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Space‑climatic feedback 
of the magnetic solar cycle 
through the interplanetary space
Vincenzo Carbone 1, Tommaso Alberti 2,3*, Raffaele Reda 4 & Luca Giovannelli 4

The relationship between solar magnetic activity and solar wind parameters, with observed time-
delayed mutual coupling, is an outstanding challenge in space physics. In this study, drawing 
inspiration from recent observations, we propose a reconciliation framework whose fundamentals 
stand in the Parker model for solar wind expansion. We investigate the effects on fluctuations in solar 
wind speed when linearly sustained by an oscillating magnetic solar dynamo described via a modified 
Van der Pol nonlinear oscillator mimicking the magnetic activity at different timescales. Our findings 
reveal the presence of a “space-climatic feedback” that, in absence of the driving magnetic activity, 
slows down solar wind velocity fluctuations. The combined action of the slowing down of fluctuations 
and a periodic driving is the responsible for the time-delay between solar magnetic activity and solar 
wind dynamics. Furthermore, we also demonstrate how the space-climatic feedback controls the 
value of the time-delay which depends on the different periodicities of the driving magnetic activity. 
This holistic approach provides a formal link at the interplay between solar magnetic activity and solar 
wind dynamics through the interplanetary space which can advance our understanding of long-term 
effects of solar activity on solar wind variations, and consequently on interactions with planetary 
environments.
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The magnetic activity of the Sun, mainly driven by the core α − ω dynamo, affects the interplanetary space 
through fluctuations in solar wind plasma parameters. Such variations cover a wide range of temporal and spatial 
scales, spanning from seconds up to years, and are detected throughout the Heliosphere and beyond 1–4. Within 
this spectrum of scales, two dominant timescales are usually identified and used to distinguish between Space 
Weather and Space Climate phenomena 5: the solar rotation period (approximately 27 days) and the Schwabe’s 
cycle, also known as the 11-year solar cycle. Space Weather and Space Climate both pertain to phenomena 
occurring in the near-Earth environment, but they differ in their temporal scales and their effects on Earth. 
Space Weather usually refers to the short-term variations in the space environment caused by the Sun’s activity 
and its interactions with Earth’s magnetic field and atmosphere6. It includes solar phenomena such as solar 
flares, coronal mass ejections (CMEs), interplanetary variations in the solar wind conditions, and near-Earth 
ones as geomagnetic storms and ionospheric disturbances6. Space Climate, on the other hand, deals with the 
long-term average behavior and variations in the space environment 1,2. It encompasses trends and patterns in 
solar magnetic activity, the long-term effects on the Earth’s magnetic field, and other space-related parameters 
over longer timescales, ranging from years to centuries. Space Climate variations can result from changes in solar 
activity, solar wind parameters, solar irradiance variability, also due to variations in Earth’s orbit and rotation, 
often involving studying historical data and paleoclimate records2,3,7.

When focusing on Space Climate phenomena, the main periodicities related to solar activity (as quasi-biennial 
oscillations, i.e., QBOs, and the Schwabe solar cycle) have been clearly identified in several solar magnetic-related 
variables (e.g., SunSpot Number (SSN), SunSpot area, F10.7cm, and chromospheric proxies8–11), as well as, solar 
wind and Earth-based observations (e.g., plasma parameters, geomagnetic, ionospheric, and thermospheric 
indices12–17). This fostered ongoing discussions regarding the possible phase-amplitude modulations and 
relationships between solar activity proxies and near-Earth solar wind parameters on the ecliptic plane18–22. By 
using both linear cross-correlation analysis and recently introduced Information Theory-based metrics (as the 
Transfer Entropy) it has been shown that there is a net information flow from solar activity indices, like the Ca II 
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K index, to solar wind parameters, as dynamic pressure and wind speed, aligning with previously observed time 
lags of approximately 3 years22–24. Notably, these time-delays exhibit variability across solar cycles, with solar wind 
parameters showing longer delays in response to solar activity in cycles 20 and 21, while subsequent cycles (22, 
23, and 24) exhibit shorter time lags21,23. These evidences likely suggest the existence of some large-scale “climatic” 
feedbacks driven by magnetic solar activity variations and leading to fluctuations in solar wind parameters, as 
already theoretically reported using a dynamo-wind coupled model25. However, it is important to remark that 
previous studies focused on monthly and yearly averaged solar wind speed at the ecliptic plane, whose source 
variations over the 11-year solar cycle26 may likely represent the physical origin of the observed time shift. Indeed, 
during solar minimum the ecliptic plane is dominated by slow solar wind from Helmet streamers. In contrast, 
during solar maximum and declining phase, the ecliptic solar wind is a mix of fast Alfvénic wind from Coronal 
Holes, High Speed Streams from Corotating Interaction Regions and slow wind from streamers27,28.

Inspired by the latter considerations, here we propose how to reconcile the observation of the existence 
of a time-delay between solar magnetic activity and solar wind parameters. We build a simple linear model 
for large-scale velocity fluctuations of the Parker model, driven by a self-sustained magnetic solar dynamo, 
described by a nonlinear Van der Pol equation. The combined action of the slow down of fluctuations by a 
space-climatic feedback and their periodic driving, is responsible for the observed time-delay. Using the Parker 
model for the unperturbed solar wind speed, we find that the space-climatic feedback depends on the various 
frequencies (periodicities) of the driving mechanism of fluctuations.

The model
We begin our model formulation starting from the evidence of an average ∼ 3.2-year time-delay observed 
over the last 5 solar cycles between a physical proxy of the solar magnetic activity, namely the Ca II K 0.1-nm 
emission index (hereafter simply referred to as Ca II K index)29, and a solar wind parameter, namely the wind 
speed (Fig. 1).

To account for a link between solar wind radial velocity and solar magnetic activity, we use the well-known 
Parker model which describes the large-scale (temporal) radial profile of the solar wind velocity field under 
stationary conditions 30,31. Indeed, by assuming the solar wind as a collisionless plasma, by neglecting magnetic 
field effects on strain and pressure terms, and by assuming spherical geometry, the solar wind radial velocity 
profile v(r) is described by

where rc = GM⊙/2c2s ≃ 7× 106 km is the critical point for a supersonic expansion (about 10 solar radii), 
and cs = (RT)1/2 ≃ 102 km/s is the coronal sound speed. The solution (1), under small perturbations, can 
be linearized and it is expected that fluctuations can grow around the stationary (stable) equilibrium solution 
derived by Parker 30 due to solar wind expansion32. In the simplest approximation, if we assume purely radial 
fluctuations whose amplitudes only depend on r and t (this is valid under spherical geometry), the dynamics of 
velocity field fluctuations δv can be described by the linearized equation of motion for a hydromagnetic gas31

where B0 is the background magnetic field, ρ0 the constant mass density and δB = ∇ × δA the fluctuating 
magnetic field written in terms of a magnetic vector potential A . For closure conditions, Eq. (2) must be supplied 
by an equation which describes the magnetic fluctuations via δA . However, magnetic fluctuations can arise over 
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Fig. 1.   37-month moving average of Ca II K index (blue) and OMNI solar wind bulk speed (red), with the latter 
shifted backward by 3.2 years to account for the observed time-delay between the two signals.
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a wide range of timescales, from sub-ion/kinetic scales ( � 1 s), passing through the turbulent inertial range (up 
to a few hours), and going towards longer ones 33. Here we are interested in the longest timescales which we 
relate to a space-climatic feedback induced by the magnetic solar cycle over solar wind plasma parameters. At 
these long timescales, fluctuations δA can be easily described using a dynamo model mimicking the large-scale 
magnetic field dynamics (see Section Methods). By reasonably assuming that the solar wind fluctuations do not 
actively affect the generation of the magnetic field via the dynamo mechanism, the time evolution of solar wind 
velocity fluctuations can be rewritten via a simple ODE

By comparing (3) and (2), we identify β as β = V/R (with V and R representing a characteristic velocity and 
distance, respectively), with β eventually depending on distance via the Parker model (Eq. (1)),  and we introduce 
a force per mass unit f(t) generating the fluctuations which, in our case, mimics the magnetic solar cycle. Indeed, 
since δA(t) ∼ R⊙Bφ(t) , being Bφ the toroidal large-scale magnetic field generated by the dynamo action (Eq. 
(9)), then f(t) can be written as

In the trivial case, when the velocity fluctuations are not sustained by a dynamo action ( f (t) = 0 ), δv 
exponentially decays as ∼ exp(−βt) . Thus, the parameter β−1 = R/V  represents the characteristic relaxation 
time of fluctuations, namely a sort of space-climatic feedback on the stationary solar wind velocity profile by the 
magnetic solar cycle. In other words, when we perturb the stationary wind, the perturbation decays approximately 
in a time β−1.

When f (t)  = 0 , Eq. (2) can be formally integrated

if the temporal behavior of Bφ(t) , that can be derived from (9)–(10), is known. Equations (9)–(10) are nonlinear 
partial differential equations which can be reduced to a Van der Pol–like equation by considering a logistic growth 
for the α-quenching 34 (see Eq. (11)). Thus, the phase-space portrait of the Van der Pol oscillator 35, which is a 
limit cycle whose distortion from the circular path depends on the parameter µ (see Eq. (12)), is now recovered 
for the toroidal component Bφ(t) . The existence of a limit cycle in a dynamical system means that the state 
variable(s) are oscillating function(s) over time. Thus, as a first approach we then introduce a simple periodic 
term for the magnetic solar cycle, say f (t) = f0 cos(ωt) which reproduces the limit-cycle of the dynamo model 
generating the solar cycle for a suitable choice of ω (see Section Methods). Under this assumption for f(t), Eq. 
(5) can be easily solved

Thus, our simple model clearly evidences that a periodic forcing f(t), as the solar magnetic cycle, is able to induce 
large-scale fluctuations in the solar wind velocity δv which are out of phase with respect to the periodic solar 
cycle forcing. More specifically, the out-of-phase lag is �t = ω−1 tan−1(ω/β) which is a function of the period 
of the forcing ω−1 as well as of the unknown space-climatic feedback β.

Results
First of all, by using a value for the velocity V at a given distance R and the value of the Schwabe cycle ω = (2π/11) 
yr−1 , we can obtain a rough estimate of the expected delay �t . On one side, this effectively proves the natural 
existence of a time lag, intrinsically hidden in the formulation of the equation of motion for a hydromagnetic 
gas if it is sustained by a periodic dynamo action. However, these considerations alone cannot be used to explain 
the amount of time-delay of �t ≃ 3.2 yr observed at a radial distance of about 1 AU. In particular we are not 
considering any possible mutual dependence between V and R, as depicted by the Parker model (Eq. (1)). Thus, 
we use the Parker stationary solution for the background radial profile of the solar wind velocity (1) to provide 
a reasonable estimate of the radial distance dependence of the parameter β and, consequently, to more precisely 
compare the amount of the phase-shift �t with respect to observations. As expected (see Fig. 2), since the solar 
wind velocity tends to slow down with distance, the feedback time required to slow down fluctuations increases 
at large distances from the Sun. In other words, in absence of a driving force, fluctuations are slowed down 
meanwhile the solar wind has flowed up, even to relatively large distances.

However, what we have introduced so far represents a zeroth-order approximation, only considering the 
Schwabe cycle as a sustaining source of the dynamo action, and by neglecting any possible smaller-scale variations 
such as Quasi-Biennal Oscillations (QBOs) 36–38. Hence, there is room for possible improvement of our model. 
By exploiting recent findings on the observed dependence of the time-delay on the solar cycle23,24, we assume a 
linear dependence of the phase on the solar cycle by using a periodic cycle with phase modulation due to QBOs 
(see Section Methods). Thus, we modify the functional form of the forcing as f (t) = f0 cos[ωt + ϕ(t)] , where 
ϕ(t) = ϕ0 + kt , and being ω = 2π/22 yr−1 and k = 2π/2.5 yr−1 . In this case from (5) we obtain
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where ω̂ = ω + k . The difference of phases �t , which is again implicit in Eq. (7), can be calculated as the 
difference of the zero-crossing times of both f(t) and δv(t) , thus obtaining

This result highlights that the expected time-delay is extremely sensitive to the frequency for a fixed space-
climatic feedback parameter. To evidence the sensitivity of the time-delay, in Fig. 3 we report a comparison 
of velocity fluctuations δv(t) and the used forcing f(t) (Eq. 6, top panel; Eq. 7, middle panel) using the value 
of β calculated for R = 200 AU. We clearly observe (Fig. 3, middle panel) a smaller time-delay for the same β 
compared to the case where only the Schwabe solar cycle is considered (Fig. 3, top panel).

When comparing the estimated time-delay between f(t) and δv(t) , with the latter expressed by Eq. (7), as a 
function of the distance from the Sun, and by deriving V(R) from the Parker model, we clearly observe that there 
is an order of magnitude of difference between the case in which k = 0 and ϕ0 = 0 and that in which we consider 
k = (2π/2.5) yr−1 , being representative of the QBOs dynamics. This result (Fig. 4 left vs. right panels) points to a 
dependence of the time delay on the frequency of the forcing. Finally, when comparing the time-delay between 
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Fig. 2.   Characteristic space-climatic feedback parameter β−1 derived from Parker model as a function of the 
distance from the Sun expressed in AU.

Fig. 3.   Comparison of f(t) and δv(t) , considering the value of β corresponding to at distance of 200 AU, in the 
following cases: Eq. (6) (top panel); Eq. (7) (middle panel); Eq. (7) with k = 0 and ϕ0 = 0 (bottom panel).
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f(t) and δv(t) as a function of the distance from the Sun, we also observe a dependence from the amplitude of 
the forcing (Fig. 4 upper vs. lower panels).

Discussion and conclusions
We introduced a simple model and some variants to explore the relationships between solar magnetic activity and 
solar wind dynamics in terms of an observed time-delay between these two phenomena. Indeed, by analyzing 
data from the past five solar cycles it has been recently shown 23,24 a consistent lag of approximately 3.2 years 
between the Ca II K index, a proxy for solar magnetic activity, and solar wind speed.

Starting from the Parker model for solar wind expansion 30, and using a simple model for the solar magnetic 
cycle, we devised a linear model to understand how fluctuations in solar wind velocity, driven by a self-sustained 
magnetic solar dynamo which reproduces the solar magnetic activity, manifest themselves through a time-delay 
with respect to the driving. The key result of the paper is that out-of-phase velocity fluctuations of the solar 
wind represents the natural response to the magnetic solar cycle, thus to be considered a kind of space-climatic 
feedback to the solar cycle. This proves the natural existence of a time lag between solar magnetic activity and 
solar wind dynamics, intrinsically hidden in the formulation of the equation of motion for a hydromagnetic gas 
if it is sustained by a periodic dynamo action. In absence of the solar cycle driving any fluctuation slow down 
meanwhile the solar wind flows away from the Sun. According to our model, the unknown space-climatic 
feedback parameter is not fixed, but can be estimated by using the Parker model.

However, these considerations alone are not able to to fully capture the observed time-delay, claiming for 
additional factors and/or missing aspects. To address these, since by only considering the Schwabe cycle as 
a sustaining source of the dynamo action represents a zeroth-order approximation, we improve our model 
on the dependence of the time-delay on the solar cycle, by inserting a possible small-scale (with respect to 
the Schwabe cycle) modulation 23,24. Then, we assume a linear dependence of the phase on the solar cycle by 
using a periodic cycle with phase modulation due to smaller-scale variations such as Quasi-Biennal Oscillations 
(QBOs). By modifying the forcing function in the model to include QBOs, a refined equation for solar wind 

Fig. 4.   Time-delay between f(t) and δv(t) , as estimated by comparing the former with the latter expressed by 
Eq. (7), as a function of the distance from the Sun for two different values of the forcing amplitude ( f0 = 0.5 , 
upper panels; f0 = 0.05 , lower panels). Each point is representative of R and V(R) values as derived from the 
Parker model. Left panel: Eq. (7) with k = (2π/2.5) yr−1 and ϕ0 = 0 ; Right panel: Eq. (7) with k = 0 and ϕ0 = 0.
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velocity fluctuations is derived, yielding in a closer match to observed time-delays. Indeed, when we examine 
the estimated time-delay by also incorporating QBOs dynamics, i.e., by considering two different contributions 
at different characteristic timescales, the model reveals an order of magnitude difference in depicted time-delays 
with respect to the case of only considering the Schwabe solar cycle.

Our results highlight the significance of accounting for smaller-scale variations, such as QBOs, in 
understanding the complex interplay between solar magnetic activity and solar wind dynamics. The refined 
model not only provides a more accurate depiction of the observed time-delay but also offers insights into the 
underlying mechanisms driving these phenomena and future research outlooks and refinements. However, we 
need to remark that additional refinements on our model can be included, since the seminal model introduced 
by Parker has some limitations for describing fast (alfvénic) solar wind39, as well as, to further properly introduce 
solar wind expansion mechanisms by relaxing the isothermal description of the solar corona, then introducing 
a polytropic expansion model40. Nevertheless, our study evidences the importance of refining models to capture 
this intricate dynamics by incorporating additional factors such as QBOs to offer a more comprehensive 
understanding of the observed time-delay between solar magnetic activity and solar wind dynamics, which, 
from the modeling point of view, emerges from the advection term balancing the periodic forcing. This can 
advance our understanding of long-term effects of solar activity on solar wind variations, and consequently on 
interactions of the latter with planetary environments. Indeed, the recent launch of several space missions41, 
e.g., Parker Solar Probe, Solar Orbiter, BepiColombo, can provide a further test for our modeling results within 
the inner Heliosphere, offering unique opportunities for radial evolution of the solar activity42,43 and for testing 
new and/or refined simple models of evolution40.

Methods
As it is well known44, the generation and maintenance against Ohmic dissipation of the solar magnetic field, is 
well described by the α�-dynamo effect, where, using spherical coordinates with r being the radial coordinate, 
the generation of poloidal magnetic field is generated by an average electromotive force induced by the toroidal 
field (the α-effect), and the toroidal field is generated by the differential rotation of the sun coupled to the poloidal 
field ( �-effect). The equation describing this kind of dynamo can be obtained by using the usual induction 
equation for the variables Bφ and Bp = ∇ × (Apeφ) , which represent the axisymmetric toroidal and poloidal 
field, respectively44

where �(r, θ) is the differential angular velocity of the sun in the tachocline, up is the poloidal component of the 
average velocity field of the rotating plasma, and η is the magnetic diffusivity coefficient44,45.

To obtain a realistic model, we must consider two further effects, which are not described within the simplified 
induction equation. First of all, we considered an α-effect which is constant, thus describing a unlimited growth 
of Bp . When the growing dynamo-generated mean magnetic field Bφ reaches a magnitude such that its energy 
per unit volume is comparable to the kinetic energy of the underlying turbulent fluid motions, the dynamo effect 
must saturate44. This can be modeled by introducing an ad hoc nonlinear dependence of α on the mean field 
α → α(Bφ) to describe the back-reaction of the toroidal field on α . A simple way to consider this α-quenching 
is to introduce a logistic growth for α , namely

where B⋆ is the saturation level of the toroidal field and α0 is a characteristic turbulent velocity. As the toroidal 
field increases, the α-effect tends to zero thus avoiding the unlimited growth of the magnetic field. Further, 
once the magnetic field is generated in the tachocline, it is removed by a magnetic buoyancy effect, because 
the magnetic pressure is greater than the kinetic pressure, thus generating a magnetic flux at the bottom of the 
convective layer46. This effect can be introduced by modeling the removal through ∂Bφ/∂t ∼ −Ŵ(Bφ)Bφ , where 
the removal rate is proportional to the magnetic pressure Ŵ ∼ γB2φ/(8πρ) through a coefficient γ (while ρ is the 
plasma density). The buoyancy term47 must be addend to the r.h.s. of Eq. (9).

We introduce a characteristic length of the upper convective region ℓ0 = ǫR⊙ , where R⊙ is the radius of 
the sun, which can be used to introduce dimensionless fields Bφ/α0

√
4πρ  and Ap/α0ℓ0

√
4πρ  . Furthermore, 

we introduce a characteristic time τ0 = ℓ0/α0 such that �0 = �τ0 and S = ℓ0α0/η is the magnetic Reynolds 
number. Then, by introducing a relaxation time tα for the α-quenching, we obtain B2⋆ = 4πρℓ0α0/tα . We are 
interested to introduce a simplified model for the dynamo action, then we adopt a severe truncation of the 
dynamo equation48,49 by considering only the large-scale of the dynamo effect, which consists in replacing 
gradients by ∇ ∼ ℓ−1

0  . Equations (9) and (10), after some algebra, reduce to a nonlinear second-order ODE 
equation for the toroidal magnetic field
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where the free parameters are defined as ω2
0 = (up/α0 − 1/S)2 −�0/ǫ , µ = 2(up/α0 − 1/S) , ξ = γ ℓ0α0/µ , 

and � = �0tα/(τ0ǫ)− (up/α0 − 1/S)γ ℓ0α0 . Note that for a typical turbulent plasma the magnetic Reynolds 
number is very high, thus up/α0 ≫ 1/S.

Equation (12) is very interesting because it represents a Van der Pol nonlinear oscillator48,49, forced through 
a cubic term, which can be derived for modelling long-term variations of solar activity at different scales50. 
When � = 0 , the Van der Pol oscillator exhibits a dynamic made by an harmonic term with a frequency ω0 , and 
a damping term with a non constant damping rate µ(3ξB2φ − 1) . Naively, when 0 ≤ B2φ < (3ξ)−1 the damping 
tends to puts the system towards the trivial solution Bφ = 0 (representing the absence of dynamo action). On 
the contrary, when B2φ > (3ξ)−1 , the system bifurcates towards a limit cycle (representing the occurrence of 
the dynamo action), with a frequency ω2 = ω2

0 , given by the ratio between the poloidal velocity of plasma 
and the characteristic velocity of turbulent fluctuations which generate the α-effect. Even in presence of the 
forcing term the limit cycle survives. In fact, Eq. (12) can be written as a general 2× 2 system for the variables 
(x, y) = (Bφ , dBφ/dt)

where f (x, y) = µ(3ξx2 − 1) and g(x) = x(ω2
0 + �x2) . The system (13) satisfies the following conditions: (i) 

there exists a parameter a = √
1/3ξ  such that f (x, y) > 0 when x > a ; (ii) the function f (0, 0) = −µ , namely 

f (x, y) < 0 near the origin; (iii) the function g(0) = 0 and sign[g(x)] = sign[x] when (up/α0) > (�0/ǫ)(tα/τ0) ; 
iv) the function G(x), defined by

tends to G(x) → ∞ when x → ∞.
Under these conditions, the system (13) satisfies the Poincaré–Bendixson Theorem51 which assures the 

existence of a unique limit cycle, namely a unique closed trajectory for Bφ , centered on the origin49. When 
µ ≪ 1 the closed trajectory in the phase-space is quite harmonic, so that we can assume a sinusoidal limit 
cycle Bφ = b cosωt . Using Eq. (12) and disregarding high-order harmonics sin 3ωt = cos 3ωt ≃ 0 , we obtain 
the constant amplitude of the limit cycle b ≃ (4/3ξ)1/2 , which depends on the parameter ξ , and its frequency 
ω2 = ω2

0 + �/ξ . One of the effect of the buoyancy force, in the simplified model, is to change the natural 
frequency of the dynamo oscillation.

The model (12) represents an autonomous ODE. However the solar cycle is affected by quasi-biennal 
oscillations (QBOs) on timescales from 1.5 years to 3.5 years52. These oscillations can be associated with flux 
migration in the poleward direction for both meridional and radial components of the magnetic field53. Moreover, 
QBOs seem to be located in the profound layers of the Sun54. To model this effect, which can be seen as a 
secondary dynamo54, we can assume that the parameter � should be a time-dependent function �(t) , thus making 
non autonomous the system (12). Changing � can affect the phases of the limit cycle55, so, as a simplest approach, 
we guess Bφ(t) = b cos[ωt + ϕ(t)] . By using this ansatz in Eq. (12) and disregarding as before the high-order 
harmonics, we obtain the same value of b as before, and an equation for the phase ϕ(t)

where ϕ′ = dϕ/dt . By conjecturing a weak dependence on time for the phase ϕ(t) , namely ϕ(t) ≃ ϕ0 + kt + ǫt2 , 
we obtain

A phase modulation for the limit cycle is then possible when � is not constant, namely when ǫ  = 0 . On the 
contrary, when ǫ = 0 , the frequency of the limit cycle results from

Data availibility
The time series of the Ca II K index uses SOLIS data obtained by the NSO Integrated Synoptic Program (NISP), 
downloaded from the SOLIS website (https://​solis.​nso.​edu/0/​iss/). NISP is managed by the National Solar 
Observatory, which is operated by the Association of Universities for Research in Astronomy (AURA), Inc. under 
a cooperative agreement with the National Science Foundation. The OMNI data are available from Coordinated 
Data AnalysisWeb (CDAWeb; http://​cdaweb.​gsfc.​nasa.​gov).

Received: 20 May 2024; Accepted: 19 August 2024

(12)d2Bφ

dt2
+ ω2

0Bφ + µ(3ξB2φ − 1)
dBφ

dt
= −�B3φ

(13)















dx

dt
= y

dy

dt
= −f (x, y) y − g(x)

(14)G(x) =
∫ x

0
g(z)dz = x2

4

(

2ω2
0 + �x2

)
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