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Abstract
Physics-InformedNeuralNetworks (PINNs)have recently emerged as a powerful approach,
integrating data-driven deep learningwith physical knowledge, and are increasingly utilised in fields
such as physics, engineering, chemistry andmathematics.While PINNs offer advantages like
resilience to noisy data, high-resolution predictions, andmesh-free simulation capabilities, they face
challenges in balancing data-driven and physics-based losses. This work introduces a novel adaptive
weighting scheme to enhance PINNconvergencewhendealingwith noisymeasurements combined
with a PINNarchitecture capable of predicting uncertainty variables, using amodel designed to
estimate parameters (e.g.,mean and standard deviation) for assumeddistributions of predicted
quantities. Themethodology, based onNegative Log Likelihood (NLL) expectations, allows for
different interesting features. At first, it weights the various diagnostics accordinglywith their
uncertainties, givingmore importance tomore accurate and reliablemeasurements. Second, the loss
to physics is increased once a targetNLL on the boundary is achieved, allowing for very accurate
reconstructions. Last, the adaptive weighting scheme requires the selection of a newhyperparameter
that it is easy to estimate.Moreover, if the hyperparameter is wrongly estimated, it is very easy to
detect such an error and by a simple and general procedure it is possible to reach the best convergence
in few iterations Additionally, the proposedmethodology effectively detects problematic boundaries
and diagnostics, offering robust performance across diverse applications. In this work applications of
the presentedmethod to synthetic cases simulating real experimental and engineering problems are
proposedincluding heat transfer, fluid dynamics, andmagnetohydrodynamics scenarios. This
adaptiveweighting framework demonstrates significant promise for inverse problem-solving,
diagnostics assessment, and applicationswhere data and physicalmodelsmust be harmonised.

1. Introduction

One of themost groundbreaking developments in artificial intelligence is the integration of physical laws into
the training of deep neural networks, known as Physics-InformedNeural Networks (PINNs), introduced by
Raissi et al [1]. PINNs incorporate a term in the loss function to guide the network toward solutions that satisfy
the underlying physicalmodels. This approach has led to numerous advantages and applications that were
previously unattainable. For instance, predictivemodels that embed physics can nowbe reliably used for
extrapolation, as the physics-based loss functions act as a regularizationmechanism, ensuring robust
constraints even in regionswith sparse or no data [2, 3]. Numerous studies have demonstrated that Physics-
InformedNeural Networks are powerful tools for solving both forward and inverse problems [4], such as the
Navier–Stokes numerical simulation [5, 6], tomography, andmodelling.However, PINNs are notmerely
replacements for standard numerical solvers; they offer unique advantages that enable pioneering results. These
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include beingmeshless, supporting domain decomposition, and facilitating the implementation ofmulti-
physics [7–9].Moreover, PINNs are not limited to numerical simulations; they also allow the incorporation of
experimentalmeasurements, which are typically affected by noise, into the training process. A particularly
innovative feature of PINNs is their seamless integration of physics-driven knowledge (e.g., numerical
simulations)with data-driven insights (e.g., experimentalmeasurements). This capability enables direct
modelling of partial differential equations (PDEs) and enhances diagnostic processing, leading to revolutionary
advancements such as super-resolution [7, 10–12]. Five years after their introduction, PINNs have found
applications across various fields of science and technology, including fluid dynamics [13], nuclear fusion and
plasmaphysics [14], quantummechanics [15], energy [16], andmedicine [17].

Despite their potential andwidespread use, Physics-InformedNeural Networks (PINNs) are still a rela-
tively young technology that faces several limitations, particularly in their standard implementations. Setting
up a PINN correctly is a complex task, and there does not yet appear to be a universal approach. Specific appli-
cations often demand tailored solutions, as reported in various studies, especially when dealingwith complex
physical equations that involve non-linearity, chaotic behaviours, discontinuities, or stiff dynamics.

Oneof themost challenging issues inPhysics-InformedNeuralNetworks (PINNs) is determining the appro-
priate lossweighting schemes.APINN is inherently governedbymultiple loss functions, typically at least one for the
physics (Lphysics) andone for thedata orboundary conditions (Ldata). The total loss used to train thePINN isdefined
as the sumof these losses, eachweightedby aparameter. In its simplest form, this canbe expressed as

= +L L Ltotal data physics,whereα represents theweight assigned to thephysics loss (withα =1 indicating that the
physics loss isweighted equally to thedata loss). The key challenge lies indetermining the optimal valueofα for a
givenproblem.Moreover, data andphysics losses are usually definedbyother losses of single parts. Let us suppose
the exampleof incompressibleNavier–Stokes: thedata losswould contain bothvelocity andpressuremeasure-
ments,while the physics lossmust satisfy bothmomentumandcontinuity equations.All these losses havedifferent
unitmeasures and scales, and therefore some scalingof the losses is needed.A commonpractice is toworkwith
dimensionless equations anddata, bynormalising the various quantitieswithadhocprocedures,whichhoweverdo
not fully solve the issues.Another important question tobe considered is thepresenceof experimental data affected
bynoise. Innumerical simulations, boundaries are expected tobenot affectedby anyuncertainty and their values
are imposed,whilePINNscanbedeveloped to tackle uncertainties.However, the lossweighting scheme should
consider the fact thatdata areuncertain; if the data loss function isweighted tooheavily compared to thephysics loss
( 0) theneural networkwill overfit also thenoise,while if physics has adominant role ( ) thePINNwill
findoneof the infinite solutionsof thePDEs,without consideringdata (or ignoringmost of them).

Severalworks analysed the importanceof loss-weighting schemes and it is clear that the choice ofαhas an
important role in theperformances of PINNs. InRohrhofer et al’swork [18], it has been systematically analysed the
effect of theweight parameters, illustratinghowsamePINNs trainedwithdifferentweights lead to adifferent dis-
tributionof thedata andphysics loss, and that they composedan apparentPareto Front.Theyproposed toperform
differentPINNtraining, analyse theParetoFront, and take the result that ismore realistic.However, such an
approachmay require long computational times for some specific cases, requiring thepreviousmethodapara-
metric analysis of PINNtraining.Toovercome this limitations, adaptiveweighting schemes adaptiveweighting
schemeshavebeenproposed.Theypropose to change theweightparameter by considering someexpectations from
thedata and themodel, reducing theproblem toonePINNtraining [19]. Xia-Ting Jing et al in [20] adopt aweighted
Huber loss function to avoid convergence, overfitting and loss imbalances during the training.

Another important consideration about Physics-InformedNeuralNetworkworkingwith experimental
data is the estimation of uncertainties [21–23]. Let us suppose a simple physical problemdescribed by one
physical equation and closed by twomeasurements. Since themeasurements are affected by noise, the PINN
will not find the actual solution, but a newonewhere the boundary conditions are exactly themeasurements,
noise included. In such situations, it would be useful to estimate the uncertainty of the predictions, providing
researcherswith confidence intervals for their reconstructions/simulations. In the literature, different approa-
ches have been proposed. Themost efficient, but computationally demanding, is theMonteCarlomethod [24].
The idea is to performdifferent trainings by perturbing the boundary conditionwith their estimated uncertain-
ties and then evaluate the statistics of the predictions. Even if thismethod is truly effective and the unique at
returning (for the number of trainingswhich goes to infinity) the exact prediction of the uncertainty, it is not
practicable formany caseswhere one trainingmay require days orweeks of computation. An alternative has
been proposed based on themulti-output neural network [25]. This approach knocks down the huge computa-
tional times required byMonteCarlo approach, by requiring to the last layer to predict different values of the
same variable, allowing for one training of onemore complex neural network.However, even this approach
may be computationally demanding for high dimensionality problems, and it is limited to specific cases (multi-
output is not expected toworkwith chaotic systems, for example).

In this work, the authors introduce a new adaptiveweighting scheme that can be easily combinedwith a
PINNarchitecture able to predict both average values and their confidence intervals without a substantial
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increase in neural network complexity or training time. This approach, testedwith various synthetic cases,
demonstrates its ability to accurately handle and predict uncertainties, and ensures that weights are updated to
achieve optimal values in the apparent Pareto Front.

Thepaper is organised as follows: in thenext section, titled ‘Methods’,weprovide abrief overviewofPINNs
(section2.1) followedby thenewadaptiveweighting schemeand thePINNarchitectureused in thiswork
(section2.2). Section3provides adetailedparametric analysis of thenewmethodology.Atfirst, in section3.1, the
output of ourPINN is comparedwith the standardMC-based approaches. Then, sections 3.2 and3.3 showhow the
methodologyperforms in standard andpathologic (e.g. presence outliers) cases. Section4 tests thenewapproach in
more complex cases anddifferent physics (heat transfer, fluiddynamics, andMHD) toprove that themethodology
is performant, reliable, and easy to scale to different problems.Then, in section5 themain conclusions are reported.

2.Methods

Thiswork aims to provide amethodology based onPhysics-InformedNeural Network to solve forward and
backward problems in presence of noisymeasurements, estimate the uncertainties of the predictions, and allow
a fast convergence of the PINN through an advanced adaptiveweighting scheme. In this section, a brief
overviewof how a PINNcan be trained is provided. Then, ourmethodology PINNarchitecture and training
methodology is explained.

2.1. A general introduction onPINN training process
APhysics-InformedNeuralNetwork (PINN) is a deepneural network trainedby enforcingphysics-based
constraints.Adeepneural network (NN) is a universal approximator representedby the function ( )=y F x, ,
where y is thedesiredoutput, and F is a function that takes as input the input space x and theparameters .The
goal of training is to tune theparameters byminimizing a loss function. InPINNs, thephysics constraints play the
most crucial role: theNNtrainingprocess is similar to that of a standard supervisedmachine learning algorithm,but
the loss includesnot onlymeasurements but also thephysical behaviourof the system.PINNs canbe considered a
mesh-freemethod: thedirect resolutionof governing equations is transformed into a loss optimizationprocess.

Since it can be challenging to describe a PINNalgorithm in a general way, as the training is based on specific
physics equations describing the phenomena, a canonical example is provided below.Consider the incompres-
sible unsteady state 2DNavier–Stokes problem. The equations describing the problemare:
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where the unknownquantities are u u p, ,x y . So, the neural network takes in input the coordinates ( )x y t, , and
predict the fields u u p, ,x y . Through the automatic differentiation techniques differential quantities are
calculated and it is imposed that the predicted quantities to satisfy theNavier–Stokes equations byminimizing
the physics loss function. The physics equation alone cannot be used to solve the problem since infinite
solutions exist. The problemmust be closed by boundary conditions that for PINNs can bemeasurements,
boundary constrains, or both. So, starting fromnow, the superscript p indicates predicted quantities by the
neural network, while the superscript t indicates the boundaries or themeasurements.

A loss function is the quantification of the error (in this example themean square errorMSE) committed on
the prediction respect to the reference value.We can so define the physics loss function as:
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The physics loss is calculated on a set of points that are known as collocation points (x y t, ,i i i). To improve
resolution and accuracy of the prediction, the collocation points are generatedwith the quasi-randomSobol
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[26, 27] sequence. Since theNN training is an iterative algorithm, for each iteration a ‘minibatch’ ofN colloca-
tion points is selected.Note that this approachmakes the PINNs ameshlessmethod: in fact, the result is not a
grid of values in specific region of the space, but a general function that given the coordinates return the vari-
able. This approach offers advantages such as high-resolution reconstructions., as described in [1].

The boundary loss is formulated in the sameway and can bewritten as:
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Then, the loss tominimise is formulated as:

( )= +L L L 4tot boundary physics

Where is a hyperparameter that weights the importance of physics with respect to boundaries.
A schematic representation of a PINNalgorithm is shown in figure 1 and its functioning can be resumed as

follows: at the beginning of each epoch, the collocations points are divided intoMminibatches and eachmini-
batch is used in one iteration. For each iteration, the physical quantities are predicted at theminibatch and at
the boundary positions, respectively used to calculate the loss boundary and the loss physics. So, the total loss is
calculated and its gradient with respect to the neural network parameters is then calculated. TheADAM
algorithm then uses this gradient to update the neural network’s weights. At the end of each epoch, the loss is
used to evaluate the stop condition (different stop conditions can be used) and, if the stop condition is satisfied,
the training stops, and the neural network is considered trained.

2.2. A newPINN for uncertainty predictionwith adaptiveweighting
In order to introduce both the uncertainty prediction and the adaptiveweighting scheme for our PINNmodel,
it is worth considering a simple but representative case study, i.e. the 1DPoisson equation:

( ) ( )( ) = f x a1u x

x

2

2

Weconsider a specific casewhere the analytical solution is known, ( ) ( )=u x xsin 63 , such that the various
comparisons in the followingwill be donewith the actual solutionwhere no numerical errors are present. The
diffusion coefficient has been set equal to 0.01 and then ( )f x is ( )( ( ) ( ))x x x108 sin 6 2 cos 6 sin 62 2 .

Figure 1. Schematic representation of PINN training.

4

Eng. Res. Express 8 (2026) 045217 NRutigliano et al



Let us now consider the casewherewe know ( )f x in any point andwemeasure the quantity u in two
points: ( )=u u xb,1 1 and ( )=u u xbnN N . Let us suppose that wewant to reconstruct this quantity in the domain
ranging from =x 0.71 to =x 0.7N . Given the simplicity of the problem,we canuse the standard Finite
ElementMethod (see figure 2(a)), or FEM, to reconstruct the quantity u. The two extreme values of u are
supposed to bemeasured and then affected by an uncertainty m. Therefore, wemay also be interested in pre-
dicting the uncertainty of such predictions. A standard approach is the one based onMonteCarlo.We can solve
the sameproblemM times, perturbing both boundaries with their respective uncertainties each time, resulting
inMpredictions slightly different. TheseMpredictions are then used to calculate themean and standard devia-
tion of the prediction (or, eventually, the pdf of the quantity as a function of x).

Such a procedure is at the base of theMonteCarlo PINN (MC-PINN) and theMulti-Output PINN (MO-
PINN), whose architectures shown in figures 2(c) and (b) respectively. In the first case (MC-PINN), the proce-
dure is exactly the same of the one described before: different PINNs are trained by perturbing the boundaries
and then used for a statistical evaluation. TheMC-PINN is for sure the bestmethod froma theoretical point of
view, but requires huge computational times, limiting its application to simple problems or to researchers with
uncommon computational resources. TheMO-PINNprovides a trade-off between accuracy and computa-
tional load, since there is only one PINNwithMoutput layers. Then, the neural network is trained taking into
account theMoutputswhich are requested to fitMperturbed boundaries.

Themethod proposed in this work applies a different procedure: instead of performingMpredictions and
then the statistics, it directly predicts the statistics, i.e. themean and the standard deviation (figure 2(d)). This
enormous simplification in terms of computational load (we go fromMPINNs orMneurons in the output
layer to 1 PINNwith 2 outputs per physical quantity) is paid in terms ofmodelling of the uncertainty. In fact, a
newphysics or regularisation lossmust be introduced for the prediction of the uncertainty. Unfortunately, the
uncertainty propagation in PDEs is not known inmost cases. Therefore, being themodel not known, a regular-
isation equation can be used. Typical regularisation equations are the ones based on theminimisation of the
sumof squares of the first (g1) or second derivatives (g2) of the uncertainty, that for our problem are:

( )

( ) ( )

=

=

g x

g x a2

x

x

1

2

u

u
2

2

This type of regularisationwill involve that, as discussed in the next sections, the uncertaintywill be just an
interpolation between the uncertainties of variousmeasurements. Despite such an approach does not give the

Figure 2. Schematic comparison of FEMsolver (a),MO-PINN (b),MC-PINN (c) andML-PINN (d).
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actual uncertainty of the prediction, in several cases it is a good approximation.Moreover, thismethodology
combinedwith the adaptive weighing scheme shown in the next paragraph allow for innovativemethodologies
to threat noisy data and outliers. Therefore, defined our regularisation equation for the uncertainty, ourmini-
misation problem could bewritten like:

( )= + +Loss Loss Loss Loss a3total boundaries physics

Where is theweight for the physics loss and theweight for the uncertainty loss. As it has been already
analysed by other researchers [28], theweighting plays an important role at defining the accuracy of the PINN.
Let us now consider a casewherewe have not just two boundarymeasurements, but we have ten equally spaced
measurements (over constrained problem), all with an uncertainty equal to m. Using theMCFEMapproach, it
is possible to reconstruct the quantity u varying (while is not needed forMCFEMand for themoment not
considered).

It is essential to note that while the equations of physical variables are expected to be exact, the equation for
the uncertainty ismerely a regularization equation, which requires the uncertainty to be smoothwithin the
domain. This has some drawbacks and limitations, especially for equationswhere it is expected that the uncer-
tainty propagation is deeply non-linear. In such cases, onlyMonteCarlo-based approaches can return reliable
predictions, inturn, with high computational costs. However, this limitation is overcome in cases like inverse
problems, wheremany diagnostics constrain the uncertainty in different regions of the domain.

Figure 3 shows the results of the parametric analysis varying . The first column shows the results for
= 0.01u

M , the second column for = 0.1m and the third column for = 0.2m . The colormap represents the
MSE (in logarithm scale) between the true solution and the reconstructed. The top row shows the results for the
entire range of Lossboundaries and Lossphysics explored, while the bottom row shows the results for the regionwhere
the optimum is reached. The dashed lines represent the value of the uncertainty imposed to the boundaries
( m). At first, it can be clearly noted that different values of lead themethod to converge to completely differ-
ent combinations of Lossboundaries and Lossphysics, and this was expected from the analysis by [28]. But a second
important consideration can be done: all the best reconstructions (i.e. the blue points, where theMSE is the
lowest) are close to the dashed lines. Even this result is not surprising, since having a Lossboundaries lower than
measurement uncertaintymeans that we are overfitting themeasurementswhile a too large Lossboundariesmeans
that we are accepting large error onmeasurements and thereforewe are accepting one of the infinite solutions.
This is true if not outliers are present and such a considerationwill be deeply analysed in the next sections of the
paper. This analysis suggests that we have a loss boundary target and that we can adapt the physicsweight on
this target (if we know that the uncertainty ofmymeasurement is 0.1, we cannot imagine that the error between
the prediction and themeasurements is order ofmagnitude different). This is the principle onwhat our adap-
tiveweighting scheme is based, as it will be shown in the next.

The loss for the boundaries (andmeasurements) can bewritten using the normalised negative log-like-
lihood:

( ) ( )( )
= +

= =
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Where um i j, , is the j-thmeasurement of the i-th diagnostics. Inmany cases, it is impossible to have largeMC
values and sometimes onlyMCequal one is possible (e.g. in unsteady phenomena). In such cases, the same
approach ofMonteCarlomethodology is used: themeasurement um i, is the average value (this is the best esti-
mationwe have in the case) andMCperturbed values are generatedwith a gaussian randomnoise equal to m i, .
This is another key aspect of the authors’method: the target is perturbed at the beginning of each iteration
through a systematic error, pert , to be used as inputwhere pert is aGaussian zero-mean error with standard
deviation equal to m i, . Therefore, the target for boundary/measurements is not a single value but a distribu-
tion of values.

The loss physics and the loss for the uncertainty arewrittenwith a standardMSE (equations (4) and (5)).
They can be normalised by specific constants (Cp and C ) tomake the loss comparable. The normalisation
between physics/uncertainty equations (in case of systems) is of fully importance (see [19, 29, 30]). On the
contrary, it is not important to normalise the physics/uncertainty losses with respect to the boundary loss since
theweight of the various losses automatically changewith the new adaptive scheme.

For our specific case, the two losses will be:
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Finally, our total loss can bewritten as:

( )
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·
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=
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+
+
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Loss

Loss 5

tot
Loss Loss

physics
tot Loss Loss

1

1

boundaries physics
tot

physics

As anticipated, and are not constant values but there are updated to ensure that the best result can be
achieved.

The parameter is updated to achieve the solutionwith the lowest physics loss when the boundary loss is
(almost) equal to the target. The definition of the boundary loss as normalised negative log-likelihood together
with the replicationmethod led to an ideal target for the loss boundary (Losstarget ) equal to 0.5 formost cases
(see appendix B for derivation and section 3 for parametric analyses).

The parameter has the role to balance the relative importance given to the uncertaintywith respect to the
physics equation such that, within an epoch, the PINNwill try tominimise both losses. In fact, too high will
cause the PINN to disregard the physics while too low will cause the PINN to predict unreliable uncertainty.
However, has aminor rolewith respect to and, if the researchers can derive a good value for its specific
problem, itmay be set equal to this valuewithout requiring automatic update. Generally speaking, if one does
notwant to implement an automatic update of , we should expect that is lower than one, since the uncer-
tainty equation is based on a regularisation equation (and therefore the Loss target is larger than zero), while
the physics is based on a true physical equationwhose error is expected to be (ideally) zero.

Froma computational point of view, the twohyperparameters are updated each epoch: is updated by
considering the difference between Losstarget and Lossboundary, while changes as a function of the difference
between Lossphysics and Loss .

· [ ( )]
( ( ) ) ( )

=
= +

Loss Loss0.1 tanh 2

max 1 , 6
boundary target

epoch epoch 1 min

· [ ( )]
( ( ) ) ( )

=
= +

Loss Loss0.1 tanh 2

max 1 , 7
physics

epoch epoch 1 min

Where the bar represents themean value of the quantity over the entire epoch and min and min are two
constantminimal values for and (being also their initialising values) respectively set equal to 0.1 and 10 3.

Figure 3.Parametric analysis of FEMreconstruction varying theweightα. The first row shows the results for the entire explored
domain of the two losses, while the second row zooms in the plots where theminimumMSE are achieved. Each column refers to a
case with a different uncertainty value (the dashed lines).
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It is worth highlighting that the adaptiveweighting scheme can be easily scaled to other PINNarchitecture. This
will be shown in section 4.2, where a standard PINNarchitecture is used.

The schematic representation of our PINNalgorithm is shown in figure 4 and its functioning can be
resumed as follows:

1. The collocations points are divided intoMminibatches at the beginning of each epoch.

2. Each iteration sees one different minibatch that it is used to calculate the losses for the physics and the
uncertainty. At the same time,MCperturbations of theNmeasurements are generated and the loss for the
boundary is calculated. So, the total loss is evaluated and its gradients with resect to the loss is calculated. So,
the net parameter update algorithm (in our case ADAM) computes the newnet parameter and the
iteration ends.

3. Once M iterations are made, one epoch is concluded, the average losses are evaluated, and are updated
with the adaptive scheme and the epoch ends. If one of the convergence criteria aremet, the training
concludes, otherwise a new epoch starts.

3. Systematic analysis of the newmethod

This section aims at showing the potentialities of this newmethod in different conditions.
At first, themethod is validated by comparing the results from theML-PINNwith theMC-FEM, theMC-

PINNand theMO-PINN. Then, the adaptiveweighting scheme is tested in a casewhere it is supposed that the
knowledge of themeasurement uncertainty is perfectly known (no faulty diagnostics). Then, an operational
procedure for the loss target is proposed for real-world applicationswhere faulty diagnostics are present.

3.1.ML-PINNmethod validation
The comparison between themethods ismade for the 1DPoisson shown in equation (1). The domain for x
ranges from−0.7 to 0.7, the ( )f x is assumed to be ( )( ( ) ( ))x x x108 sin 6 2 cos 6 sin 62 2 , equals 0.01 and the
two boundaries are assumed to bemeasuredwith uncertainty m. The analytical solution, alongwith the
boundaries, is shown in figure 5 (top-left). Both cases of uncertainty, m equal to 0.01 and 0.1, are tested, and
the same reconstruction points are sampled for comparison.

The fourmethodologies have been compared following this setup:

Figure 4. Schematic representation of the PINNalgorithmproposed in this work.
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1. The MC-FEM was obtained using the standard finite element method by discretizing the domain into 200
elements, and the statistical results were obtained by replicating the inversion 30 times, perturbing the
boundaries by their uncertainties.

2. he MC-PINN is based on training 30 fully connected deep neural networks and performing the statistics
similarly to theMC-FEM.

3. The MO-PINN has been set up with 30 output layers so that 30 different predictions of u are obtained with
one neural network, by using different perturbed boundaries like the standardMC-FEMorMC-PINN.
Again, the statistics of the 30 predictions are performed.

4. TheML-PINN, that has been trained as described in the previous section.

In these four cases, no adaptiveweighting schemes have been used and all theweights have been set up equal
to 1. Therefore, in this case the scope is to compare the uncertainty predicted by ourmodel with other
methodologies.

Figure 5 (top-right) compares the reconstructions from theMC-FEMwith theML-PINN,while figure 5
(bottom-left) and (bottom-right) compares theML-PINNwithMC-PINNandMO-PINN,when the uncer-
tainty of the boundary conditions ( m) is equal to 0.1. All the figures suggest that the fourmethodologies return,
qualitatively speaking, fully comparable reconstruction.

However, it is interesting to note that theML-PINNhas the lowest RMSE, indicating that themean pre-
dicted quantity is closer to the analytical solution. Such a comparison is done in table 1, where both the normal-
ised negative log-likelihood (NNLL) and the rootmean square error (RMSE) calculated by comparing the
analytical solutionwith the reconstructed quantities. In the table, the analyses for bothmeasurement uncer-
tainties equal to 0.01 and 0.1 are shown. At first, one can be note that all fourmethods return aNNLLbelow
one, indicating that all the reconstructions statistically contain the analytical solution in one standard devia-
tion. TheML-PINNhas the highestNNLL, and therefore it is the least accurate.However, it is interesting to
note that theML-PINNhas the lowest RMSE, indicating that themean predicted quantity is closer to the analy-
tical solution. Such an apparent contradiction can be easily explained by remembering that our reconstruction
requires an equation for the uncertainty, which in our casewas based on a regularization equation. This can be

Figure 5.Analytical solutionwith boundary conditions for themethod validation case (top-left). Comparison between themean and
standard deviation prediction ofMC-FEMversusML-PINN (top-right),MC-PINNversusML-PINN (bottom-left) andMO-PINN
versusML-PINN (bottom-right). The central lines represent the average values, while the shaded areas are the confidence intervals of
the predictions evaluatedwith two standard deviations.
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observed in the comparison plots in figure 5, where the uncertainty of theML-PINN is always slightly larger
than that of the othermethods in the central region. Therefore, our approach better reconstructs the average
quantity but has aworse estimation of the uncertainty.Of course, the RMSEofMC-basedmodels would
decrease by increasing the number of replications (which, in the present case, was set to 30), at the cost of
computational time.

3.2. Adaptiveweighting analysis
Given that our PINN can replicatewith sufficient accuracy both the average value and the uncertainty of the
predicted quantities, adaptiveweighting is henceforth used (AW-ML-PINN), and various cases are
investigated. The adaptiveweightingmethod proposed by the authors requires the definition of the Losstarget . In
section 2, it was anticipated that the lower limit for Losstarget is 0.5.However, this is an ideal limit (see
appendixA), and it is worth understanding how this loss target should be selected in real applications.

In this section, theAW-ML-PINN is analysedwith the 1DPoissonmodel described before. Two types of
analyses have been performed. In the first part, identified as ‘ideal cases’, the boundaries have the exact value of
the analytical solution, but however ourmodel assumes that they are affected by uncertainty. The second part,
identified as ‘real cases’, investigates scenarioswhere the boundaries are affected by an error. In both parts,
unless stated otherwise, it is assumed that the statistical uncertainties of themeasurements are perfectly known.
For both the ‘ideal’ and ‘real’ cases, a parametric analysis of AW-ML-PINNhas been performed varying the
hyperparameter Losstarget .

First, the ideal case is considered. Theweight for the uncertainty relative to the physics loss ( ) has been set
constant and equal to one, so themethod adapts only . Five values of loss target have been analysed: 0.5, 0.55,
0.75, 1 and 10. The convergence criteria is themaximumnumber of epochs, set equal to 5000.

Table 2 presents the results of the parametric analysis. It can be observed that a loss target equal to the ideal
target (0.5) does not allow for optimal convergence (largerNNLL andRMSE) and this was expected because of
statistical considerations: setting the target equal to the ideal limit involves that the adaptive weighting scheme
is not able to increase since the adaptivemethod increases theweight onlywhen the loss of the boundary is
below the target (occurrence that it is statistically impossible). This is demonstrated by the fact that is∼10–3 at
the end of the training, with consequent high loss physics and uncertainty. By slightly increasing the loss target
(0.55), themethod is now able to increase theweight, that reaches values around 106 after 5000 epochs. Such a
huge increase of theweight while keeping the loss boundaries close to the ideal target allowed for very good
reconstructions in terms of both RMSE andNLL. Such a good reconstruction is observed also for larger loss
targets, like 0.75 and 1.00.However, it is important to remember that using larger loss targetsmeans accepting
one of the infinite solutions of the PDEwith boundaries different from themeasurement one. This is evident
when a very large loss target is chosen: very bad reconstruction can be achieved even if the physics and uncer-
tainty losses are very small (see results for loss target equal to 10.0 in the table).

A last but fundamental consideration by observing table 2 ismandatory.Using the adaptive scheme allows
for reconstruction errors in terms of bothNNLL andRMSEmuch smaller than the case with fixedweights
(table 1). This demonstrates the firstmain advantage of our adaptive scheme, which clearly allows for improved

Table 1.Comparison betweenMC-FEM,MC-PINN,MO-PINN andML-PINN for.

MC-FEM MC-PINN MO-PINN ML-PINN

= 0.01m NNLL 0.61 0.91 0.87 0.92

RMSE ×7.36 10 3 ×9.97 10 3 ×9.39 10 3 ×4.75 10 4

= 0.1m NNLL 0.73 0.71 0.73 0.92

RMSE ×8.31 10 2 ×8.12 10 2 ×8.19 10 2 ×4.56 10 3

Table 2.Parametric analysis of the loss target for the ideal case.

Loss target NNLL RMSE Loss boundary Loss physics Loss sigma α

0.50 1.52 1.79 10–2 0.47 4.20 10–2 4.20 10–2 1.5 10–3

0.55 0.72 9.50 10–4 0.54 2.60 10–5 2.50 10–5 2.7 106

0.75 0.50 2.74 10–3 0.71 4.50 10–5 5.60 10–5 2.4 106

1.00 0.35 1.31 10–3 0.98 2.40 10–5 2.47 10–5 2.4 107

10.00 15.18 9.90 10–2 1.01 2.45 10–5 1.40 10–5 1.0 109
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reconstructions andPDE solving.Note that the reconstruction is better even if comparedwith theMC-based
methodologies.

Three ‘real’ cases were investigatedwhere the values of the boundaries are affected by an error. Let us con-
sider the following notation: the analytical (true) values of the boundaries are denoted as ( )= =u u x 0.70

and ( )= =u u x 0.71 while themeasured one as ( )= =u u x 0.7m m,1 and ( )= =u u x 0.7m m,2 . In the first
case, both boundaries overestimate the analytical solution by one standard deviation and therefore

= +u um analytical m,1 ,1 and = +u um analytical m,2 ,2 . The second case has errors with opposite signs:
= +u um analytical m,1 ,1 and =u um analytical m,2 ,2 . The third case has opposite signs and the left boundary

overestimate the value of two standard deviations = +u u 2m analytical m,1 ,1 and =u um analytical m,2 ,2 .
Performing the parametric analysis of the Losstarget , yields a patternmore similar to the ideal case. Too large

valueswill lead to a random solution of the infinite ones, while too low targets do not allow for physics loss
minimisation. Figure 6 shows the predicted confidence intervals (2σ) for the three cases and it can be observed
that in all three cases the analytical solution is contained inside. Both theNNLL andRMSE are obviously larger
than the ideal case, since ourmodelwill find the solutionwith the perturbed boundaries.However, if the errors
of the boundaries are in linewith their knownuncertainty, themodels will predict confidence intervals con-
taining the actual solution.

3.3. AW-ML-PINNapplied to pathologic cases
In the previous two sections, we demonstrated that theAW-ML-PINNallows for reliable reconstructions,
whichmeans that the true solution is contained in the reconstructed confidence intervals. Naturally, the better
the diagnostics are, the lower the error (bothRMSE andNLL). However, inmany real-world cases, perfect
knowledge of the diagnostic characteristics is often unavailable, and anomalies (e.g., outliers)may be present,
requiring complex analyses and ad hoc post-processing of the diagnostics.

In this section, we present three cases inwhichwemeasure the quantity u at ten different positions, with
one exhibiting off-normal behaviour. Initially, it will be shown that a limited and guided parametric analysis
allows for good convergence.Moreover, the predicted quantity and uncertainty enable easy detection of faulty
diagnostics. Case 1 is characterised by the presence of an accurate (average error equal to zero) but non-precise
measurement (large uncertainty), case 2 by the presence of a non-accurate (average error different from zero)
but precise (correct uncertainty)measurement, and case 3 by the presence of a non-accurate non-precisemea-
surement. The three cases are shown in the first rowof figure 7.

The parametric analysis varying the loss target from0.55 to 3.00 for the three cases is summarised in figure 7
and table 3. The results in the table are average values of three independent runs.

Let us beginwith case 1. If there is a fault in themeasurement and it is unknown, our expected ideal Losstarget

will be 0.5 (and thus a good real target would be 0.55). However, running theAW-ML-PINNwith this target
will not yield a good result, statistically speaking, as themeasurementwill show an error significantly larger
than the expected standard deviation, as it is shown in figure 7 (second row, first column). In this case, the AW
schemewill setα to zero, suggesting that the boundaries with the selected uncertainties do notmatch the phy-
sics. By increasing the target value to 0.75, the AW-ML-PINNwill find a solutionwith Lossboundary equal to
Losstarget , and it will increaseα to very high values, resulting in very lowphysics and sigma losses, suggesting that
this Losstarget accepts solutions coherentwith the physics.Moreover, it is possible to analytically demonstrate

Figure 6. ( ) ±u x 2 u reconstruction forCase 1, Case 2 andCase 3 (from left to right).
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that the ideal loss target in this case is larger than 0.5:
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Where u
M fault, is the actual standard deviation of the fault diagnostic. The predicted standard deviation

whichminimises second term is exactly u
M fault, and therefore:

Figure 7.AW-ML-PINNapplied to pathologic cases. The top row shows the three configurations analysedwith the analytical
solution and themeasurements used. From the second row, the reconstructions using theAW-ML-PINN is reported for case 1 (first
column), case 2 (second column) and case 3 (third column), using a loss target equal to 0.55 (second row), 0.75 (third row), 1.00
(fourth row) and 3 (fifth row).
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In this case, since the theoretical standard deviationwas 0.1while the actual standard deviation of the fault
diagnostic is 1, the ideal Losstarget is 0.73, explainingwhy 0.55was not a good target, while 0.75 allows for good
convergence. The reconstruction obtainedwith theAW-ML-PINN for case 1 and Losstarget is 0.75 is shown in
figure 7 (first column, third row). It is worth highlighting that the analysis of the predicted standard deviation
allows for the direct identification of the faulty diagnostic.

Case 2 represents amore complex scenario in real applications. In fact, while case 1 is quite easy to identify
since the uncertainty of one diagnostic can be easilymeasured by performing repetitivemeasurements in steady
conditions, offsets aremuchmore difficult to identify.However, by using theAW-ML-PINNand by changing
the Losstarget until the convergence is reached allows rapid convergence. Even in this case, the ideal loss target in
the presence of one outlier can be evaluated (see appendix B for all steps):

( ) ( )
( )= +

+
Loss

u1

2
0.5 log 0.66 10target

u
M

offset

u
M

2 2

The results for this case are resumed in figure 7 (central column) and table 2. As for the previous case, a
smaller target than the ideal target (that for this casewith the outlier is around 0.66) requires a non-physical
solution,meaning that saturates at low values (0.11) and the physical loss remains high (1.62). This leads to
un unphysical solutionwith highNNLL andRMSE. By applying a target equal to 0.75 (which is larger than the
ideal target), a good reconstruction is achieved (the best one in terms ofNNLL, equal to 1.20). The parameter
increases to high values, resulting in a very small physics loss (∼10–5). Increasing the targets to 1 and 3 causes the
reconstruction accuracy to decrease in terms of bothNNLL andRMSE.Again, this is due to the fact that the
PINN is allowed to have boundary conditions significantly different from themeasurement values. It is worth
noting that simply comparing the reconstructed diagnostics (i.e., the diagnostic values given by the recon-
structed field)with themeasurements allows for easy identification of faulty diagnostics, indicating that this
method can also be used for outlier or fault detection. Such a featurewill be demonstrated also in section 4.1 for
surface averagedmeasurements.

The last pathologic case (case 3) is just a combination of the two previous cases. Different behaviours are not
theoretically expected or experimentally observed, as shown in figure 7 (third column) and table 3. Again, too
low loss targets do not allow for physical solutions, while too large targetsmake solving equivalent to solving a
poorly constrained problem. This is also demonstrated by the standard deviation of the parametric analysis
here reported. Running case 3 three timeswith a good loss target (0.75), theNNLL standard deviation is around
0.06 (∼5%of the average value), while using a loss target equal to 3 leads to anNNLL variability of 0.84 (∼33%
of the average value).

Table 3.AW-ML-PINN results of the parametric analysis for the pathologic cases.

Case 1 -Noisymeasurement

Target NLL RMSE Loss boundary Loss physics Loss sigma α β

0.55 34.75 0.13 0.66 2.89 101 2.55 10–2 1.00 10–6 1.00

0.75 0.97 6.67 10–4 0.75 2.88 10–5 3.25 10–3 2.37 102 0.26

1 1.61 6.38 10–3 1.00 2.56 10–5 2.00 10–3 3.25 107 1.01 10–5

3 2.36 0.38 1.89 2.93 10–5 6.70 10–4 1.00 109 9.44 10–7

Case 2 -Outliermeasurement

0.55 47.91 0.13 0.55 1.62 2.00 10–3 0.11 1.00

0.75 1.20 0.01 0.75 5.24 10–5 2.40 10–3 334.86 0.39

1 3.81 0.05 1.00 3.74 10–5 1.75 10–3 8.46 106 5.98 10–5

3 7.96 0.46 2.27 3.96 10–5 2.03 10–3 8.77 108 1.22 10–2

Case 3 -Noisy and outliermeasurement

0.55 19.63 0.19 0.67 116.06 4.30 10–3 1.00 10–6 1.00

0.75 1.08 0.01 0.75 3.66 10–5 5.95 10–3 107.44 1.71 10–2

1 1.09 0.02 0.99 2.62 10–5 2.26 10–3 1.79 107 1.42 10–3

3 2.51 0.32 2.57 3.32 10–5 3.75 10–4 1.00 109 2.66 10–6
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Further analyses to stress test themethodology in presence of different levels of noise are discussed in
appendixD.

4. Real application-inspired cases

From the theoretical consideration in section 2 and the parametric analysis in section 3, the following
considerations can be summarised:

1. The ML-PINN can allow for accurate reconstruction of both average and standard deviation of the
quantities,mostly comparablewithMC-basedmethods, without the need for high computational cost.

2. The proposed adaptive weighting scheme allows for improved reconstructions. Moreover, the unique
hyper-parameter, the loss target, can be analytically determined if all relevant information is known. If it is
not the case, a simple iterative procedure can be used simply until the AWscheme increases theweightα.

Despite the results of section 3 are very positive, themethod has been applied to a quite simple problem:
only one physical quantity to predict, localmeasurements, and one partial differential equation. Therefore, we
decided to test ourmethodology inmore complex situations, through synthetic cases thatmirror real-world
applications. The three applications have been thought to show the applicability of themethodwith different
physics: a typical problem in heat transfer, one in fluid dynamics, and one inmagneto-hydrodynamic (MHD)
have been considered.Moreover, each problemdeal with different typical issue in physics and engineering.

4.1.Heat transfer: surface-averaged data and outliers
The first case is based on the heat transfer physics in the presence ofmissing information (some boundaries will
be assumed to be unknown). The problemwill be closed bymeasuring some variableswhichwill present some
limitations: theywill be affected by noise, therewill be some outliers, and the diagnostic will provide surface-
integratedmeasurements.

We consider ametallic plate subjected to a heat flux (figure 8(a)) on the left side (x= 0), while both the
upper side (y= 0.5) and the lower side (y= 0) are under adiabatic conditions, where the temperature gradient is
zero across the boundaries ( / =T y 0). The right side (x= 1) is supposed to be isothermalwith a temper-
ature T equal to 300K. The plate ismade of a homogeneousmaterial with a thermal conductivity of

=k 100 Wm K1 1. The analytical solution is reported in figure 8(c).Moreover, we assume the presence of a
thermal camera [31]with a finite resolution (20 × 10 pixels)with a gaussian proportional error of 1%. The
measurement of each pixel of the camera is simulated as the surface-integratedmeasurement (figure 8(d)) of
the analytical temperature solution accordingwith the following equation:

( )=T T W dS 11analytical pixel pixelint

WhereWpixel is an opportunematrix that represents view factors of the surface integratedmeasurement,
T kint, is the thermal-camerameasurement of the pixel k and kint, is its uncertainty.However, we supposed that
some pixels have some faults and therefore they are affected by an offset equal to 5 kint, .

Aimof this first case is to demonstrate that given the thermal-camerameasurements, the physics equation
describing the phenomenon (i.e. heat Fourier equation in equation (11)) and the knowledge that the top and
bottomcontours are adiabatic, we can easily identify the broken pixels and accurately reconstruct the true
solution.

Figure 8 (b) shows the architecture of the neural network used for theAW-ML-PINN. Inputs are the spatial
coordinates x and ywhile the outputs are the two variables, i.e. the temperature ( )Tp and its uncertainty ( )T p, .

Themeasurements from the thermo-camera are used to calculate the Lossboundaries:

( )
( )= +Loss

N

T T1
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2
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WhereT p iint, , is the expected i-th thermo-camera pixel given the predicted temperature field (calculated
with equation (11)) and p iint, , is the predicted uncertainty of the pixel given temperature uncertainty field,
calculated using the uncertainty propagation theory. The condition of adiabatic bottom and topwalls has been
put inside the loss physics together with the diffusion equation. It is worth noting that the adiabatic condition
can also be included in the boundary loss function, simply following the considerations in appendixC. The loss
of the uncertainty is based on theminimisation of the sumof the second derivatives (implying a diffusive
uncertainty regularisation).
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Both the heat transfer loss (last termof equation (13)) and the uncertainty loss have been calculated in
generated collocation points (using Sobol distribution [26, 27]). The adiabatic conditions are calculated in a
fixed grid of points on both the bottom and top edges. The boundary and the physics losses have been normal-
ised by some available quantities in the real application. The adiabatic condition has been normalised by the
average vertical derivative of the temperaturemeasured by the thermal camera, while the heat transfer and the
uncertainty losses have been normalised by theminimumuncertainty value of the thermal camera T

min (while
the term Lx

2 is used tomake formally dimensionless the equation but it is not quantitatively relevant in this
example being equal to one).

From an operative point of view, at the beginningwe supposed to not know that there are outliers and
thereforewe set the ideal loss target ( =Loss 0.55target ). The reconstructed fieldwith this target is reported in

Figure 8.Heat transfer case: geometry and boundary condition of the problem (a), PINNarchitecture (b), target solution of the
problem (c), simulated thermal camerameasurementswith outliers (d), and temperature field reconstruction using a target equal to
0.55 (e) and 0.75 (f).
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figure 8(e). It can be shown that it substantially differs from the analytical solution of figure 8(c), showing some
unexpected hot spots. This is due to the outliers of the thermal camera, whosemeasurements are reported in
figure 8(d). In fact, asking an ideal loss target in presence of outliers involves that outliers are overfitted. But the
questionwould be: in a real case, where I have not the analytical solution, how I can identify this problem?The
answer is in the analysis of the other losses. In fact, our adaptive schemewith a too strict loss target was forced to
put to very small values (0.013), allowing the PINN to disregard the physics equations. In fact, the loss physics
at the end of the training is 5.13, a too large value considering that its ideal target should be zero. TheRMSE and
NNLL for this case are 0.73 (±0.60)Kand 1.28 (±0.07) respectively. Themaximumerror between analytical
and reconstruction is 6.5 K.

A consequent operative approachwould be to increase the loss target. For the second reconstruction
attempt, the loss target was set to 0.75. The result is shown in figure 8(f).What can be noted is that the hot spots
of the previous reconstruction disappeared and that the reconstructed field ismuch closer to the true solution.
Moreover, in this case reached 1130.3 at the end of the training (stop conditionwas reached for epochs equal
to 5000), while the physics loss is 4.36 10–5. This suggest that the PINNwas able to significantly reduce the loss
on the physicswith respect to the previous case, preventing outliers’ overfitting and resulting in amore reliable
solution. In this case, the RMSE is 0.40 (±0.11)Kwith amaximumerror of 1.21K. TheNLL is 1.45 (±0.002). It
is worth highlighting that with this approachwewere able to reconstruct the temperature fieldwith a resolution
much larger than the one offered by the thermal camera, typical advantage of the PINNs [10].

Moreover, by using the temperature field reconstructedwith =Loss 0.75target , we are able to detect faulty
pixels. In fact, onemay calculate the absolute error between the predicted and themeasured thermal camera
pixels, clearly observing that there are five pixels that exhibits very large errors and therefore identifiable as
outliers or faulty pixels (figure 9).

4.2.Navier–stokes: directmodelling from experimental data
In this case, we examine a two-dimensional time-dependent fluid dynamics problem.We consider the flowof
an incompressible fluid through an orifice in a controlled environment [32], as shown in figure 10(a). Initially,
the fluid is at rest, and the flowbegins at =t s00 . The system is observed for a total of 10 s, and at each second, a
set of 20 × 10 velocitymeasurements is recorded (simulating, for instance, a low-resolution Particle Image
Velocimetry, or PIV, diagnostics) alongwith two pressuremeasurements, one above and one below the orifice.
Themeasurement points for both velocity and pressure are shown in figure 10(a).

The true solution, obtainedwith aComputational FluidDynamics (CFD) solver, was used to generate the
measurements of both PIV [33] and pressure probes. RandomGaussian noises of 0.05m s−1 and 0.01 Pa have
been added to the velocity and pressuremeasurements. TheCFD solves the incompressibleNavier–Stokes
equation. The fluid density was set equal to 1 kg m−3, while the viscosity to 0.001 Pa s. No slip conditions have
been imposed on thewalls while constant pressure of 0 Pa has been imposed for x equal to 1m. The inlet
velocity has been imposedwith the following equation:

( ) ( )=u
r y

r
tmin , 1 16inlet

orifice

orifice

2 2

2

In this case, we assume that we know the boundary and initial conditions of our problem, the governing
equations, and themeasurements from the PIV andpressure probes, but we do not know the viscosity of the
fluid. This represents a case of ‘incomplete physics’ where a fundamental physical parameter ismissing.Our
goal is to develop a PINN-basedmodel to reconstruct the velocity and pressure fields and estimate the viscosity
of the fluid.

Instead of directly predicting the velocity, we predict a variable such that the velocity is the rotor of .
This will automatically imply that the conservation ofmass is satisfied, reducing our physics losses to the con-
servation ofmomentum.Moreover, the neural network is asked to predict the pressure as a function of spatial

Figure 9. Simulated (left) and reconstructed (middle) thermal camerameasurements. The absolute difference (right) allows for the
detection of the five faulty pixels. Reconstructedmeasurements are based on the results obtainedwith loss target equal to 0.75.
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and time coordinates and a constant parameter that represents the dynamic viscosity of the fluid µp. The neural

network architecture is shown in figure 10(b).
In order to show the applicability of the adaptiveweighting scheme to other types of PINN, in this example

we used a standardmethodologywhere the uncertainty is not predicted. In such a case, one canmodify the
normalised negative log-likelihood by substituting the predicted uncertaintywith themeasured one:

Figure 10. Fluid dynamics case: geometry and boundary conditions of the problems (a), PINN architecture (b), simulated versus
reconstructed velocity field at different time instants (c), and simulated versus reconstructed velocity and pressure as a function of
time (d).
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Unsurprisingly, we obtain the classical normalisedMSE formulation. hismodified loss retains the same
properties as themethodology described in previous sections of the paper. The physics loss contains both the
ideal boundary conditions, assumed to be certain, and the twomomentumequations:

( )= + + + +Loss Loss Loss Loss Loss Loss 18physics NS x NS y inlet outlet wall, ,
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And therefore, the total loss tominimise is just:

( )=
+

+
Loss

Loss Loss

1
24

boundary physics

The training is done by imposing a loss target equal to 0.55 and, since therewere not outliers or faulty
diagnostics, this training converged directly to a very good reconstruction.

TheRMSE between the numerical simulation and the PINN reconstruction is 0.034 (±0.013)m s−1 for ux,
0.016 (±0.004)m s−1 for uy, and 0.033 (± 0.011)Pa for the pressure.Moreover, the PINN estimated the fluid’s
dynamic viscosity as 0.0012 Pa s, representing a 20% error relative to the true value (0.001 Pa s), a good result
considering that the uncertainty on the velocitymeasurements is equal to 0.05m s−1, while the natural varia-
bility of the velocity field is 0.13m s−1 (∼38%measurement uncertainty).

Figure 10(c) shows the comparison between the simulated and reconstructed velocity field (the colourmap
represents themagnitude of the velocity, while the black arrows the direction), while figure 10(d) shows the
numerical versus reconstructed time traces of the velocity and pressure together with the availablemeasure-
ments in that locations.

4.3.MHD: reconstruction of hidden quantities
The last example is based on the ideal steady-state staticmagneto-hydrodynamic (MHD) physics:

·

( )
µ

=
= ×
= ×J Bp

B
J B

0

25
0

Weconsider a simplified example ofmagnetically confined plasma in nuclear fusion [14, 34, 35]. Specifi-
cally, we examine a 1D solution in cylindrical coordinates, assuming that all derivatives along and z are equal
to zero.We suppose a case of a plasma subjected to an axialmagnetic field Bz and inwhich circulates a plasma
current Jz that originates a poloidalmagnetic field ( )B r . Themagnetic field is therefore defined
as ( )=B B B0, , z .

In typical tokamak plasmas, we can obtain internalmeasurements of the pressure (for example, electron
pressuremeasured byThomson scattering) but not internalmeasurements of themagnetic field. Therefore, we
apply PINN to a scenariowhere internal quantities are reconstructed from external (or boundary)measure-
ments. The solution adopted is based on a typicalmagnetic field profile commonly used in tokamaks research
[36] and the target or true quantities are reported in figure 11(a).
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Assu have a diagnostic tomeasure the pressure at various internal points (similar to a lidar or Thomson
scattering diagnostic in plasma [37]) and only twomeasurements of themagnetic field components at the edge
of the plasma (typically achievable by pick-upmagnetic coils [34, 37]). All the diagnostics are supposed to have
an uncertainty ( = Pa450p m, , = mT13B m,z

and = mT1B m, ). Figure 11(b) shows themeasurements
used and their error bars.

The architecture of the neural network is shown in figure 12. The neural network is asked to predict the
average and the standard deviation of the pressure and the component of themagnetic field along z and . The
magnetic field component along r is assumed to be equal to zero because of physical considerations ( · =B 0).

Boundaries loss is calculated as follows:
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Concerning the losses for the physics, we have various terms. TheAmpere’s law and the force balance can be
combined [] so that the following physics lossmust beminimised:

Figure 11.MHDcase: analytical (or target) pressure andmagnetic profile (top row), measurements used for the reconstruction
(middle row), and reconstructed quantities (bottom row).
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Where the first two terms are calculated in a grid generatedwith a 1D Sobol distribution, the third term is an
ideal wall condition (pressure equal to zero), the fourth term comes fromphysical considerations, and the last
term impose that the pressure first derivative is equal to zero to ensure the cylindrical symmetry condition. All
the terms are normalised by appropriate scaling factors based on the reference values r0, B0, p0, p0 and B .
The uncertainty regularisation equation is based onminimising the first derivative of the uncertainty, normal-
isedwith the opportune factors:
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2 2
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2 2
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Then, the total loss is evaluatedwith the equation (5).
The reconstruction has been achieved setting the target equal to 0.55. The comparison between the analy-

tical solution and the reconstructed quantities are shown in figure 11 (bottom). TheRMSE for the pressure is
173 Pawith aNNLL of 0.99, while the RMSEof the two components of themagnetic fields are 4.16 10–2mT
(NNLL= 0.92) and 1.10mT (NNLL= 1.51) for the z and components, respectively. The loss physics at the
end of the training is 1.35 10–4 ( )= 3.4 103 , suggesting that the case has not faults in the diagnostics (as
imposed by us).

5. Conclusions

Physics-InformedNeuralNetworks are a relatively newmethodology that integrates traditional data-driven
deep learningwith prior knowledge of physics. Despite being introduced just few years ago, PINNs have rapidly
gainedwidespread use across a broad range of scientific disciplines, including physics, engineering, chemistry,
andmathematics. Their success can be attributed to several key features.Not only PINNs can incorporate
imperfect or incomplete knowledge of physical systems, but they are also robust to noisy data. Additionally,
they enable high-resolution predictions, supportmesh-free simulations, facilitate domain decomposition, and
offermany other versatile capabilities,making themhighly attractive for awide variety of applications.

However, PINNs still require further analysis, study, and improvement in certain areas.One key challenge
is balancing the different loss terms, particularly between boundary/data losses and physics-based losses. Sev-
eral studies have explored this issue, demonstrating that the choice of weighting significantly affects the quality
of the PINN results. Researchers have proposed variousmethodologies in search of amore general weighting
scheme.However, current research suggests that PINNs often require tailored solutions for specific problems,
rather than a one-size-fits-all approach.

In this work, we proposed a new adaptiveweighting scheme to improve convergence of PINNswhen
applied tomeasurements (datawith noise) together with a PINNarchitecture that aims at predicting the

Figure 12.PINNarchitecture for the caseMHDcase.
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uncertainty of the predicted quantities. Such a new architecture aims at predicting directly the estimator of the
distribution of the various quantity. In ourwork, the quantities have been supposed to be normally distributed,
and therefore the neural network has been asked to predict themean and the standard deviation, but it is worth
highlighting that any distributionmay be used, with the necessarymodification on the loss distribution and in
the network outputs. The adaptiveweighting is based onNegative Log Likelihood expectation fromdiagnostic
data. In fact, inmost cases, it is expected to know the statistical behaviour of the diagnostics, allowing for a good
weighting of the various diagnostics accordingwith their uncertainty. Such aweighting of the various diagnost-
ic is automatically achieved thanks the use of theNLLmetrics for the boundary loss. In standard situations, the
expected boundary loss (whatwe called ‘target’) is known and equal to 0.5 (ideal value).We based our new
adaptiveweighting schemeon the concept of the boundary target: once the PINN reached the target, theweight
to physics loss is iteratively increased.

Several parametric analyses have been performed, and results can be resumed as in the following:

1. The predicted uncertainty using the new PINNs does not reflect the actual uncertainty, but it is only an
approximation.However, inmany cases, especially in over constrained cases wheremore diagnostics are
present, this approach is sufficiently accurate. This is becausewhendiagnostics lead the uncertainty of the
reconstruction, ourmodel is close to actual uncertainty.On the contrary, in regionswhere there are not
diagnostics, the predicted uncertainty is guided by the regularisation loss of the uncertainty, that is an
approximation and not the ‘true’ equation.However, if the ‘true’ equation for uncertainty is known, it can
be easily changedwith the regularisation one.

2. The adaptive weighting scheme offers a guided and simple methodology to reach the best convergence of
PINNs.What is interesting is that the combination of the targetwith the uncertainty prediction allows for a
methodology that does not require specific adjustments. In fact, the AWscheme is easy to understand too
low targets involves saturation of to very low values. Therefore, from an operative perspective, the user is
asked just to increase the loss target until the adaptiveweighing schemes increases the physics weight ( ) to
large values, with consequent strong decrease of the physics loss. Thismeans that, in the absence of outliers
in themeasurements, the adaptiveweighting scheme operates fully automatically. However, if an unknown
outlier is present (whether in themeasurements or the boundary conditions) a brief user-in-the-loop
intervention becomes necessary. Even in such cases, only a few iterative steps are required, and the algorithm
remains capable of simultaneously solving the problemand identifying the outliers.

3. The use of our adaptive weighing scheme proved to allow very precise reconstruction, with RMSE below
MC-basedmethodology, especially for limitedMC replications.

4. The proposed methodology automatically filters out problematic boundaries, like fault diagnostics and
outliers. Therefore, the adaptiveweighting schememay be used to develop PINN-basedmethodology able
to ‘diagnose the diagnostics’ without the need of iterative andmanual procedures.

Section 4was used to showhow to apply our adaptiveweighting scheme for PINN tomore complex cases.
Therefore, three cases based on heat transfer, fluid dynamics andMHDhave been developed by referring to
typical application in physics and engineering. The section proved that themethodology is robust evenwhen
applied to complex cases like the incomplete physics fluid dynamics case, without the need of specific adjust-
ments.Moreover, in the fluid dynamic casewe used a standard neural network and not aML-PINN, showing
that the adaptiveweighting scheme is robust evenwith other PINNarchitecture.

In conclusions, in this paperwe presented a simple, robust and efficient adaptiveweighting scheme for
PINN that can be easily applied to all problemswheremeasurements and physics knowledge can be combined:
tt can be used to solve inverse problemswith higher accuracy by taking into account diagnostic uncertainty, to
detect and identify faults in the diagnostic, performmodelling of incomplete equations by combining data and
physics.

Data availability statement

The data that support the findings of this study are openly available at the followingURL/DOI: https://github.
com/QEP-Repository/AW-ML-PINN.
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AppendixA.NormalisedNLL

In this work, amodified version of the negative log-likelihood, namednormalised negative log-likelihood, has
been used for both training ourmodels and analyse the results. In physics and engineering, it is common to
solve inverse problemor to fit function by referring to themaximisation of the likelihood (L). In our case, we
predict both themean quantity up and its uncertainty p, and therefore for a gaussian distribution L is:

( )
( )

=L e A11

2 P

up ut

p

2

2 2

However, it is common to address themaximisation of the likelihood byminimising the negative logarithm
of the likelihood, known as negative log-likelihood (NLL):

( ) ( )( )
( )

= = +NLL eln ln 2 A2p
u u1

2 2P

up ut

p
p t

p

2

2 2
2

In the case where the sigma is not predicted but imposed, theminimisation of theNLL is equivalent to the
minimisation of the uncertaintyweightedMSE.Moreover, if all themeasurements have the same uncertainty,
the problem can be reduced to theminimisation of the standardMSE.

TheNLL returns values that depends on the boundary conditions. For example, if one has a perfect pre-
dictor =u up t and =p t , theNLLwill be ( )ln 2 t , involving that the ideal NLL value depends on
uncertainty.Of course, this is correct and in linewith the actualmeaning of theNLL.However, in some cases,
onemay be interested in using a normalised value that it is independent of the problem. For this reason, we
decided to use an alternativeNLL that is independent of the uncertainty of themeasurements. Starting from
A.1, one can easily define a normalised likelihood as follows:
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And therefore, one can define theNormalisedNegative Log-Likelihood as:

( )
( )= +NNLL

u u
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2
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t

p t
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2

TheNNLLhas the property to tends to zerowhen the reconstruction converges to the exact solution.
Despite theNNLL is a goodmetric to evaluate the quality of the reconstructions, alone it does not to decou-

ple the error on the prediction of the average value and of the uncertainty. This is clearly shown in figure A1,
where there are infinite values of /p t and ( ) ( )/u u 2p t p

2 2 . For this reason, in the paper themodel is ana-
lysed by calculating both the RMSE and theNNLL.

FigureA1.NNLL as a function of the error of the two statistics descriptors of the prediction normalised by themeasurement
uncertainty.
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AppendixB. Loss target calculation

The loss target is the value of the loss boundary thatmust be reached before the adaptiveweighting scheme
starts to increase , i.e. theweight given to the loss of the physics and uncertainty. The correct selection of the
loss target plays a fundamental role in the quality of the results that can be obtained by theAW-ML-PINN, and
therefore in this appendixwe discussed how it can be defined in different situations.We considered the
following cases:

1. Well-determined systems

2. Overdetermined systems

3. Overdetermined systems in presence of diagnostic faults

At first, we consider thewell-determined case, where the numberNofmeasurements and boundary conditions
are theminimum to close our problem (sections 3.1 and 3.2). So,we haveNmeasurements at different locations
of our domain, andwe supposed to haveM repeatedmeasurement for each i-th location. Therefore, the loss
boundary for the i-thmeasurementwill be:
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The loss target, from ad ideal point of view, is theminimumvalue of the achievable boundary and therefore:
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If the diagnostic has no faults, the uncertainty of the diagnostic is exactly equal to m i, , the predicted quan-

tity up i, will be equal to the average value of themeasurements ( = =u up i M j

M
m i j,

1

1 , , ), therefore the RMSEwill
converges to the diagnostic uncertainty and the target of the diagnostic will be equal to 0.5. The average loss
target is just the average of loss target of each i-th diagnostics, and therefore if all diagnostics satisfy the previous
requirements the average ideal loss target will be equal to 0.5.

However, in real cases there are different reasonswhich involve that a loss target equal to 0.5may lead to
some troubles in terms of convergence and stability. At first, theMSE converges exactly to the diagnostic uncer-
tainty only for large number ofM. Second, the uncertainty of the diagnostics is usually estimated and therefore
affected by uncertainty itself. Last, our adaptive scheme increases only for loss boundary lower than the loss
target. For these reasons, it is convenient to use slightly larger loss targets (e.g. 0.55).

When there is not the possibility to have repeatedmeasurements (e.g. during transient phenomena), the
uncertainty estimation can be guided by the perturbation approach (see section 2). In such a case, the ideal loss
target is 0.5 only if themeasurements are exact butwe suppose that they are uncertainty. In such a case, 0.55 is a
good operational value (see sections 3.1 and 3.2).

The second case consists of analysing overdetermined problems. This class of problems is very interesting
for a huge number of applications, such as data-integrated analysis andmodelling of PDE. The general for-
mulation is the same of equation (B3). For very large values ofManddiagnostics without faults (no offsets), the
MSEof equation (B3) converges again to the standard deviation of the diagnostics and therefore the ideal target
is 0.5.

However, there aremore complex cases to be considered thatmay apply to real applications. Therefore, let
us now consider the case where no repetitions are allowed (M= 1). In this case, the perturbationmethodwill be
used. In such a case, each i-thmeasurementwill have an error respect the true solution i. Therefore, the per-
turbedmeasurementwill be = + +u uM i j T i i pert i j, , , , , where uT i, is the true value to be reconstructed, i is the
error committed by the diagnostics, and pert i j, , is the perturbation. The aimof our PINN is to reconstruct the
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true solution and sowe suppose that =u up i T i, . and therefore the loss targetwill be:

[( ) ]
( )=

+
+ =

+
+

=
Loss ln

1

2
ln

1

2
B4target i

M j

M
i pert i j

M i

i M i

M i
,

1

2

1

1 , ,
2

,

2
,

2

,

Byaveraging the target of the variousdiagnostic, supposing that ourdiagnostics arenot affectedby systematic
errors and that the estimated (or expected)uncertainties are correct, the loss target canbe expected tobe:
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So, forover-determined caseswithonlyone repetition for each i-thmeasurement the ideal loss target is around
0.76 (numerically evaluated). Fromanoperational pointof view, a valuebetween0.9 and1 shouldbea good solution.

At end, it is worth it to analyse what happen in case of fault diagnostics.We consider three cases (the same
reported in section 3.3):

1. One too noisy unexpected diagnostic (the true uncertainty is unknown and equal to M k fault, , ).

2. One diagnostic with high offset values (there is a systematic error equal to offset).

3. One diagnostic with both high offsets and noise (combination of the two previous cases).

Moreover, wewill consider the casewhereM repetitions (and not perturbations) are possible. For all diag-
nostics, expect the fault one, the loss target will be equal to 0.5, while the fault one (i= k)will have a different
target as a function of the case:
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The equations above clearly explain the reasonwhya target equal to the ideal ondoesnot allows theAW-ML-
PINNto converge to good solutions,while by increasing the loss target step-by-step allows for themodel to auto-
matically excludeunphysicalmeasurements (e.g. outliers) fromthe reconstruction (See sections 3.3 and4.1).

AppendixC. Treatments 0f ideal boundaries

In PINNapplications it is quite common to have two different types of boundaries, i.e. ideal boundary
conditions andmeasured boundary conditions. Let us consider as example the fluid dynamics case reported in
section 4.3.We have some boundaries thatmust be true because of physical considerations and are not
uncertain, like the no-slip conditions on thewall, and others that are affected by uncertainties (like the velocity
from the Particle-ImageVelocimetry). Therefore, onemay ask if the ideal boundaries should be put in the
physics losses or in the boundary losses.

Unfortunately, we have not a general answer and probably the better solution is problemdependent. So, we
want just to showhow to change the losses and the target as a function of the solution. To do that, let us use the
following nomenclature:

• Lossreal is the boundary loss of uncertain quantities definedwith theNNLL as shown in the paper.

• Lossideal is the boundary loss of ideal boundaries (like no-slip conditions in fluid dynamics).

• LossPDE is the loss that aims tominimise the error on the PDE.

• Loss is the loss of the uncertainty.
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Therefore, we have two possibilities. The first on is putting the ideal loss in the physics loss:

( )= +Loss
N

Loss
N

Loss
1 1

C1physics
PDE

PDE i
ideal

ideal i, ,

And therefore all the considerations in our paper apply. Consider that this is the solution adopted by the
authors in section 4.1 for adiabatic conditions, 4.2 for the various boundary conditions and 4.3 for thewall and
symmetry conditions.

The alternative would be including the ideal loss in the boundary loss:

( )= +Loss
N

Loss
N

Loss
1 1

C2boundary
real

real i
ideal

ideal i, ,

In such a case, it is important just update the loss target by considering that the target of the loss ideal is zero.

AppendixD. Stress-testwith increasing levels of noise

A stress test of themethodology is conducted by increasing the level of noise. Let us refer to the hyperstatic case
introduced in section 3.3, but without outliers. The top rowof figureD1 shows the test cases: three scenarios
with noisymeasurements for which noise is equal to , 2 , 3 (where = 0.1), respectively. For all the three
cases, adaptive weighting scheme is usedwith =Loss 0.75target .

The reconstructionperformances, in termsofNLLanddimensionlessRMSE, arequantified in tableD1.The
results showthat in theworst case (3 ), the reconstruction returnsanaverage errorbelow theuncertainty (1.5 ),
validating the reliabilityof themethod.The results are also showngraphically infigureD1,where it canbeobserved
that the ideal signal is always inside thepredictederrorbars, confirming the capability toobtainhighaccuracy and
reliability.

FigureD1.Top row:measurements in the \sigma, 2\sigma, 3\sigma cases versus the target (or ideal) function u. Bottom row:
reconstruction for the respective case.

TableD1.NLL and normalised RMSE for the three investigated cases. The
normalised RMSE is calculated by dividing the RMSE for 0.1, which is the value of .

Case Case 2 Case 3

NLL −125.35 −61.64 0.43

/RMSE 0.70 0.70 1.5
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