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 A B S T R A C T

Critical Hopf oscillators have been proposed for modeling the cochlear micromechanics, and the generation 
of spontaneous otoacoustic emissions. In such top-down models, the cochlear micromechanical elements 
are abstractly represented through equations written in normal form. There is a gap to be filled between 
this abstract formulation and the complexity of the motion of the Organ of Corti as revealed by recent 
optical coherent tomography measurements. The aim of the present work is bridging this gap using a 
bottom-up approach: starting from realistic equations schematizing the actual physical elements of cochlear 
micromechanics, we show explicitly how these equations admit a normal form representation. To do that, the 
Organ of Corti is schematized as a system of two oscillators coupled by an internal active low-passed nonlinear 
force, and to an incompressible 2D fluid. We generalize the classical two-equation normal form to a three-
equation system, demonstrating that the normal form approach may be used to compute the relative motion 
of the main elements of the Organ of Corti, while the center of mass motion depends on the fluid forces only. 
This way, the parameters of the critical oscillator are no longer abstract mathematical quantities, but acquire 
a direct physical interpretation in terms of the dynamics of the underlying physical elements. In particular, 
the approach to the critical behavior, and the consequent dramatic variation of the cochlear response gain and 
bandwidth, are quantified in terms of a few dimensionless parameters of obvious physiological meaning.
Nonlinear oscillators working near a Hopf bifurcation exhibit ex-
ceptional properties in terms of gain and tuning that have suggested 
using them to model the resonant elements of the hearing system, 
from both the perceptual (Cartwright et al., 1999) and the mechanical 
(Jülicher et al., 2009) viewpoint. A classical study (Eguíluz et al., 2000) 
summarizes the main properties of the response of a Hopf oscillator: 
occurrence of self-sustained oscillations, essential cubic nonlinearity 
(down to very low stimulus levels) and an inverse proportionality rela-
tion between the response nonlinearity and the bandwidth nonlinearity. 
Although such a relation is not observed in the real cochlea, close-to-
critical behavior has been invoked to justify the high gain and tuning 
of mammalian hearing.

It is well-known that single oscillator models cannot fully represent 
the response of the Organ of Corti (OoC), yet critical behavior may 
occur also in mechanically complex models. Berger and Rubinstein 
(2021) proposed a modular model for a slice of the OoC, which applies 
Newton’s law to the interaction among all its mechanical and fluid 
elements, including the role of the subtectorial fluid. Their model 
shows that critical behavior may be predicted for the internal behavior 
of the OoC, which may be interpreted as the existence of a second 
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filter between the BM motion and the IHC vibration, improving both 
frequency selectivity and gain. Lee et al. (2016) provided experimental 
evidence for a similar role being played in the real cochlea by the strong 
radial tuning of the RL and TM, at a frequency lower than the local BF 
of the BM motion. Recently, ver Hulst (2024) demonstrated that Hopf 
oscillators can be successfully used for modeling also the tall and broad 
basilar membrane response if the 2D hydrodynamics is also included, 
solving the discrepancy with the observed decoupling between gain 
and tuning (Sisto et al., 2015). Cochlear models should also be able 
to predict other observable quantities, namely the observed relation 
between the RL and BM motion (Cooper et al., 2018; Cho and Puria, 
2022), and to explain the relatively flat and level-independent BM 
admittance function that has been inferred from pressure measurements 
near the BM (Dong and Olson, 2013).

This study will focus on two-degrees-of-freedom (2DOF) 2D
transmission-line cochlear models (Neely and Kim, 1986; Sisto et al., 
2021). Such models can be considered as a first step in our attempt 
to connect the single-oscillator cochlear modeling approach to more 
anatomically accurate descriptions of the cochlear function. In this 
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schematization, each element of the OoC consists of two mechanical 
oscillators (hence 2DOF), e.g., the basilar membrane (BM) and the 
reticular lamina (RL), coupled by the internal active force associated 
with the outer hair cells (OHCs). The fluid fields (pressure and velocity) 
are coupled to the BM motion by incompressibility and viscous forces, 
and a 2D or 3D representation of the fluid is necessary to capture 
some of the major features of the cochlear phenomenology (Sisto et al., 
2023). In this study we will show how the relative motion of the 
system may be formally represented by the normal form of a first order 
differential equation in a complex variable 𝑧 describing a nonlinear 
oscillator close to a Hopf bifurcation. The normal form of this equation 
includes both the dynamics of the relative motion of two mechanical 
elements of the Organ of Corti (OoC), and the low-pass behavior of 
the active force generator associated with the outer hair cells (OHCs), 
exploiting the rather obvious fact that the motion of the center of 
mass depends only on the linear equation driven by the external forces 
(fluid differential pressure and viscous drag) applied to the Organ of 
Corti. Such an equivalence is shown starting from the description of 
the 2DOF model by Sisto et al. (2019, 2021), Sisto and Moleti (2021) 
and Sisto et al. (2023), which was originally developed without any 
reference to critical oscillators. One of the main purposes of this study 
is to show that Hopf oscillators are not just abstract representations 
with fascinating dynamical properties, but that a sufficiently realistic 
cochlear model describing the main features of the cochlear response 
may admit such a representation of its local elements. Having done 
that, one can appreciate how well-known features of the critical oscil-
lators may be reinterpreted in terms of optimal values of the physical 
parameters of the real system. We will also show that an extension 
of the original model to three equations is necessary to recover the 
expected connection between high gain, sharp tuning, and approach to 
the critical regime.

1. Models

A didactic approach will be followed (for a more comprehensive in-
troduction, see e.g., Moleti and Sisto (2025)), providing a basic formal 
introduction to both the normal form of critical oscillator equations and 
the recent developments of 2D, 3D transmission-line cochlear models 
including fluid focusing and viscous damping. This approach is moti-
vated by the necessity of developing a bridge of common theoretical 
knowledge joining two rather separated communities of researchers. 
We will start considering a one-degree-of-freedom (1DOF) model, in 
which each element of the OoC at a given longitudinal position 𝑥
is represented by the basilar membrane (BM) only, of mass per unit 
surface 𝑀(𝑥), driven by the differential pressure. The equation of 
motion is: 
𝑀(𝑥)𝜉(𝑥, 𝑡) + 𝐶(𝑥)𝜉̇(𝑥, 𝑡) +𝐾(𝑥)𝜉(𝑥, 𝑡) = −𝑝𝑑 (𝑥, 𝑡). (1)

Here, and in the following, dots indicate, for brevity, the time partial 
derivatives, as the differential pressure 𝑝𝑑 (𝑥, 𝑡) and the local BM dis-
placement 𝜉(𝑥, 𝑡) are functions of the longitudinal cochlear position 𝑥
and time 𝑡. 𝐶(𝑥) and 𝐾(𝑥), representing the 𝐵𝑀 viscous coefficient and 
stiffness per unit surface, are both scaling functions of 𝑥. The model 
may be extended to include nonlinear instantaneous active terms mod-
eling the OHC additional force. Recalling the 1D propagation equation 
for the pressure along 𝑥: 
𝜕2𝑝𝑑 (𝑥, 𝑡)

𝜕𝑥2
= −2

𝜌
𝐻

𝜉(𝑥, 𝑡), (2)

where 𝜌 is the fluid (perilymph) density and 𝐻 is the height of each 
scala (tympanic and vestibular), which in more realistic models, is a 
function of 𝑥, to account for cochlear tapering (Altoè and Shera, 2020). 
In the linear limit, one can use the frequency domain formulation (here 
and in the following, we use, for each Fourier Transform, the same 
name as that of the corresponding time-domain function). Using the 
2 
definition of admittance as the complex ratio between BM velocity and 
pressure: 
𝜉(𝑥, 𝜔) = 𝑖𝜔𝜉̇(𝑥, 𝜔) = 𝑖𝜔𝑌𝑏𝑚(𝑥, 𝜔)𝑝𝑑 (𝑥, 𝜔), (3)

Eqs. (1), (2) can be written in the frequency domain as: 
𝜕2𝑝𝑑 (𝑥, 𝜔)

𝜕𝑥2
= −𝑘2(𝑥, 𝜔)𝑝𝑑 (𝑥, 𝜔), (4)

with: 
𝑘2(𝑥, 𝜔) = −2𝑖𝜔

𝜌
𝐻

𝑌𝑏𝑚(𝑥, 𝜔). (5)

Note that in the 1D, or long-wave, approximation, the admittance 
is proportional to the wavenumber squared. We use the Wentzel–
Kramers–Brillouin (WKB) approximation to find a traveling wave so-
lution for the differential pressure field as a function of 𝑥 and 𝜔. Then, 
the BM velocity 𝜉(𝑥, 𝜔) is obtained using the admittance function, as: 
𝜉(𝑥, 𝜔) = 𝑌𝑏𝑚(𝑥, 𝜔)𝑝𝑑 (𝑥, 𝜔). (6)

From now on, we will omit, for brevity, the explicit dependence on 
time, frequency and position of all the functions and their FTs, as it 
should be implicitly obvious in each specific context.

1.1. From 1DOF to 2DOF

Recent 2DOF transmission-line models of the Organ of Corti (OoC) 
(Sisto et al., 2019, 2021, 2023), based on the original model by Neely 
and Kim (1986), assume an internal force between two oscillators 
(labeled 1 and 2, representing, respectively, the BM and the RL), 
associated with the outer hair cell (OHC) active elements, while the 
external force associated with the differential fluid pressure, applied to 
the BM only, accelerates the center of mass of the system. The equations 
describing the system in the time domain are:
𝑀1𝜉1 + 𝐶1 ̇𝜉1 +𝐾1𝜉1
= −𝐶3( ̇𝜉1 − ̇𝜉2) −𝐾3(𝜉1 − 𝜉2) + 𝐶𝑛𝑙(𝜉̇1 − 𝜉̇2) − 𝑝𝑑 ,

𝑀2𝜉2 + 𝐶2 ̇𝜉2 +𝐾2𝜉2
= 𝐶3( ̇𝜉1 − ̇𝜉2) +𝐾3(𝜉1 − 𝜉2) − 𝐶𝑛𝑙(𝜉̇1 − 𝜉̇2)),
𝜕2𝑝𝑑
𝜕𝑥2

= −2
𝜌
𝐻

𝜉1. (7)

where the dependence on 𝑥 of the mass, damping, and stiffness func-
tions is not explicitly stated, for brevity. The internal OHC force is 
modeled here as a phenomenological explicit antidamping term. In 
the linear limit, the coefficient 𝐶𝑛𝑙 is a constant, while in general it 
would be a nonlinearly decreasing function of the instantaneous local 
displacement and/or velocity. As for the 1DOF case, in the linear limit, 
we can rewrite the system in the frequency domain: if we call 𝑍1, 𝑍2, 
and 𝑍𝑎 the impedance functions associated, respectively, with oscillator 
1 and 2 and to the internal coupling between them, the BM admittance 
function can be written as: 

𝑌𝑏𝑚 =
𝑍2 +𝑍𝑎

𝑍𝑎(𝑍1 +𝑍2) +𝑍1𝑍2
, (8)

where:

𝑍1 = 𝑖𝜔𝑀1 + 𝐶1 −
𝑖𝐾1
𝜔

𝑍2 = 𝑖𝜔𝑀2 + 𝐶2 −
𝑖𝐾2
𝜔

𝑍𝑎 = 𝐶3 − 𝐶𝑛𝑙 −
𝑖𝐾3
𝜔

. (9)

1.2. Introducing low-pass filtering of the OHC force

In Sisto and Moleti (2021), a third dynamical equation is added to 
the 2DOF nonlinear model (Sisto et al., 2019), to represent the low-pass 
filtering effect due to the slow build-up of the OHC transmembrane 
potential, whose characteristic cutoff time is determined by the local 
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conductance and capacitance of the OHC membrane. As suggested by 
physiologically based models of the OHC mechanism (Lu et al., 2006; 
Iwasa and Adachi, 1997), the force is represented here by a low-passed 
elastic term, which substitutes the antidamping term of Eq. (7), with a 
similar effect. The model equations in the time domain become:
𝑀1𝜉1 + 𝐶1 ̇𝜉1 +𝐾1𝜉1
= −𝑝𝑑 − 𝐶3( ̇𝜉1 − ̇𝜉2) −𝐾3(𝜉1 − 𝜉2) + 𝑝𝑂𝐻𝐶

𝑀2𝜉2 + 𝐶2 ̇𝜉2 +𝐾2𝜉2
= 𝐶3( ̇𝜉1 − ̇𝜉2) +𝐾3(𝜉1 − 𝜉2) − 𝑝𝑂𝐻𝐶

𝑝̇𝑂𝐻𝐶 +
𝑝𝑂𝐻𝐶
𝜏

= −
𝐾𝑛𝑙
𝜏

(𝜉1 − 𝜉2)

𝜕2𝑝𝑑
𝜕𝑥2

= −2
𝜌
𝐻

𝜉1. (10)

The elastic coefficient 𝐾𝑛𝑙 describes a linear approximation to the 
actually nonlinear OHC internal force. This approximation may roughly 
describe the cochlear response at a given stimulus level, by assuming a 
global variation of 𝐾𝑛𝑙, decreasing with stimulus level. In a nonlinear 
model, 𝐾𝑛𝑙(𝜉̇, 𝜉) would be a compressive nonlinear function of the local 
instantaneous displacement and/or velocity. Low-pass filtering implies 
two competing effects: as frequency gradually increases above the local 
cutoff frequency:

• attenuation of the response gradually decreases the effectiveness 
of the OHC force in the high-frequency range, above the local 
cutoff frequency. This negative effect has been often overempha-
sized, as discussed by Altoè and Shera (2023).

• rotation of the phase gradually increases the anti-damping nature 
of the OHC force, which would be approximately elastic below 
the cutoff frequency, so it may effectively transfer power to the 
mechanical system (Sisto and Moleti, 2021).

1.3. From 1D to 2D

A crucial step towards a realistic representation of cochlear hydro-
dynamics is overcoming the incorrect 1D assumption that the fluid 
variables are functions of the longitudinal coordinate only (and that 
the fluid velocity has only a longitudinal component). This step is 
accomplished in 2D models by introducing the dependence on the 
vertical coordinate 𝑧. Neglecting the viscous terms in the Navier–Stokes 
equations one can get the 2D propagation equation for the differential 
pressure in the time domain: 

∫

𝐻

0

𝜕2𝑝𝑑
𝜕𝑥2

𝑑𝑧 = −𝜌𝜉. (11)

This equation relates the BM transverse acceleration to the integral 
of the second spatial derivative of the pressure with respect to 𝑥, 
yielding the slow TW. The relation between the pressure at 𝑧 = 0
and the pressure averaged along the 𝑧 direction can be calculated in 
the frequency domain, taking into account (Steele and Taber, 1979; 
Duifhuis, 2012) the exponential dependence on 𝑧 of the pressure field, 
computed in the 2D WKB approximation: 

𝑝𝑑 (𝑥, 𝑧, 𝜔) =
𝑓 (𝑥, 𝜔) cosh(𝜅(𝐻 − 𝑧))

cos(𝜅𝐻)
𝑒−𝑖 ∫

𝑥
0 𝜅(𝜔,𝑥′)𝑑𝑥′ , (12)

and the fluid incompressibility, where 𝑓 is a normalization function 
(Duifhuis, 2012). Here we use the greek letter 𝜅 for the wavenumber, 
to avoid confusion with the elastic constant. Integrating the exponential 
profile of the pressure over the vertical direction, the following relation 
can be obtained between the average pressure and the local pressure 
close to the BM: 

𝑝̄𝑑 =
𝑝𝑑 (𝑧 = 0)

𝛼(𝜅)
, (13)

where the function 𝛼(𝜅) is given by: 

𝛼(𝜅) = 𝜅𝐻 . (14)

tanh(𝜅𝐻)

3 
The function 𝛼 tends to unity in the long-wave region (for 𝜅𝐻 ≪ 1, 
the pressure is almost constant along the vertical axis) whilst it tends 
to 𝜅𝐻 in the short-wave region (for 𝜅𝐻 > 1). It contributes to the 
cochlear gain, giving a boost to the differential pressure driving the 
BM in the short-wave region. The propagation equation for the average 
differential pressure can be written as:
𝜕2𝑝̄𝑑
𝜕𝑥2

= −2
𝜌
𝐻

𝜉 = −
2𝑖𝜔𝜌
𝐻

𝑌𝑏𝑚𝑝𝑑 (𝑧 = 0)

= −
2𝑖𝜔𝜌
𝐻

𝑌𝑏𝑚𝛼𝑝̄𝑑 = −𝜅2𝑝̄𝑑 . (15)

The WKB solution for 𝑝̄𝑑 may be used, along with Eq. (14), to get a 
solution for 𝑝𝑑 (𝑧 = 0), and 𝜉 as a functions of 𝜔 and 𝑥. We can easily 
see that, while in the long-wave limit (𝛼 = 1) the wavenumber squared 
is proportional to the admittance, in the short-wave limit, in which 
𝛼 = 𝜅𝐻 , the wavenumber is directly proportional to the admittance: 

𝜅 ≈ −2𝑖𝜌𝜔𝑌𝑏𝑚. (16)

As the admittance is a given function of 𝑥, whose real part increases 
approximately as 𝜔2(𝑥) in the region basal to the peak, a wavenumber 
proportional to the admittance grows much faster with 𝑥 than in the 
long-wave case. The general relation between the wave vector and the 
admittance is nonlinear: 

𝜅2 = −2𝑖
𝜌𝜔𝛼(𝜅)

𝐻
𝑌𝑏𝑚. (17)

We have discussed so far the solution of 1D transmission-line cochlear 
models with different numbers of degrees of freedom at each place 𝑥, 
in which the fluid effect was inserted in the WKB frequency-domain 
solution through the 𝛼 function (Duifhuis, 2012; Shera et al., 2005; 
Sisto et al., 2021). The same effect can be kept into account in the 
2D time-domain solution of transmission line cochlear models using 
the Green functions calculated in the late 1970’s by Allen (1977) and 
Allen and Sondhi (1979), with the possibility of introducing explicitly, 
if assumed by the model, instantaneous nonlinearity of the OHC mech-
anism. In this study, we will not follow this approach, and focus on 
the properties of the linearized system, whose physical interpretation 
is relatively simpler.

1.4. Introducing viscous damping

The next step towards a realistic cochlear model is introducing the 
effect of fluid viscous damping on the vibrating elements of the OoC. 
In the short-wave region, the sharp velocity gradients associated with 
the large value of the wavenumber imply strong viscous dissipation, 
thus the ideal (non-viscous) fluid approximation must be abandoned. 
Including fluid viscosity in the model, a damping term appears in 
the admittance, associated with the interaction between the moving 
elements of the OoC and the fluid. Like focusing, this term is an 
increasing function of the wavenumber. Additional damping terms 
could be introduced in more accurate models of the OoC, associated 
with the internal viscoelasticity of the cells. To solve Eqs. (17) and (14), 
self-consistency of the system of equations is imposed using an iterative 
procedure (Sisto et al., 2021).

The total friction force in the 𝑧 direction acting on both faces of the 
BM (𝑧 = 0) can be calculated as the vertical projection of the strain 
tensor:

𝜇(∇⃗𝑢 + (∇⃗𝑢)𝑇 ) (18)

𝐹𝑓𝑟𝑖𝑐𝑡(𝑥, 𝑡) = −4𝜇
𝜕𝑤(𝑥, 𝑧, 𝑡)

𝜕𝑧
|

|

|

|𝑧=0
. (19)

In which 𝑤 is the 𝑧 component of the fluid velocity. Due to the adhesion 
boundary condition, the vertical fluid velocity in the boundary layer is 
coincident with the BM vertical velocity: 
𝜉̇ = 𝑤(𝑧 = 0) (20)
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Therefore, this damping term can be written in the frequency domain 
as: 
𝐹𝑓𝑟𝑖𝑐𝑡 = −4𝑖𝜔𝜇𝜅𝜉, (21)

where 𝜉 is a function of position and frequency representing the in-
stantaneous BM displacement. In a more refined model, the analog 
friction force applied to the RL could also be taken into account, as 
well as the contribution to the TW of the RL motion (Sisto and Moleti, 
2025). Here they are both neglected for simplicity, due to the smaller 
local velocity (and velocity gradient) field at the top of the OoC. This 
viscous force, which, as the focusing effect, is proportional to the 
wavenumber, counteracts it, providing stability to the system also in 
the linear approximation (Sisto et al., 2021). This feature avoids the 
sharp saturation of the response to the nonlinear saturation ‘‘thresh-
old’’ that is typical of unstable systems stabilized by the compressive 
nonlinearity associated with the decrease of the effectiveness of the 
OHC activity with increasing OoC velocity/displacement. The anti-
damping OHC force provides the power input necessary to compensate 
the viscous losses of the forward TW in the peak region (Sisto et al., 
2023; Sisto and Moleti, 2024).

A relevant feature of this picture is that the TW peak occurs well 
before reaching the ‘‘resonant’’ place. As also suggested by experiments 
(Dong and Olson, 2013), the sharp peak of the BM and RL response 
is not associated, as in a normal resonance, with a sharp maximum 
of the admittance, where the real part of 𝜅 vanishes (where 𝑓∕𝐶𝐹 =
1), but it occurs basally to that place. The broadband nature of the 
admittance function is explained by the compensation between the 
OHC effective antidamping term and the viscous damping terms within 
a broad region, in which the wavenumber remains almost completely 
real. With increasing stimulus level, the decreased effectiveness of the 
OHC mechanism implies a basal shift of the peak, where the maximum 
value of the wavenumber that the OHC mechanism can sustain against 
viscous losses is reached (Sisto et al., 2023; Sisto and Moleti, 2024). 
Introducing viscous damping in the linearized version of the problem 
means correcting the admittance function including a damping term 
proportional to the wavenumber, which requires using a recursive 
self-consistent procedure (Sisto et al., 2023).

1.5. Critical oscillators and the Hopf bifurcation

Nonlinear oscillators working at (or near) the Hopf bifurcation have 
been used to model the hair bundle (Jülicher et al., 2009), to explain 
the existence of spontaneous otoacoustic emissions (SOAEs) and the BM 
response nonlinearity (Duifhuis, 2012; ver Hulst, 2024).

Hopf oscillators work close to an instability controlled by com-
pressive nonlinearity. Compressive nonlinear response is predicted at 
all stimulus levels, with gain decreasing with stimulus pressure 𝑆 as 
𝑆−2∕3. Unfortunately, for an isolated oscillator of this kind, a bandwidth 
increasing as 𝑆2∕3 is also predicted, which is not in agreement with 
experiments. Indeed, experiments on laboratory animals consistently 
show a ‘‘tall and broad’’ BM response, with a bandwidth weakly depen-
dent on the stimulus level. It has recently been shown (ver Hulst, 2024) 
that such oscillators, used as tonotopic elements of a transmission-line 
cochlear model, may effectively model the nonlinear response of the 
cochlea if 2D hydrodynamics is considered, using a fitting procedure 
that determines the parameters of the model by looking for agreement 
with experimental data. The 2D hydrodynamics can be accounted for 
either by using the focusing function 𝛼(𝑘), or the Green functions 
formalism.

At the Hopf bifurcation, a dynamical system shows a sharp tran-
sition from quiescence to spontaneous self-sustained oscillations, as 
a function of a parameter 𝜖, representing the real part of the sys-
tem eigenvalues. An oscillating system is represented by two complex 
conjugate eigenvalues, 𝜆 = 𝜖 ± 𝑖𝜔𝑟.

The state with 𝜖 = 0 is called Hopf bifurcation point and such 
an oscillator is defined critical. A cubic nonlinearity must operate to 
stabilize the response.
4 
In ver Hulst (2024) critical oscillators and fluid focusing yield the 
tall and broad cochlear response through a fitting procedure. A critical 
oscillator may pump energy into the mechanical system. To see that, 
we will consider the normal form, which is the linearized system 
representation in the space of the system eigenvectors of a nonlinear 
system that can operate at the Hopf bifurcation: 
𝑧̇ = −(𝜖 + 𝑖𝜔𝑟)𝑧 + (𝛼𝐻 + 𝑖𝛽𝐻 )𝑧|𝑧|2 + 𝑓. (22)

The physical meaning of the terms of this general equation may be 
different in different models. If the variable 𝑧 represents the transverse 
BM displacement, as we will assume in the following discussion, it 
may be seen as a dynamical equation lacking the inertial term, which 
turns out to be a good low-frequency approximation in tonotopic 
systems in which the TW component of frequency 𝜔 does not reach the 
resonant place, and travels therefore in a cochlear region where the 
local characteristic frequency, associated with the elastic and inertial 
terms of the oscillator, is larger than 𝜔. Interestingly, this condition is 
approximately matched, as we have previously noted, by 2D-viscous 
cochlear models.

If the variable 𝑧 represents the transverse BM velocity, the equation 
may be interpreted as a second order equation in the BM displacement, 
with a nonlinear damping term. 𝜔𝑟 is the characteristic frequency, 
the parameters 𝛼𝐻  (the Lyapunov coefficient) and 𝛽𝐻  determine the 
nonlinear term behavior, and 𝑧 is a vector with two complex compo-
nents representing a linear combination of the starting point degrees of 
freedom. In order to discuss the critical oscillator normal form and its 
implications we will follow Jülicher et al. (2009).

1.6. Where 2D cochlear models meet Hopf oscillators

In this paper we follow the same idea as ver Hulst (2024), of de-
scribing the cochlear dynamics as a coupling between critical oscillators 
and the fluid, but we will also try to identify the critical oscillators 
with a realistic physical system, to better understand the role of the 
active force in this framework. Let we start with a 2DOF schematization 
of the cochlear micromechanics. For simplicity, the parameters of the 
two oscillators are considered identical, and equal to those of their 
internal elastic coupling i.e.: 𝑀1 = 𝑀2 = 𝑀 , 𝐾1 = 𝐾2 = 𝐾3 = 𝐾, 
𝐶1 = 𝐶2 = 𝐶3 = 𝐶. This may be a rather unrealistic approximation, 
which is however extremely useful to show the relation between 2DOF 
low-passed cochlear models and the normal form of Hopf oscillators 
in the cleanest possible way. In particular, one of the normal modes 
coincides with the relative motion, on which all the internal forces 
depend. Relaxing this assumption could be a further step towards a 
realistic model, which should be taken in further studies, after having 
highlighted the analytical properties of the solution in the symmetric 
case. With this assumption, Eq. (10) can be rewritten as:
𝑀𝜉1 + 2𝐶 ̇𝜉1 + 2 𝐾𝜉1 = −𝑝𝑑 + 𝐶 ̇𝜉2 +𝐾𝜉2 + 𝑝𝑂𝐻𝐶

𝑀𝜉2 + 2𝐶 ̇𝜉2 + 2 𝐾𝜉2 = 𝐶 ̇𝜉1 +𝐾𝜉1 − 𝑝𝑂𝐻𝐶

𝑝̇𝑂𝐻𝐶 +
𝑝𝑂𝐻𝐶
𝜏

= −
𝐾𝑛𝑙
𝜏

(𝜉1 − 𝜉2)

𝜕2𝑝𝑑
𝜕𝑥2

= −2
𝜌𝛼
𝐻

𝜉1. (23)

A key element of this study is realizing that the two normal modes of 
the coupled oscillators are the most convenient description of the mo-
tion of the system. Indeed, center of mass motion (plus mode) depends 
(obviously) on the external force only (the differential pressure, as 
described by a linear equation, while the relative motion (minus mode) 
is also determined by the nonlinear internal force and may therefore 
permit a Hopf schematization. If one considers the sum of the first and 
the second equation, one gets the equation of motion for the center of 
mass of the system: 
𝑀(𝜉 + 𝜉 ) + 𝐶( ̇𝜉 + ̇𝜉 ) +𝐾(𝜉 + 𝜉 ) = −𝑝 , (24)
1 2 1 2 1 2 𝑑
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i.e.: 
𝑋̈+ + 𝛾𝑐𝑚(𝑥)𝑋̇+ + 𝜔2

0 𝑐𝑚(𝑥)𝑋+ = −
𝑝𝑑
2𝑀

, (25)

where 𝑋+ = 𝜉𝑐𝑚 = (𝜉1 + 𝜉2)∕2, 𝛾𝑐𝑚 = 𝐶∕𝑀 , and 𝜔0 𝑐𝑚 =
√

𝐾∕𝑀
are the local damping coefficient and tonotopic resonance frequency 
associated with the motion of the center of mass. This equation can 
be studied separately, as it is independent of the nonlinear OHC force, 
which, being an internal one, does not affect the motion of the center 
of mass. Subtracting the second from the first equation, one gets, for 
the relative motion 𝑋− = (𝜉1 − 𝜉2)∕2 of the two masses: 

𝑋̈− + 𝛾(𝑥)𝑋̇− + 𝜔2
0(𝑥)𝑋− = −

𝑝𝑑
2𝑀

+
𝑝𝑂𝐻𝐶
𝑀

, (26)

where 𝛾 = 3𝐶∕𝑀 is the total damping of the relative motion, and 
𝜔0 =

√

3𝜔0 𝑐𝑚 is the characteristic frequency of the relative motion. 
Note that in the eigenvector space, both normal modes are excited by 
the differential pressure, while the active force, being an internal one, 
cannot accelerate the center of mass, and only acts on the equation for 
the relative motion.

We are now ready to show the connection (and its limitations) 
between the equation for the normal mode associated to the relative 
motion forced by an internal active force 𝐹𝑎 = 𝑝𝑂𝐻𝐶 and the normal 
form of a Hopf oscillator equation described by Jülicher et al. (2009) in 
a different context. For a forward TW component of frequency 𝜔 < 𝜔0, 
i.e. in the path basal to the resonance, where the mass term can be 
approximately neglected, the oscillatory normal mode for the relative 
motion is approximately represented by the following system of equa-
tions, which we write now in the Jülicher’s notation (with the exception 
of not using 𝜆 = 𝑚𝛾 to avoid confusion with the standard name of the 
eigenvalues) to help the reader understanding the connection:
𝑚𝛾𝑋̇− = −𝑘𝑋− + 𝐹𝑎 + 𝐹𝑒𝑥𝑡

𝛽𝐹̇𝑎 = −𝐹𝑎 − 𝑘̄𝑋−. (27)

where:

• 𝐹𝑎 = 𝑝𝑂𝐻𝐶
• 𝐹𝑒𝑥𝑡 = 𝑝𝑑
• 𝛽 = 𝜏
• 𝑚 = 𝑀
• 𝑘 = 3 K
• 𝑘̄ = 𝐾𝑛𝑙

The second equation describes in this case the low-pass filtering asso-
ciated with the slow build-up the OHC transmembrane voltage, driven 
by a current that, in the linear limit, is an elastic function of relative 
displacement between the two oscillators (Lu et al., 2006). After di-
agonalization of the system matrix, a single Hopf oscillator equation 
is obtained in the rotated space for a complex variable 𝑧, whose 
real part coincides with the relative displacement 𝑋−. The details are 
reported in Appendix. This procedure allows one to write, in the linear 
approximation, an explicit expression for the admittance of the relative 
motion mode, as a function of the parameters of the two-oscillator 
system: 

𝑌− =
𝑋̇−
𝑝𝑑

= 𝜔 cos 𝜃
𝛬(𝜔 − 𝜔𝑟 − 𝑖𝜖)

, (28)

where 

𝜖 = 1
2

(

𝑘
𝑚𝛾

+ 1
𝛽

)

, (29)

𝜔𝑟 =

√

𝑘̄
𝑚𝛾𝛽

− 1
4

(

𝑘
𝑚𝛾

− 1
𝛽

)2
, (30)

𝛬 =
𝑚𝛾

√

1 +
(

𝑘
𝑚𝛾 −

1
𝛽
)

2
, (31)
2𝜔𝑟

5 
and 

𝜃 = arctan

( 𝑘
𝑚𝛾 − 1

𝛽

2𝜔𝑟

)

, (32)

In the critical limit 𝜖 ←←→ 0: 
𝑌− = 𝜔 cos 𝜃

𝛬(𝜔 − 𝜔𝑟)
. (33)

The admittance of Eq. (33) is real, so it may represent either a damping 
or an antidamping effect. If cos 𝜃 > 0 and 𝜔 < 𝜔𝑟, it yields antidamping. 
As pointed out by ver Hulst (2024), the critical oscillator pumps energy 
into the system along the TW forward path, before the CF tonotopic 
region.

Although the striking analogy with the Hopf system described in 
the literature (Jülicher et al., 2009) may be alluring, the low-frequency 
assumption is not well verified in the peak region, even considering the 
basal shift of the response peak due to 2D hydrodynamics (Sisto et al., 
2023; Sisto and Moleti, 2024). More importantly, this approximation, 
which allows one to neglect the second order inertial term in Eq. (26), 
to exactly match the form of Eq. (27), alters qualitatively the physical 
meaning of the parameters of the mechanical system. For example, in 
this two-equation model, the bifurcation cannot be crossed, because 𝜖
in Eq. (29) is strictly positive, and approaching the critical limit does 
not even imply optimizing the gain of the system.

1.7. Re-introducing the inertial term in the relative motion equation

It is therefore necessary to take one step forward, to modify and 
extend the equations for the relative motion by including the mass 
term. We will show that including the mass term in the equation for 
the relative motion recovers the expected physical behavior of a Hopf 
system, in which exceptionally high gain is obtained in the critical 
region. One gets a system of three first order differential equations:
𝑋̇− = 𝑉−
𝑚𝑉̇− = −𝑚𝛾𝑉− − 𝑘𝑋− + 𝐹𝑎 + 𝐹𝑒𝑥𝑡

𝛽𝐹̇𝑎 = −𝐹𝑎 − 𝑘̄𝑋−. (34)

The procedure for finding the admittance of the relative motion mode 
is the same as that described in Appendix. In this case, the 3 × 3 system 
matrix is: 

𝐀𝟑 =
⎛

⎜

⎜

⎝

0 1 0
𝐵 𝐶 𝐷
𝐸 0 𝐹

⎞

⎟

⎟

⎠

, (35)

with:

• 𝐵 = − 𝑘
𝑚

• 𝐶 = −𝛾
• 𝐷 = 1

𝑚
• 𝐸 = − 𝑘̄

𝛽

• 𝐹 = − 1
𝛽

The eigenvalue equation is: 

𝜆3 +
(

𝛾 + 1
𝛽

)

𝜆2 +
(

𝛾𝛽 + 𝑘
𝑚

)

𝜆 + 𝑘̄ + 𝑘
𝑚𝛽

= 0. (36)

This third order algebraic equation admits one real eigenvalue and, 
if 𝛥 < 0, the other two eigenvalues are complex conjugates: 𝜆1,2 =
𝜖 ± 𝑖𝜔𝑟, with 𝜆3 real and negative, corresponding therefore to a pure 
damping mode. Note that we use the same notation as in the appendix 
for the eigenvalues 𝜆1,2 and for their real and imaginary parts 𝜖 and 
𝜔𝑟, although they are relative here to the 3 × 3 matrix (35), while in 
the appendix they are eigenvalues of the 2 × 2 matrix (66), and have 
a different dependence on the cochlear parameters. The eigenvectors 
have the form: 

𝑣 =

⎛

⎜

⎜

⎜

1
𝜆𝑖

− 𝐸

⎞

⎟

⎟

⎟

, (37)
⎝
𝐹−𝜆𝑖 ⎠
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The basis change matrix 𝐏 is: 

𝐏 =

⎛

⎜

⎜

⎜

⎝

1 1 1
𝜆1 𝜆2 𝜆3

− 𝐸
𝐹−𝜆1

− 𝐸
𝐹−𝜆2

− 𝐸
𝐹−𝜆3

⎞

⎟

⎟

⎟

⎠

, (38)

satisfying the condition: 

𝐏−1𝐀𝐏 =
⎛

⎜

⎜

⎝

𝜆1 0 0
0 𝜆2 0
0 0 𝜆3

⎞

⎟

⎟

⎠

, (39)

If the vector 𝑥 representing the degrees of freedom in the physical space 
is real and is given by: 

𝑥⃗ =
⎛

⎜

⎜

⎝

𝑋−
𝑉−
𝐹𝑎

⎞

⎟

⎟

⎠

, (40)

The vector 𝑦 in the rotated space in which 𝐀 is diagonal can be written 
as: 
𝑦 = 𝐏−1𝑥⃗. (41)

The two complex conjugate eigenvalues are associated to complex 
conjugate components of the vector 𝑦: 
𝑦1 = 𝑦∗2 = 𝑧, (42)

and, consequently: 

𝑦 =
⎛

⎜

⎜

⎝

𝑧
𝑧∗

𝑦3

⎞

⎟

⎟

⎠

, (43)

with 𝑧 complex. In terms of the variables in the rotated space, where 
𝐀 is diagonal, the system of first order differential equations (34) 
becomes:

𝑧̇ = −(𝜖 − 𝑖𝜔𝑟)𝑧 + 𝑓, (44)
𝑧̇∗ = −(𝜖 + 𝑖𝜔𝑟)𝑧∗ + 𝑓 ∗, (45)
𝑦̇3 = 𝜆3𝑦3. (46)

Only two equations are independent, as the second equation is the 
complex conjugate of the first. In terms of the complex variable 𝑧 the 
system of three equations in the physical space can be set in the form 
of only two equations. The third one is the time evolution of a purely 
damped mode (𝜆3 < 0) and does not contribute to the resonant response 
in the forced case. The first equation represents the normal form of an 
oscillatory system. As in the previous case, one can interpret it as the 
linearization of the Hopf oscillator of Eq. (22). The oscillator is at the 
Hopf bifurcation when 𝜖 = 0, The forcing term 𝑓 in the first equation 
is: 
𝑓 = −

𝑝𝑑
𝑚

𝑃−1
12 . (47)

The inverse of the matrix 𝐏 can be calculated: 

𝐏−1 = 1
𝑑𝑒𝑡(𝐏)

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜆2𝑎3 − 𝜆3𝑎2 𝑎2 − 𝑎3 𝜆3 − 𝜆2

𝜆3𝑎1 − 𝜆1𝑎3 𝑎3 − 𝑎1 𝜆1 − 𝜆3

𝜆1𝑎2 − 𝜆2𝑎1 𝑎1 − 𝑎2 𝜆2 − 𝜆1

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, (48)

where: 
𝑎𝑖 = − 𝐸

𝐹 − 𝜆𝑖
, (49)

and the determinant is: 
𝑑𝑒𝑡(𝐏) = 𝑎1(𝜆3 − 𝜆2) + 𝑎2(𝜆1 − 𝜆3) + 𝑎3(𝜆2 − 𝜆1). (50)

Let us take the equation for z and its complex conjugate and sum up 
the two: 
𝜕(𝑧 + 𝑧∗)

= −𝜖(𝑧 + 𝑧∗) + 𝑖𝜔 (𝑧 − 𝑧∗) + 𝑓 + 𝑓 ∗. (51)

𝜕𝑡 𝑟

6 
The oscillator is at the Hopf bifurcation when 𝜖 = 0. The displacement 
of the relative motion can be identified with the real part of the 
complex coordinate in the rotated space 
𝑋− = 2𝑅𝑒(𝑧) = 𝑧 + 𝑧∗. (52)

The expression for the velocity can be derived: 
𝑋̇− = 𝑖𝜔(𝑧 − 𝑧∗) = −2𝜔𝐼𝑚(𝑧). (53)

Eq.  (51) can be rewritten as: 
𝑋̇− = −𝜖𝑋− +

𝜔𝑟
𝜔

𝑋̇− + 2𝑅𝑒(𝑓 ). (54)

or: 
(𝜔 − 𝜔𝑟 − 𝑖𝜖)𝑋̇− = 𝑅𝑒(𝑃−1

12 )𝜔
𝑝𝑑
𝑚

, (55)

The admittance can be straightforwardly derived as the ratio between 
the velocity and the pressure: 

𝑌− =
𝑋̇−
𝑝𝑑

=
𝑅𝑒(𝑃−1

12 )𝜔
𝑚(𝜔 − 𝜔𝑟 − 𝑖𝜖)

=
(𝑎2 − 𝑎3)𝜔

𝑑𝑒𝑡(𝐏)𝑚(𝜔 − 𝜔𝑟 − 𝑖𝜖)
. (56)

It is now possible to discuss how the physical parameters of the original 
model can be set in order to establish specific relations for the param-
eters of the Hopf oscillator model. It will be useful to define a set of 
dimensionless quantities:

• 𝐴𝑙𝑝 =
1

𝜔0𝛽

• 𝑄𝑝 =
𝜔0
𝛾

• 𝑟𝑂𝐻𝐶 =
√

𝑘̄
𝑘

• 𝐶𝑅 = 𝜖
𝜔𝑟

The parameter 𝐴𝑙𝑝 has a double physical meaning. On one hand, it 
represents the attenuation factor in the peak region due to low-pass 
filtering associated with the slow OHC voltage buildup. On the other 
hand it is associated to the rotation of the phase of the active force, 
which for large 𝐴𝑙𝑝 tends to 90◦, yielding an effective anti-damping 
term. In a more realistic model it should be variable along the BM, in 
this study we consider only one stimulus frequency.

The passive quality factor 𝑄𝑝 is associated with the bandwidth of 
the BM response at very high stimulus levels (or post-mortem), so it 
may be assumed of order unity.

The critical ratio (𝐶𝑅) parameter, which measures the distance 
from the critical limit (𝐶𝑅 ≪ 1), is a function of the other three 
dimensionless parameters. The expressions for the explicit solutions of 
third order algebraic equations are rather cumbersome, involving cubic 
roots. Quite fortunately, the critical condition can also be obtained 
directly from the eigenvalue Eq.  (36), Indeed, the real part of the 
complex radices of an algebraic equation of the form: 
𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 (57)

vanishes (critical condition) if 𝑎𝑏 = 𝑐, i.e., in this case: 
(

𝛾 + 1
𝛽

)( 𝛾
𝛽
+ 𝑘

𝑚

)

= 𝑘̄ + 𝑘
𝑚𝛽

. (58)

Hence, the dimensionless parameter 

𝐶𝑅 =

( 1
𝑄2 + 1

𝑄𝐴𝑙𝑝
+ 𝐴𝑙𝑝

𝑄 + 1

𝑟2𝑂𝐻𝐶 + 1

)1∕3

− 1 (59)

must be much smaller than unity to ensure close-to-critical behavior. If 
one assumes the passive quality factor 𝑄 of order unity, and a constant 
low-pass attenuation factor 𝐴𝑙𝑝 of order 10, the critical parameter is 
approximately given by: 

𝐶𝑅 ≈

(

1 + 1∕𝑄2 + 𝐴𝑙𝑝∕𝑄

𝑟2𝑂𝐻𝐶 + 1

)1∕3

− 1 (60)

and the approach to the critical limit is mainly determined, as it should 
be in a reasonable model, by the dimensionless parameter 𝑟 , which 
𝑂𝐻𝐶
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measures the strength of the nonlinear OHC mechanism. Differently 
from the 2-equations system of Eq. (27), the bifurcation can be actually 
crossed for sufficiently strong OHC feedback (𝑟2𝑂𝐻𝐶 > 1

𝑄2 + 1
𝑄𝐴𝑙𝑝

+ 𝐴𝑙𝑝
𝑄 ). 

The admittance of the sum mode (the center of mass) is that of a 
resonant oscillator of frequency 𝜔0 𝑐𝑚: 

𝑌+ =
𝑋̇+
𝑝𝑑

=
𝑖𝜔∕𝑚

𝜔2
0 𝑐𝑚 − 𝜔2 + 𝑖𝜔𝛾

. (61)

This admittance can also be corrected introducing the viscous fric-
tion force on the BM, using the iterative self-consistent procedure 
described in Sisto et al. (2023). After having found the admittances of 
the two modes, one can obtain the BM displacement 𝜉1, and the RL 
displacement 𝜉2:

𝜉̇1 =
𝑌+ + 𝑌−

2
𝑝𝑑 = 𝑌1𝑝𝑑 , (62)

𝜉̇2 =
𝑌+ − 𝑌−

2
𝑝𝑑 = 𝑌2𝑝𝑑 . (63)

2. Results and discussion

We performed simulations in the frequency domain for the lin-
earized system in the WKB approximation for a stimulus frequency of 
5 kHz. An iterative procedure was also implemented in order to find 
self-consistent solutions for the wave vector to account for viscosity. 
The cochlear model parameters are listed in Table  1, and do not refer to 
any specific animal. As the model is linear, the different activity levels 
are parameterized in terms of a globally variable active mechanism 
efficiency. The results of a first simulation are shown in Fig.  1. The BM 
gain function shows a large dynamical range, even without getting very 
close to the critical limit, as shown in Fig.  1. With the parameters of 
this study, the BM and RL responses are quite similar in amplitude and 
phase, with a small negative phase shift of the RL response. Another 
peculiar feature of 2D cochlear models including fluid focusing and 
viscous drag on the OoC (Sisto et al., 2021), is the progressive basal 
shift of the response peak (or best place, BP), increasing with decreasing 
OHC activity (or increasing stimulus level in a nonlinear model). This 
shift has also experimentally observed in OCT experiments (e.g. Cho 
and Puria (2022) and Cooper et al. (2018)). Recent 2D models interpret 
it as a progressive shift of the BP with respect to the ‘‘nominal’’ resonant 
place, where the considered TW frequency component matches the 
local 𝜔0 𝑐𝑚, and which could be called the characteristic place (CP) 
(Sisto and Moleti, 2024). This feature is also visible in Fig.  1. Another 
interesting feature of the model simulations is the absence of a sharp 
admittance peak, i.e., the BM velocity and the pressure responses are 
similar to each other. This feature is in agreement with experimental 
results (Dong and Olson, 2013) that showed peaked response across 
variable stimulus levels for fluid pressure near the BM and estimated 
similar response for the vertical fluid velocity, which is related to the 
BM velocity by the adhesion condition. It is also useful to show sepa-
rately the admittances of the two normal modes (see Fig.  2). The center 
of mass admittance shows a moderately peaked and level-independent 
admittance, while the differential motion admittance, which is sensitive 
to the OHC nonlinear internal force, is a weak function of the activity 
parameter 𝑟𝑂𝐻𝐶 . In the Hopf oscillator literature, the study of the 
system is particularly interesting near the critical point, i.e., where 
𝐶𝑅 = 𝜖∕𝜔𝑟 ≪ 1. Fig.  3 shows that approaching the critical limit the 
gain of the system may become arbitrarily high approaching the critical 
limit, as a function of the effectiveness of the OHC mechanism, which is 
a physically expected feature of a critical system. The correspondingly 
peaked admittance of the relative mode is shown in Fig.  4.

Even in the linear approximation, the sharply peaked response ob-
tained approaching the critical behavior would eventually be smoothed 
by viscous damping. Introducing increasing viscosity in the simulation 
with the lowest CR (0.5) of those shown in Fig.  1, the gain is progres-
sively reduced and the peak of the response is further basally shifted, 
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Table 1
Parameters [range] of the cochlear model used in the simulations.
 Physical quantity Name Value  
 Stimulus frequency 𝜔 2𝜋5000 rad/s  
 Tonotopic map scale 𝑘𝜔 400 m−1  
 BM, RL stiffness 𝐾(𝑥) 1.1 ∗ 1010𝑒−𝑘𝜔𝑥 N/m3 
 BM, RL damping 𝐶(𝑥) 104𝑒−0.5𝑘𝜔𝑥 N/sm3  
 BM, RL mass 𝑀 0.05 kg/m2  
 Low-pass attenuation 𝐴𝑙𝑝 10  
 Passive quality factor 𝑄 1.35  
 OHC activity 𝑟𝑂𝐻𝐶 [0.4 − 2.7]  
 Critical parameter 𝐶𝑅 [1.0 − 0.03]  

Fig. 1. Top: Simulation of the BM response to a 5 kHz stimulus of a 2DOF 
2D cochlear model in the WKB approximation, with parameters chosen in 
order to simulate the typical range of the BM gain, which increases rapidly 
with decreasing CR. Lines of increasing thickness are associated to increasing 
effectiveness of the active mechanism and correspondingly decreasing values 
of 𝐶𝑅 = (1, 0.75, 0.6, 0.5). The pressure gain is shown in the inset. Bottom: 
Difference between the RL and BM gain, and between the RL and BM phase 
(in the inset)

as shown in Fig.  5. Using viscosity coefficients much higher than those 
of the cochlear fluids may be interpreted as a rough attempt of taking 
into account the large viscous losses expected inside the viscoelastic 
elements of the OoC and in the narrow Corti fluid channels within the 
scala media (Shokrian et al., 2025).

The analysis of the normal form of the linearized equations of a 
2DOF cochlear model, including two-dimensional fluid coupling and 
a low-pass active force, provides a reasonable prediction of the main 
experimental properties of the BM and RL response, as shown in Fig.  1, 
without any fine tuning of the cochlear parameters. The normal mode 
approach allows one to define two separate admittance functions, for 
the relative motion and the center of mass motion. This formalism 
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Fig. 2. Admittance of the two modes for the simulations of Fig.  1. The 
admittance of the relative motion depends on the strength of the active 
mechanism, i.e., on the critical parameter, but a sufficiently high gain is 
obtained for the relatively flat admittance corresponding to 𝐶𝑅 = 0.5 (thickest 
red line).

Fig. 3. Top: Simulation of the response to a 5 kHz stimulus of a 2DOF 2D 
cochlear model in the WKB approximation, using the normal form of the 
oscillator Eq. (34). The BM and pressure gain functions, defined as the ratio 
between the local amplitude and that at the cochlear base, are shown as 
functions of the longitudinal coordinate 𝑥, for four different levels of the 
parameter 𝐶𝑅. The four simulations are obtained for 𝐶𝑅 = (0.75, 0.3, 0.15, 0.03). 
Approaching the critical limit yields huge gain levels, and very narrow band 
response. Bottom: Difference between the RL and BM gain, and between the 
RL and BM phase (in the inset).

provides a direct physical interpretation of the active amplification 
process and clarifies how the interplay between fluid coupling and 
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Fig. 4. Admittance of the normal modes for the four simulations of Fig.  3. 
The admittance of the relative motion mode peaks only for the simulations 
yielding exceedingly narrow band response and unreasonably high gain.

Fig. 5. Top: Simulation of the response to a 5 kHz sinusoidal stimulus of 
a 2DOF 2D cochlear model in the WKB approximation, as in Fig.  1, for 
𝑟𝑂𝐻𝐶 = 2.25, i.e. 𝐶𝑅 = 0.5. Bottom: Difference between the RL and BM gain, 
and between the RL and BM phase (in the inset). Lines of increasing thickness 
correspond in this case to increasing values of the viscosity coefficient: 
0, 𝜇𝑤, 3𝜇𝑤, 10𝜇𝑤, 30𝜇𝑤, 100𝜇𝑤, where 𝜇𝑤 is the viscosity of water.

active micromechanics gives rise to power gain within the cochlea. 
Within the present framework, it is shown that the cochlear response 
increases dramatically as the system approaches the Hopf bifurcation. 
A key result of this work is that the approach to the critical regime 
is parameterized entirely in terms of three dimensionless quantities 
with obvious physical meaning, related to: (1) the effectiveness of the 
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active force generated by the OHCs; (2) the cutoff frequency of the 
low-pass filter describing the slow build-up of the OHC transmem-
brane voltage, and (3) the quality factor of the passive mechanical 
system. This approach provides therefore a transparent and physically 
grounded interpretation of cochlear criticality: the distance from the 
Hopf bifurcation is not introduced as an abstract control parameter, 
but it is naturally associated with measurable physiological properties 
of the cochlear active process. In this model, it is not necessary to get 
very close to the critical point to reproduce the experimental cochlear 
response (𝐶𝑅 = 0.5 may be a sufficiently small value), which may 
be considered as a positive feature: fine tuning of the physiological 
parameters is not necessary to get sufficiently large cochlear gain. As 
suggested by Fig.  3, exceptionally low values of 𝐶𝑅 in specific cochlear 
regions could be one of the conditions (along with geometrical ones 
Shera, 2007) for getting the particularly strong SOAEs that are some-
times observed, e.g., in newborns (Sisto and Moleti, 1999). Separating 
the admittance of the relative motion from that of the center of mass 
is important to get deeper physical insight into the cochlear response. 
Indeed, the physical properties of the two modes are more clearly 
identified than those of the two oscillators: the center of mass motion 
depends on a linear equation driven by the differential pressure only, 
whereas the relative motion is also determined by the nonlinear active 
force, as shown in Figs.  2, 4. Finally, in such a scheme, it is possible 
to introduce viscosity to evaluate its stabilizing effect in the linear 
limit (see Fig.  5), before introducing the saturating nonlinearity. A 
realistic compressive response can be ultimately computed only with 
a numerical time-domain solution of the nonlinear equation system, 
which is outside the scope of the present paper.

The ‘‘identical oscillators’’ hypothesis is a main limitation of the 
present study, partially justified by its didactic scope. Indeed, relax-
ing this hypothesis, which will be necessary to get more accurate 
predictions of the cochlear response, the analytical properties of the 
solution that make its physical interpretation so straightforward would 
not be fully maintained. Another obvious limitation is the use of a 
linear approximation, which neglects the nonlinear behavior of Hopf 
oscillators. The aim of this paper was showing the correspondence 
between two formalisms, which is easily obtained on the linear limit. A 
detailed analysis of the time-domain response of the locally nonlinear 
system will be the object of a separate study, dedicated to the prediction 
of nonlinear effects such as two-tone suppression, intermodulation 
distortion generation, and self-sustained oscillations.

3. Conclusions

The formalism of critical nonlinear oscillators, which has been the 
object of several theoretical studies, turns out to be well-tailored to 
the behavior of 2DOF 2-D cochlear models including a low-passed 
internal OHC force, pressure focusing and viscous drag. The normal 
form of the equation of motion, as proposed by Jülicher to describe 
the dynamics of the hair bundle, turns out to be useful to describe 
both the relative motion of the BM and RL and the low-pass filtering of 
the active force with a first order differential equation involving a 2-D 
variable, while the motion of the center of mass of the OoC is separately 
described by the usual second order equation driven by the differential 
pressure only. Analyzing separately these two normal modes enhances 
physical insight, because only the relative motion mode is sensitive to 
the internal nonlinear OHC force.

On the other hand, the exact correspondence with the ‘‘classical’’ 
Jülicher’s form requires neglecting the inertial term in the relative 
motion mode equation. In this not-well-verified approximation, ap-
proaching the critical regime is not always an advantage in terms of 
peak gain. This unexpected feature suggests that, although formally 
attractive, the exact correspondence with the Hopf normal form com-
promises the main physical meaning of the equations. This meaning 
is fully recovered by restoring the mass term. The generalization of 
the Jülicher’s formalism to a system of three linear equations, which is 
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presented in this study, leads to a very reasonable relationship between 
the critical parameter and the three dimensionless parameters associ-
ated with the active and passive elements of the system. It is therefore 
possible to use this approach to tune such a cochlear model with two 
mechanical degrees of freedom, including 2D hydrodynamic effects, 
using only three physically meaningful dimensionless parameters.

CRediT authorship contribution statement

Renata Sisto: Writing – original draft, Software, Formal analysis, 
Conceptualization. Arturo Moleti: Writing – review & editing, Writ-
ing – original draft, Visualization, Validation, Software, Investigation, 
Formal analysis, Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to 
influence the work reported in this paper.

Appendix

Here we recall, for the interested reader, the algebraic procedure 
proposed by Jülicher et al. (2009), to put the two first order differential 
equations (27) in the normal form, and use it to derive an admittance 
function for the relative motion mode. Embedding the observable 
degrees of freedom of the system, 𝑋− and 𝐹𝑎, in a single vector: 
𝑌 = (𝑋−, 𝐹𝑎), (64)

the system can be written in the matrix form:: 
̇⃗𝑌 = 𝐀𝑌 + 𝐹𝑒𝑥𝑡, (65)

where the second component of the vector 𝐹𝑒𝑥𝑡 is null.
In the linear limit, by diagonalizing the system matrix: 

𝐀 =

⎛

⎜

⎜

⎜

⎝

− 𝑘
𝑚𝛾

1
𝑚𝛾

− 𝑘̄
𝛽 − 1

𝛽

⎞

⎟

⎟

⎟

⎠

, (66)

one gets the system eigenvalues 𝜆1 and 𝜆2, which are complex conju-
gates, implying a resonant damped oscillatory solution for the homo-
geneous system: 
𝜆1,2 = −(𝜖 ± 𝑖𝜔𝑟), (67)

With damping 𝜖 and resonance frequency 𝜔𝑟 given, respectively, by:

𝜖 = 1
2

(

𝑘
𝑚𝛾

+ 1
𝛽

)

, (68)

𝜔𝑟 =

√

𝑘̄
𝑚𝛾𝛽

− 1
4

(

𝑘
𝑚𝛾

− 1
𝛽

)2
. (69)

The basis change matrix 𝐕 can be written in terms of the eigenvector 
𝑢: 

𝑢 = 𝑚𝛾
[

𝑖𝜔𝑟 +
1
2

(

𝑘
𝑚𝛾

− 1
𝛽

)]

, (70)

and its complex conjugate 𝑢∗, as: 

𝐕−1 = 2
𝑢 − 𝑢∗

(

𝑢 −1
−𝑢∗ 1

)

, (71)

The complex variable 𝑧 is one of the components of a complex vector 
𝑧 that can be written in the rotated space in which 𝐀 is diagonal: 
𝑧 = 𝐕−1𝑌 . (72)

The two components of 𝑧 are complex conjugate, so the non-
homogeneous system can be written as a single equation 
𝑧̇ = −(𝜖 − 𝑖𝜔 )𝑧 + 𝑓, (73)
𝑟
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where

𝑓1 = 𝑓 = 𝑉 −1
11

𝑝𝑑
𝑚𝛾

= 2𝑢
𝑢 − 𝑢∗

𝑝𝑑
𝑚𝛾

=

𝑖𝜔𝑟
[

1 + 1
2𝑖𝜔𝑟

( 𝑘
𝑚𝛾 − 1

𝛽

)]

𝑖𝜔𝑟

𝑝𝑑
𝑚𝛾

=
[

1 − 𝑖
2𝜔𝑟

(

𝑘
𝑚𝛾

− 1
𝛽

)]

𝑝𝑑
𝑚𝛾

= 𝑝𝑑
𝑒𝑖𝜃

𝛬
. (74)

The pressure (assumed real for simplicity) in the rotated space yields a 
complex stimulus of amplitude (Jülicher et al., 2009): 

𝑝𝑑
𝛬

=
𝑝𝑑

√

1 +
(

𝑘
𝑚𝛾 −

1
𝛽

2𝜔𝑟

)

2

𝑚𝛾
, (75)

and phase: 

𝜃 = arctan

( 𝑘
𝑚𝛾 − 1

𝛽

2𝜔𝑟

)

, (76)

Eq.  (73) can be considered as the linearized normal form of the dynam-
ical equation of a nonlinear oscillator: 
𝑧̇ = −(𝜖 − 𝑖𝜔𝑟)𝑧 + (𝛼𝑛𝑙 + 𝑖𝛽𝑛𝑙)𝑧|𝑧|

2 + 𝑓. (77)

The relative displacement between the two masses of the OoC can be 
identified with the real part of the complex coordinate 𝑧: 

𝑋− = 𝑅𝑒(𝑧) = 𝑧 + 𝑧∗

2
. (78)

It can be straightforwardly demonstrated that 𝐼𝑚(𝑧) can be written as: 

𝐼𝑚(𝑧) = 1
𝑚𝛾𝜔𝑟

−

[

𝐹𝑎 +𝑋−
𝑚𝛾
4

(

𝑘
𝑚𝛾

− 1
𝛽

)]

. (79)

Let us take the complex conjugate of the linearized Eq. (73) and sum 
them up: 
(𝑧̇ + 𝑧̇∗) = −𝜖(𝑧 + 𝑧∗) + 𝑖𝜔𝑟(𝑧 − 𝑧∗) + 𝑓 + 𝑓 ∗, (80)

The velocity can be derived in the frequency domain as: 

𝑋̇− = 𝑖𝜔 𝑧 − 𝑧∗

2
= −𝜔𝐼𝑚(𝑧), (81)

hence: 
(𝜔 − 𝜔𝑟)𝑋̇− = −𝜖𝜔𝑋− + 𝜔𝑅𝑒(𝑓 ). (82)

or: 
(𝜔 − 𝜔𝑟 − 𝑖𝜖)𝑋̇− = 𝜔 cos 𝜃

𝛬
𝑝𝑑 , (83)

The admittance of the relative motion mode can be straightforwardly 
derived as the ratio between the velocity and the pressure: 

𝑌− =
𝑋̇−
𝑝𝑑

= 𝜔 cos 𝜃
𝛬(𝜔 − 𝜔𝑟 − 𝑖𝜖)

. (84)
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