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Abstract

We consider a family of non-local and non-convex functionals, and we prove that
their Gamma-liminf is bounded from below by a positive multiple of the Sobolev norm
or the total variation. As a by-product, we answer some open questions concerning the
limiting behavior of these functionals.

The proof relies on the analysis of a discretized version of these functionals.
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1 Introduction

In this paper we answer some questions concerning a class of non-local, non-convex func-
tionals introduced in [10, [11], and related to the Sobolev norm and the total variation.

In order to introduce these functionals, we consider a positive integer N, an open
set Q C RY, and three real parameters v € R, p > 1 and A > 0. Following [I1], we
consider the measure v, on RY x RY defined by

)= [ [ g =P dzay

and for every measurable function u : {2 — R we introduce the set
Eypa(u, Q) = {(2,9) € @ x Q: July) —u(@)] > Ny — 27}
We are now ready to define the family of functionals

Fypa(u, Q) := Ny (B, pa(u,Q)) Yu € Li (). (1.1)

In order to describe some relations between the functionals , the Sobolev norms,
and the total variation, let T/1?(Q) denote the space of functions u € L, .(Q) whose dis-
tributional gradient Vu belongs to LP(Q), and let BV () denote the space of functions
u € Li, . (Q) whose distributional gradient Du is a finite RV-valued Radon measure on

Q. Then for every u € L{ (Q) we set

loc
IVull},q ifp>1andue Whr(Q),
Fp(u, Q) == ¢ [Du|(Q)  if p=1and u € BV(Q), (1.2)
+00 otherwise.

We consider also the geometric constant

Cnp = [ Moa)P a* ), (13)

where v is any element of the unit sphere S¥~! with center in the origin of RY (of course
the definition does not depend on the choice of v).

Previous literature and Brezis’ open problems The functionals generalize some
families of functionals considered previously in the literature, and corresponding to
special values of ~.

In the case v = —p, the family {F_,,,} was first studied in [20, 22] (see also the
more recent developments in [2] 3[4, 8, [@]). In this special case the two main results are
the following.

e (Pointwise convergence) For every p > 1 it turns out that
Cnp

lim £, (u, RY) =

A—01

cFy(u,RYY  Vu e LP(RY).

In the case p = 1, the analogous limit holds true when u € C}RY), but not
necessarily when u € WH(RY).



e (Gamma convergence) For every p > 1 it turns out that

I lim F o, (u) = % k- F(u, RY)  Yu € LP(RY),

A—0t

where

1 1
—(1- if p>1
k‘p - p—]_ ( 2p—1) p 3
log 2 ifp=1.

Note that, quite surprisingly, the Gamma-limit is different from the pointwise
limit.

The more recent literature [13] 12} 25] [7] (see also [14],[15]) focused on the special case
v = N, in which the measure vy is equal to the Lebesgue measure, and the supremum
of Fnpa(u,§2) over all A > 0 is by definition the weak LP(2 x ) quasi-norm of the

function
[u(y) — u(z)|
ly — $’1+N/p :

Finally, in [10, 11} (see also [26], 27]) the general case v € R was considered. Here,
motivated mainly by [7], we restrict to the case v > 0, which of course includes the case
v = N. Let us describe some of the results that were known in this setting (we stress
that what is interesting in the case v < 0 is the limiting behavior as A — 0%, while for
v > 0 it is the limiting behavior as A — +00).

e (Global pointwise estimate from above and below) In [11, Theorem 1.3 and The-
orem 1.4] it was proved that there exist two constants ¢;(V, v, p) and c2(N, 7, p)
such that

CI(N7 77p)Fp(u7 RN) < iu%) F'y,p,/\(uy RN) < C2(N7 77p)Fp(u7 RN)v
>

for every u € LL (RY).

loc

e (Pointwise convergence in Sobolev spaces) In [11, Theorem 1.1] it was proved that
for every p > 1 it holds that

1 .
lim F,,\(u,RY) =Cy, -~ F(u,RY)  Yu e W"(RY). (1.4)
8

A——+00

e (Pointwise convergence and estimates for BV functions) In the case p = 1, the
pointwise convergence result was extended and improved in several directions.
In [I1, Lemma 3.6] it was proved that, if £ C R is a bounded convex set with
smooth boundary, then

. 1
lim FW,I,A(ILE,RN) == ONJ . y T

1F1(:H-E7RN)7

A——+o00



where 15 is the function that is equal to 1 if x € E and 0 otherwise.

More recently, in [24, Theorem 1.1]) it was proved that for every v € BV (RY) it
turns out that

. Ny >

ligligofny,l,/\(uaR ) >

1 1 - 27 -1
C —DauRN+—DJuRN+—DcuRN}
oo { TP + DR 4 )

where D%, D7u and D denote, respectively, the absolutely continuous part, the
jump part and the Cantor part of the distributional derivative of u. In addition,
in [24, Theorem 1.2]) it was proved that

1 1 .
lim F RY) = Cn1  =|D"u|(RY) + ——|D7u|(RY 1.5
P8 = O { HIDA @) + D@D} (1)

A—+00
for every u € BV(RN) with Du = 0.
Finally, in [19, Theorem 1.1]) the pointwise estimate from below in [24] was im-
proved by showing that the constants in front of the jump part and the Cantor
part are equal, namely

1
liminf F, 1 (u, RY) > Oy {—|D“u|(RN)
g

A——+o0

+ 7 (D7l®Y) + D) ),

but again just for u € BV (RY).

The extension of the convergence results and estimates quoted above to every u €
Li (RY) does not seem to be straightforward. Indeed, the following questions were
raised in [7, Section 9] and in [I1l Section 7.2].

Question A. Let v > 0 and p > 1 be real numbers, and let u € L .(RY) be a function
such that
lim inf F, , (u, RY) = 0.

A—400

Can we conclude that u is constant (almost everywhere)?

Question B. Let v > 0 and p > 1 be real numbers. Is there a positive constant
¢(N,~,p) > 0 such that
lim inf F, , 5 (u, RY) > ¢(N, v, p) F,(u, RY),

A—~+00

for every function u € LL (RY)?

loc
Question C. Let v > 0 and p > 1 be real numbers. Is there a positive constant
¢(N,~,p) > 0 such that
- lim F,,\(u,RY) = ¢(N,v,p)F,(u, RY),

A—400

for every function u € L] _(RY)?

loc
We conclude by mentioning that in [25] a positive answer is given, in the case v = N,
to the weaker version of the first two questions with the limsup instead of the liminf.
The proof relies on the so-called BBM formula (see [5 [16]).
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Our contribution In this paper we give a complete answer to Question [A] and Ques-
tion [B] as stated above, and a partial answer to Question [C| In fact, our main result is
the following.

Theorem 1.1. Let v > 0 and p > 1 be real numbers, let N be a positive integer, and
let Q CRY be any open set.

Then the families of functions defined by and satisfy
['liminf F, ,\(u, Q) > Cnp - ¢y - Fp(u, Q) Vu € Ly, (), (1.6)

A——+o00 loc

where Ch,, 1s the geometric constant defined by , and

log 2
Cy

More precisely, for every u € L () and every family of functions {uy} C L ()

loc loc

such that uy — w in LL (Q) as X — 400, it holds that

1>1\I—I>14£.10f Fopa(uy, Q) > Cny - ey - Fip(u, Q).

Let us comment a little on the state of the art after our result.

Remark 1.2 (On the pointwise limit). When p > 1 now we know that the pointwise
limit is given by for every u € Ll _(RY), and this settles the issue of pointwise
convergence for p > 1.

When p = 1 now we know that the pointwise limit is given by both if u €
BV(RN) with D°u = 0, and if v € L. _(RY)\ BV (R"). Moreover, the estimate from
below in [19] now holds true for every u € LL (RY).

It should be possible to extend these results to open sets @ C RY with smooth
enough boundary, or to any open set if one restricts the set E. , \(u,2) to the pairs
(x,y) that “see each other” (see [I7), Section 7] and [I8, Remark 4.6]).

On the other hand, it has been shown in [I9 Example 3.23] that there exists a

function « € BV ((0,1)) with D # 0 for which

liminf ., 1 \(u, (0,1)) < limsup F, 1 x(u, (0,1)).

A—+o0 A—+00

Remark 1.3 (Toward the Gamma-limit). In the case p > 1 the pointwise convergence
result (1.4 implies that

C
I-limsup F, , (u, Q) < Nop
A——+00 Y

- Fy(u, Q) Yu € Ly . (Q), (1.8)

at least when () is smooth enough, while in the case p = 1 the pointwise convergence
result (1.5)) implies that

C
I limsup Fyqa (1, Q) < =21 F(u, Q) Vu e LL(Q), (1.9)
A—+400 Y + 1



again when €2 is smooth enough.

For the time being, the existence of the Gamma-limit remains unclear. It might
be possible to extend the approach of [22] in order to provide a positive answer to
Question [C| with some constant C'(V,,p) (positive because of Theorem defined as
the solution of an appropriate cell problem. On the other hand, this approach would
not answer the question whether the Gamma-limit coincides with the (relaxation of)
the pointwise limit, namely with the right-hand side of for p > 1, and of if
p=1.

Now the challenge is to improve the estimate from below in . Indeed, we suspect
that the constant c, given by is non-optimal, because in the proof we combine
several inequalities that are optimal when considered one by one, but with different
equality cases. Alternatively, it would be interesting to find an example of a family
uy — u for which the limit of F, ,(uy,€?) is strictly less than the right-hand side of

(1.8) or (1.9), as it happens in the case v = —p.

Overview of the technique The first steps of the proof follow a rather standard path.

First of all, we reduce ourselves to the one-dimensional case through an integral
geometric approach. The main idea is that the functionals and are in some
sense the average of the same functionals computed on the one-dimensional slices of u,
namely the restrictions of u to all possible lines in RY. We refer to section for the
details.

We stress that here the flexibility provided by the parameter v plays a role. Indeed,
the problem in dimension N with v = N reduces to the one-dimensional problem with
v = N, and therefore solving the one-dimensional case with v = 1 is not enough to
answer the questions posed in [7] in the case v = N.

After reducing to dimension one, we localize the problem, and we reduce ourselves
to estimating from below the cost of an oscillation. Roughly speaking, this amounts to
considering a sort of cell problem of the following form.

Suppose that u : R — R is a measurable function such that u(x) = A for
x < a, and u(z) = B for > b. Can we estimate F,, \(u,R) from below in
terms of |B — A| and b — a?

We answer this question in a quantitative way in Proposition [3.1} In order to prove
this result, we generalize the approach of [I7, [I8]. The original idea was to fix x € R
and a step 0 > 0, and then considering a discretized version of the functional that takes
into account only the values of u in the points of the form x + di, with ¢ € Z. Here
this is not enough, and our discretized version of has to take into account all the
values of u in the points of the form z + §i/2*, with i € Z and k € N. This lead us to
introduce in what we call the dyadic functional.

Again, the main idea is that the functional in dimension one is the integral
of the dyadic functional over all possible choices of = and § (see Proposition , and
hence we have reduced ourselves to estimating from below the dyadic functional. Since
we are now in an almost discrete setting, this is a sort of combinatorial problem. For
the details we refer to Proposition 2.2] that is the technical core of the paper.
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Comparison with similar discretization arguments for non-local functionals The idea
of reducing the computation of Gamma-limits to cell problems is classical, and goes
back to the dawning of Gamma-convergence. In the context of non-local functionals,
the estimate for the cell problem is usually obtained through some kind of discretization
of the energy.

In [6] (see also [21], 22], 23]) the functionals with v = —p are considered, and
the discretization is performed in a “vertical” way (or d la Lebesgue, as observed by
J. M. Morel), namely by considering the sets A; := {z : (j—1)27% < u(z) < j27%}, where
k is a suitably chosen but fized positive integer, and by estimating the contributions
to the integral of the pairs (z,y) € Aj, x Aj, with j; # jo. The estimate in [6] was
then improved in [3], where the discretization is combined with a discrete rearrangement
inequality. This results in an energy estimate that is asymptotically optimal and solves
completely the cell problem for the case v = —p.

On the contrary, in [17, [I8] the argument relies on a “horizontal” discretization a la
Riemann, namely on considering the restriction of u to the points of the form x + di.

Here none of these techniques seem to work, in the sense that the vertical discretiza-
tion is less effective in simplifying the problem, since the set E, ,\ here depends also
on the horizontal differences |y — x|, while the horizontal discretization with a fixed
step produces a trivial estimate in the limit. This is the reason for which we need to
introduce the more complicated dyadic decomposition.

Structure of the paper The rest of this paper is organized as follows. In section [2| we
introduce the dyadic functional and we prove its main properties, namely the represen-
tation formula of Proposition [2.1 and the estimate from below of Proposition 2.2 In
section [3| we prove the estimate from below for the cell problem (Proposition , and
we conclude the proof of Theorem both in the one-dimensional and in the general
case.

2 The dyadic functional

This section is the technical core of this paper. Here we introduce a discretized version
of (1.1) and we prove its main properties.
Let v >0, p > 1, and A > 0 be real numbers. Let us consider the function

1 if A > \ott/P

0 if A < \oLt/p Y(6,A) € [0, +00)%. (2.1)

w%Pv\(dﬁA) = {

Let D := {i/2* : i € Z, k € N} denote the set of dyadic numbers. For every integer
k >0, a k-dyadic interval is any interval of the form

{ii+1 (2.2)

ok’ ok



for some i € Z. For every interval (a,b) C R and every integer k > 0, we consider the
k-dyadic intervals contained in (a, b), which are indexed by the set

Dila,b) = {z €z {%Z;—kl} C (a, b)}. (2.3)

For every § > 0 and every function v : D N (a,b) — R, the dyadic functional is

defined as
() () e

We are now ready to state the two properties of the dyadic functional that are the
main technical tools in the proof of our main result. The first one is the following
representation formula, which shows that in dimension one the functional can be
expressed in terms of dyadic functionals.

o0

)
DF, , (9,0, (a,b)) Z 'y+1) Z ¢7PA<21€’

k=0 i€Dy(a,b)

Proposition 2.1 (Dyadic representation). Let v > 0, p > 1, and B > A be real
numbers. Let (a,b) C R be an interval with length b —a > 1, and let u : (a,b) — [A, B|
be a measurable function.

For every x € R, and every real number & > 0, let us consider the numbers

_ b
Ay 1= a 5 * and bps = 5 x, (2.5)
and the function vy s : DN (ays,br5) — R defined by
v2.5(q) = u(z + ¢d) Vg€ DN (ays,bss). (2.6)

Then for every real number A > B — A it turns out that

1

d
F%p,A(u, ((I, b)) = 2)\1) // ch 57_1 / DF%p)\ (5, ijg, (am, bx75)) dflj (27)
2 0

The assumption that b —a > 1 in the previous statement is not really essential, but
it simplifies the notation in the proof. The second main tool is an estimate from below
for the dyadic functional in terms of the variation of v in (a, b).

Proposition 2.2 (Asymptotic cost of oscillations for the dyadic functional). Let vy > 0,
p>1, and B > A be real numbers. Let (a,b) C R be an interval, and let v : DN (a,b) —
[A, B] be a function.

Let us assume that there exist two integers o and 3, with a < o < 3 < b, such that
v(a) = A and v(5) = B.

Then for every 6 € [1/2,1], and every real number X > 21%7/P(B — A), it turns out
that | . (B A

DFypald0,(00) 2 5= oo (= apt

(2.8)
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2.1 Proof of Proposition

Let us consider the function defined in (2.1). When N =1 and Q = (a, b) is an interval,
we can rewrite (1.1]) in the form

Fypalu (a,0) = / de / )l — . July) — u(a)]) dy
_ mjé 515 [ (6 e+ 0) — u(@)) dr. (29)

Now by assumption u takes its values in [A, B], and A > B — A. This means that,
for every 0 € (1,b — a), it turns out that

lu(z +8) —u(x)] < B— A< X< AP,
for every z € (a,b— ¢), and hence

(8, u(e +8) — u(a)]) = 0
for every = € (a,b — §). As a consequence, in (2.9) we can restrict ourselves to values
0 <1, so that
b—o

F, pa(u, (a,b)) = 2X° /1 S Lds Yo pn (0, Ju(z 4+ 0) — u(x)|) de. (2.10)
0

Now from ({2.5)), and ([2.3) with & = 0, we obtain that
VieZ [z € (a—id,b— (i +1)8) < i€ Dy(auss,bss)]

and as a consequence

b—9d
Py p (0, [ul +0) — u(z)]) dz

- / b6, Ju( + 8) — (o)) da
(a,b—6)N(i8,(i+1)8)

€L

- Z /05 Uy pr (6, |u(z + (i 4+ 1)0) — u(x + 16)|) dz

i (a—i8,b—(i+1)d)

:/ ST a0 uasli+ 1) — v5(0)]) da

GDO aac 8 bac 5)

for every 0 € (0,b — a). If for every z € R and every § > 0 we set for brevity

Groa(@,8) = Y a0 fons(i 1) = v (), (2.11)

1€Dg (aa:,é 7bz,5)



then (2.10]) can be written as
1 5
F,,A\(u, (a,b)) = 2)\p/ 51t dé/ Gy (T, 6) da,
0 0

and in turn this integral can be decomposed as

F’y,p,)\<u7 (a7 b>> = Z/ (k+1)

51— 1 5/2k 5
_ 2)\102/2 a / G (a: ﬁ) dr.  (2.12)

Now we observe that, for every § > 0, the function x — g, ,(z, d) defined by (2.11))
is periodic with period §. As a consequence, for every non-negative integer k the function
x> g, pa(z,8/2%) is periodic with period §/2%, and therefore

5
57_1d(5/ Gypr(2,0) dz
0

§/2F 5 1 2k 36/2" ) 1 J 1)
/0 v (x @) =g ; /(jnmk Frv < ) =g / oo (I @> o

Plugging this identity into (2.12)) we obtain that

o1 0 4]
Fypau, (a,b)) = 2)\7’2//2 9k(~v+1) / JvpA (xa %) dx

[e.9]

5 ] 5
= p y—1 b 9
= 2\ /1/25 d5/0 {Z ok(r+1) J1pA (x, Qk) dr. (2.13)

k=0

Finally, from (2.11)) and ([2.3) we deduce that
o ) . .
g’YanA Z, ? = Z 'Qb'y,p,/\ ?7 |Ux,6/2k (Z + 1) - U:(:,é/?’C (Z)‘

iEDO(az,a/zk»bz,a/zk)
1+ 1 ’i

)
= Z 'lvb’y,p7/\ <2_k’
and therefore comparing with (2.4)) we conclude that

1€Dx(az,5,b2,5)

o0

1 )
Z BTCEEVEATY (96, @) = DF, ;) (0,025, (Gzs,b25))) -
k=0

Plugging this equality into (2.13)) we obtain exactly (2.7)). ]



2.2  Proof of Proposition

Let us introduce some notation. We say that two intervals are essentially disjoint if
they do not share internal points, namely if they intersect at most at the boundary.
We say that a k-dyadic interval of the form ([2.2)) is wisible if

i+1 i 5\
() )G

and we introduce the set

Vi = {1 €Z: [ ! ﬂ} C o, f] is Visible}

ok’ ok

that indexes all k-dyadic intervals that are visible and contained in [« 5] (for the sake
of shortness, we do not write explicitly the dependence of ¥V on ~, p, A, 4, a, [, which
are fixed parameters in this proof).

We observe that visible dyadic intervals are exactly those whose endpoints give a
positive contribution in the right-hand side of , so that

[e.e]

Vil
DF, (8,0, (a,b)) 2 Y 5ot (2.14)

k=0

where as usual the bars denote the number of elements of a set, and the inequality is
due to the fact that we are neglecting the contribution of visible intervals that are not
contained in [, f].

Now we introduce the set of k-dyadic intervals that are important. The definition
is recursive in k. We say that a k-dyadic interval of the form ([2.2) is important if it
verifies the following three conditions.

(i) It is not visible.

(ii) At least one of its two halves is visible, namely either

% +1 i 5\
v ok+1 | v ok > A 9k+1

i+ 1 2 + 1 5\
v ok v ok+1 > A ok+1 :

(iii) It is not contained in any important h-dyadic interval with A < k—1 (this condition
is void when k = 0).

or

We also introduce the set

a1
T = {z eZ: {%, %} C o, f] is important}

that indexes all k-dyadic intervals that are important and contained in [, 3].

10



Properties of visible and important dyadic intervals In the sequel we need the following
properties.

(1) Important dyadic intervals (even with different k’s) are pairwise essentially dis-
joint.

(2) All 0-dyadic intervals are not visible, namely Vy = 0.

(3) Every dyadic interval that is visible is contained in a (unique) dyadic interval that
is important. More precisely, if I is a k-dyadic interval that is visible, then there

exists a unique non-negative integer h < k — 1, and a unique h-dyadic interval J
that is important and such that I C J.

(4) If I is a k-dyadic interval that is important, then for every h > k + 1 there exists
a h-dyadic interval that is visible and contained in I.

Let us prove the four properties.

e The first one is trivial if the two important intervals are k-dyadic intervals with
the same k. Otherwise, we observe that two dyadic intervals are not essentially
disjoint if and only if one is contained in the other, but this is never possible if
the two intervals are important because of the third condition in the definition of
important dyadic intervals.

e As for the second property, we recall that by assumption v takes its values in
[A, B], and moreover A > 2'+7/P(B — A) and 6 > 1/2. If follows that

i+ 1 0 A 5\ e ,
’U( 20 )—U(§>‘§B—A§21+—7/Z)§)\(@) \V/ZED()(CL,Z)),

which means that the interval [i,7 + 1] is not visible.

e As for the third property, we argue by induction on k. If k = 0, the conclusion is
trivial because there are no visible 0-dyadic intervals.

So let us assume that the second property is true up to some k£ — 1 and let I be
a k-dyadic interval of the form that is visible. Let I’ be the unique (k — 1)-
dyadic interval containing I, namely either I’ = [i/2" (i + 2)/2F] if i is even, or
I'=[(i —1)/2% (i +1)/2*] if i is odd. Then there are two cases.

— If I’ is visible, by the inductive assumption it is contained in some important
h-dyadic interval, and this important interval also contains I.

— If I’ is not visible, then it satisfies the first two properties in the definition
of important intervals. Hence, either it is important (so it is an important
interval containing I) or it is contained in some important h-dyadic interval
with h < k — 2 (and this important interval also contains 7).

11



This concludes the proof of the inductive step, hence the existence part of the
third property. Uniqueness follows from the first statement.

e As for the last property, we argue by induction on h > k+1. The case h = k+1 is
an immediate consequence of the second condition in the definition of important
intervals.

So let us assume that I contains a visible h-dyadic interval J = [j/2" (j + 1)/2"]
for some h > k + 1. Then we claim that at least one of the two halves of J is
visible, and hence I contains a visible (h + 1)-dyadic interval. Indeed, if this were
false, then we would deduce that (here we exploit that v > 0)

J+1 7 < Jg+1 2741 2741 j
v on —v % < |v oh — SE + (v S —v 2—h
S 1+v/p 5 1+v/p
A(mm) ()

But this means that J is not visible, which is a contradiction.

Estimate from above for B— A We show that

o0

(B — Ay <677 (B —a)™t - 3

k=0

|Zy.|
2k(y+1) "

(2.15)

To this end, let us fix a positive integer m, and let us consider all important k-dyadic
intervals with & < m that are contained in [«, 8]. The complement of their union in
[, ] is the union of a suitable set of m-dyadic intervals. More precisely, we obtain a
partition of the form

e =UU [ 5 ]0 U [ '3 ]

k=0 iEIk 1€ERm

where R,, C D,,(a,b) is a suitable index set, and all the intervals that appear in the
right-hand side are pairwise essentially disjoint.

The key point is that all the intervals in the right-hand side are not visible. Indeed,
important dyadic intervals are not visible because of the first condition in their definition,
while all m-dyadic intervals that are visible are contained in an important k-dyadic
interval for some k < m — 1, thanks to the property (3) of the previous paragraph, and
therefore they do not appear in the union indexed by R,,.

Since all these intervals are not visible, we can estimate the difference between the
values on v at the endpoints of each interval in terms of the length of the interval itself.

12



We obtain that
B-A = [v(B)—v(a)l

1+ 1 1 14+ 1 7
() (@) 2l () - ()]
k=0 i€T; 2 2 i€Rm 2 2
m 5\ /e 5\ 1t/
S5M(z) 2 ()
1€ERm,

m 5 1+v/p 5 1+v/p
= Yoml(5) b ()

Now we observe that |R,,| < (6 —«a)-2™, and therefore letting m — +o00 we deduce
that (here again we exploit that v > 0)

NE

IN

o0

B — A< \§tH/p Z

k=0

|Zy.|
9k(1+v/p)

At this point by Holder inequality we conclude that

o] (»—1)/
7
poa e (L) (£80)

k=0
k _
< At <Z 2k(1+7)> (8 =)0,
k=0

which is equivalent to ([2.15).

Conclusion  From ([2.14]) and property (2) of visible dyadic intervals we know that

= 1
DF, (0,0, (a,b)) > ZWWH (2.16)
k=1

Moreover, from properties (1) and (4) of dyadic intervals we deduce that

k—1
Vil 2 D IZal,
h=0

Plugging this inequality into (2.16]), and rearranging the addenda, we obtain that

oo k-1
DE, (v, (a,b)) Z2k(7+1 Z| hl
h=0

k=1

[e.e]

- Z Ih' Z 2k v+1) 27+1 -1 Z 2h(fy}:-1)'

k=h+1 h=0
Recalling (2.15]), this inequality implies (2.8]). ]
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3 Proof of the main result

In this section we prove Theorem [I.1} Following the classical approach, we consider
the cell problem that consists in computing, in dimension one, the minimal energy of
a function that oscillates between two values A and B in some interval (a,b). In the
following result we estimate this minimal energy by relying on the dyadic theory of
section [2l Throughout this section . denotes the one-dimensional Lebesgue measure.

Proposition 3.1 (Lower bound for the cell problem). Let v >0, p > 1, and B > A be
real numbers. Let k be a non-negative integer, let (a,b) C R be an interval with length
b—a>3-27% and let u: (a,b) — [A, B] be a measurable function.

Let us assume that there exists a real number € > 0 such that

L {ze(aa+27") ulx) #Au{z e (b—27"b) :u(z) # B}) < g 27F 0 (3.1)
Then for every real number \ > 2*+D0+Y/P)(B — A) it holds that
(B—A)
Epa(u, (a,0)) > (1 —¢)2c, - b=y (3.2)

where c., s the constant defined by .

Proof. To begin with, we prove the result when k£ = 0, and then we deduce the general
case through a homothety argument.

Case k = 0 Let us fix 6 € [1/2,1] and = € (a,b). Let us consider the interval
(ays,bs5) whose endpoints are defined by , and let us denote by [a, s, B:s] the
largest closed interval with integer endpoints contained in (a, s, by ), namely the interval
with endpoints

Qps = Az 5] +1 and Brs = [brs| — L.

(note that ;s > a, s + 1 because when k = 0 we assumed that b — a > 3).
Now let X5 denote the sets of points z € (0,0) such that

Ve s(Qrs) = u(x + ap50) = A and Uz 5(Bes) = u(x + Brs0) = B.
We observe that

oo 5o JETola/o+1) ifw € (0,6{a/d}),
,6 z+6la/s] if x € (6{a/d},9),

where {a/d} denotes the fractional part of a/d. This shows that x — x + @, 450 is a
measure preserving map from (0,6) to (a,a + ¢), and hence

Z ({x€(0,0) : vas(ans) # AY) = Z ({y € (a,a+0) s uly) # A}).

14



In an analogous way we obtain that

Z ({2 €(0,0) : v25(Brs) # B}) = Z ({y € (b—6,0) - uly) # B}).

Since

(0, 5) \ Xs = {x c (0, 5) : U%(;(Ozxﬁ) 75 A} U {x € (O, (5) : vx75(ﬁ$75) 7§ B},

from assumption (|3.1) with £ = 0 we deduce that

Z((0,0)\X5) < Z({ye(a,a+0):uly)#AH)+ZL{ye(b—-106,b):uly) # B})

< Z{yelaa+1)uly) #A)+Z{y € (0—-1,0):uly) # B})
€
S 57
and hence, recalling that § > 1/2,
L(X5) > 6 — g > (1 - €)d. (3.3)

Now we observe that, for every = in Xy, the function v, s defined by ([2.6)) satisfies
the assumptions of Proposition With (a,b) := (azs,bss) and [a, ] = [Qws, Brs), SO
that from (2.8) we obtain that
- 1 1 (B— A
— v+l _ 1 )\pipty (5%5 — am,(;)l’—l

DF’y,p,)\(57 Vz,85 (am,57 bx,6)> (34)
whenever A > 2!*7/P(B — A), which is exactly our assumption on \ in the case k = 0.
Since

b—a
5 )

Brs — Qgs Sbys — Qg5 =
from (3.4) we conclude that
S 1 1 (B—A)
= — 1 AgHT (b —a)p!

for every 6 € [1/2,1], every x € X5, and every A > 2!%7/P(B — A). At this point from
Proposition [2.1] we deduce that

DF%P)\(& Vg5, (az,& bm,6))

1 19
F%p,,\(u, ((I, b)) = 2)\])/ d5 57_1 / DF%pJ\ (5, Ua;’(;, (am’(s, bx,é)) d!E
1

/2 0

1
> 2)\p/ do 57_1/ DF%p)\ (5, V.85 (am’(;, b%(s)) dx
1/2 X;

1
, 2 '(B—A)P/ LX) o
21 (h—ap )y 02

Recalling (3.3]) we conclude that

2 (B— AP ['1 2log2 (B —A)P
F’y,p,)\(uv (a7b)) Z (1 - E) M+l 1 ’ (b _ a)p’l /1/2 5 do = (1 - 6) o+l 1 ' (b — a)pfl’

which is exactly (3.2)).
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Case k > 1 Let us consider the function uy(z) := u(27*x). With a change of
variables we obtain that

Fypa(u, (a,0)) = 2807V E, o (ug, (ak, b)), (3.5)

where
A = 2RI/ ) ay := 2*a, by := 2FD.

We observe that the assumptions on b — a and A imply in this case that by — ax > 3
and )\, > 2'77/P(B — A), while (3.1)) implies that

€
2 ({2 € (o +1) - w(e) £ AU {w € (b — 1be) s un(a) £ BY) < =
Hence, from the case k = 0, we conclude that
(B— Ay 1 (B—A)P

E po (U, (ar, b)) > (1 —€)2¢, - W =(1—¢)2¢,- ok(p—1) (b—a)p-t’

Plugging this inequality into (3.5 we obtain (3.2)) also in this case. O

3.1 Proof of Theorem [1.1] in dimension one

In this section we prove Theorem in the case N = 1. To this end, we consider any
open set  C R, any function v € L{ (), and any family {uy} C L .(Q) such that
uy — uin L () as A = 4o00. Since C, = 2 for every p > 1, in this case we need to

prove that
liminf F, , \(ux, Q) > 2¢, F,(u, ), (3.6)

A—400

where ¢, is the constant defined by (1.7)).

Measure estimate near Lebesgue points Let [c,d] C € be an interval whose endpoints
c and d are Lebesgue points of u. We claim that, for every € > 0, there exists an integer
k. > 0 and a real number A\, > 0 such that d — ¢ > 3 - 27", and in addition

L ({x € (ce+27%) up(z) > ulc) +2¢}) < Z 27k wvA> AL (37)

and
L ({ze(d=2" d):ur(z) < uld) — 2}) < Z 2R WA> AL (3.8)

To this end, we begin by observing that the definition of Lebesgue point implies that

£ ({z € (c,c+27%) ru(z) > ulc) +¢})

kgr—{loo 2k - 07
and hence c
L ({r e (c,e+27%) s u(x) > ule) +¢}) < 3 27k (3.9)
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for every k large enough. In the same way we obtain that

L {ze(d—2"d) ulx) <u(d) —c}) <--27F (3.10)

ol M

when k is large enough. Now we choose an integer k., with d — ¢ > 3 -27%_ such that
both (3.9) and (3.10) hold true, and we claim that we can find A, such that both ({3.7))
and (3.8) hold true.

Indeed, let us assume by contradiction that there exists a sequence \; — +o00 such
that one of them, say (3.7) without loss of generality, is false, namely

L ({x € (c,e+27%) ruy, () > ulc) + 2¢}) > Z - Qe (3.11)

for every index i. Now we observe that

(
C {ze(c,c+27%)
)

<
o~ o~

= {z€(cc+27%):

and therefore from (3.11)) and (3.9) it follows that

L ({z€(c,e+27%) ruy(z) —u(z) > e}) > Z SR % Lok = % cQhe
which in turn implies that
27 ke c
[ @ @) dez ook
for every index 4, which contradicts the fact that uy, — u in L} (Q).
FEstimate from below between Lebesque points Let us assume that Q = (a,b) is an

interval, and let ¢ < d be two Lebesgue points of u in (a,b). We claim that

N ju(d) — u(e)”
ligligof Fypa(uy, (¢, d)) > 2CWW'

(3.12)

To begin with, we observe that is trivial if u(d) = u(c), and otherwise we can
assume, up to a change of sign, that u(d) > u(c).

Now we fix a positive real number ¢ < (u(d) — u(c))/4, we set A, := u(c) + 2¢ and
B. := u(d) — 2¢, and we consider the truncated function

U A () := min{max{uy(x), A}, B:}.
We observe that
[uep(y) = uea(@)] < lua(y) —ua(@)]  ¥(@,y) € (¢, d)?,
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and therefore
F%PJ\ (UM (Cv d)) > F%pv\<ue,>n (Ca d)) (313)
The key point is that, thanks to (3.7) and (3.8)), the function u. ), satisfies the as-
sumptions of Proposition in the interval (c,d), with parameters
A=A, B .= B., k.= k.,
and therefore from (3.2) we deduce that

(B: — AP

m =(1-¢)2¢c,-

Fypa(uzp, (c,d)) > (1 —¢)2¢, -

for every
A > max {)\5, 2(k5+1)(1+7/p)(35 — Ag)} )

Keeping ([3.13) into account, this implies that

liminf £, , \(uy, (¢, d)) > (1 —¢€)2c, - (u(d) — u(c) — 4e)P

A—+o0 (b —a)r—!

Letting ¢ — 07 we obtain (3.12)).

FEstimate from below in an interval Let us assume again that Q0 = (a, b) is an interval,
and let x; < ... < x,, be Lebesgue points of u in (a,b). Applying (3.12) in each of the
intervals (x;, z;11) we deduce that

m—1 m— 1
. )
lirfi&fF pa(un, (a,0)) > lirfiﬁlof E Yo, (T4, Tig1)) > 2¢,

and we conclude by recalling that the right-hand side of (3.6]) is the supremum of the
right-hand side of the latter over all possible choices of the Lebesgue points 1, ..., x,,
(see for example [3, Lemma 3.5]).

Estimate from below in a general open set If 2 C R is any bounded open set, we can
write it as the union of pairwise disjoint open intervals (its connected components),

namely
Q= U(ai, bz),
iel
for some finite or countable set of indices I. Applying in each of these intervals we
obtain that

lir_r)ligij aa(ua, Q) 2 lir_lgian (s (@i, b))

> ZQC,Y (a;,b;)) = 2¢y Fpy(u, ),

which completes the proof of (3.6) when €2 is bounded. If €2 is unbounded, we apply the
result in QN (=R, R) and then we let R — +o0. O
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3.2 Proof of Theorem in higher dimension

In this section we prove Theorem in any space dimension. The argument relies on a
standard slicing technique, and it is the same used in [24] [19].

Let 2 C RY be an open set, let ¢ € S¥~! be a unit vector, and let o+ be the
subspace of RY orthogonal to 0. Let Q, C o' denote the orthogonal projection of €2
onto o*.

For every y € Q, we set Q,, == {t € R : y+ ot € Q}, and we consider the
one-dimensional slice uy , : 2, , — R of u defined by u, ,(t) := u(y + ot).

The theory in [I] implies that

/ A1V (o) / Fy(ty oy Q) dy = Cvp - Fy(11, Q) (3.14)
SN-1 Q

for every p > 1 and every u € L{ (). Moreover, with a change of variables (see the

general formula in [3| page 622]) we obtain that

1
F’va:A(u7 Q) = 5/

gN-1

d’HN_l(U)/ Foopa(Uyo, Qo) dy, (3.15)

o

again for every u € Li (Q) and every admissible value of 7, p, A (more details can be

found in [24, Lemma 3.1] when p = 1 and Q = RY, but the same argument works also
in this more general case).
Now let {uy} C L .(Q) be a family such that uy — w in L} () and

loc loc

I)I\I_I}iglof F%p)\(U)\, Q) < +o00.

Then there exists a sequence \,, — 400 such that

lir_{ljgof F%p,A(UAa Q) = nl_l)rfoo Ey prn (ux, Q)a

and such that the sequence u,, () converges to u(x) for almost every z € 2, and is

dominated by some function in L{ _(€). In particular, when we consider this sequence,

for every o € S¥~1 it holds that (uy,)ys — Uye in L. (€,,) for almost every y € Q.

loc

Therefore, from the integral geometric representations (3.14) and (3.15), Fatou’s

lemma, and the one-dimensional result, we conclude that

l/l\r_I}igE Fypa(ur, Q) = ngrfoo B pon (un,, 2)

.1 _
= nginoo § /SN1 dHN 1(0) /Qd F’y,p7/\n((u)\n)y,0'7 Qy,a) dy

1 _ o
> 5 [t [ fimint Fp ()00
1
> —/ dHN (o) / 2, Fp(uy o, Qo) dy
2 SN—I QO’
= Cnyp-Cy- Fp(u,Q),
which completes the proof. n
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