, v) <4D* for every two vertices u,v € V(T). Let x; (resp.,
x;j) the vertex that is closest to u (resp., v) in T. By Lemma 5, we have that dr (x;, u), dr (xj, v) < D*. Moreover, as diam(T +
S$*) < D* and c satisfies the triangle inequality, we have that c(xq, x;) < D* for every 1 <t <k + 1. Therefore, the path in
T+ S from u to v that goes through x; and x; and uses at most 2 shortcuts has a length of at most dr (u, x;) +dr4s(Xi, Xj) +
dr(xj,v) <D*+2D* 4 D* <4D*. O

4.2. The (1 + ¢)-approximation algorithm

We now describe an algorithm that, for any constant € > 0, computes a (1 + ¢)-approximate solution for metric k-DOAT.

1
The running time of the algorithm is guaranteed to be linear when k = o(y/logn) and T has A =0 (n <2'<+2)2> leaves.

As usual for polynomial-time approximation schemes, we will consider only large enough instances, i.e., we will assume
n >ng for some constant nyg depending only on €. We can solve the instances with n < ng in constant time using, e.g., the
exact algorithm of Section 3.

In particular, we will assume that

(12k(k +2)2 )2"“
n>|——— .
&

(1)

1
Notice that, for any constant € > 0, when k = o(y/logn) and A =0 (n (@k+2)? ) the right-hand side of (1) is in o(n). As a

consequence, it is always possible to choose a constant ng such that (1) is satisfied by all n > ng.

The main idea is an extension of the similar result proved in [1] for the special case k = 1. However, we also benefit
from the fast implementation we provided for Gonzalez algorithm to obtain a linear running time.

The idea borrowed from [1] is that of reducing the problem instance into a smaller instance formed by a tree T’ induced
by few vertices of T and by a suitable cost function ¢’. Next, we use the exact algorithm of Corollary 1 to compute an
optimal solution S’ for the reduced instance. Finally, we show that S’ is a (1 + &)-approximate solution for the original
instance. The quasi-optimality of the computed solution comes from the fact that the reduced instance is formed by a
suitably selected subset of vertices that are close to the unselected ones.

The reduced instance is not exactly a k-DOAT problem instance, but an instance of a variant of the k-DOAT problem in
which each edge (u, v) of the tree T’ has a known non-negative cost associated with it, we have a shortcut for each pair
of distinct vertices, and the function ¢’ determines the cost of each shortcut (u, v) that can be added to the tree. Therefore,
in our variant of k-DoAT we are allowed to add the shortcut (u, v) of cost ¢’(u, v) even if (u, v) is an edge of T’ (i.e., the
cost of the shortcut (u, v) may be different from the cost of the edge (u, v) of T’). We observe that all the results discussed
in the previous sections hold even for this generalized version of k-DoAT. Indeed, we can reduce the generalized k-DOAT
problem instance into a k-DOAT instance in linear time by splitting each edge of T’ of cost x into two edges, one of cost 0
and the other one of cost y, to avoid the presence of shortcuts that are parallel to the tree edges. All the shortcuts that are
incident to the added vertex used to split an edge of T’ have a sufficiently large cost which renders them useless.

Let B be the set of branch vertices of T, i.e., the internal vertices of T having a degree greater than or equal to 3. It is a
folklore result that a tree with A leaves contains at most A — 1 branch vertices. Therefore, we have |B| <1 —1.

1
The reduced instance T’ has a set V' of n =2n%+2 vertices defined as follows. V' contains all the branch vertices B
plus n — |B| vertices x1,...,x,— g of T that are computed using Gonzalez algorithm on input G =T and h =17 — |B|. By

9
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1
Lemma 4, the vertices X1, ..., x;_|p can be computed in O(n+ (n — |B])2logn) = O(n) time. As |[B|<A—1=0 (n k+2)2 )

it follows that n — |B| > nZkIT. The edges of T’ are defined as follows. There is an edge between two vertices u, v € V' iff
the path P in T from u to v contains no vertex of V' other than u and v, i.e.,, V(P) NV’ = {u, v}. The cost of an edge (u, v)
of T’ is equal to dr(u, v). Then, the cost function ¢’ of T’ is defined for every pair of vertices u,v € V’/, with u # v, and
is equal to ¢’(u, v) = c(u, v). Given the vertices V', the n — 1 costs of the edges (u, v) of T’, that are equal to the values
dr(u, v), can be computed in O (n) time using a depth-first traversal of T (from an arbitrary vertex of T').

We use the exact algorithm of Corollary 1 to compute an optimal solution S’ for the reduced instance in time O (n2k+1.

klogn) =0 <22k+2 ~n1_2k1? ~klogn) = O(n). The algorithm returns S’ as a solution for the original problem instance. We

observe that the algorithm runs in O (n) time. In order to prove that the algorithm computes a (1+ &)-approximate solution,
we start by proving a useful lemma which shows an upper bound to the diameter of T that depends only on k and on D*.

Lemma 6. diam(T) < (3k + 2)D*.

Proof. Fix any vertex v € V(T) and let T, be a shortest path tree of T + S* rooted at v. Let X = E(T) \ E(T,) be the set of
edges of T that are not contained in T,. We have that |X| <k as T + S* contains at most n — 1 + k edges. The diameter of
T can be upper bounded by the overall sum of the diameters of the connected components in T, — S* plus the overall sum
of the costs of all the edges in X.

The key observation to prove the claimed bound on the diameter of T is that any two vertices are at a distance of at
most 2D* in T, as diam(T + S*) = D*. This implies that T, — S* contains at most k + 1 connected components, each of
which has a diameter of at most 2D*. Moreover, using the fact that c satisfies the triangle inequality, the cost of each edge
(u,v) € X is at most D* as c(u, v) is the cost of a shortest path from u to v, and we know that u and v are at a distance
of at most D* in T + S*. Therefore, diam(T) < (k+1)-2D*+k-D* =3k +2)D*. O

The bound on the diameter of T proved in Lemma 6 allows us to show that each vertex of T is not too far from at least
one of the vertices in {x1, ..., X,_p}.

1

Lemma7.IfT hash =0 (n @k+2)2 ) leaves, then, for every v € V(T), there existsi € {1, ..., n — |B|} such that dr (x;, v) < 4(,(8—+2)D*.

Proof. Let P ={Pq,...,P;—1} be the A — 1 paths obtained by partitioning the edges of T as follows. Consider a copy T
of T. As long as T is not the empty graph, we take a path P from a leaf of T towards its closest branch vertex (if such a
branch vertex does not exist, then P =T). We add P to our collection P, and we update T by removing all the edges of P
from T and all the singleton vertices.

Fix a path P; and let [; be an endvertex of P;. We subdivide P; into nt/ @it

*
to % If we combine Lemma 6 with inequality (1), we can bound the width of an interval by

intervals, each interval having a width equal

A-(3k+2)D* - er-(Bk+2)D*  3er-(k+2)D* e D* 2)
< = .
nl/@k+2) = 12x(k +2)2 120 (k + 2)2 4k +2)
The j-th interval contains all vertices v of P; such that
(j—1) - A -diam(P;) j - A -diam(P;)
n1/@k+2) =dp (i, v) = n1/@k+2)

We observe thgt each vertex of T is contained in at least one interval. We also observe that the overall number of intervals

is at most n2%+2. Let X1,...,X,_|p be the subset of vertices of T’ computed by running Gonzalez algorithm on T. Let
1

D = minq<j<j<p—p dr (X, Xj). Since n — |B| > n%+2, we have that the number 7 — |B| of vertices computed using Gonzalez

algorithm is strictly larger than the overall number of intervals. Therefore, by the pigeonhole principle, D is bounded by the

width of the largest interval which, using inequality (2), has a width of at most 4(,{5—+2)D*. As a consequence, by Lemma 3,

for every v € V(T), there exists i € {1,...,n — |B|} such that d7(x;,v) <D < 4(,{5—+2)D*. The claim follows. O

We are now ready to prove the main result of this section.

.
Theorem 4. Let € > 0 be a constant. Given a metric k-DOAT instance with k = o(y/logn) and such that T is a tree with . = O (n (2k+2)?2 )
leaves, the algorithm computes a (1 4 €)-approximate solution in O (n) time.

Proof. We already proved through the section that the algorithm runs in O(n) time. So, it only remains to prove the
approximation factor guarantee.

10
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We define a function ¢ : V(T) — {x1,...,x;—p/} that maps each vertex v € V(T) to its closest vertex x;, with i €
{1,...,n —|B|} w.rt. the distances in T, i.e., dr (v, ¢ (v)) = minj<j<y—p dr(V, X;).

We now show that there exists a set S of at most k shortcuts such that (i) each edge e € S is between two vertices
in {x1,...,x,—p} and (ii) diam(T’ 4+ §) < (1 + k+2)D* The set S is defined by mapping each shortcut e = (u,v) € S*
of an optimal solution for the original k-DOAT instance to the shortcut ( o), ¢(v)) (self-loops are discarded). Clearly, (i)
holds. To prove (ii), fix any two vertices u and v of T’. We first show that drys(u,v) < (1+ kkfz)D* and then prove that
dpys(u, v) < (1+ £5)Dx.

Let P be a shortest path in T + S* between u and v and assume that P uses the shortcuts e; = (uq, v1),...,e; =
(ur, ve) € S*, with t < k. Consider the (not necessarily simple) path P’ in T + S that is obtained from P by replacing each
shortcut e; with a detour obtained by concatenating the following three paths: (i) the path in T from u; to ¢ (u;); (ii) the
shortcut (¢ (u;), ¢ (vy)); (iii) the path in T from ¢ (v;) to v;.

The overall cost of the detour that replaces the shortcut e; in P’ is at most c(e;) + éD*. Indeed, using that
c(p(ui), ¢ (vi)) < dr(ui, ¢(ui)) + c(ei) + dr(¢(vi), vi) together with Lemma 7 that implies dr(ui, ¢ (ui)), dr(@(vi), vi) <
4(l<+2)D we obtain

dr (Ui, ¢ (up) +c(@ (i), p(vi)) +dr (@ (vi), vi)

<2dr(ui, ¢ (up)) +c(ei) + 2dr (p(vy), w)<de)+713 D*.
As a consequence, c(P') < c(P) + k“: D* <c(P) + ,ke D* and, since ¢(P) < diam(T + S*) < D*, we obtain c¢(P") < (1 +
ki)D"

To show that dr/ys(u,v) <(1+ k+2)D*' i.e,, that diam(T' + S) < (1 + k’%)D*, it is enough to observe that P’ can be
converted into a path P” in T’ + S of cost that is upper bounded by c(P’). More precisely, we partition the edges of P’
except those that are in S into subpaths, each of which has two vertices in {x1,...,x;_|p} as its two endvertices and no
vertex in {xi,...,X;—p} as one of its internal vertices. The path P” in T’ 4+ S is defined by replacing each subpath with
the edge of T’ between its two endvertices. Clearly, the cost of this edge, being equal to the distance in T between the two
endivertices, is at most the cost of the subpath. Therefore, the cost of P” in T’ + S is at most the cost of P’ in T + S; hence
dpysu,v) <(1+ , £)D*.

We conclude the proof by showing that the solution S’ computed by the algorithm satisfies diam(T +S’) < (1+&)D*. The
solution S’ is an optimal solution for the reduced instance. As a consequence, diam(T’ 4 S’) < diam(T’' + S) < (1 + "8 w2 )D*.

Let u and v be any two vertlces of T. We have that d7, s (¢ (u),d(v)) <(1+ k+2)D* Moreover, by Lemma 7, we have that
dr(u, ¢ (W), dr (v, ¢(v)) < 357 D*. Therefore,

dris(u,v) < dT(u SW)) +drys (@), p(v)) +dr (v, $(v))
— D"t dps (). (V) + ———D*

—4m+m 4(k+2)
<% py(1+ X Vb <atep
4k +2) k+2 '

Hence diam(T + S’) < (1 + €)D*. This completes the proof. O
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Appendix A. Transforming T into a binary tree
In Section 3.2.1 we assumed that the input tree T (rooted in some arbitrary vertex r) is binary. If this is not the case,
we can preliminarily transform T into a tree T’ that contains all the vertices of T plus at most O (n) additional vertices and

ensures that the diameter of T’ + S coincides with the diameter of T + S.
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V10°V20 V30 V4b Vs

Fig. A.6. Transforming a generic tree T into a binary tree T'. On the left side we have a vertex v of T with 5 children. On the right side we show the
portion of the tree T’ in which all the edges (v, v;) of T, with 1 <i <5, have been replaced by a suitable gadget.

In order to do that we start, with T’ =T and we iteratively reduce the degree of each vertex v that has degree at least
3 until there is no such vertex left. To reduce the degree of v we remove all edges from v to its children v1, va,..., vy, we
add a full binary tree® with exactly h leaves u1, us, ..., u, whose root coincides with v, and we add all the edges (u;, vi)
fori=1,...,h. We set the cost of the novel edges in the binary tree to 0 and the cost of the edge (u;, v;) to the original
cost of edge (v, vi). See Fig. A.6 for an example.

A vertex with degree h > 3 causes the addition of 2h — 2 new vertices, therefore the resulting tree T’ contains at most
2n — 2 more vertices w.r.t. T. The above transformation preserves all distances between vertices in T, does not increase the
diameter (indeed, the eccentricity of a new vertex u is at most the eccentricity of the vertex v in T that becomes the root
of the binary tree containing u), and can be carried out in time O (n).

Data availability
No data was used for the research described in the article.
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