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Abstract

In this paper, we consider mixed-integer nonlinear constrained optimization prob-
lems. Specifically, we assume that the integrality constraints are non-relaxable, that
is, the functions appearing in the problem cannot be computed when the integrality
constraints are violated. To solve this class of problems, we propose an augmented
Lagrangian-type algorithm which is able to handle integer variables by means of prim-
itive directions. A theoretical analysis of the convergence properties of the proposed
algorithm is carried out. Finally, some numerical experimentation is reported.
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1 Introduction

In this paper, we are concerned with combining an augmented Lagrangian approach
[9], commonly used to solve continuous problems, with the use of particular direc-
tions, named primitive directions, which naturally allow us to handle integer variables.
We also assume that integrality constraints are non-relaxable, i.e., they must always
be satisfied in order to obtain meaningful results from the oracle computing prob-
lem functions and their partial derivatives. Hence, we limit ourselves to considering
problems where integer variables are non-binary.
Then, we consider constrained optimization problems of the following form:

min f(x, z)
s.t. hi(x,z2)=0, i=1,...,p, )
xi€lli,u;]CR, i=1,..., ny,

zi €lai,bilNZ, i=1,...,ng
where f 1 R" - R, h; :R" > R, i =1,...,p,x € R™, 7z € Z', ny,n, > 1,
n = ny +n; and x;, z; denote the i-th component of vectors x and z. In the following,

we denote by £2, X and Z the sets:

2={(x,z2) e R™" xZ" :hij(x,z) =0,i=1,...,p},

X={xeR":<xi<u,i=1,...,ny},

ZZ{ZGZnZ L a; SZiSb,’,iZI,...,nZ},
where l;,u; € R, l; < u; foralli = 1,...,ny, and a;,b; € Z, a; < b; for all
i =1,...,n;. Hence, the feasible set of Problem (1) is indicated by F, that is,

F=2nXx 2).

Note that, by definition, X x Z C R" is a compact set (since so are both X and Z).
Then, F is compact as well.

We assume that n > 2 to simplify the description. The two particular cases where
one among n, and n; is zero are covered by our theoretical analysis. In particular,
if n, = 0, the analysis boils down to the analysis reported in [16]. On the contrary,
if n, = 0, i.e.,, when all the variables are discrete, the MIX-ALM algorithm can
still be used to solve integer constrained problems. In this particular case, MIX-ALM
is different from the method proposed in [31] (which is where the use of primitive
directions was proposed for integer nonlinear optimization problems). In particular,
we note that the method proposed in [31] employs a different merit function to handle
the constraints.

Note that the structure of Problem (1) is sufficiently general to capture, through
reformulation by adding slack variables, also problems with inequality constraints.
We require f and h;,i = 1, ..., p, to be (at least) twice continuously differentiable
with respect to x in an open set containing the set {x € R™ : x; € [[;,u;], i =
I,....,ny} x{z€Z" :z €la;,bi], i =1,...,n;}. This situation is very common

@ Springer



Journal of Optimization Theory and Applications (2026) 209:38 Page 3 of 27 38

in real world problems, especially in multidisciplinary optimization problems where
some function values might be the output of a computer simulation that cannot be per-
formed if some variables take on non-integer values (see, €.g., [23]). More in particular,
given a black-box mixed integer constrained problem, we can come up with a problem
that fits in our setting if we use a surrogate function (for which we can access first and
second derivatives) to model the input-output relation of the objective function and
the nonlinear constraints. Moreover, the proposed method could tackle the acquisition
(infill) subproblem without relaxations within integer—continuous Bayesian optimiza-
tion [11].

Mixed-integer problems have been widely studied for a long time and several meth-
ods have been proposed in the literature for their solution (see, e.g., [6, 12]). A detailed
overview on the subject was given in the survey [7], illustrating both examples of
application in different fields and methodological aspects. In particular, as described
in [7], when the objective function is convex and only convex inequality constraints are
considered, most algorithms for mixed-integer nonlinear programming use tree search
schemes, including branch-and-bound and branch-and-cut methods, outer approxima-
tion and Benders decomposition. In a bit more detail, branch-and-bound methods [17,
27] divide the original problem into several subproblems which are iteratively created
when the solution of a relaxation does not satisfy integrality constraints (branching
phase), so that such subproblems are solved or discarded according to specific rules
(pruning phase). Schemes of that form can be extended to include the generation of
cutting planes in order to cut off fractional solutions, giving rise to branch-and-cut
methods [34, 35]. Further classes of methods also exist which use outer approxima-
tion cuts [22] and Benders cuts [24], involving a linearization of the objective function
and the constraints.

In a nonconvex setting, i.e., when non-convexity appears in the objective function
and/or the constraints, solving the problem becomes even more challenging. Common
approaches use a piecewise linear approximation of the nonconvex functions and apply
tools from mixed-integer linear programming. However, most of these approaches are
based on branch-and-bound or branch-and-cut techniques, assuming that integrality
constraints can be relaxed to compute lower bounds on the optimal solution. In our
setting, relaxing the integrality constraints is not applicable since, as already said
above, the objective and/or constraint functions are not defined when some integer
variables assume non-integer values. To the best of our knowledge, the approach we
are proposing is the first attempt to address problems with these characteristics, i.e.
with functions which are twice differentiable with respect to a group of variables and
that present integer non-relaxable variables. More precisely, we integrate previous
algorithms into a new method and establish novel convergence results.

To handle the continuous variables, among the various augmented Lagrangian
schemes proposed in the literature (see, e.g., [2, 8]), here we consider a primal-dual
augmented Lagrangian method using Newton-type directions and an active-set strat-
egy, recently proposed by the authors in [16]. However, we note that optimization with
respect to the continuous variables can be carried out using other approaches. Among
the recent ones we cite the projected interior point method proposed in [25]; the block
coordinate descent algorithm recently proposed in [10].
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Our goal is to extend common approaches from continuous optimization in order
to design an algorithm seeking local solutions.

The paper is organized as follows. Section 1 is ended by reporting some notations
and definitions used in the paper. In Section 2, we describe the proposed algorithm
to solve Problem (1). In Section 3, we analyze the convergence of the method. In
Section 4, we report some computational examples on problems with non-relaxable
integrality constraints. Finally, in Section 5, we draw some conclusions.

1.1 Notation

In the current paper, we adopt the following notation. Given a vector v € R", we

denote by v; its ithentry,i = 1, ..., n. By v* we denote the kth element of an infinite
sequence {v¥}. Then, the ith component of the kth element of a sequence v is denoted
as vf .Givenanindexset/ C {1, ..., n}, we denote by v; the subvector obtained from

v by discarding the components not belonging to /. A vector v € R" is assumed to be a
column vector so that its transpose, vT , is arow vector. The Euclidean norm of a vector
v is indicated by ||v||, while ||v]||s denotes the sup-norm of v. Given a matrix M, we
indicate by || M || the matrix norm induced by the Euclidean vector norm. Givena € R,
La] denotes the integer nearest to a with smallest absolute value. The projection of a
vector v onto a box [/, u] is denoted by P, (v). The ith column of the identity matrix
isindicated by ¢;e R",i =1, ..., n, while e € R" denotes the vector made of all unit
entries. The gradient of f(x, z) with respect to x is denoted by V, f(x, z), while the
Hessian matrix is denoted by fo f(x,z). We indicate by V,, f (x, z) the ith entry of
Vi f(x,2).

1.2 Definitions

To define local solutions in a mixed integer framework, we have to specify what a
neighborhood with respect to the integer variables is. To this aim, we use the notion
of primitive directions [31].

Definition 1.1 (Primitive direction) A direction d € Z": is a primitive direction when
the greatest common divisor of its components is 1 (note that the vector of all zeros is
not primitive according to the definition).

For instance, when n, = 3, dl = (1, o, —1)—r is a primitive direction whereas
d? = 2, 0, —2)—r is not. In particular, note that d? = 2d'. Thus, an example of a set
of primitive directions is the following

—1 —1 —1

D= 21,121, 0
—1 1 -2

Then, we define the set of feasible primitive directions (with respect to the bound
constraints on the integer variables, i.e., Z) at a point z € Z, denoted by D(z).
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Definition 1.2 (Set of feasible primitive directions) Given z € Z,
D(z) :=1{d € Z"*: d is primitive, z + d € Z}.

Remark 1.1 Since Z is a finite set, it follows that D(z) is finite for all z. Then, the set
of directions

D:=| D@

€2

is finite as well.

Definition 1.3 (Neighborhoods) Given (x,z) € R*™* x Z and p > 0,

B(x; p) :={y e R™: |ly — x|l < p},
Bi(z) :={w e Z":3d € D(z) suchthatw = z +d} U {z}.

We refer to B(x; p) and B%(z) as, respectively, open continuous neighborhood of x
of radius p and integer neighborhood of z. Now we are ready to formally state the
definitions of global and local solutions for Problem (1).

Definition 1.4 (Global minimum point) A point (x*, z*) € F is a global solution for
Problem (1), when

Ff(x*, 2% < f(x,z), forall (x,z) € F.

Definition 1.5 (Local minimum point) A point (x, z) € F is alocal solution for Prob-
lem (1), when a p > 0 exists such that

f(x,2) < f(x,z) forall (x,z) € FN(B(x; p) x BX(Z)).

In order to give necessary optimality conditions with respect to the continuous vari-
ables, we introduce a suitable Lagrangian function which depends only on the objective
function and the equality constraint functions.

Definition 1.6 (Lagrangian function) The Lagrangian function L(x, z, u) for Prob-
lem (1) with respect to the equality constraints is defined as follows:

L(x,z, 1) i= f(x,2) + uThix, 2),

where u € R? is the Lagrange multiplier and # : R” — R? is the mapping such that
h(x,z) = (h1(x,2), ..., hpx,2))".

From the continuous optimization context, we also recall the following definition
of a KKT point with respect to the continuous variables x.
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Definition 1.7 (KKT point with respect to x) We say that (x, z) is a KKT point for
Problem (1) with respect to x if there exists (i1, o, p) € RPT2"x such that

VXL(X’ Z, M) =0 —p,

h(x,z) =0,
T
o' (Il—x)=0,
. @
p (x —u)=0,
l—x<0, o=>0,
x—u<20, 0,

where VL(x,z,u) = Vi f(x,z) + Vi h(x, z)u is the gradient of L(x, z, u) with
respect to x.

We note that the KKT conditions (2) can be rewritten as follows:

=0, ifl,-<xl-<u,-,
Vi L(x,z, 1) >0, ifx; =1,
<0, ifx; =u;,

h(x,z) =0.

2 The Mixed-integer Augmented Lagrangian Method (MIX-ALM)

In this section, we describe the proposed Mixed-integer Augmented Lagrangian
Method (MIX-ALM) to solve Problem (1), which is reported in Algorithm 1. The
proposed approach combines a primal-dual augmented Lagrangian scheme, employ-
ing an active-set strategy, with the use of primitive directions. So, each iteration relies
on the following main steps:

updating of the continuous variables, i.e., definition of xktl
updating of the integer variables, i.e., definition of K+,
updating of the penalty parameter, i.e., definition of €**1;
computation of new multiplier estimates, i.e., definition of i

el S

k+1

In the following, we describe the above phases in more detail.

2.1 Updating of the Continuous Variables

At the beginning of any iteration k of the algorithm, we are given a tuple (x¥, z¥, %)
and first try to compute (x**!, F*1). This is done by using the same strategy recently
proposed in [16] (named PD-ALM), combining an active-set strategy with a Newton
scheme and augmented Lagrangian functions. For the sake of completeness, we briefly
report here the main steps of this process.
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Let us first define, for the current iteration k, the following augmented Lagrangian
function for Problem (1) with respect to the equality constraints:

_ _ 1
Lo(x%, 25, ks €by = Lk, 25, b + e—knh(x", 2,

where €X > 0 is a penalty parameter and L is the Lagrangian function (see Defini-
tion 1.6).

Then, we carry out an active-set estimate to identify those variables that are likely
to lie at the lower or the upper bound in the final solution, using appropriate multiplier
functions described in [15, 18, 20]. In particular, we denote by L% and U* the sets of
variables estimated to be active at the lower and the upper bound, respectively defined
as

L= i Vo LM, 5 3% > 0, 1 < xf <li+v-of),

3)
U =i Vi L, 25 75 < 0, up — v pf < xf <),

where v > 0 and

k2
k (i —x;) k _k -k .
o; = inL(x » < ’l’(’)7 l=1"'-7n)(7
! ; — )cf‘)2 + (u; — xl{“)2

I, — x%)2
pr = i~ ) Vi LK 255, i=1,

(Ui = x)? + (ui = x)?

Then, denoting i* := h(x¥, Z5), L* := L(x*, X, i), Vih* .= V h(xF, 25, @0,
Vi LK := V. L(xK, 2K, 35, V2 LK .= V2 LK, 25, i), A% = £ i and N =

{1,...,ne} \ A¥, we consider the following Newton system for the KKT conditions
with respect to d, ;, and dy;:
ij\/kLk VNkhk dek _ VNkLk @)
Var (BT 0 dy W)

2

where V/Z\[k L* denotes the submatrix obtained from N\ XLk by discarding rows and

columns not belonging to A’¥, and V Nk h¥ (respectively, V N* L*) denotes the subma-
trix obtained from V,A* (respectively, V, L¥) discarding rows not belonging to A% .
Hence, we compute a solution d* = (dy > dy) of system (4), provided it exists, in
order to define

Nk

B = Pl Cae + iy )- )

Moreover, the variables estimated as active, i.e., those variables that should be at the
bounds, are set to the bounds by defining

l;, ifierk
ks ifi € Lk, ©)

! u;, ifi e U*.
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Then, we check whether
Lo(*, 25 5 € < Lo, 25, @hs ) @)

and
@, & — x*) g0l < Ak, 8)

where d* is the solution of system (4) and )Zlk fori € A* are given by (6), while Ak
is decreased during the iterations by a factor 8 € (0, 1). If (7)—(8) hold, then we set
Ak — ﬂAk, xk+1 — £k and

Otherwise (i.e., if a solution of system (4) does not exist or if at least one between (7)
and (8) is not satisfied), we switch to a classical augmented Lagrangian iteration [2],
using ALGENCAN [3] to compute x**! as an approximate minimizer of the following
subproblem:

min L (x, 25, i¥; €5

Il <x <u.

In fact, it is known that the projected Newton direction can be a very bad search
direction, not even guaranteeing descent of the objective function. So, conditions (7)—
(8) can be considered a safeguard which allows us to trigger those cases where the
projected Newton direction is behaving poorly. In these situations, backing up to the
traditional augmented Lagrangian could be beneficial as it is also evidenced in [14].

In particular, we require that

Lo (M 25 ks eby < Lok, 25, ks b )

and
o5 — Py T — VL L 2R ks €))e < 7, (10)

with {tF} — 0. Finally, we set
k+1 ~k 2 k+1 _k
W=t + E—kh(x 2 Z0)s

2.2 Updating of the Discrete Variables

Once x**! has been computed, we try to compute z“*! by moving along primitive
directions (see Definition 1.2). As pointed out in [31], where primitive directions have
been introduced in the context of nonlinear black-box optimization, given two integer
vectors a, b € Z":, a # b, then a — b = ad with d being a primitive direction and
o € 7. In the algorithm, given the current point (x**!, zX), we search for a direction
d € D(z") such that
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Ek

Lo 2 4 d, i%s €b) < Lo (R 25, ks € — o (11)

where £ > 0 is a control parameter. Thus, the required reduction is directly propor-
tional to the control parameter £ and inversely proportional to the penalty parameter
k. This is equivalent to requiring a sufficient reduction with respect to &X of the
augmented Lagrangian function times €*.

If a primitive direction d satisfying (11) is found, then we set z*t! = z¥ 4+ d and

g+l = gk otherwise we set zKt! = 7K and £F+1 = Bk with g € (0, 1).

2.3 Updating of Penalty Parameter and Multiplier Estimates

To update the penalty parameter €*, given a parameter n € (0, 1) (see Algorithm 1),
we check whether
1RO, X Dl < iR G, 29l (12)

and
= 2k, (13)

If (12)—(13) are satisfied, then we set e¥t!1 = €k, otherwise we set eX1 = 6¢k, with
0 € (0,1).

As last operation of any iteration, we project the estimates of the Lagrange multi-
pliers onto a prefixed box. Namely, we set

(ﬁ,k""l)i = max{imin, min{(ll«k-i_l)ia Amaxtl, i=1,....p, (14)

with given constants fimin and fimax.
Combining all the aspects herein described, we formalize the description of the
MIX-ALM method in Algorithm 1.

3 Convergence Results

In this section we report the convergence analysis of MIX-ALM. In order to extend
the results given in [16] to the considered mixed-integer setting, our analysis can be
roughly divided into two parts: first, we obtain results for any convergent subsequence
and prove some optimality conditions with respect to the continuous variables; then,
we give results concerning the optimality with respect to the integer variables.

Before going into details, we state a fundamental assumption which allows us to
get stationarity results of augmented Lagrangian-type algorithms. In particular, some
constraint qualification conditions are usually required. Among those proposed in the
literature, here we use the Constant Positive Linear Dependence (CPLD) constraint
qualification (see [3, 4, 33] for more details), which is given below.

Definition3.1 (CPLD) Let L(x) = {i: x;, = [;}, U(x) = {i: x; = u;} and
Nx) :={1,...,n:}\ (L(x) UU(x)). A feasible point (x, z) is said to satisfy CPLD
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Algorithm 1 Mixed-integer Augmented Lagrangian Method (MIX-ALM)
1: Given scalars fimin < flmax, B € (0,1),n € (0,1),0 € (0,1), Ag > 0, €9 > 0, &y > 0, a sequence
{rk} . 0, a starting point xg € [/, ul, zg € [a, b] N Z"* and estimates of multipliers (fg); = (g); €

[Amin,» fmax], i = 1,...,p
2: Fork=0,1,...

e Updating of the continuous variables

compute the active set estimates £k, U* asin 3)
set AX = LK UK and VK = {1, ... ny}\ AX
compute dk = (de, dy) by solving (4), if possible, and set 7k asin 5)—(6)
If d* has been computed and (7)—(8) are satisfied
set xk+1 :ik, Mk+l — ﬂk +dﬂ and Ak — ﬂAk
Else
compute xk+1 satisfying (9)-(10)
2
10: Set ukt1 = gk + —kh(xk+1 , 28y and AFT1 = AK
€
11: End If

e kW

e Updating of the integer variables
12: Ifd e D(zk) exists such that (11) is satisfied

13: set Kt = 2k 4 g and SkH = f;‘k
14: Else

15: set K1 = 7K and ék“ = ,Bék
16: End If

e Updating of the penalty parameter
17: If (12)—(13) are satisfied

18: set ebtl = ¢k
19: Else

20: set ekl = gek
21: End If

e Updating of the multiplier estimates
22:  set gkt asin (14)
23: End For

for Problem (1) if, for any I C {1, <> ph L € L(x) and U C U(x), the exis-
tence of scalars A;, t € I, mr; > 0,1 € L, ¢; > 0, j € U, not all zero and such
that 3, 7 A Vil (x,2) = D, miei + Zjea @je; = 0 implies that, for all y in a
neighborhood of x, the vectors Vyh;(y, 2),t € I, —ej,ic L, ej, J € U are linearly
dependent.

The CPLD constraint qualification has been introduced in [33]. It is weaker than
other well known constraint qualifications like e.g. the Linear Independence Con-
straint Qualification (LICQ) and the Mangasarian-Fromowitz Constraint Qualification
(MFCQ). For example, CPLD is always satisfied in the case of linear constraints
whereas LICQ might not be.

We start the analysis of Algorithm MIX-ALM by showing that for some subse-
quence of the sequence of iterates the results of PD-ALM are retained. In particular, we
consider convergent subsequences. Hence, on these subsequences, the integer variables
are not updated by MIX-ALM from a certain iteration on. In such a case, MIX-ALM
reduces (from a certain iteration) to PD-ALM described in [16].
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In the next theorem, we prove that at least a convergent subsequence of iterates
exists. Furthermore, any convergent subsequence enjoys some optimality property.
In particular, we give results on the feasibility of any limit point (x*, z*) and its
optimality violation with respect to the continuous variables. In particular, note that
(x*, z*) is KKT with respect to x whenever the Newton direction is accepted for
infinitely many iterations over the considered subsequence or when it is feasible and
the CPLD constraint qualification holds.

Theorem 3.1 Let {(x*, z%)} be a sequence generated by MIX-ALM. There exists a
subsequence {(x*, ZX)}x such that

k= x*, lim F=z% (15)

k—o00,keK k—o00,keK

For any convergent subsequence {(x*, z5)}x such that (15) holds, the following are
satisfied:

(a) iflimg_ o0 €€ > 0, then (x*, z*) is feasible;

(b) if)?k is accepted (i.e., d* is computed and (@*, (z* —Xk)Ak)” < Ak)for infinitely
many iterations k € K, then (x*, z*) is a KKT point with respect to x;

(c) if none of the above cases holds, then x* is a KKT point of the problem
minyex [1A(x, 2%

(d) if (x*, z*) is feasible and satisfies the CPLD constraint qualification, then (x*, z*)
is a KKT point with respect to x.

Proof By definition of Algorithm MIX-ALM, the points x* and z* belong to X and Z,
respectively, which are compact sets. Then, at least an index set K exists such that (15)
is satisfied.

Since {z*} is a sequence of integer vectors, it follows that there is a large enough
k such that z¥ = z* forall k € K, k > k (ie, 78 = z* definitely on the subsequence
K). So, points (a) and (c) follow from [16, Proposition 4.2], point (b) follows from
[16, Proposition 4.1] and point (d) follows from [16, Theorem 4.1]. O

Now, we prove stronger properties for the integer variables than those given in
Theorem 3.1. First, we can identify an appropriate subsequence where MIX-ALM
fails to update the integer variables for infinitely many iterations. As to be shown
below, this can be achieved by analyzing the sequence {£X} of control parameters,
which is proved to converge to zero in the next proposition.

Proposition 3.1 The sequence {£X} of control parameters produced by MIX-ALM is
such that

lim £ =0.

k— 00
Proof From the updating rule of &%, it holds that {& kY is a monotone non-increasing
sequence of positive numbers. Hence,

lim & =& > 0.

k— 00
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Let us assume by contradiction that § > 0. Then, an iteration index k exists such that,
for all k > k, we have

gl — gk =g = E,

since the updating rule of § requires a decrease by a fixed fraction . By the instructions
at line 13 of MIX-ALM, we have that for k > k, it holds zF*! = zX so that (13) is not

satisfied and e¥T! = 6¢€X (see line 20 in Algorithm 1). Hence,
lim €k = 0.
k— 00

From the updating of the integer variables at lines 12-13, we have that d € D(zX)
satisfying (11) exists such that

Lo 2385 ) = LM K - d, i €

. (16)
< La(x*F1, 25, ks ef) — E/€k.

Furthermore, from the instructions of the algorithm, either xktl = 3k with 3¥ satis-
fying (7)—(8), or x¥*1 is such that (9)—(10) hold. Thus, in both cases, we have
Lo, 28, 3k ) < Lo, 24 b, €.
Then, by (16), we have
Lo a8 ) < Lo (F, 25, i € — 8/ (17

By multiplying all terms by €, we get

IRGRTE, D12 = lh (e, 2117 < b (PR, ) — FeH D+
+ (@ Th(E, 25 — (@H ThGH, ) — .
Hence

AR, K12 < Rk, 292

+ €k|f(.xk, Zk) _ f(.xk+1, Zk+1) + (llk)Th(.xk, Zk)+

_ (18)
< R, )P+ €45 — &,
where B
0 = | fmax — fminl + Plitmax| . Hllax | max — Mi minl,
i=l,..,p
and fiax> Mimax>i = 1, ..., py (fmin,> Aimin» £ = 1, ..., p) are maximum (minimum)
values of f and h;, i = 1,..., p, respectively, on the compact set X x Z, and

Mmax = Max{|minl, |Amax|}
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Since {ek} — 0 then, for sufficiently large k, we have that
IR D2 < hGk, 2917 - /2, (19)

leading to a contradiction with the non-negativity of the norm. O

Remark 3.1 In the proof of Proposition 3.1, we use limy_, o, € = 0. It is worth noting
that the fact that the sequence of penalty parameters {eX} goes to zero is a consequence
of the contradiction hypothesis, namely that limy_, »c & k— § > 0. Indeed, as it has
been shown in Theorem 3.1, the penalty parameter need not tend to zero for the
algorithm to have theoretical properties.

Corollary 3.1 For MIX-ALM, there exists an infinite set H of iterations k such that
=75 forallk € H.

Proof Note that £ is updated only when k € H. Since {£¥} is a monotone non-
increasing sequence of positive numbers, which converges to zero (Proposition 3.1),
then H must be infinite. O

Leveraging Corollary 3.1, in the next theorem we can establish some optimality
properties for the integer variables when {€X} does not converge to zero. Further-
more, if {¢X} — 0, in (x*, z*) we have stationarity over the continuous variables for
A (x, z*)||> and local optimality over the integer variables for ||k (x*, z)]|2.

Theorem 3.2 Let { (xk , zk)} be a sequence generated by MIX-ALM. There exists a
subsequence {(x*, )}k with K C H (where H is defined in Corollary 3.1) such that
k+1 *

lim  xFF =¥, lim F=2z% (20)
k—o00, keK k—o00, keK

For all such limit points (x*, z*), the following holds:

(a) if limg_ o0 €€ > 0, then (x*,z*) is feasible and z* is a local minimum point of
f(x*,z) ontheset {z € Z:(x*, z) € F}
(b) iflimg_, o0 € = 0 and 3* is not accepted for infinitely many iterations in K, then

— x* is a KKT point for the problem minycx ||h(x, z*)|1%;
— ¥ is a local minimum point for the problem min,c z ||h(x*, z) 2.

Proof First let us recall that, by Corollary 3.1, H is an infinite index set and again that
the points x* and zF belong to X and Z, respectively, which are compact sets. Then,
at least a subset K C H exists such that (20) is satisfied.

Let us first consider point (a). If limg_ oo e >0, by Theorem 3.1(a) we know
that (x*, z*) is feasible. Since {€¥} is a monotone non-increasing sequence of positive
numbers, there exist k and € > 0 such that, for all k > k, we have

k=
Recalling that {zk}K — z* for k — oo and that K C H in this specific case, from
the integrality of z we can assume that z*! = 7k = z* for all k € K (passing into a
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further subsequence if necessary). Then, since the integer variables are never updated
by the algorithm at iteration k € K, for sufficiently large k € K we have

k
LoGM 2 bd, @45 8) > Lo, 25 i 6 — o vae DR, Q1)
€

Then, by using that {x**!1}x — x*, (¢} — O and (x*, z*) € F, we get

p
N 1
FO DY A D+ LI )P 2 G 2) VA€ DE,
i=1

where i = max{|fimin|, |max|}|. From the above relation, we can conclude
f&* 2" < f(x*, 2" +d)

for all d € D(z*) such that (x*, z* 4+ d) € F, which proves point (c).

Let us now consider point (b). If limy_, ek =0, by Theorem 3.1(c) we already
have that x* is a KKT point for the problem min,cy |2 (x, z*)||>. We want to prove
that

Ih(x*, 2))1* < (™ 217, Yz € BYZY).
Recalling that {z¥}x — z* for k — oo and that K C H in this specific case, again
we assume that z+1 = z¥ = z* for all k € K (passing into a further subsequence if
necessary). Since the integer variables are never updated by the algorithm at iteration
k € K, for sufficiently large k € K we have

k
Lo 2 d i ) > L ity = S va e, @)
€

Then, recalling that i is bounded, {x**1}x — x* and {€¥} — 0, we can multiply (22)
by €* and take the limit for k — oo, thus obtaining

Ih(x*, 2% + d)|I* > |h(x*, 29> Vd € D(z%),

concluding the proof. O

Remark 3.2 Concerning point (c) of Theorem 3.1 and point (b) of the Theorem 3.2,
they analyze the situation in which ¢¥ — 0. This can happen, for instance, when the
problem is infeasible. In these cases, the given properties are very important since they
guarantee that the limit point produced by the algorithm is “optimal” (stationary) with
respect to the measure of feasibility violation. That is to say that the limit point is as
close to feasibility as possible.

Remark 3.3 A quadratic convergence rate for MIX-ALM can be straightforwardly
obtained when {z¥} — z* since, in this case, MIX-ALM reduces to [16, Algorithm
2 (PD-ALM)] and the same analysis of [16, Section 5] can be given. In particular,
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under standard conditions on the limit (x*, z*) (i.e., linear independence constraint
qualification and strong second order sufficient condition), ¥ is always accepted if
the starting point xg is sufficiently close to x*.

Let us conclude this section by giving some comments on the usefulness of Theo-
rems 3.1 and 3.2. Although it is quite evident that the results of Theorem 3.1 follow
from results in [16], the results of Theorem 3.2 can be useful especially when linked
with point (b) and (d) of Theorem 3.1. In more detail, if the sequence {ek} of penalty
parameters is bounded away from zero, we know from Theorem 3.2(a) that the limit
point (x*, z*) is feasible and that z* is a local minimum of f(x*, z). Moreover, if
(x*, z*) satisfies the CPLD constraint qualification, by Theorem 3.1(d) we also know
that x* is a KKT point with respect to x. Alternatively, if ¥* is accepted infinitely
many times, by Theorem 3.1(b), again we can say that x* is a KKT point with respect
to x. Finally, as pointed out, for instance, in [4], we note that the CPLD constraint
qualification required in Theorem 3.1 is known to be a weak condition.

4 Numerical Examples

In this section, we report a preliminary study on the role of primitive directions in
MIX-ALM and how they can be employed in practice. To conduct such an experimen-
tation, we use the MINLPLIB library of mixed-integer nonlinear problems available
at https://www.minlplib.org/. From the entire collection, we extracted the problems
with

n; >0, ny>0, n;+ny <30, npinary =0, neons >0,

where npinqry is the number of binary variables and 7., is the number of general
constraints (i.e., constraints other than simple bounds on the variables). As it can
be noted, we choose to consider only problems with 7p;,qry = O for the following
reason. Indeed, even if primitive directions can be used in principle to handle also
binary variables, their use is not the most efficient one to handle binary variables.
Indeed, definition and generation of primitive directions (as we shall see) does not
take into account that some variables are binary. As a consequence, many of the
generated primitive directions would then be discarded, because of the presence of
binary variables, thus wasting a considerable amount of computing resources.
With these selection criteria, we get the 30 problems' reported in Table 1.

4.1 Implementation Details

The proposed MIX-ALM has been implemented in double precision Fortran 90. In
particular, we modified the code of PD-ALM (defined in [16]) by inserting primitive

! In order to make all test problems meet the form of (1), with all functions defined over R”, we had to
properly reformulate four test problems, that is, nvs05, nvs22, portfol_roundlot and st_e32. Specifically,
for these problems, we reformulated the constraints or introduced appropriate lower/upper bounds on the
variables so as to exclude points where functions are undefined. This adjustment was necessary because
the original problems include ratios without restrictions on the denominator or square roots without sign
restrictions on the argument.
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Table 1 Set of problems selected for the experiments. The column labeled f* reports the objective function
value on the best known feasible solution

Problem name # nx nz Ncons r*
du-opt 1 7 13 8 3.5563
du-opt5 2 7 11 6 8.0737
eg_all_s 3 1 7 28 7.6578
eg_disc2_s 4 5 3 28 5.6421
eg_disc_s 5 4 4 28 5.7605
eg_int_s 6 5 3 28 6.4531
gear3 7 4 4 4 0

gear4 8 2 4 1 1.6434
jitl 9 21 4 31 173983.33
nvs01 10 1 2 2 12.4697
nvs02 11 3 5 3 5.9642
nvs05 12 6 2 9 5.4709
nvs08 13 1 2 3 23.4497
nvsl4 14 3 5 3 -40358.1548
nvs20 15 11 5 8 230.9222
nvs21 16 1 2 2 -5.6848
nvs22 17 4 4 9 6.0582
portfol_roundlot 18 9 8 11 0.0283
probl10 19 1 1 2 3.4455
st_e32 20 16 18 18 -1.4304
st_e36 21 1 2 -246
st_e38 22 2 2 3 7197.7271
st_e40 23 3 8 30.4142
windfac 24 11 3 13 0.2545
cvxnonsep_normcon20 25 10 10 1 -21.7491
cvxnonsep_normcon30 26 15 15 1 -34.244
cvxnonsep_nsig20 27 10 10 1 80.9493
cvxnonsep_nsig30 28 15 15 1 130.6287
cvxnonsep_pcon20 29 10 10 1 -21.5123
cvxnonsep_pcon30 30 15 15 1 -35.9868

directions to handle the integer variables. In particular, the continuous subproblem is
solved using the ASA-BCP method proposed in [15]; when ASA-BCP is not able to
solve the subproblem, we resort to ALGENCAN [3]. Drawing inspiration from [31],
since the set of all feasible primitive directions D(z*) used for the integer variables
at each iteration k might have a huge cardinality, then we use a subset DF € D(Z5)
such that D¥! C D*. In particular, if Zk+l * z¥, then D**+1 for the next iteration is
defined such that D¥*1 = Dk, Otherwise, D**! is such that D¥ ¢ D**!. More in
particular, drawing inspiration from [1, 31], given a parameter n > 1, let {g;(n)} be a
sequence of tentative directions where the element g; () depends on the z-th element

@ Springer



Journal of Optimization Theory and Applications (2026) 209:38 Page 17 of 27 38

in the n,-dimensional Sobol sequence [5] (as implemented in [13]), that is

) 2u; — e A 1 +1 "
=|n—|¢ S — —1,
4 = | nm n—3n+

where u; is the ¢-th element of the pseudo-random Sobol sequence. Then, given the
set of primitive directions D, we define D¥+! = D* U {g,« ()}, where t* > 1000 is
the smallest integer such that g,« (n) is primitive and g« (n) ¢ D*.

As concerns the parameters of MIX-ALM, they were set as follows:

=09, Ay=10° & =10"1%

Note that parameters 1, 0, €9, Lo, 4o and the sequence {‘L’k } are the same as those
defined in ALGENCAN [3].

In the numerical experiments, we stop MIX-ALM when the current primal-dual
point (x¥, ¥, ji¥) satisfies all the following three conditions:

L lxk = Pk — Ve L(xK, 25, 5%)llso < 1078 max{L, |V, £ (x¥, 25 [lo ),

2. [1h(x*, 2% oo < 1070 max{1, |2 (x0, 20)llco}»

3. |Dk| > max_dir and zF7! = X,

for a given choice of the parameter max_dir. Additionally, we stopped the algorithm
when the penalty parameter € falls below 1072,

4.2 Comparison on the Number of Primitive Directions

In this section, we compare two versions of MIX-ALM obtained by choosing
max_dir e {10n;, 1000n,}. Tests have been run on an Intel 13th Generation Core
19-13900 at 5.8Ghz with Ubuntu 22.04 and 32Gb RAM. The results are reported in
Table 2 where, denoting the final point returned by the algorithms by (x, z), the column
labels have the following meaning:

- f = f(x, 7). 1.e., the objective function value;

— feaserr= ||h(X, 2)|lco; 1.€., the feasibility error;

— feastol= 10_6||h(x0, 20) lco> 1.€., the feasibility tolerance;

— opterr= ||x =Py (X —VL(x, Z, t))] oo, 1.€., the optimality error with respect
to x;

— opttol= 10"max{l, |V, f(X, 2)lleo}, i.e., the optimality tolerance;

— 1t is the number of iterations;

— nf is the number of function evaluations.

We observe from Table 2 that, using max_dir = 10n,;, MIX-ALM is able to solve
20 problems, while 24 problems are solved by using max_dir = 1000n,. Moreover,
all failures are due to the penalty parameter €X falling below the threshold of 1072,
except for problem 23 using max_dir = 10n,, where the algorithm returns a point
satisfying a stationarity condition with respect to the feasibility violation (see item (c)
of Theorem 3.1, item (b) of Theorem 3.2 and Remark 3.2). We observe that problems
nvsO05 (problem 12),nvs22 (problem 17) and port fol_roundlot (problem 18)
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Fig.1 Comparison between

Cumulative distributions

versions of MIX-ALM with 1.0
max_dir = 10n; and m . igggn
max_dir = 1000n;. For each £ 0.81 =< o
value of 7, the curves represent 3 P R —
the percentage of problem solved E- 0.6 1 - T
with accuracy t and feasibility ° i
error below 104, according g 041 ar
to (23), using a maximum § {:}r
number of primitive directions E 0.2 1 1z
equal to 10n; and 1000n; T

0.0 +—t—— : ; , ;

10°¢ 1074 1072 10° 102 104

cannot be solved by Algorithm 1 even when the integrality constraints on the variables
are relaxed with the required accuracy. About the results reported in Table 2 it is also
worth mentioning that MIX-ALM using 10n, primitive directions completed the run
on all the problems in slightly more than one minute CPU time, whereas MIX-ALM
using 1000n, primitive directions took slightly more than ten minutes CPU time.

In order to make more evident the benefit of increasing the maximum number of
primitive directions, we also depict the results of Table 2 in Figure 1. In particular, as
proposed in [29], using a maximum number of primitive directions s € {10n,, 1000n,}
and for each problem p € P, we compute the values

|fsp_f;:|

P max(L, [ £}

where f;, is the final function value for given s and p, while f;," is the best known
function value of problem p. Then, drawing inspiration from performance profiles
introduced in [19], for each value of s, we draw the cumulative distribution cs(7),
where

1
cs(t)=—=|{peP:dyp <t N feaserry, < 1074,

23
7 (23)

with feaserry, denoting the feasibility error obtained for any given s and p.

From Figure 1, it is evident that increasing the maximum number of primitive
directions improves the algorithm performances. Namely, the version of MIX-ALM
using max_dir = 1000n; is better than the version using max_dir = 10n, with
respect to the percentage of problems solved with a given accuracy. This is in line with
what one can reasonably expect since the higher the number of primitive directions
the larger the neighborhoods of integer variables explored by the algorithm.

4.3 Comparison with a derivative-free algorithm
In this section we present a comparison between MIX-ALM and the derivative-free

method for constrained mixed integer problems DFLvinc freely available as part of
the GitHub repository https://github.com/DerivativeFreeLibrary and proposed in [30].
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Fig.2 Comparison between Cumulative distributions
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Fig.3 Data profiles relative to the comparison between MIX-ALM (using 10007 ; primitive directions) and
DFLvinc on the set of problems reported in Table 1

We run DFLvinc adopting a tolerance 10~ for the maximum steplength in the
stopping condition. Furthermore, we stop DFLivinc when the total number of function
evaluations reaches max{10007, 10000} (where n is the number of variables).

In Figure 2 we report the comparison between MIX-ALM (using 10007, primitive
directions) and DFLvinc by means of the cumulative distributions defined in (23).
Figure 3, reports the comparison between MIX-ALM (using 1000n; primitive direc-
tions) and DFLvinc by means of data profiles (see [32] for their definition and [21]
for their adaptation in the constrained context) for t = 101 and 1073. Note that, the
data profiles asses the ability of a given solver to find a feasible point whose objective
function value is close to the best function value found by any solver. Hence, con-
sidering Figure 2, we can say that MIX-ALM and DFLvinc have almost comparable
performances with respect to the ability to locate a good approximation of the known
global minimum point, even though for low precisions (t large) DFLvinc is better than
MIX-ALM. On the other hand, from Figure 3, we can see that MIX-ALM completely
dominates DFLvinc which is totally reasonable since MIX-ALM uses second order
derivatives.

From Figure 2, DFLvinc might seem to outperform MIX-ALM on the test prob-
lems. This better performance can be explained considering the known ability of
derivative-free methods to filter out local minima (which is the idea at the basis of the
implicit filtering approach [28]). The considered set of problems (which are of rela-
tively small dimensions) does not allow to evidence the superiority of the augmented
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Table 3 Set of problems with ny > 100 and n; > 1 and m > 0

Problem name ny nz Ncons f*
space960 4577 960 6497 8.255 - 10°
gastrans582_cold13 1936 250 3732 0
gastrans582_cold13_95 1936 250 3732 0
gastrans582_cold17 1936 250 3732 0
gastrans582_cold17_95 1936 250 3732 0
gastrans582_cool12 1936 250 3732 0
gastrans582_cool12_95 1936 250 3732 0
gastrans582_cool14 1936 250 3732 0
gastrans582_cool14_95 1936 250 3732 0
gastrans582_freezing27 1936 250 3732 0
gastrans582_freezing27_95 1936 250 3732 0
gastrans582_freezing30 1936 250 3732 0
gastrans582_freezing30_95 1936 250 3732 0
gastrans582_mild10 1936 250 3732 0
gastrans582_mild10_95 1936 250 3732 0
gastrans582_mild11 1936 250 3732 0
gastrans582_mild11_95 1936 250 3732 0
gastrans582_warm15 1936 250 3732 0
gastrans582_warm15_95 1936 250 3732 0
gastrans582_warm31 1936 250 3732 0
gastrans582_warm31_95 1936 250 3732 0
gastrans135 961 232 2472 0
gastrans040 231 48 553 0
09_ar4_1 108 72 435 236.1385
fo9_ar25_1 108 72 435 32.1864
fo9_ar2_1 108 72 435 32.6250
fo9_ar3_1 108 72 435 24.8155
fo9_ar4_1 108 72 435 23.4643
fo9_ar5_1 108 72 435 23.4643

Lagrangian approach in dealing the continuous constrained subproblem with respect
to the derivative-free approach of DFLvinc. In order to try and assess the superior-
ity of MIX-ALM, we selected a second set of test problems from MINLPLIB [26],
namely those with n, > 100 and n; > 1 and m > 0. These problems are reported in
Table 3.

Then, in Table 4, we report the results on these larger problems obtained with MIX-
ALM and DFLvinc. As it can be noted, MIX-ALM is always able to find feasible
solutions (at least up to the required accuracy) whereas DFLvinc finds a feasible
solution only for problem space960.
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Table 4 Results on problems from Table 3
MIX-ALM DFLvinc

Problem name f feaserr f feaserr
space960 7.61E+06 7.44E-06 1.75E+07 0.00E+00
gastrans582_cold13 0.00E+00 4.01E-04 0.00E+00 1.62E+04
gastrans582_cold13_95 0.00E+00 5.39E-04 0.00E+00 1.53E+04
gastrans582_cold17 0.00E+00 6.40E-04 0.00E+00 1.70E+04
gastrans582_cold17_95 0.00E+00 2.13E-03 0.00E+00 1.73E+04
gastrans582_cool12 0.00E+00 3.98E-04 0.00E+00 1.76E+04
gastrans582_cool12_95 0.00E+00 8.34E-04 0.00E+00 1.70E+04
gastrans582_cool14 0.00E+00 1.59E-04 0.00E+00 1.75E+04
gastrans582_cool14_95 0.00E+00 1.02E-03 0.00E+00 1.71E+04
gastrans582_freezing27 0.00E+00 1.84E-03 0.00E+00 2.02E+04
gastrans582_freezing27_95 0.00E+00 4.38E-04 0.00E+00 2.00E+04
gastrans582_freezing30 0.00E+00 9.97E-04 0.00E+00 1.97E+04
gastrans582_freezing30_95 0.00E+00 3.55E-04 0.00E+00 2.00E+04
gastrans582_mild10 0.00E+00 3.55E-04 0.00E+00 1.71E+04
gastrans582_mild10_95 0.00E+00 1.21E-03 0.00E+00 1.72E+04
gastrans582_mild11 0.00E+00 3.51E-03 0.00E+00 1.66E+04
gastrans582_mild11_95 0.00E+00 1.37E-03 0.00E+00 1.78E+04
gastrans582_warm15 0.00E+00 6.56E-04 0.00E+00 1.63E+04
gastrans582_warm15_95 0.00E+00 3.10E-04 0.00E+00 1.60E+04
gastrans582_warm31 0.00E+00 4.37E-06 0.00E+00 1.58E+04
gastrans582_warm31_95 0.00E+00 2.25E-05 0.00E+00 1.64E+04
gastrans135 0.00E+00 1.119E+02 0.00E+00 5.05E+03
gastrans040 0.00E+00 4.291E+02 0.00E+00 5.33E+01
09_ar4_1 1.86E+02 6.923E-01 5.023E+02 3.01E+01
fo9_ar25_1 2.06E+01 1.485E+00 7.39E+01 2.37E+01
fo9_ar2_1 2.40E+01 2.104E+00 7.57TE+01 2.15E+01
fo9_ar3_1 1.88E+01 1.086E+00 8.25E+01 2.31E+01
fo9_ar4_1 1.62E+01 6.923E-01 8.66E+01 2.34E+01
fo9_ar5_1 1.47E+01 4.929E-01 8.15E+01 1.78E+01

5 Conclusions

In this paper, we have presented a new method for mixed-integer nonlinear constrained
optimization, particularly well suited for those problems where integrality constraints
cannot be relaxed. In such a context, the proposed algorithm alternates two main
operations at each iteration. First, it updates the continuous variables by means of
an augmented Lagrangian scheme using Newton-type directions and an active-set
strategy. Then, integer variables are updated by means of primitive directions. Under
appropriate assumptions, we have established convergence to points satisfying KKT
conditions with respect to the continuous variables, with the integer variables guaran-
teeing local optimality of the objective function. Finally, we performed a preliminary
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numerical experience to show the effect of increasing the size of the set of primitive
directions. The numerical results confirmed that, by increasing the number of primitive
directions, better results are obtained, as one can reasonably expect.
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