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We consider the fluctuations of regular functions f of a Wigner matrix
W viewed as an entire matrix f (W). Going beyond the well-studied tra-
cial mode, Trf (W), which is equivalent to the customary linear statistics
of eigenvalues, we show that Trf (W)A is asymptotically normal for any
nontrivial bounded deterministic matrix A. We identify three different and
asymptotically independent modes of this fluctuation, corresponding to the
tracial part, the traceless diagonal part and the off-diagonal part of f (W)

in the entire mesoscopic regime, where we find that the off-diagonal modes
fluctuate on a much smaller scale than the tracial mode. As a main motivation
to study CLT in such generality on small mesoscopic scales, we determine
the fluctuations in the eigenstate thermalization hypothesis (Phys. Rev. A 43
(1991) 2046–2049), that is, prove that the eigenfunction overlaps with any
deterministic matrix are asymptotically Gaussian after a small spectral av-
eraging. Finally, in the macroscopic regime our result also generalizes (Zh.
Mat. Fiz. Anal. Geom. 9 (2013) 536–581, 611, 615) to complex W and to
all crossover ensembles in between. The main technical inputs are the recent
multiresolvent local laws with traceless deterministic matrices from the com-
panion paper (Comm. Math. Phys. 388 (2021) 1005–1048).

1. Introduction. The eigenvalues {λi}Ni=1 of large N × N Hermitian random matrices
W form a strongly correlated system of random points on the real line. One manifestation of
this feature is that their linear statistics, Trf (W) = ∑N

i=1 f (λi) with a regular test function
f : R → R has a variance of order one. In fact, it satisfies a central limit theorem (CLT) but
without the customary N−1/2 scaling factor. Note that Gaussian fluctuations normally emerge
with the N−1/2 factor as a cumulative effect of N independent or weakly dependent random
variables. Thus it is quite remarkable that CLT holds for the strongly correlated eigenval-
ues and the anomalous scaling alone offsets all effects of these correlations, rendering the
fluctuations of

∑
i f (λi) still Gaussian.

What about the fluctuations of f (W) viewed as a matrix and not just considering its
trace? In this paper, we show that f (W) tested against any bounded deterministic matrix A,
‖A‖ ≤ 1, is still asymptotically normal, provided that TrAA∗ � Nε . Our result holds in the
macroscopic and in the entire mesoscopic regime, including spectral edges. More precisely,
we consider the centered functional linear statistics

(1) LN(f,A) := Tr
[
f (W)A

] − E Tr
[
f (W)A

] =
N∑

i=1

f (λi)〈ui ,Aui〉 − E[. . .],

where ui is the normalized eigenvector of W corresponding to λi . The statistics is called
macroscopic if f is N -independent, and mesoscopic on scale N−a with some exponent
a ∈ (0,1) if f is of the form f (x) = g(Na(x − E)) with some N -independent compactly
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supported function g, that is, if f lives on a scale N−a around a fixed energy E ∈ [−2,2] in
the spectrum.

One prominent motivation to study functional CLT on small mesoscopic scales is to under-
stand the fluctuation in the eigenstate thermalization hypothesis in physics [18], also known
as the strong quantum unique ergodicity (QUE) in mathematics [49]; see [16] for further
references. QUE for Wigner matrices asserts that a law of large numbers holds for the eigen-
vector that overlaps with deterministic matrices A, that is, that 〈ui ,Aui〉 converges to the
normalized trace of A as N → ∞. In our companion paper [16], we established the optimal
convergence rate of order N−1/2+ε , for any ε > 0, with a very high probability. In Theo-
rem 2.3 of the current paper, we prove that the overlaps 〈ui ,Aui〉 are asymptotically Gaus-
sian after a small spectral averaging in the index i, which corresponds to the mesoscopic
functional CLT for (1) when f is a characteristic function supported on a small spectral in-
terval containing about Nε eigenvalues for any arbitrary small ε > 0. We remark that the
Gaussian fluctuation of 〈ui ,Aui〉 is expected to hold for each i individually, but this result
has only been proven for finite rank A using the Dyson Brownian motion for eigenvectors;
see [9, 10, 43].

For A = I , the quantity LN(f, I ) is the standard linear statistics of the eigenvalues that
have been studied extensively both in the macroscopic regime by many authors [3, 5, 8, 27,
32, 33, 40, 51, 54, 55] and in the entire mesoscopic regime a ∈ (0,1) by He and Knowles;
see also [1, 4, 6, 13, 19, 31, 35–37, 40] for related models on mesoscopic scales and [11, 12,
20, 21] for previous works on nonoptimal intermediate scales. It is therefore well known that
LN(f, I ) is asymptotically normal, that is, without a further N−a/2 normalization it satisfies a
central limit theorem with a variance given by essentially the H 1/2-norm of f ; see (17). Note
that the entire analysis of the special case A = I is tracial; it relies only on the eigenvalues
of W and is insensitive to its eigenvectors.

For the case of general observables, we decompose A as

(2) A = 〈A〉I + Åd + Aod, 〈A〉 := 1

N
TrA,

where Åd = Ad − 〈Ad〉 is the traceless component of the diagonal part Ad of A and
Aod := A − Ad is the off-diagonal part of A. Following this decomposition, LN(f,A) has
three different, mutually asymptotically independent Gaussian fluctuation modes, their ex-
pectations and variances are given in Theorem 2.4. On the macroscopic scale and for real
symmetric Wigner matrices, this result was essentially obtained by Lytova in [38]. In The-
orem 2.4, we extend [38] to complex Hermitian Wigner matrices including all crossover
ensembles, that is, following the dependence on the real parameter σ := NEw2

12 in its en-
tire range σ ∈ [−1,1] under the standard normalization E|w12|2 = 1

N
, Ew12 = 0 for the

off-diagonal matrix elements of W .
Our main contribution, however, is to establish a similar decomposition of fluctuations for

the entire mesoscopic regime, a ∈ (0,1), since our Theorem 2.4 also allows for mesoscopic
test functions. The corresponding limiting variances are computed in Propositions 2.9–2.10.
For mesoscopic test functions f , the current paper contains the first results on the limiting
distribution of Tr[f (W)A], with A 
= I . It turns out that the two traceless modes fluctuate on
a scale of order N−a/2 in the bulk and N−3a/4 at the edge in contrast to the O(1) fluctuation
scale of LN(f, I ). Hence we not only need to explore the genuine off-diagonal fluctuations
involving eigenvectors, but we also need to work at a much higher accuracy to detect the
relevant fluctuations that are subleading compared with the previously explored regimes. This
is a major new complication not present in the a = 0 macroscopic scale in [38]. Furthermore,
we also show that mesoscopic linear statistics living on different scales are asymptotically
independent (Theorem 2.13).
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We explain the phenomenon of different fluctuation scales on the standard example of the
resolvents, G = G(z) = (W − z)−1 with spectral parameter z ∈ C \ R, that can be viewed
as a function f of W living on scale η := �z > 0 around the point E := �z. To understand
〈GA〉 for a deterministic matrix A, we decompose A into its tracial and traceless parts as
A =: 〈A〉 + Å and write

(3) 〈GA〉 = m〈A〉 + 〈A〉〈G − m〉 + 〈GÅ〉,
where m = m(z) is the Stieltjes transform of the semicircle law. The first term is determin-
istic, the second one is asymptotically Gaussian on scale 〈(G − m)(z)〉 ∼ (Nη)−1 by [30].
We prove that the last term in (3) is also Gaussian, independent of the first one, and it has
size 〈GÅ〉 ∼ 〈ÅÅ∗〉1/2/(Nη1/2), provided that 〈ÅÅ∗〉 � (Nη)−1. In fact, it can be further
split into a diagonal and off-diagonal part following (2). Thus the fluctuation of the tracial
part is much bigger than that of the traceless part in the small η regime, however, the latter
determines the fluctuation of 〈GA〉 for traceless observables 〈A〉 = 0.

We now mention a few related works on general Gaussian fluctuations in Wigner matrices.
In contrast to the extensively studied linear eigenvalue statistics, this question received much
less attention in the random matrix community, although a Wigner matrix contains many
other physically or mathematically relevant random modes and most of them are expected to
be Gaussian (notable exception is the eigenvalue gaps that follow the Wigner–Dyson statis-
tics). Besides Lytova’s work [38], tracial CLTs for certain minors were obtained in [25]. Spe-
cial functional CLTs have been proven for Haar distributed matrices [52, 53], and for partial
traces of invariant ensembles [45]. The free probability community has systematically stud-
ied Gaussian fluctuations of traces of products of a Wigner matrix and deterministic matrices
via the concept of second-order freeness [17, 44]. This theory has recently been extended to
polynomials in several independent Wigner matrices ([42], Theorems 3–4). However, these
results rely on the moment method and handle only polynomials of Wigner matrices. It is
yet unclear if the moment approach can be extended to general functions on the macroscopic
scale; mesoscopic scales seem inaccessible.

Finally, we mention that the fluctuation of certain specific observables may be non-
Gaussian. For example, the fluctuation of matrix entries f (W)ij of f (W) for regular test
functions f is a linear combination of wij and an independent Gaussian of size N−1/2; see
[24, 40, 41, 46, 47]. In contrast, our result shows that Trf (W)A is always asymptotically
Gaussian whenever ‖A‖ ∼ 1 and 〈AA∗〉 � N−1+ε . Hence, the non-Gaussian components of
f (W) are only visible for very low rank observables A.

The paper is structured as follows. After this Introduction, we present the main results in
the next Section 2. We start with our motivating Theorem 2.3 on the Gaussian fluctuation of
the overlaps 〈ui ,Aui〉 after a small spectral averaging in i. Then we formulate our functional
CLT (Theorem 2.4) in full generality in the bulk and at the edge of the spectrum of W , from
the macroscopic scale down to the smallest possible mesoscopic scale just above the local
eigenvalue spacing. Our formulation exhibits the three distinguished fluctuation modes with
their own scaling factors. Simplified formulas in the mesoscopic regime for the expectations
and the variances of the limit Gaussian processes are given in Proposition 2.9 in the bulk
and in Proposition 2.10, respectively. We also include all the additional effects of the fourth
cumulant κ4 = N2E|w12|4 − 2 − σ 2 of the off-diagonal matrix element w12, the parameter
σ = NEw2

12 describing the crossover regime between complex and real symmetry class and
the size of the diagonal element w2 = NEw2

11. These three parameters appear in the exact
form of the limiting expectations and variances of the three different modes of LN(f,A).
Some earlier works assumed special values of these parameters, for example, σ = 0,1 and
w2 = 1 + σ is a typical choice in certain more restricted definition of the Wigner ensemble.
Consequently, some explicit terms did not always appear. We also identify the cases when
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some of these three limiting modes have vanishing variance and explain their algebraic ori-
gin in Appendix A. Finally, in Theorem 2.13 we show that fluctuations on different scales are
asymptotically independent. In Section 3, we present the necessary multiresolvent local laws:
some of them have already been proven in; some others, especially the ones involving three
resolvents, are shown here with some proofs deferred to the Supplementary Material [14],
Appendix D.2. The main technical input for all these cases is [16], Theorem 5, and its slight
extension in Theorem 3.5, proven in [14], Appendix D.1, that control the most critical fluc-
tuation term (the so-called renormalized “underlined” term) in the self-consistent equation
for products of resolvents and deterministic matrices. Some additional technical estimates
are deferred to [14], Appendix B. In Section 4, we prove a general CLT for resolvents; this
section is the technical centerpiece of the current paper. Finally, in Section 5 we convert the
resolvents into general functions by using Helffer–Sjöstrand-type formulas, and thus prove
our general functional CLTs. The proof of Theorem 2.3 is given in full detail in Section 5,
while several technical calculations for the proof of the very general Theorem 2.4 are deferred
to [14], Appendix F.

Notation and conventions. We introduce some notation we use throughout the paper. For
integers k ∈ N, we use the notation [k] := {1, . . . , k}. For positive quantities f , g, we write
f � g and f ∼ g if f ≤ Cg or cg ≤ f ≤ Cg, respectively, for some constants c,C > 0, which
depend only on the moments of the matrix elements, that is, on the constants appearing in (5).
We denote vectors by bold-faced lower case Roman letters x,y ∈ Ck , for some k ∈ N. Vector
and matrix norms, ‖x‖ and ‖A‖, indicate the usual Euclidean norm and the corresponding
induced matrix norm. For any N × N matrix A, we use the notation 〈A〉 := N−1 TrA to
denote the normalized trace of A. Moreover, for vectors x,y ∈ CN we define

〈x,y〉 := ∑
xiyi, Axy := 〈x,Ay〉,

with A ∈ CN×N .
We will use the concept of “with very high probability” meaning that for any fixed D > 0

the probability of the N -dependent event is bigger than 1 − N−D if N ≥ N0(D). Moreover,
we use the convention that ξ > 0 denotes an arbitrary small constant which is independent
of N .

2. Main results. Let W be an N × N real or complex Wigner matrix with eigenvalues
λ1 ≤ λ2 ≤ · · · ≤ λN and corresponding orthonormal eigenvectors u1, . . . ,uN . The eigenvalue
density profile is described by the semicircular law

(4) ρ(x) = ρsc(x) :=
√

4 − x2

2π
.

On the entries of W , we formulate the following assumptions.

ASSUMPTION 2.1. The matrix elements wab of W are independent up to Hermitian

symmetry wab = wba . We assume identical distribution in the sense that wab
d= N−1/2χod,

for a < b, waa
d= N−1/2χd, with χd being a real, and χod being either a real or complex

random variable such that Eχod = Eχd = 0, E|χod|2 = 1 and σ := Eχ2
od ∈ R. In addition,

we assume the existence of the high moments of χod, χd, that is, that there exist constants
Cp > 0, for any p ∈ N, such that

(5) E|χd|p + E|χod|p ≤ Cp.
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Notice that σ ∈ [−1,1]; the case σ = 0 corresponds to complex Hermitian Wigner ma-
trices with Ew2

ab = 0, the case σ = 1 corresponds to real symmetric matrices, and the case
σ = −1 corresponds Wigner matrices W = D + iO , with D being a diagonal matrix and O

being real skew-symmetric, that is, Ot = −O .
Finally, in order to state our results compactly, we introduce the following notation to

indicate that two random vectors have asymptotically equal moments.

NOTATION 2.2. For two random vectors X = (X1, . . . ,Xk), Y = (Y1, . . . , Yk), with k ∈
N, of N -dependent random variables we define of the concept of closeness in the sense of
moments and we denote it as

X
m= Y +Om

(
N−c)

for some c > 0, if for any polynomial p(x1, . . . , xk) it holds that

Ep(X1, . . . ,Xk) = Ep(Y1, . . . , Yk) +O
(
N−c+ξ )

,

for any small ξ > 0, where the implicit constant in O(·) depends on k, ξ , the polynomial p

and the constants in Assumption 2.1.

2.1. CLT for eigenvector overlaps. As explained in the Introduction, the Gaussian fluc-
tuation of the eigenvector overlaps 〈ui ,Aui〉 with a deterministic matrix A is a fundamental
question since it describes the fluctuation in the strong quantum unique ergodicity for Wigner
matrices. This problem has only been solved for finite rank A; see [9, 10, 43]. Our first theo-
rem establishes an averaged version of this CLT for general A.

THEOREM 2.3 (CLT for averages of eigenvector overlaps). Let A be a deterministic
N × N matrix with ‖A‖ ≤ 1 and let Å := A − 〈A〉 denote its traceless part. Let ε > 0 and
K ∈ N with Nε ≤ K ≤ N1−ε . Then for some ω = ω(ε) > 0 we have the CLT at the edge:

1√
K

N∑
i=N−K+1

√
N

[〈ui ,Aui〉 − 〈A〉]
m=N

(
0,

√
2

3

[〈
ÅÅ∗〉 + 1(σ = 1)〈ÅÅ〉]) +Om

(
N−ω)

.

(6)

Moreover, for any δ > 0 and δN < i0 < (1 − δ)N and σ > −1, we have CLT in the bulk:
1√
2K

∑
|i−i0|≤K

√
N

[〈ui ,Aui〉 − 〈A〉]
m= N

(
0,

〈ÅÅ∗〉 + 1(σ = 1)〈ÅÅ〉
2

)
+Om

(
N−ω)

,

(7)

where the implicit constant in Om(·) depends on δ. Finally, in case σ = −1 for any fixed
c ∈ (δ,1 − δ) we have a slightly different CLT in the bulk:

1√
2K

∑
|i−cN |≤K

√
N

[〈ui ,Aui〉 − 〈A〉]
m= N

(
0,

〈ÅÅ∗〉 + 1(c = 1/2)〈ÅÅ〉
2

)
+Om

(
N−ω)

.

(8)

In the next subsection, we formulate the CLT for the functional linear statistics (1) in
full generality for regular test functions f . Theorem 2.3 is a special case of such CLT on
mesoscopic scales with f essentially being the characteristic function of an interval. While
this sharp cut-off test function formally does not satisfy the regularity condition imposed on
f in Theorem 2.4 below, in Section 5 we will show how to cover this special case as well.
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2.2. General functional CLT. Let g ∈ H 2
0 (R) be a compactly supported real valued test

function, then for 0 ≤ a < 1 and |E| ≤ 2 we define the test function rescaled to a scale N−a

around E as

(9) f (x) := g
(
Na(x − E)

)
.

The scale a = 0 corresponds to the macroscopic regime. The scales 0 < a < 1 in the bulk and
0 < a < 2/3 at the edges, |E| = 2, correspond to the mesoscopic regime. Our result holds
uniformly in E, that is, it also covers the entire transitionary regime between bulk and edge.

For deterministic N × N matrices A, and test functions1 f : R → R defined as in (9), we
define the centered linear statistics

(10) LN(f,A) :=
N∑

i=1

f (λi)〈ui ,Aui〉 − E
N∑

i=1

f (λi)〈ui ,Aui〉.

For the general CLT, it is natural to decompose the space of matrices in three mutually or-
thogonal subspaces. We will write a general matrix A as

A = Ad + Aod = 〈A〉I + Åd + Aod, Å := A − 〈A〉,
that is, as the sum of a constant multiple of the identity matrix, a diagonal traceless matrix
Åd, and an off-diagonal matrix Aod. Given the decomposition of A, the linear statistics has
three modes

(11) LN(f,A) = 〈A〉LN(f, I ) + LN(f, Åd) + LN(f,Aod),

which we prove to be asymptotically independent Gaussians.
For the sake of shorter notation, we denote the expectation of a function f with respect to

the semicircular density and its inverse by

〈f 〉sc :=
∫ 2

−2
f (x)

√
4 − x2

2π
dx, 〈f 〉1/sc :=

∫ 2

−2

f (x)

π
√

4 − x2
dx.

We also define the Stieltjes transform of the semicircle law

(12) m(z) = msc(z) :=
∫ 2

−2

ρsc(x)

x − z
dx, z ∈ C \ R.

We set ρ(z) := 1
π
|�msc(z)| and note that ρ(x + i0) = ρsc(x).

Finally, we introduce some notation related to the distribution of the matrix elements of W .
We denote the normalized fourth cumulant of the off-diagonal entries, the expectation of the
square of the off-diagonal entries and variance of the diagonal entries of W and a certain
frequently used combination of them by

κ4 := E|χod|4 − 2 − σ 2, σ := Eχ2
od,

w2 := Eχ2
d , w̃2 := w2 − 1 − σ,

(13)

respectively.
We now state our main result, the functional CLT in both the macroscopic a = 0 and

mesoscopic a > 0 regimes. In Theorem 2.4, we rescale the traceless diagonal linear statis-
tics LN(f, Åd) and the off-diagonal linear statistics LN(f,Aod) in such a way the limiting
processes are, to leading order, N -independent except for the explicit dependence on 〈|Ad|2〉
and 〈AodA

∗
od〉, irrespective of the scaling parameter a for test functions of the form (9). In

Section 2.3 below, we provide explicit formulas for the mesoscopic limits of the processes in
terms of g, demonstrating the N -independence of LN(f, Åd), LN(f,Aod) to leading order.

1By linearity, there is no loss in generality by assuming the test function to be real valued.
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THEOREM 2.4 (Macroscopic and mesoscopic functional CLT). Let 0 ≤ a < 1 and define
the scaling factor for any, possibly N -dependent, E = EN ∈ [−2,2] as

CN = C
a,E
N := Na

ρ
a,E
N

, where ρN = ρ
a,E
N :=

{
ρ

(
E + iN−a)

a > 0,

1 a = 0.

Note that CN = 1 for the macroscopic a = 0 case. Let g ∈ H 2
0 (R) be a compactly supported

function and set f (x) := g(Na(x −E)). Let A be a deterministic matrix with ‖A‖ ≤ 1. Then,
in the limiting the regime CN � N , the three centered linear statistics (11) are approximately
distributed (in the sense of moments)(

LN(f, I ),
√

CNLN(f, Åd),
√

CNLN(f,Aod)
)

m= (
ξtr(f ), ξd(f, Åd), ξod(f,Aod)

) +Om

(√
CN

N

)
as three independent centered N -dependent Gaussian processes ξtr(f ), ξd(f, Åd),
ξod(f,Aod) whenever 〈|Åd|2〉, 〈AodA

∗
od〉 � CNN−1+ε for some ε > 0. Their variances are

given by2

E
∣∣ξtr(f )

∣∣2 = V 1
tr (f ) + V 2

tr (f, σ ) + κ4

2

〈(
2 − x2)

f
〉2
1/sc + w̃2

4
〈xf 〉2

1/sc,(14)

E
∣∣ξd(f, Åd)

∣∣2 = CN

〈|Åd|2〉(
V 1

d (f ) + V 2
d (f, σ )

+ w̃2〈f x〉2
sc + κ4

〈(
x2 − 1

)
f

〉2
sc

)
,

(15)

E
∣∣ξod(f,Aod)

∣∣2 = CN

(〈
AodA

∗
od

〉
V 1

d (f ) + 〈AodAod〉V 2
d (f, σ )

)
,(16)

with

V 1
tr (f ) := 1

4π2

∫∫ 2

−2

(
f (x) − f (y)

x − y

)2 4 − xy√
(4 − x2)(4 − y2)

dx dy,(17)

V 2
tr (f, σ ) := 1

4π2

∫∫ 2

−2
f (x)f (y)∂x∂y

× log
[(x − σy)2 + (

√
4 − x2 + σ

√
4 − y2)2

(x − σy)2 + (
√

4 − x2 − σ
√

4 − y2)2

]
dx dy,

(18)

V 1
d (f ) := 〈

f 2〉
sc − 〈f 〉2

sc,(19)

V 2
d (f, σ ) := 1

4π2

∫∫ 2

−2
f (x)f (y)

× (1 − σ 2)

√
(4 − x2)(4 − y2)

σ 2(x2 + y2) + (1 − σ 2)2 − xyσ(1 + σ 2)
dx dy − 〈f 〉2

sc,

(20)

for |σ | < 1, and V 2
tr , V 2

d are extended to σ = ±1 by continuity, V 2
tr/d(f,±1) :=

limσ→±1 V 2
tr/d(f, σ ). Moreover, for any ξ > 0, for the expectation of the linear statistics

2The Gaussians are scaled such that ξtr(f ), ξd(f, Åd)/〈|Åd|2〉1/2, ξod(f,Aod)/〈AodA∗
od〉1/2 are of order one.

The N -dependence of CN is exactly offset by the N -dependence of V 1
d (f ) etc. in the mesoscopic regime; see

Section 2.3.
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we have the expansions

E
∑
i

f (λi) = N〈f 〉sc + κ4

2

〈(
x4 − 4x2 + 2

)
f

〉
1/sc − w̃2

2

〈(
2 − x2)

f
〉
1/sc

− Etr(f, σ )

2
+O

(
Nξ

√
CN

N

)
,

(21)

∣∣∣∣E ∑
i

f (λi)〈ui ,Aodui〉
∣∣∣∣ + ∣∣∣∣E ∑

i

f (λi)〈ui , Ådui〉
∣∣∣∣ = O

(
Nξ

√
N

)
,(22)

where

(23) Etr(f, σ ) :=
〈
f

(
1 − 1 − σ 2

(1 + σ)2 − σx2

)〉
1/sc

, |σ | < 1,

and Etr(f,±1) := limσ→±1 Etr(f, σ ).3 The implicit constants in O(·) in all error terms
above depend only on the model parameters in Assumptions 2.1 and on ‖g‖H 2

0
, | suppg|

(additionally in (22) the constant also depends on ξ ), in particular they are independent
of E.

Theorem 2.4 is only meaningful in the regime where CN � N , equivalently, when N−a

is above the local eigenvalue spacing around E, by using that ρ(E + iN−a) ∼ (||E| − 2| +
N−a)1/2. Thus our result covers the entire mesoscopic range uniformly for any |E| ≤ 2. In
particular, we allow for the range a ∈ [0,1) in the bulk regime, |E| ≤ 2 − ε, and a ∈ [0,2/3)

in the edge regime, |E| = 2.
We note that the expectation of Trf (W) is typically of order N , hence much larger than

its fluctuation. However, Theorem 2.4 identifies the leading term of E Trf (W) to an accu-
racy beyond its fluctuation size. For both Trf (W)Åd and Trf (W)Aod, their expectations are
much smaller than their fluctuation.

For simplicity, we formulated Theorem 2.4 for linear statistics with one test function f

only. Our method, however, can handle linear combinations of test functions living on differ-
ent scales since the main input of Theorem 2.4, the resolvent CLT in Theorem 4.1, allows for
each involved resolvent to be evaluated at its own spectral parameter with possibly very dif-
ferent imaginary parts. Hence, by standard polarization, a multivariate variant of Theorem 2.4
directly follows.

COROLLARY 2.5 (Multivariate CLT). Let p ∈ N, E1, . . . ,Ep ∈ [−2,2], 0 ≤ a1, . . . ,

ap < 1, and let g1, . . . , gp ∈ H 2
0 (R) be compactly supported test functions and set

fi(x) := gi

(
Nai (x − Ei)

)
.

Then for deterministic matrices A1, . . . ,Ap of bounded norms, ‖Ai‖ � 1 the joint linear
statistics (11) are approximately distributed (in the sense of moments)(

LN(fi, I ),

√
C

ai,Ei

N LN

(
fi, (Åi)d

)
,

√
C

ai,Ei

N LN

(
fi, (Ai)od

))
i∈[p]

m= (
ξtr(fi), ξd

(
fi, ˚(Ai)d

)
, ξod

(
fi, (Ai)od

))
i∈[p] +Om

(√
maxi C

ai,Ei

N

N

)

3Note that Etr(f,±1) is defined as a limit σ → ±1, which is different from plugging σ = ±1 into (23). In
particular, σ → Etr(f,σ ) is continuous on the closed interval [−1,1].
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as centered Gaussian processes ξtr, ξd, ξod of covariances obtained from the variances in
Theorem 2.4 by polarization, uniformly in Ei ∈ [−2,2]. The implicit constant in the O(·)
error term above only depends on the model parameters in Assumption 2.1 and on g via
‖gi‖H 2

0
and | suppgi |, in particular it is independent of Ei .

REMARK 2.6 (Alternative representation of the variances in Theorem 2.4 via Chebyshev
polynomials). By a direct computation using the geometric series, we find

V 1
tr (f ) = ∑

k≥1

k〈f tk〉2
1/sc, V 2

tr (f, σ ) = ∑
k≥1

kσ k〈f tk〉2
1/sc,(24)

V 1
d (f ) = ∑

k≥1

〈f uk〉2
sc, V 2

d (f, σ ) = ∑
k≥1

σk〈f uk〉2
sc,(25)

where tk(x) := Tk(x/2), uk(x) := Uk(x/2) and Tk , Uk are the kth Chebyshev polynomial of
the first and second kind, that is, Tk(cos θ) = cos(kθ), Uk(cos θ) = sin[(k + 1)θ ]/ sin θ . In
particular, we can recover the representation of E|ξtr(f )|2 obtained in [5], equation (1.5), and
write

E
∣∣ξtr(f )

∣∣2 = ∑
k≥3

k
(
1 + σk)〈f tk〉2

1/sc + 2
(
κ4 + 1 + σ 2)〈f t2〉2

1/sc + w2〈f t1〉2
1/sc.(26)

Similarly, for the ξd, ξod we obtain

E
∣∣ξd(f, Åd)

∣∣2 = 〈|Åd|2〉[∑
k≥3

(
1 + σk)〈f uk〉2

sc + w2〈f u1〉2
sc

+ (
κ4 + 1 + σ 2)〈f u2〉2

sc

]
,

(27)

E
∣∣ξod(f,Aod)

∣∣2 = ∑
k≥1

〈f uk〉2
sc

(〈
AodA

∗
od

〉 + σk〈AodAod〉).(28)

Note, that (26)–(27) are sums of nonnegative terms since w2 ≥ 0 and κ4 = E|χod|4 −2−σ 2 ≥
−1−σ 2 due to E|χod|4 ≥ (E|χod|2)2 = 1. Similarly, (28) is a sum of nonnegative terms since
σk〈AodAod〉 ≥ −|〈AodAod〉| ≥ −〈AodA

∗
od〉.

REMARK 2.7 (Explicit formulas for σ = ±1). The limits of (23) are explicitly given by

(29) Etr(f,1) = 〈f 〉1/sc − f (2) + f (−2)

2
, Etr(f,−1) = 〈f 〉1/sc − f (0).

For the variances in case σ = 1, we have V 2
tr (f,1) = V 1

tr (f ) and V 2
d (f,1) = V 1

d (f ), while
for σ = −1 we have

V 2
tr (f,−1) = 1

4π2

∫∫ 2

−2

(f (x) − f (y))(f (−x) − f (−y))

(x − y)2

× 4 − xy√
(4 − x2)(4 − y2)

dx dy,

V 2
d (f,−1) = 〈

f (x)f (−x)
〉
sc − 〈f 〉2

sc.

(30)

REMARK 2.8 (Cases of vanishing variance in Theorem 2.4). From the Chebyshev rep-
resentation in Remark 2.6, we can easily identify the necessary and sufficient conditions for
the processes ξtr, ξd, ξod to vanish:4

4Note that in case σ = −1 the condition on f differs for the three processes. For ξod and symmetric Aod = At
od

any odd function f results in ξod(f,Aod) = 0, while for ξd and ξtr only odd functions f orthogonal to x �→ x with
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(a) ξtr(f ) = 0 if and only if f is of the form

f (x) = 1(σ = −1)

(
φ(x) − 〈φx〉1/sc

2
x

)
+ b + 1(w2 = 0)cx

+ 1
(
κ4 = −1 − σ 2)

dx2
(31)

for some odd function φ(−x) = −φ(x) and b, c, d ∈ R.
(b) For each fixed5 N , we have ξd(f, Åd) = 0 if and only if either (i) Åd = 0, or (ii) f is

of the form

(32) f (x) = 1(σ = −1)
(
φ(x) − 〈φx〉scx

) + b + 1(w2 = 0)cx + 1
(
κ4 = −1 − σ 2)

dx2

for some odd function φ and b, c, d ∈ R.
(c) For fixed N , we have ξod(f,Aod) = 0 if and only if either (i) Aod = 0, or (ii) Aod =

−At
od, σ = 1, or (iii) Aod = At

od, σ = −1 and f (x) = b + φ(x) for some odd function φ.

In Appendix A, we will comment on why these cases naturally yield vanishing variances.

2.3. Computation of the expectations and variances in the mesoscopic regime. Theo-
rem 2.4 identified the expectations and the variances of the limiting processes ξtr, ξd, ξod
in terms of the test function f ∈ H 2

0 (R). In case of mesoscopic test functions of the form
f (x) = g(Na(x − E)) with some scaling exponent a > 0, reference energy E ∈ [−2,2] and
a compactly supported function g ∈ H 2

0 (R), we may compute the leading terms of the vari-
ances in terms of g. The result is different in the bulk (|E| < 2 − ε for any ε > 0 independent
of N ) and at the edge (E = ±2), therefore here we explicitly distinguish these two regimes.
We note, however, that all error terms in our main Theorem 2.4 are valid uniformly in E, so
this distinction is made here only in order to obtain simple limiting formulas. The variances
can be conveniently expressed in terms of the L2 and Ḣ 1/2 inner products on real valued
functions

〈f,g〉L2 :=
∫

R
f (x)g(x)dx, 〈f,g〉Ḣ 1/2 :=

∫
R2

f (x) − f (y)

x − y

g(x) − g(y)

x − y
dx dy.

PROPOSITION 2.9 (Bulk scaling asymptotics). Fix an a ∈ (0,1) and an ε > 0 (indepen-
dent of N ) and recall f (x) = g(Na(x − E)). Then for any |E| ≤ 2 − ε, the variances and
expectation in Theorem 2.4 have the following large N asymptotic behavior:

V 1
tr (f ) = ‖g‖2

Ḣ 1/2

4π2 +O
(
N−a)

,

V 2
tr (f, σ ) = 1(σ = 1)

‖g‖2
Ḣ 1/2

4π2

+ 1(σ = −1)1(E = 0)
〈g(x), g(−x)〉Ḣ 1/2

4π2 +O
(
N−a)

,

CNV 1
d (f ) = ‖g‖2

L2 +O
(
N−a)

,

CNV 2
d (f, σ ) = 1(σ = 1)‖g‖2

L2 + 1(σ = −1)1(E = 0)
〈
g(x), g(−x)

〉
L2 +O

(
N−a)

,

Etr(f, σ ) = 1(σ = −1)1(E = 0)
g(0)

2
+O

(
N−a)

.

(33)

respect to 〈·〉sc and 〈·〉1/sc, respectively, result in ξd, ξtr to vanish. Thus, for example, ξod(x3) = 0, ξd(x3 −2x) = 0

and ξtr(x
3 − 3x) = 0.

5Recall that the processes ξd, ξod depend on N through Åd, Aod.
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The implicit constants in the error terms depend only on a, ε, ‖g‖H 2
0
, | suppg| and on Cp

from (5) and they are uniform in E, σ in a specific sense explained in Remark 2.11.

PROPOSITION 2.10 (Edge scaling asymptotics). For6 E = 2, that is, at the right edge,
and any 0 < a < 2/3 the variances and expectation in Theorem 2.4 we have the scaling
asymptotics

V 1
tr (f ) = ‖g(−x2)‖2

Ḣ 1/2

8π2 +O
(
N−a/2)

,

V 2
tr (f, σ ) = 1(σ = 1)

‖g(−x2)‖2
Ḣ 1/2

8π2 +O
(
N−a/2)

,

CNV 1
d (f ) = ‖g(−x2)x‖2

L2

π
+O

(
N−a/2)

,

CNV 2
d (f, σ ) = 1(σ = 1)

‖g(−x2)x‖2
L2

π
+O

(
N−a/2)

,

Etr(f, σ ) = 1(σ = 1)
g(0)

4
+O

(
N−a/2)

.

(34)

The implicit constants in the error terms depend only on a, ‖g‖H 2
0
, | suppg| and on Cp from

(5) and on σ in a specific sense explained in Remark 2.11.

REMARK 2.11. Our proof also gives uniformity of the dependence on the constants E,
σ in the error terms in (33)–(34) in the following sense. In those formulas among (33)–(34)
that contain 1(σ = 1), the error is uniform in σ ≤ 1 − ε for any fixed ε > 0 when σ 
= 1.
Similarly, the presence of a factor 1(σ = −1) in the formula comes with uniformity for any
σ ≥ −1 + ε whenever σ 
= −1. Finally, in terms with 1(E = 0) in (33) we have uniformity
for any |E| ≥ ε, whenever E 
= 0. In all other terms, our result is uniform for all |E| ≤ 2 − ε.
See also Remark 2.15.

REMARK 2.12. In contrast to the macroscopic scale, note that on the mesoscopic scale
the limits in Propositions 2.9–2.10 are independent on κ4 and w2 and their σ -dependence
is via a very simple characteristic function. This shows that the mesoscopic fluctuations are
less sensitive to the details of the ensemble, in agreement with the general paradigm that
more local statistics are more universal. In fact, for σ > −1 the appearance of 1(σ = 1)

in the variance V 2
tr , V 2

d corresponds to a factor of 2 difference between real symmetric and
complex Hermitian symmetry classes. Furthermore, for σ = −1, assuming w2 = 0, we have
W = iO , where O = −Ot is a real skew-symmetric matrix, in particular the spectrum of W

is symmetric with respect to zero, that is, the eigenvalues around some energy E and −E

are strongly dependent. On the mesoscopic scale, this feature is relevant only for E = 0 and
it changes the expectation and the variance. In particular, for antisymmetric test functions,
g(x) = −g(−x), we have LN(f,A) = 0, and indeed, the variances in Proposition 2.9 add up
to zero in this case.

Additionally, we prove that the linear statistics for test functions living on different scales
are asymptotically independent. The proof of the following theorem follows by standard argu-
ments completely analogous to the proof of Theorem 2.4 and is presented in [14], Section F.3.

6The case of the left edge, E = −2 is completely analogous upon replacing −x2 by x2 in the formulas (34).
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THEOREM 2.13. Let ε > 0 and E1,E2 ∈ [−2 + ε,2 − ε], 0 ≤ a1 
= a2 < 1 and let
g1, g2 ∈ H 2

0 (R) be compactly supported functions and set fi(x) := gi(N
ai (x−Ei)). Then the

limiting Gaussian processes ξtr(f1), ξtr(f2) from Theorem 2.4 are asymptotically independent
in the sense

(35)
∣∣Cov

(
ξtr(f1), ξtr(f2)

)∣∣ � N−|a1−a2|.
Similarly, for bounded deterministic matrices A1, A2 the processes ξd, ξod are asymptotically
independent in the sense

(36)
∣∣Cov

(
ξd(f1), ξd(f2)

)∣∣ + ∣∣Cov
(
ξod(f1,A1), ξod(f2,A2)

)∣∣ � N−|a1−a2|/2.

To make our presentation simpler, we stated this result only in the bulk, but our proof
naturally yields the independence of linear statistics living on different scales uniformly in
the spectrum. Moreover, the same argument also yields independence of linear statistics living
on the same scale at distant energies, that is, for a1 = a2 = a and |E1 − E2| � N−a .

Theorem 2.13 together with Theorem 2.4 imply the asymptotic independence of linear
statistics living on different scales 0 ≤ a1 
= a2 < 1 in the sense

(37)
∣∣Cov

(
LN(f1, I ),LN(f2, I )

)∣∣ � N−|a1−a2| + N(a1−1)/2 + N(a2−1)/2,

and similarly for
√

CNLN(fi, Åd),
√

CNLN(fi,Aod). We note, however, that for large |a1 −
a2| the estimate on the covariance of linear statistics in (37) may be larger than that of the
limiting processes in (35) owing to the error terms from Theorem 2.4.

2.4. Related earlier results and miscellaneous remarks. The linear eigenvalue statistics∑
i f (λi) have been extensively studied, and a CLT has been proven for macroscopic test

functions as well as for mesoscopic test functions down to the optimal scale both in the
bulk and at the edge, hence our results on ξtr(f ) are not new, and we only listed them for
completeness. More precisely, the explicit form of the variance E|ξtr(f )|2 for macroscopic
test functions in (14) exactly agrees with [39], equation (3.92), for w2 = 2/β and with [51],
equation (1.10), for the case when w2 
= 2/β . Note that the parameter β , customary in random
matrix theory distinguishing between the real symmetric (β = 1) and complex Hermitian
(β = 2) symmetry classes, corresponds to β = 2/(1 + σ) with our notation in the cases
σ = 0,1.

For mesoscopic test functions, the variance E|ξtr(f )|2 in (14) with (33) in the bulk and
with (34) at the edge exactly agree with [36], equation (2.22), and [36], equation (2.23), [29],
equation (2.6), respectively, in case of σ = 0,1. Our formulas for general σ agree with the
results in [28] for σ ∈ (−1,1]; however, the final formula for the variance in case σ = −1
appears to be wrong in [28] (probably the error stems from [28], equation (6.25), overlooking
that |T̃ | is not far away from zero, in fact |T̃ | ∼ η in this case).

As far as the expectation (density of states) is concerned, the explicit formula for
E

∑
i f (λi) in (22) with (23) exactly agrees with the formula given in [2], Theorem 1.1,

for σ ∈ {0,1} and with [5], equation (1.4), for the general case. We also mention that for the
Gaussian case explicit N -dependent formulas are obtained in [50] on the density of states by
supersymmetric methods.

The joint linear statistics of eigenvalues and eigenvectors with observable A 
= I , that
is, quantities Tr[f (W)A] = ∑

i f (λi)〈ui,Aui〉 are much less studied. For macroscopic test
functions f , the variances E|ξd(f, Åd)|2, E|ξod(f,Aod)|2 in (14) exactly agree with [38],
equation (4.16), equation (4.19), in the real symmetric case. For mesoscopic test functions
f , the current paper achieves the first results on the limiting distribution of Tr[f (W)A], with
A 
= I , in particular, explicit formulas for E|ξd(f, Åd)|2 and E|ξod(f,Aod)|2 in (15)–(16),
with their limiting behavior in (33) and (34), are new.
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REMARK 2.14. In (9), we assumed that g ∈ H 2
0 (R) is compactly supported to make

the proof cleaner. The proof of the functional CLT (Theorem 2.4) on the macroscopic scale
(a = 0) presented in [14], Appendix F, would work exactly in the same way if f ∈ H 2(R).
The only difference is that throughout the proof we have to replace f by its cut-off version,
fχ := f χ , with χ a smooth cut-off function that is equal to one on [−5,5] and equal to zero
on [−10,10]c.

REMARK 2.15. The formulas in Propositions 2.9–2.10 indicate a somewhat different
limiting expectation and variance when σ = ±1 in contrast to the |σ | < 1 case. With our
methods, it is also possible to study the transitional regime, where 1 − |σ | vanishes as an
N -power, as it was done for the tracial part in [28], but we refrained from doing so in order
to keep the paper more transparent.

3. Local laws for multiple resolvents. Given a Wigner matrix W , we define its resol-
vent by G(z) := (W −z)−1, with z ∈ C\R. In this paper, we consider resolvents allowing the
spectral parameter z to have a positive or negative imaginary part, in order to conveniently
account for possible adjoints of the resolvent since G(z)∗ = G(z).

In this section, we prove local laws for one resolvent and for certain products of two or
three resolvents that will be used as an input to prove the central limit theorem for resolvents
in Section 4. These local laws are stated in Propositions 3.2–3.4. Additionally, in Lemma 3.6
we present an improvement for the bound of 〈x,GAWGy〉2 in (46), which we need only in
a second moment sense. The main inputs for the proof of these local laws are the bounds in
[16], Theorem 5.

As N → ∞, the resolvent G becomes approximately deterministic (local laws). Its deter-
ministic approximation is given by m(z) = msc(z), with msc(z) being the Stieltjes transform
(12) of the semicircular law ρsc defined in (4). In particular, m = m(z) is given by the unique
solution of the quadratic equation

(38) − 1

m
= z + m, �m(z)�z > 0.

Recall that the density ρ(z) is defined as ρ(z) := π−1|�m(z)|.
In order to formulate the local laws concisely, we introduce the commonly used notion of

stochastic domination.

DEFINITION 3.1 (Stochastic Domination). If

X = (
X(N)(u) | N ∈ N, u ∈ U(N)) and Y = (

Y (N)(u) | N ∈ N, u ∈ U(N))
are families of nonnegative random variables indexed by N , and possibly some parameter u,
then we say that X is stochastically dominated by Y , if for all ξ,D > 0 we have

sup
u∈U(N)

P
[
X(N)(u) > NξY (N)(u)

] ≤ N−D

for large enough N ≥ N0(ξ,D). In this case, we use the notation X ≺ Y and X =O≺(Y ).

In addition to the O≺(·) notation indicating a stochastic domination in the sense of arbi-
trary high moments, in this proof we introduce two related new notations, O1≺(·), O2≺(·),
indicating domination only in first and second moment sense. More precisely, we write
X = O2≺(ψ) and X = O1≺(ψ) if E|X|2 � Nξψ2 and E|X| � Nξψ , respectively, for any ξ > 0
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and some deterministic ψ . We note that we trivially have the following product estimates:7

X =O2≺(φ), Y =O2≺(ψ) ⇒ XY =O1≺(φψ),(39a)

X =O1≺(φ), Y =O≺(ψ) ⇒ XY =O1≺(φψ),(39b)

X =O2≺(φ), Y =O≺(ψ) ⇒ XY =O2≺(φψ),(39c)

so that by (39a), in particular, X = O2≺(ψ) implies X = O1≺(ψ).
We start with the statement of the local laws for single resolvents.

PROPOSITION 3.2 (Single G local laws). Let z ∈ C\R with8 Nηρ ≥ Nδ for some δ > 0,
where we use notation η := |�z|, ρ = ρ(z), m = msc(z). Then for any deterministic matrix A

with ‖A‖ � 1 and 〈A〉 = 0, we have the averaged local laws

(40)
∣∣〈G − m〉∣∣ ≺ 1

Nη
,

∣∣〈GA〉∣∣ ≺
√

ρ

N
√

η
.

Additionally, for any deterministic vectors x, y such that ‖x‖+‖y‖ � 1, we have the isotropic
law

(41)
∣∣〈x, (G − m)y

〉∣∣ ≺
√

ρ

Nη
.

The averaged and isotropic law for G − m have been proven in [7, 26, 34]. The local law
for 〈GA〉 in (40) is quite recently proven in [16], Theorem 3.

Next we state averaged and isotropic local laws for products of two resolvents.

PROPOSITION 3.3 (Local laws for two G’s). Fix any δ > 0. Let z1, z2 ∈ C \ R with L :=
mini (ηiρi) ≥ Nδ where ηi := |�zi |, ρi := ρ(zi), mi := msc(zi). We introduce the notation
Gi := G(zi) and K := Nη∗ρ∗ ≥ L, η∗ := η1 ∧ η2, ρ∗ := ρ1 ∨ ρ2. Then for any deterministic
matrices A, A′ with ‖A‖ + ‖A′‖ � 1 and 〈A〉 = 〈A′〉 = 0 we have the averaged local laws9

〈G1G2〉 = m1m2

1 − m1m2
+O≺

(
1

Nη1η2

)
,

〈
G1AG2A

′〉 = m1m2
〈
AA′〉 +O≺

(
ρ∗
√

K

)
,

(42)

〈
G1G

t
2
〉 = m1m2

1 − σm1m2
+O≺

(
1(σ = ±1)

Nη1η2
+ 1

(|σ | < 1
)[ 1

Nη2∗
∧ ρ∗

√
K

])
,(43)

〈
G1AGt

2A
′〉 = m1m2

〈
AA′〉 +O≺

(
ρ∗
√

K

)
.(44)

We also have the following bound:

(45)
∣∣〈G1G2A〉∣∣ + ∣∣〈G1G

t
2A

〉∣∣ =O2≺
( √

ρ1ρ2√
NLη1η2

)
.

7In (39b)–(39c), we additionally need to assume that |Y | ≤ NC , for some large C > 0, which will hold in all
our applications.

8Actually the tracial local law |〈G − m〉| ≺ (Nη)−1 holds true for any η > N−100, and so does the isotropic
local law |〈x, (G − m)y〉| ≺ √

ρ/Nη + 1/Nη with the additional error term 1/Nη.
9The second error term in (43) is uniform in σ as long as |σ | ≤ 1 − ε′ for any fixed ε′ > 0.
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Moreover, for any deterministic vectors x, y such that ‖x‖ + ‖y‖ � 1 we have the isotropic
laws

〈x,G1G2y〉 = m1m2

1 − m1m2
〈x,y〉 +O≺

( √
ρ∗

√
Nη∗η∗

)
,

∣∣〈x,G1AG2y〉∣∣ ≺
√

ρ∗
η∗

,

(46)

where η∗ := η1 ∨ η2.

Now we state averaged laws for certain products of three resolvents.

PROPOSITION 3.4 (Local laws for three G’s). Fix any δ > 0. Let z1, z2 ∈ C\R with L :=
mini (ηiρi) ≥ Nδ where ηi := |�zi |, ρi := ρ(zi), mi := msc(zi). We introduce the notation
Gi := G(zi) and K := Nη∗ρ∗ ≥ L, η∗ := η1 ∧ η2, ρ∗ := ρ1 ∨ ρ2. Then for any deterministic
matrices A, A′ with ‖A‖ + ‖A′‖ � 1 and 〈A〉 = 〈A′〉 = 0 we have the averaged local laws

〈
G1G

2
2
〉 = m1m

′
2

(1 − m1m2)2 +O≺
(

ρ∗
Lη1η2

)
,(47)

〈
G1G2AG1A

′〉 = m2
1m2〈AA′〉

1 − m1m2
+O2≺

( √
ρ1ρ2√
Lη1η2

)
,(48)

〈
G1

(
Gt

2
)2〉 = m1m

′
2

(1 − σm1m2)2 +O≺
(

ρ1√
Lη1η2

)
,(49)

〈
G1G

t
2AG1A

′〉 = m2
1m2〈AA′〉

1 − σm1m2
+O2≺

( √
ρ1ρ2√
Lη1η2

)
.(50)

Additionally, we have the following bound:

(51)
∣∣〈G1G

2
2A

〉∣∣ + ∣∣〈Gt
1G

2
2A

〉∣∣ = O2≺
( √

ρ∗
L

√
η1η2

)
.

The local laws and bounds in (42)–(46) and (47)–(51) all have the structure that the first
term in the right-hand side is the explicit leading term. The error term in the right-hand
side is smaller than the typical size of the leading term using L � 1, the fact that |m| ∼ 1,
|m′| ∼ ρ−1, and the bound

(52)
∣∣∣∣ 1

1 − m1m2

∣∣∣∣ �
{

1/ρ∗, sgn(�z1) = sgn(�z2),√
ρ1ρ2/η1η2, else,

}
�

√
ρ1ρ2

η1η2
,

which follow from elementary calculus. In the sequel, we will often use these local laws in
their weaker form just as an upper bound for the left-hand side in terms of the upper estimate
on the leading term on the right-hand side. For example, (42) together with (52) implies

∣∣〈G1G2〉
∣∣ ≺

√
ρ1ρ2

η1η2
,

and similarly for all the other local laws.
For any given functions f , g of the Wigner matrix W we define the renormalization of the

product g(W)Wf (W) (denoted by underline) as follows:

(53) g(W)Wf (W) := g(W)Wf (W) − Ẽg(W)W̃(∂W̃ f )(W) − Ẽ(∂W̃ g)(W)W̃f (W),
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where ∂W̃ f (W) denotes the directional derivative of the function f in the direction W̃ at
the point W , and W̃ is an independent copy of W . The definition is chosen such that it
subtracts the variance term in the cumulant expansion, in particular if all entries of W were
Gaussian then we had Eg(W)Wf (W) = 0. Note that the definition (53) only makes sense
if it is clear to which W the underline refers, that is, it would be ambiguous if f (W) = W .
In our applications, however, each underlined term contains exactly a single W factor, and
hence such ambiguities will not arise.

The key inputs for the proof of the local laws with two or three G’s are strong bounds for
renormalized products of the form 〈WG1B1G2 . . .GlBl〉. In Theorem 5 of our companion
paper [16], we proved such estimates but they are in terms η∗, the minimal of all η’s, that
is, no distinction among different η’s is made. To remedy this situation, in the following
Theorem 3.5 we prove a generalization of [16], Theorem 5, which allows for the proof of
the local laws for two and three G’s with distinguished η-dependencies as stated above. This
distinction is necessary when we insert these local laws into the Helffer–Sjöstrand formula
that involves integrals of all spectral parameters. Furthermore, for a few specific terms we
need a somewhat stronger bound than our general Theorem 3.5 gives, but we need them only
in variance sense in contrast to the high probability bounds in Theorem 3.5. These specific
bounds are listed separately in Lemma 3.6. The proof of Theorem 3.5 is presented in [14],
Appendix D.1, and the proof of Lemma 3.6 in [14], Appendix D.2.

THEOREM 3.5. Fix δ > 0, let l, n1, . . . , nl ∈ N, z1,1, . . . , z1,n1, z2,1, . . . zl,nl
∈ C \ R and

for k ∈ [l], j ∈ [nk] let

Gk ∈ {
Gk,1Gk,2 · · ·Gk,nk

, (Gk,1Gk,2 · · ·Gk,nk
)t

}
, Gk,j ∈ {

G(zk,j ),�G(zk,j )
}

and let Bk be deterministic N × N matrices, and x, y be deterministic vectors with bounded
norms ‖Bk‖ � 1, ‖x‖ + ‖y‖ � 1. Set

(54) L := N min
k,i

(ηk,iρk,i), ρ∗ := max
k,i

ρk,i, η∗ := min
k,i

ηk,i,

with ηk,i := |�zk,i |, ρk,i := ρ(zk,i) = |�m(zk,i)|/π and assume L ≥ Nδ and η∗ � 1. Let a, t
denote disjoint sets of indices, a∩ t = ∅, such that for each k ∈ a we have 〈Bk〉 = 0, and for
each k ∈ t exactly one of Gk , Gk+1 is transposed, where in the averaged case and k = l it is
understood that Gl+1 = G1. Then with a := |a|, t := |t|, we have the following bounds:

(av1) For a = t = ∅ we have∣∣〈WG1B1G2B2 · · ·GlBl〉
∣∣ ≺ ρ∗

Nηl∗

∏
k∈[l]

mini ηk,i

ηk,1 · · ·ηk,nk

.(55)

(av2) For a, t⊂ [l], |a∪ t| ≥ 1, we have the bound

∣∣〈WG1B1G2B2 · · ·GlBl〉
∣∣ ≺ (

√
Nη∗)a+t

Nηl∗

√
ρ∗

Nη∗
∏
k∈[l]

mini ηk,i

ηk,1 · · ·ηk,nk

.(56)

(iso) For a, t⊂ [l − 1] and for any 0 ≤ j < l, we have the bound∣∣〈x,G1B1 · · ·GjBjWGj+1Bj+1 · · ·Bl−1Gly〉∣∣
≺ (

√
Nη∗)a+t

ηl−1∗

√
ρ∗

Nη∗
∏
k∈[l]

mini ηk,i

ηk,1 · · ·ηk,nk

,
(57)

where the j = 0 case is understood as 〈x,WG1B1 · · ·Bl−1Gly〉.
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Moreover, for any η∗ ≥ 1 we have the bounds

∣∣〈WG1B1G2B2 · · ·GlBl〉
∣∣ ≺ 1

Nηl∗

∏
k∈[l]

mini ηk,i

ηk,1 · · ·ηk,nk

,

∣∣〈x,G1B1 · · ·GjBjWGj+1Bj+1 · · ·Bl−1Gly〉∣∣ ≺ 1

N1/2ηl∗

∏
k∈[l]

mini ηk,i

ηk,1 · · ·ηk,nk

.

(58)

LEMMA 3.6. Let z, z1, z2 ∈ C \ R with L := N mini (ηiρi) ≥ Nδ for some δ > 0 and
let G = G(z), Gi = G(zi). Then, for any fixed deterministic vectors x, y and matrix A with
〈A〉 = 0 and ‖A‖ + ‖x‖ + ‖y‖ � 1, we have

(59)
∣∣〈x,GAWGy〉∣∣ =O2≺

(
ρ

N1/2η

)
,

and

∣∣〈WG1G2A〉∣∣ + ∣∣〈WG1G
t
2A

〉∣∣ = O2≺
(

ρ
1/2∗

Nη
1/2∗

1√
η1η2

)
,(60)

∣∣〈WG1G1G2A〉∣∣ + ∣∣〈WG1G1G
t
2A

〉∣∣ = O2≺
(

ρ
1/2∗

Nη
1/2∗

1√
η1η2

1√
η∗η1

)
,(61)

∣∣〈WG1G2AG1A〉∣∣ + ∣∣〈WG1G
t
2AG1A

〉∣∣ = O2≺
(

ρ
1/2∗

N1/2η
1/2∗

1√
η1η2

)
.(62)

Notice that the bound in (59) is better by a factor
√

ρ/Nη compared to (57). The bounds
(60)–(62) improve upon (56) in two aspects: First, they depend on ρ∗ rather than ρ∗, and
second, in the cases including transposes the bounds distinguish different η’s (note that in
Theorem 3.5 it is not allowed to have both G, Gt within one G-block, hence the bound is
purely in terms η∗).

We conclude this section with the proof of Propositions 3.3–3.4.

PROOF OF PROPOSITION 3.3. The local laws for 〈G1AG2A
′〉, 〈G1AGt

2A
′〉, in (42),

(44), respectively, and the bound for G1AG2 in (46) follow by [16], Proposition 2, together
with [16], Theorem 4. The bounds in (45) follow by exactly the same proof of [16], equation
(22), but using the new bound (60) instead of [16], equation (62), for the underlined term.
Also the local law for 〈G1G

t
2〉 with error term ρ∗K−1/2 for |σ | < 1 in (43) follows by [16],

Theorem 4, Proposition 2. Hence, in order to conclude the proof of Proposition 3.3 we are
left with the averaged and isotropic law for G1G2 in (42) and (46), respectively, and with the
proof of the remaining cases for the local law for 〈G1G

t
2〉 in (43).

We first consider the local laws that involve no transposes, then at the end of the proof of
Proposition 3.3 we explain the necessary changes when the transposes are considered.

By the self consistent equation for m in (38), and by G(W − z) = I , we have

(63) G = m − mWG − m〈G〉G + m〈G − m〉G.

As a special case of (53), we have that

(64) WG = WG + 〈G〉G + σ
GtG

N
+ w̃2

N
diag(G)G,
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where for any matrix R in this section we let diag(R) denote the matrix of its diagonal that
was denoted by Rd earlier. We recall the parameters σ , w̃2 from (13). Then by (63) and and
(64), it follows that

(65) G = m − mWG + mσ

N
GtG + m

w̃2

N
diag(G)G + m〈G − m〉G.

We now start writing the equation for generic products of two resolvents G1B1G2B2,
where Gi = (W − zi)

−1 and B1, B2 are deterministic matrices. Using the equation (65) for
G1B1 and writing G2 = m2 + (G2 − m2), we obtain

G1B1G2B2 = m1m2B1B2 + m1B1(G2 − m2)B2

− m1WG1B1G2B2 + m1〈G1B1G2〉G2B2

+ m1〈G1 − m1〉G1B1G2B2 + m1σ

N
Gt

1G1B1G2B2(66)

+ m1σ

N
(G1B1G2)

tG2B1

+ m1w̃2

N
diag(G1)G1B1G2B2 + m1w̃2

N
diag(G1B1G2)G2B2,

where we used that

WG1B1G2 = WG1B1G2 + 〈G1B1G2〉G2 + σ

N
(G1B1G2)

tG2

+ w̃2

N
diag(G1B1G2)G2,

(67)

with WG1 from (64). The identity in (67) follows by the definition of underline in (53).

PROOF OF THE LOCAL LAW FOR 〈G1G2〉 IN (42). We divide the proof of this local law
into two cases: (i) �z1�z2 < 0, (ii) �z1�z2 > 0. The difference in these two cases is that in
(ii) the stability factor 1 − m1m2 is bounded from below by ρ∗, while in case (i) the stability
factor is bounded from below only by η∗ and so it is not affordable to invert it.

We start with �z1�z2 < 0, in this case we can use resolvent identity and the local law
|〈Gi − mi〉| ≺ (Nηi)

−1 from (40):

〈G1G2〉 = G1 − G2

z1 − z2

= m1 − m2

z1 − z2
+O≺

(
1

Nη∗|z1 − z2|
)

= m1m2

1 − m1m2
+O≺

(
1

Nη∗|z1 − z2|
)
,

(68)

where we used that the self-consistent equation (38) for m1, m2 in the third equality. This
concludes the proof of the local law for 〈G1G2〉 when �z1�z2 < 0.

We now consider the case �z1�z2 > 0. Choosing B1 = B2 = I in (66), and using |〈Gi −
mi〉| ≺ (Nηi)

−1, we find that[
1 − m1m2 +O≺

(
1

Nη∗

)]
〈G1G2〉

= m1m2 − m1〈WG1G2〉 + m1
〈
(G2 − m2)

〉
+ m1σ

N

〈
Gt

1G1G2
〉 + m1σ

N

〈
(G1G2)

tG2
〉

+ m1w̃2

N

〈
diag(G1)G1G2

〉 + m1w̃2

N

〈
diag(G1G2)G2

〉
.

(69)
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Using a Schwarz inequality, we readily conclude that

(70)
1

N

∣∣〈Gt
1G1G2

〉∣∣ ≤ 1

N

〈
G1G

∗
1
〉1/2〈

G1G2G
∗
2G

∗
1
〉1/2 ≺ ρ1

Nη1η2
,

where we used that 〈�Gi〉 ≺ ρi , that η1G1G
∗
1 = �G1 by Ward identity, that |〈G1G2G

∗
2G

∗
1〉| ≤

‖G2G
∗
2‖〈G1G

∗
1〉, and that ‖Gi‖ ≤ η−1

i . We also prove that |〈(G1G2)
tG2〉| ≺ ρ2(Nη1η2)

−1

using exactly the same computations. Additionally, we get that

(71)
1

N

∣∣〈diag(G1)G1G2
〉∣∣ =

∣∣∣∣ 1

N2

∑
i

(G1)ii(G1G2)ii

∣∣∣∣ ≺
√

ρ1ρ2

N
√

η1η2
,

where we used that |Gii | ≺ 1, and that |(G1G2)ii | ≺ √
ρ1ρ2/(η1η2) by a Schwarz inequality

and Ward identity. The bound for |〈diag(G1G2)G2〉| is completely analogous and so omitted.
Combining (69) with (70)–(71) and using that |〈G2 − m2〉| ≺ (Nη2)

−1, we finally conclude
that

〈G1G2〉 = m1m2

1 − m1m2
− m1

1 − m1m2
〈WG1G2〉 +O≺

(
1

Nη1η2
+ 1

Nη∗ρ∗
)
,

where we used that by easy computations we have |1 − m1m2| ≥ ρ∗ and that ρ∗ � 1
Nη∗ , by

K = Nη∗ρ∗ � 1, to divide through the multiplicative factor in the left-hand side of (69).
Finally, using that |〈WG1G2〉| ≺ ρ∗(Nη1η2)

−1 by (55), |1 − m1m2| ≥ ρ∗ once again, and
that (ρ∗)2 � η∗, η∗η∗ = η1η2, we conclude that

(72) 〈G1G2〉 = m1m2

1 − m1m2
+O≺

(
1

Nη1η2

)
. �

PROOF OF THE LOCAL LAW FOR 〈x,G1G2y〉 IN (73). The proof of the isotropic law
for G1G2 is very similar to the proof of the averaged law above, hence we explain only the
minor differences. Similar to the averaged local law, the case �z1�z2 < 0 trivially follows by
resolvent identity. In the opposite case, choosing B1 = B2 = I in (66), and that |〈Gi −mi〉| ≺
(Nηi)

−1, we find that[
1 +O≺

(
1

Nη∗

)]
〈x,G1G2y〉

= m1m2〈x,y〉 − m1〈x,WG1G2y〉 + m1〈G1G2〉〈x,G2y〉

+O≺
(

ρ∗

Nη1η2

)
,

(73)

where we used that the terms with a prefactor σ or w2 − 1 − σ can be estimated by
N−1ρ∗(η1η2)

−1 using a Schwarz inequality similarl to (70)–(71). Then using that

〈G1G2〉 = m1m2

1 − m1m2
+O≺

(
1

Nη1η2

)
,

by (72), and that |〈x,WG1G2y〉| ≺ √
ρ∗(Nη∗)−1/2(η∗)−1 by Theorem 3.5, we finally con-

clude that

〈x,G1G2y〉 = m1m2

1 − m1m2
〈x,y〉 +O≺

( √
ρ∗

√
Nη∗η∗ + 1

Nη∗ρ∗
)
. �

In order to conclude the proof of Proposition 3.3, we are left with considering transposes.

PROOF OF THE LOCAL LAW FOR 〈G1G
t
2〉 IN (43). The proof of this local law is divided

into three cases: (i) σ = 1, (ii) σ = −1, (iii) |σ | < 1. The main difference compared to the
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proof of 〈G1G2〉 is that the two body stability factor is now given by 1 − σm1m2 instead of
1 − m1m2.

For σ = 1, there is nothing else to prove since in this case W is real symmetric and so
Gt

2 = G2.
The proof of the local law for |σ | < 1 is completely analogous to the proof of (72), modulo

the bound for the underline term that is now given by |〈WG1G
t
2〉| ≺ ρ∗(Nη2∗)−1, since the

only thing we used in this proof is that the stability factor 1 − m1m2 is bounded from below
by ρ∗. This is also the case for 1 − σm1m2 when |σ | < 1, since |1 − σm1m2| ≥ 1 − |σ |.

We are now left with the case σ = −1, when the stability factor is given by 1 + m1m2.
Note that when σ = −1 we can write W = D + iO with D being a diagonal matrix and O

being a real skew-symmetric matrix, that is, Ot = −O . If D = 0, and either �z1�z2 > 0 or
�z1�z2 < 0 and |z1 + z2| ≥ η∗, using the notation R(zi) := (iO − zi)

−1 and that R(zi)
t =

−R(−zi), by resolvent identity we conclude〈
G(z1)G(z2)

t 〉 = −〈
R(z1)R(−z2)

〉
= −〈R(z1)〉 − 〈R(−z2)〉

z1 + z2

= m1m2

1 + m1m2
+O≺

(
1

Nη∗|z1 + z2|
)
,

(74)

where we used that m(−zi) = −m(zi), and the local law for Ri , that holds even for Wigner
matrices with zero diagonal. For �z1�z2 < 0 and |z1 + z2| < η∗, using that R(z2)

t =
−R(−z2) we proceed exactly as in the proof of the local law for 〈G1G2〉 above in case
(69)–(72). This gives the local law for 〈G1G

t
2〉 in (43). In order to conclude the proof, we are

now left only with the case D 
= 0. In this case, we use the following lemma whose proof is
postponed to [14], Appendix B.

LEMMA 3.7. Fix ε > 0. Let W = D + iO be a Wigner matrix with D being diagonal and
O real skew-symmetric. Denote Gi = (W − zi)

−1 and Ri = (iO − zi)
−1, with z1, z2 ∈ C \ R

such that η∗ := |�z1| ∧ |�z2| ≥ N−1+ε and η∗ := |�z1| ∨ |�z2|, then for σ = −1 it holds

(75)
〈
G1G

t
2
〉 = 〈

R1R
t
2
〉 +O≺

(
1

Nη∗

[
1

|z1 + z2| ∧ 1

η∗
])

.

Moreover, we also have

(76)
〈
Gt

1G
2
2
〉 = 〈

Rt
1R

2
2
〉 +O≺

(
1

Nη∗|�z2|
[

1

|z1 + z2| ∧ 1

η∗
])

.

In Lemma 3.7, we stated the result for three G’s as well (76) even if not needed for the
proof of the local law of 〈G1G

t
2〉. We will use (76) later in (C.3).

Finally, combining (75) with (74), we conclude the proof of the local law for 〈G1G
t
2〉. �

This concludes the proof of Proposition 3.3, modulo the proof of Lemma 3.7, which is
postponed to [14], Appendix B. �

We conclude this section with the proof of the local laws for certain products of three
resolvents. We will prove the estimates without transposed resolvents, the analogous results
with transposes are proven in [14], Appendix C.
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PROOF OF PROPOSITION 3.4. We start writing the equation for general products of three
different resolvents G1, G2, G3 and deterministic matrices B1, B2, B3:

G1B1G2B2G3B3 = m1B1G2B2G3B3 − m1WG1B1G2B2G3B3

+ m1〈G1B1G2〉G2B2G3B3

+ m1〈G1 − m1〉G1B1G2B2G3B3

+ m1〈G1B1G2B2G3〉G3B3

+ m1σ

N
Gt

1G1B1G2B2G3B3 + m1σ

N
(G1B1G2)

tG2B2G3B3(77)

+ m1σ

N
(G1B1G2B2G3)

tG3B3

+ m1w̃2

N
diag(G1)G1B1G2B2G3B3

+ m1w̃2

N
diag(G1B1G2)G2B2G3B3

+ m1w̃2

N
diag(G1B1G2B2G3)G3B3,

where we used that

WG1B1G2B2G3 = WG1B1G2B2G3 + 〈G1B1G2B2G3〉G3

+ σ

N
(G1B1G2B2G3)

tG3(78)

+ w̃2

N
diag(G1B1G2B2G3)G3,

with WG1B1G2 from (67). The identity in (78) follows by the definition of the renormaliza-
tion (denoted by underline) in (53).

PROOF OF THE LOCAL LAW FOR 〈G1G
2
2〉 IN (47). Similar to the proof of the local law

for 〈G1G2〉, the proof of the local law for 〈G1G
2
2〉 is divided into two cases: (i) �z1�z2 < 0

or �z1�z2 > 0 and |z1 − z2| ≥ η∗ (ii) �z1�z2 > 0 and |z1 − z2| < η∗, where we recall that
η∗ := η1 ∨ η2, ηi := |�zi |.

Similar to (68), if either �z1�z2 < 0 or �z1�z2 > 0 and |z1 −z2| � η∗ we use the resolvent
identity twice to get〈

G1G
2
2
〉 = 〈G2

2〉 − 〈G1G2〉
z2 − z1

= m′
2

z2 − z1
+ 〈G1〉 − 〈G2〉

(z1 − z2)2 +O≺
(

1

Nη2
2|z1 − z2|

)

= m′
2

z2 − z1
+ m1 − m2

(z1 − z2)2 +O≺
(

1

Nη2
2|z1 − z2|

+ 1

Nη∗|z1 − z2|2
)

= m1m
′
2

(1 − m1m2)2 +O≺
(

ρ∗
Lη1η2

)
,

(79)

where in the first line we used the local law for 〈G2
2〉 in (42), and the identity m′

2 = m2
2(1 −

m2
2)

−1, and to go from the second to the third line we again used the equation of m1, m2. We
remark that to estimate the error terms to go from the second to the third line we also used
(80) below. The proof of this bound is postponed to [14], Appendix B.
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LEMMA 3.8. Let z1, z2 ∈ C \ R such that |z1 − z2| � η∗, then it holds

(80)
1

Nη2∗|z1 − z2| � ρ∗
Lη1η2

,

where ηi = |�zi |, η∗ = η1 ∧ η2, ρ∗ = ρ1 ∧ ρ2, η∗ = η1 ∨ η2.

Next we consider the last remaining case �z1�z2 > 0 and |z1 − z2| < η∗. By (77) with
B1 = B2 = B3 = I and G3 = G2, we have that

(1 − m1m2)
〈
G1G

2
2
〉 = m1

〈
G2

2
〉 − m1〈WG1G2G2〉

+ m1
[〈G1 − m1〉 + 〈G2 − m2〉]〈G1G

2
2
〉

+ m1〈G1G2〉〈G2
2
〉 +O≺

(
ρ∗

Nη2
2η1

)

= m1m
′
2

1 − m1m2
+O≺

(
ρ∗

Nη2
2η1

)
,

(81)

where to go from the second to the third line we used the local laws for 〈G1G2〉 and 〈G2
2〉

in (42), together with (52), and we also used that |〈Gi − mi〉| ≺ (Nηi)
−1 by the first local

law in (40), and that |〈WG1G
2
2〉| ≺ ρ∗(Nη2η1)

−1 by (55). We remark that to go from (77) to

(81) we used that all the terms with a prefactor N−1 in (77) are bounded by ρ∗(Nη2
2η1)

−1.
To make this clearer, we show this bound for two representative terms:

1

N

∣∣〈Gt
1G1G2G2

〉∣∣ ≤ 1

N

〈
G1G

∗
1
〉1/2〈

G1G2G2G
∗
2G

∗
2G

∗
1
〉1/2 ≺ ρ∗

Nη1η
2
2

,

1

N

∣∣〈diag(G1)G1G2G2
〉∣∣ =

∣∣∣∣ 1

N

∑
i

(G1)ii(G1G2G2)ii

∣∣∣∣ ≺ ρ∗

Nη
1/2
1 η

3/2
2

,

where we used a Schwarz inequality, the norm bound ‖G2G2G
∗
2G

∗
2‖ ≤ η−4

2 , and that

|(G1)ii | ≺ 1, |(G1G2G2)ii | ≺ ρ∗η−1/2
1 η

−3/2
2 .

Note that the error term in the right-hand side of (81) is smaller than our goal ρ∗(Lη1η2)
−1

in (47), since for |z1 − z2| < η∗ we have that

(82)
1

Nη2
2η1

� ρ∗
Lη1η2

.

This concludes the proof of the local law for 〈G2G′〉. �

PROOF OF THE LOCAL LAW FOR 〈G1G2AG1A
′〉 IN (48). Consider the equation in (77)

for G3 = G1, and B1 = I , B2 = A, B3 = A′, with 〈A〉 = 〈A′〉 = 0. Before proceeding with
writing the equation for 〈G1G2AG1A

′〉, we bound two representative terms with a prefactor
N−1 in (77):∣∣〈Gt

1G1G2AG1A
′〉∣∣ ≤ 〈

G1G
∗
1
〉1/2〈

G2AG1A
′Gt

1
(
Gt

1
)∗

A′G∗
1AG∗

2
〉1/2

≺
√

ρ1

η1

1√
η1η2

〈�G2AG1A
′�Gt

1A
′G∗

1A
〉1/2 ≺

√
Nρ1

√
ρ2√

η2η1
,(83)

∣∣〈diag(G1)G1G2AG1A
′〉∣∣ ≺ 1

N

∑
a

∣∣(G1)aa

(
G1G2AG1A

′)
aa

∣∣ ≺
√

Nρ1ρ2

η1η2
,
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where in the first estimate we used [16], Lemma 5, to bound∣∣〈�G2AG1A
′�G1A

′G∗
1A

〉∣∣ ≺ Nρ1ρ2,

and in the second estimate we used that∣∣〈x,G1G2AG1y〉∣∣ ≤ 〈
x,G1G

∗
1x

〉1/2〈
y,G∗

1AG∗
2G2AG1y

〉1/2 ≺
√

Nρ1ρ2

η1η2
,

by [16], Lemma 5, again. The bound of all the other terms with a prefactor N−1 is analogous
and so omitted. Then, by (83) and (77), we conclude that[

1 +O≺
(

1

Nη∗

)]〈
G1G2AG1A

′〉 = m1
〈
G2AG1A

′〉 − m1
〈
WG1G2AG1A

′〉
+ m1〈G1G2〉〈G2AG1A

′〉
+ m1〈G1G2AG1〉〈G1A

′〉 +O≺
( √

ρ1ρ2√
Lη1η2

)

= m2
1m2

1 − m1m2

〈
AA′〉 − m1

〈
WG1G2AG1A

′〉
+O≺

( √
ρ1ρ2√
Lη1η2

)
,

(84)

where we used that 〈
G2AG1A

′〉 = m1m2
〈
AA′〉 +O≺

(
ρ∗
√

L

)
,

〈G1G2〉 = m1m2

1 − m1m2
+O≺

(
1

Nη1η2

)
,

(85)

and

(86)
∣∣〈G1A

′〉∣∣ ≺
√

ρ1

N
√

η1
.

The local laws in (85) follow by (42), while the bound in (86) follows by (40).
Finally, using the bound |〈WG1G2AG1A〉| ≺ ρ∗K−1/2(η∗)−1 from [16], Theorem 5, we

conclude that

(87)
〈
G1G2AG1A

′〉 = m2
1m2

1 − m1m2

〈
AA′〉 +O≺

(
ρ∗√

Lη1η2

)
,

where we recall that K = Nη∗ρ∗, and L = N(ρ1η1 ∧ ρ2η2). This concludes the proof of the
local law (48) for 〈G1G2AG1A

′〉. �

PROOF OF THE BOUND FOR 〈G1G2G2A〉 IN (51). Consider the equation in (77) for
G3 = G2 and B1 = B2 = I , B3 = A, with 〈A〉 = 0. Proceeding similar to (83) to estimate the
error terms with a prefactor N−1, we conclude that

〈G1G2G2A〉 = m1〈G2G2A〉 − m1〈WG1G2G2A〉 + m1〈G1 − m1〉〈G1G2G2A〉

+ m1〈G1G2〉〈G2G2A〉 + m1〈G1G2G2〉〈G2A〉 +O≺
( √

ρ∗
L

√
η1η2

)

= O2≺
( √

ρ∗
L

√
η1η2

+ ρ∗√ρ∗
K

√
η1η2

)

= O2≺
( √

ρ∗
L

√
η1η2

)
,

(88)
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where to go from the second to the third line we used that∣∣〈WG1G2G2A〉∣∣ = O2≺
(

ρ∗√ρ∗
K

√
η1η2

)
by (61), and that ∣∣〈G2G2A〉∣∣ = O2≺

( √
ρ2

Nη
3/2
2

)
,

∣∣〈G1G2〉
∣∣ ≺

√
ρ1ρ2

η1η2
,

∣∣〈G1G2G2〉
∣∣ ≺

√
ρ1ρ2√

η1η
3/2
2

.

(89)

The first bound in (89) follows by (45), while the second and the third bound follow by a
simple Schwarz inequality. This concludes the proof of the bound for 〈G1G2G2A〉. �

The remaining statements of Proposition 3.4 involving transposed resolvents are proved
similarly. For completeness we included those proofs in [14], Appendix C. This concludes
the proof of Proposition 3.4. �

4. CLT for resolvents. We now formulate the resolvent CLT identifying the joint distri-
bution of 〈G − EG〉, 〈(G − EG)A〉 for multiple z’s and traceless A’s. An analogous result
for only 〈G− EG〉 factors was proven in [29]. Let p ≤ q ∈ N and let A1, . . . ,Ap be matrices
with 〈Ai〉 = 0,‖Ai‖ � 1 and let ai denote the vector of the diagonal elements of Ai . Let
z1, . . . , zq ∈ C \ R be spectral parameters. We then set

Gi := G(zi), mi := m(zi), ρi := 1

π
|�mi |, ηi := |�zi |,

Xi := 〈[Gi − EGi]Ai

〉
, Yi := 〈Gi − EGi〉,

XS := ∏
i∈S

Xi, YS := ∏
i∈S

Yi,

(90)

so that from the local laws in (40) we have the a priori bounds:

|XS | ≺ �S, |YS | ≺ �S, �S := ∏
i∈S

�i,

�i := ρ
1/2
i

Nη
1/2
i

1(i ≤ p) + 1

Nηi

1 (i > p).

The following theorem identifies the leading terms of the joint moments of X’s and Y ’s up
to an error term that is smaller than the a priori bounds. For notational simplicity, we write
[p] := {1, . . . , p} and (p, q] := {p + 1, . . . , q}.

THEOREM 4.1. For any ξ, δ > 0 and Nδ ≤ L := mini Nηiρi , we have that

EX[p]Y(p,q] = 1

Nq

∑
P∈Pair([p])

Q∈Pair((p,q])

∏
{i,j}∈P

V ◦
ij (Ai,Aj )

∏
{i,j}∈Q

Vij +O
(

Nξ�√
L

)
,(91)

where we set � := �[q], define

V ◦
ij (Ai,Aj ) := m2

i m
2
j 〈AiAj 〉

1 − mimj

+ σm2
i m

2
j 〈AiA

t
j 〉

1 − σmimj

+ [
κ4m

3
i m

3
j + w̃2m

2
i m

2
j

]〈aiaj 〉,

Vij := m′
im

′
j

(1 − mimj )2 + σm′
im

′
j

(1 − σmimj )2 + κ4

2

(
m2

i

)′(
m2

j

)′ + w̃2m
′
1m

′
i ,

(92)
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and Pair(S) denotes the set of pairings of a base set S. Moreover, the expectation EG is given
by

〈EGi〉 = mi + 1

N

(
m′

i

mi

σm2
i

1 − σm2
i

+ w̃2m
′
imi + κ4m

′
im

3
i

)
+O

(
Nξ�i

L1/2

)
,

〈EGiAi〉 = O
(

Nξ�i

L1/2

)
.

(93)

Note that the first (leading) term in (91) has a natural size of order � whenever
(�zi)(�zj ) < 0 for every {i, j} in the pairings P , Q.

Within the proof of Theorem 4.1, we use the classical cumulant expansion in the form

(94) Ewabf (W) =
R−1∑
k=1

∑
α∈{ab,ba}k

κ(ab,α)

k! E∂αf (W) + �R,

where κ(ab,α) denotes the joint cumulant of wab,wα1, . . . ,wαk
for α = (α1, . . . , αk). Here,

for any cut-off index R the error term �R has an explicit integral representation [23], Propo-
sition 3.2. For our application, where f (W) is a product of resolvents, the error term can
easily be estimated by |�R| � N−(R+1)/2. This is due to the fact that the kth cumulant scales
like N−k/2, and each derivative creates an additional resolvent entry, which can be estimated
by O(1) due to the single resolvent local law. In the sequel, we will omit the cutoff R from
the formulas and we simply write a cumulant expansion with a formally infinite sum over k,
but technically we always estimate the truncated sum.

PROOF OF THEOREM 4.1. Recalling from (65) that

(95) G = m − mWG + m〈G − m〉G + mσ
GtG

N
+ m

w̃2

N
diag(G)G,

it follows that (with η = |�z|, ρ = ρ(z))(
1 − m2)〈G − m〉 = −m〈WG〉 + m〈G − m〉2 + σm

N

〈
GtG

〉 + m
w̃2

N

〈
diag(G)G

〉
= −m〈WG〉 + m

N

(
σm2

1 − σm2 + w̃2m
2
)

+O≺
(

ρ

NηL1/2

)(96)

from (43) and 〈diag(G)G〉 = m2 +O≺(
√

ρ/Nη) due to (41). Using the cumulant expansion
(94), we prove below in Section 4.1 that

E〈WG〉 = 1

N

∑
k≥2

∑
ab

∑
α∈{ab,ba}k

κ(ab,α)

k! E∂αGba

= −κ4
m4

N
+O

(
Nξ

(
ρ

N2η
+ ρ3/2

N3/2η1/2

))
,

(97)

where we ignored the irrelevant error term �R . Note that the k = 1 summand has been can-
celed by the variance term which is included in the definition of the “underline” renormaliza-
tion. Then the first claim in (93) follows immediately from (97) together with (96).

Similarly, from (95) we obtain(
1 − m〈G − m〉)〈GA〉 = −m〈WGA〉 + σm

N

〈
GtGA

〉 + m
w̃2

N

〈
diag(G)GA

〉
= −m〈WGA〉 +O≺

(
ρ

N3/2η

)(98)
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from (45) and 〈
diag(G)GA

〉 = m〈GA〉 + 〈
diag(G − m)GA

〉 = O≺
(√

ρ

Nη

)
.

For the underlined term in (98), it follows exactly as in (97) that

E〈WGA〉 = 1

N

∑
k≥2

∑
ab

∑
α∈{ab,ba}k

κ(ab,α)

k! E∂α(GA)ba

= O
(
Nξ

(
ρ

N2η
+ ρ3/2

N3/2η1/2

))
,

(99)

where the term corresponding to κ4 vanishes due to 〈A〉 = 0. Together with (98), the second
claim in (93) is also proven. This concludes the computation of the expectation.

We will now prove an asymptotic Wick theorem and explicitly compute the variance. Us-
ing (40) and (98)–(99), we replace X1 = 〈[G1 − EG1]A1〉 with its leading term 〈WG1A1〉,
that is, 〈[G1 − EG1]A1

〉 = −m〈WG1A1〉 + mE〈WG1A1〉 +O≺
(

ρ

N3/2η

)
= −m〈WG1A1〉 +O≺

(
ρ

N3/2η

)
.

(100)

Then for

EX[p]Y(p,q] = −m1E〈WG1A1〉X(1,p]Y(p,q] +O
(

Nξ�

L1/2

)
(101)

we perform a cumulant expansion of 〈WG1A1〉 to obtain

EX[p]Y(p,q] = ∑
i∈[p]\{1}

m1EẼ〈W̃G1A1〉〈GiW̃GiAi〉X[p]\{1,i}Y(p,q] +O
(

Nξ�

L1/2

)

+ ∑
i∈(p,q]

m1EẼ〈W̃G1A1〉〈GiW̃Gi〉X[p]\{1}Y(p,q]\{i}

− ∑
k≥2

∑
ab

∑
α∈{ab,ba}k

κ(ab,α)

k!N E∂α
[
m1(G1A1)baX[p]\{1}Y(p,q]

]
.

(102)

We note that for arbitrary matrices U , V independent of W̃ we have

(103) Ẽ〈W̃U〉〈W̃V 〉 = 1

N2

(〈UV 〉 + σ
〈
UV t 〉 + w̃2

〈
diag(U)diag(V )

〉)
,

so that it follows that

N2Ẽ〈W̃G1A1〉〈GiW̃GiAi〉
= 〈G1A1GiAiGi〉 + σ

〈
G1A1G

t
iA

t
iG

t
i

〉 + w̃2
〈
diag(G1A1)diag(GiAiGi)

〉
= m1m

2
i 〈A1Ai〉

1 − m1mi

+ σm1m
2
i 〈A1A

t
i〉

1 − σm1mi

+ m1m
2
i w̃2〈a1ai〉 +O2≺

(
N2�{1,i}√

L

)(104)

from (48), (50) and〈
diag(G1A1)diag(GiAiGi)

〉 = m1
〈
diag(a1)GiAiGi

〉 +O≺
(

1√
L

√
ρi√
ηi

)

= m1m
2
i 〈a1ai〉 +O≺

(
1√
L

√
ρi√
ηi

)
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due to the second bound in (46) and the second local law in (42). Similarly, for the second
line on the right-hand side of (102) we obtain

N2Ẽ〈W̃G1A1〉〈GiW̃Gi〉
= 〈

G1A1G
2
i

〉 + σ
〈
G1A1

(
G2

i

)t 〉 + w̃2
〈
diag(G1A1)diag

(
G2

i

)〉
= O2≺

(
N2�{1,i}√

L

)(105)

from (51) and

〈
diag(G1A1)diag

(
G2

i

)〉 = m1
〈
diag(a1)G

2
i

〉 +O≺
(

1√
Lηi

)
= O≺

(
1√
Lηi

)
due to (45) and the first local law in (46).

It remains to consider the third line in (102) where due to the Leibniz rule many terms can
arise from the derivative. For k ≥ 2, the derivative may act on G1 or any of the Xi , Yi and we
consider the corresponding terms separately as in

∑
k≥2

∑
ab

∑
α∈{ab,ba}k

κ(ab,α)

k!N ∂α
[
m1(G1A1)baX[p]\{1}Y(p,q]

]
= ∑

k≥2

∑
|PX∪PY |≤k

X(1,p]\S(PX)Y(p,q]\S(PY )�k(PX,PY ),

�k(PX,PY )

:= ∑
ab

∑
α

κ(ab,α)

(
∂α1

m1(G1A1)ba

k1!N
)( ∏

i∈S(PX)

∂αi
Xi

ki !
)( ∏

i∈S(PY )

∂αi
Yi

ki !
)
,

(106)

where PX , PY are unordered multisets with support S(PX) ⊂ (1,p], S(PY ) ⊂ (p, q]. The
last summation

∑
α indicates the summation over tuples α1 ∈ {ab, ba}k1 , αi ∈ {ab, ba}ki

with ki ≥ 1 denoting the multiplicity of i in S(PX ∪ PY ) and k1 := k − |PX ∪ PY | ≥ 0. We
will prove below that

�k(PX,PY ) = O1≺
(

�{1}∪S(PX∪PY )√
L

)
− m3

1m
3
i 〈a1ai〉 κ4

N2 1((k,PX,PY ) = (
3, {i, i},∅)

, i ∈ (1,p]).
(107)

By combining (102), (104), (105), (106) and (107), we obtain from induction on the num-
ber of X-factors

(108) EX[p]Y(p,q] = EY(p,q]
1

Np

∑
P∈Pair([p])

∏
{i,j}∈P

V ◦
i,j (Ai,Aj ) +O

(
Nξ�

L1/2

)
,

where we recall that V ◦
i,j defined in (92) is given by the sum of the leading terms in (104)

and (107). Here, we used that for X(1,p]\S(PX) and Y(p,q]\S(PY ) we have the high probability
a priori bounds |X(1,p]\S(PX)| ≺ �(1,p]\S(PX) and |Y(p,q]\S(PY )| ≺ �(p,q]\S(PY ) and, therefore,

E
∣∣∣∣X(1,p]\S(PX)Y(p,q]\S(PY )O1≺

(
�{1}∪S(PX∪PY )√

L

)∣∣∣∣ = EO1≺
(

�[1,q]√
L

)
� Nξ�√

L
.
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In order to complete the proof of the theorem, it remains to compute EY(p,q]. For convenience
of notation, we relabel Y(p,q] to Y[r] with r = q − p + 1 and obtain, analogously to (102),

EY[r] = ∑
i∈[2,r]

m′
1

m1
EẼ〈W̃G1〉〈GiW̃Gi〉Y[r]\{1,i} − κ4

N
m′

1m
3
1EY[2,r]

− ∑
k≥2

∑
ab

∑
α∈{ab,ba}k

κ(ab,α)

k!N E∂α

[
m′

1

m1
(G1)baY(1,r]

]
.

(109)

For the first term on the right-hand side of (109), we obtain with (103) that

N2Ẽ〈W̃G1〉〈GiW̃Gi〉
= 〈

G1G
2
i

〉 + σ
〈
G1

(
Gt

i

)2〉 + w̃2
〈
diag(G1)diag

(
G2

i

)〉
= m1m

′
i

(1 − m1mi)2 + σm1m
′
i

(1 − σm1mi)2 + w̃2m1m
′
i +O≺

(
ρ1√
Lη1ηi

)
,

(110)

where in the last step we used (47), (49) and

〈
diag(G1)diag

(
G2

i

)〉 = m1
〈
G2

i

〉 +O≺
(

ρ1

L1/2ηi

)
= m1m

′
i +O≺

(
ρ1

L1/2ηi

)
due to (41), the first local law in (42) and the first local law in (46).

For the second line of (109) we distribute the derivative according to the Leibniz rule as

∑
ab

∑
α∈{ab,ba}k

κ(ab,α)

k!N E∂α

[
m′

1

m1
(G1)baY(1,r]

]

= ∑
|PY |≤k

EY(1,r]\S(PY )�k(PY ),

�k(PY ) := ∑
ab

∑
α

κ(ab,α)

N

(
m′

1

m1
∂α1

(G1)ba

k1!
)( ∏

i∈S(PY )

∂αi
Yi

ki !
)
,

(111)

where PY is a multiset with support S(PY ) ⊂ (1, r], and the summation
∑

α indicates the
summation over tuples α1 ∈ {ab, ba}k1 , αi ∈ {ab, ba}ki with ki ≥ 1 denoting the multiplicity
of i ∈ S(PY ) and k1 := k − |PY | ≥ 0. Similar to (107) (but in high probability sense), we
prove below that

�k(PY ) = O≺
(

�{1}∪S(PY )√
L

)
− (

m2
1
)′(

m2
i

)′ κ4

2N2 1((k,PY ) = (
3, {i, i}), i ∈ (1, r])

− κ4

N
m′

1m
3
11

(
(k,PY ) = (3,∅)

)
.

(112)

By combining (109), (110), (111) and (112), we conclude

(113) EY[r] = 1

Nr

∑
Q∈Pair([r])

∏
{i,j}∈Q

Vij +O
(

Nξ�[r]
L1/2

)
.

Therefore, the claim (91) follows immediately from combining (108) and (113) and the
proof of the Theorem 4.1 is complete, modulo the proofs of (97), (107) and (112), which we
present below. �
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4.1. Auxiliary calculations: Proof of (97), (107) and (112).

PROOF OF (97). For k = 2, the summation in (97) has either two or none diagonal G’s
and from (41) we estimate the corresponding terms by

N−5/2
∑
ab

|Gba|3 ≺ N−3/2 + ρ3/2

N2η3/2

and

N−5/2
∣∣∣∣∑

ab

GbbGaaGba

∣∣∣∣ ≺ N−3/2 + ρ3/2

N2η3/2 .

Here, the first estimate uses only |Gab| ≺ 1(a = b) + √
ρ/Nη, while the second one uses

G = m + (G − m) and the isotropic resummation procedure. More precisely, by this we
mean the idea of summing up the free indices into constant vectors, that is,∑

ab

GbbGaaGba

= ∑
ab

[
m2 + m(G − m)aa + m(G − m)bb +O

(
ρ

Nη

)]
Gba

= m2G11 + m
∑
a

G1aO
(√

ρ

Nη

)
+ m

∑
b

Gb1O
(√

ρ

Nη

)
+ ∑

ab

O
(

ρ

Nη

)
Gba

= O
(
|G11| + N1/2

√
ρ

Nη

√(
GG∗)

11 + N
ρ

Nη

√
TrGG∗

)

= O
(
N + N1/2ρ3/2

η3/2

)
,

(114)

where we used a Schwarz inequality, and in the last step the isotropic local law for the all-one
vector 1 = (1, . . . ,1) of norm ‖1‖ = √

N . Thus we obtain a bound N−3/2 + N−2ρ3/2/η3/2

for the k = 2 terms in (97).
Next we consider the k = 3 terms which give a contribution of ρN−2η−1 whenever there

are at least two off-diagonal G’s. In order to achieve only diagonal G’s, α is necessarily one of
(ab, ba, ba), (ba, ab, ba), or (ba, ba, ab), for which we obtain κ(ab, ba, ba, ab) = κ4/N

2

for a 
= b. The derivative then is given by

(115) ∂αGba = −∂ba∂abGbbGaa = 2∂baGbaGbbGaa = −2G2
aaG

2
bb + · · · ,

where the neglected terms contain two off-diagonal G’s and can hence be neglected. There-
fore, the k = 3 contribution of (97) is given by

−2
3

3!κ4
1

N3

∑
ab

G2
aaG

2
bb = −κ4

N
m4 +O≺

(
ρ

N2η
+ ρ3/2

N3/2η1/2

)
.

By estimating the k ≥ 4 contribution trivially via |Gab| ≺ 1, this concludes the proof of (97).
�

LEMMA 4.2 (Auxiliary a priori estimates). For Xi , Yi from (90) and their derivatives
∂αXi , ∂αYi for any multiindex α, we have the high probability a priori estimates

(116) |∂αXi | ≺ ρ
1/2
i

Nη
1/2
i

, |∂αYi | ≺ 1

Nηi

,
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and the more precise expansions for the first and second-order derivatives

∂abYi = −m′
i

δba

N
+O≺

(
ρ

3/2
i

(Nηi)3/2

)
,

∂ab∂cdYi = 2mim
′
i

δdaδbc

N
+O≺

(
ρ

3/2
i

(Nηi)3/2

)
.

(117)

Moreover, we have the expansions

∂abXi = −m2
i

(Ai)ba

N
+O2≺

(
ρi

N3/2ηi

)
,

∂ab∂cdXi = m3
i

(Ai)daδbc + (Ai)bcδda

N
+O2≺

(
ρi

N3/2ηi

)
,

(118)

in variance sense.

PROOF. We first establish an isotropic local law in variance sense using (59) of the form

(119) (GAG)xy = m2Axy +O2≺
(

ρ

N1/2η

)
which is proved analogously to (73). The claims (117)–(118) then follow directly from (119),
the first local law in (46), and

(120) ∂ab〈GB〉 = −(GBG)ba

N

and

∂ab∂cd〈GB〉 = −∂cd

(GBG)ba

N
= Gbc(GBG)da + Gda(GBG)bc

N
.(121)

The claim (116) follows inductively by the second local law in (46) since each additional
derivative just adds an additional factor of G which is at most of order 1. �

PROOF OF (107). We prove (107) by considering the following five cases, which cover
all possibilities: (i) odd k1, k ≥ 4, (ii) even k1, k ≥ 3, (iii) k = 3, k1 = 1, (iv) k = 3, k1 = 3
and (v) k = 2. Before considering each case separately, we outline a few ideas that are used
repeatedly in the argument. The first idea is that we often replace diagonal resolvents Gaa

and (GA)aa using the isotropic local law 〈x,Gy〉 = m〈x,y〉 + O≺(
√

ρ
Nη

) in order to make
the leading term independent of the summation index a, as was done in (114). For example,
for

∑
a GaaGax this allows us to sum up the index a into the constant vector 1 = (1, . . . ,1)

of norm
√

N (isotropic resummation), effectively gaining a factor of
√

ρ/Nη over the naive
estimate since∑

a

GaaGax = mG1x +O≺
(√

ρ

Nη

∑
a

|Gax |
)

= O≺
(
N

√
ρ

Nη

)
.

The second idea is that for off-diagonal resolvents we use a Schwarz inequality, followed
by the Ward identity to effectively also gain a factor of

√
ρ/Nη over the naive estimate, for

example,∣∣∣∣∑
a

|Gax |
∣∣∣∣ ≤ √

N

√∑
a

|Gax |2 = √
N

√(
G∗G

)
xx =

√
N

η

√
(�G)xx ≺ N

√
ρ

Nη
.

Finally, we also frequently use a simple parity consideration to count off-diagonal resolvents
since the local law gives a stronger estimate for them. For an odd number of G’s, each eval-
uated in one of the entries aa, bb, ab, ba with a 
= b in total occurring equally often, at least
one of the G’s has to be off-diagonal.
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Case (i), k1 is odd, k ≥ 4. In this case, we estimate |∂α1(G1A1)ba| ≺ 1 by the isotropic
local law |〈x,GA1y〉| ≺ ‖x‖‖A1y‖ � ‖x‖‖y‖ in the definition of � in (106) and obtain from
(116) that ∣∣�k(PX,PY )

∣∣ ≺ N−(k+3)/2N2�S(PX∪PY ) � N−(k−3)/2�{1}∪S(PX∪PY ),

from N−1 � ρ
1/2
1 N−1η

−1/2
1 , confirming (107).

Case (ii), k1 is even, k ≥ 3. Since k1 = |α1| is even, it follows by parity that at least one
G or GA factor is off-diagonal, hence by the local law we have that∣∣∂α1(G1A1)ba

∣∣ ≺ ∣∣(G1)ab

∣∣ + ∣∣(G1A1)ba

∣∣
and, therefore, by (116) and a Ward-estimate it follows that∣∣�k(PX,PY )

∣∣ ≺ N−(k+3)/2
∑
ab

(∣∣(G1A1)ba

∣∣ + ∣∣(G1)ab

∣∣)�S(PX∪PY )

≺ N−(k+3)/2N2
√

ρ1√
Nη1

�S(PX∪PY )

� N−(k−2)/2�{1}∪S(PX∪PY ),

confirming (107).

Case (iii), k = 3, k1 = 3. The three derivatives acting on (G1A1)ab results in one G1A

and three G1 factors with a total of four a and four b indices. By using the local law, we
replace each G1 by m1 and obtain

∣∣�3(∅,∅)
∣∣ � N−3

∣∣∣∣∑
ab

m4
1(A1)aa

∣∣∣∣ + N−3
∣∣∣∣∑

ab

m4
1(A1)ab

∣∣∣∣ +O≺
(

�{1}√
L

)

≺ N−2
√∑

ab

∣∣(A1)ab

∣∣2 + �{1}√
L

= N−3/2
√〈

A1A
∗
1

〉 + �{1}√
L

,

again confirming (107).

Case (iv), k = 3, k1 = 1. For k1 = 1, the derivative of (G1A1)ba is given by∑
α1

∂α1(G1A1)ba = −(G1)ba(G1A1)ba − (G1)bb(G1A1)aa

= −m2
1(1 + δba)(A1)aa +O≺

(√
ρ1

Nη1

)
.

If PX = {i, i} for some i ∈ (1,p], then we obtain from (118) that

∂ab,baXi = ∂ba,abXi = m3
i

(Ai)bb + (Ai)aa

N
+O2≺

(
ρi

N3/2ηi

)
,
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while both the ∂ab,ab and ∂ba,ba derivatives lead to delta functions δab and are therefore lower
order after summation, and thus

�3
({i, i},∅) = −m3

1m
3
i

∑
ab

κ(ab, ba, ab, ba)
(A1)aa

N

(Ai)aa + (Ai)bb

N
+O2≺

(
�{1,i}
L1/2

)

= − κ4

N2 m3
1m

3
i

(〈a1ai〉 + 〈A1〉〈Ai〉) +O2≺
(

�{1,i}
L1/2

)
= − κ4

N2 m3
1m

3
i 〈a1ai〉 +O2≺

(
�{1,i}
L1/2

)
,

giving the leading contribution to (107).
If PY = {i, i} for some i ∈ (p, q], then we obtain from the leading term of (117) that

∂ab,baYi = ∂ba,abYi = mim
′
i

2

N
+O≺

(
ρ

1/2
i

(Nηi)3/2

)
,

with the other derivatives again being lower order, hence

�3
(
∅, {i, i}) = −m3

1mim
′
i

∑
ab

κ(ab, ba, ab, ba)
(A1)aa

N

2

N
+O≺

(
�{1,i}
L1/2

)

= −2
κ4

N2 m3
1m

3
i 〈A1〉 +O≺

(
�{1,i}
L1/2

)
= O≺

(
�{1,i}
L1/2

)
.

Finally, if PX ∪ PY = {i, j} for some 1 < i < j , then we either obtain a δab from (117) or
a (Ai)ba from (118) and, therefore, due to∑

ab

∣∣(Ai)ba

∣∣ ≤ N

√∑
ab

∣∣(Ai)ba

∣∣2 = N3/2
√〈

AiA
∗
i

〉
the leading term is at most of size �{1,i,j}L−1/2 and we obtain∣∣�3

({i, j},∅)∣∣ + ∣∣�3
(
∅, {i, j})∣∣ + ∣∣�3

({i}, {j})∣∣ =O1≺
(

�{1,i,j}
L1/2

)
.

Here, we used (39a), so that in case PX = {i, j} with i 
= j , the error terms from (118) can be
multiplied. This concludes the proof of (107) for the case k1 = 1, k = 3.

Case (v), k = 2. In case k = 2, there are five subcases to consider; k1 = 2, PX = {i, i},
PY = {i, i}, k1 = 1 or |S(PX ∪ PY )| = 2.

If k1 = 2, then the derivative is given by

∂2(G1A1)ba = (G1)(G1)(G1A1)

with three a and three b indices, so that by parity either all three matrices have indices ab,
ba, or only one with the remaining two having aa, bb. For all three matrices having ab, ba

indices, we can gain two factors of
√

ρ1/Nη1 via Ward-estimates over the naive size N−1/2

in order to obtain ρ1N
−3/2η−1

1 ≤ �{1}L−1/2. If two matrices have indices aa, bb, then we
perform an isotropic resummation, that is, replace one diagonal resolvent by m as we did in
(114) and estimate, for example,

N−5/2
∑
ab

(G1)bb(G1A1)aa(G1)ba = m1N
−5/2

∑
a

(G1A1)aa(G1)1a +O≺
(

ρ1

N3/2η1

)

= O≺
(

ρ
1/2
1

N3/2η
1/2
1

)
=O≺

(
�{1}
L1/2

)
,
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and similarly for all other index distributions. Thus we obtain

∣∣�2(∅,∅)
∣∣ ≺ �{1}

L1/2 .

Next, if PX = {i, i}, then we obtain from (118) that

�2
({i, i},∅) = ∑

ab

κ(ab, ab, ba)
m1(G1A1)ba

N
m3

i

(Ai)aa + (Ai)bb

N
+O2≺

(
�{1,i}
L1/2

)

= m1m
3
i

κ3

N7/2

(∑
b

(G1A1)bai
+ ∑

a

(G1A1)aia

)
+O2≺

(
�{1,i}
L1/2

)

=O2≺
(

�{1,i}
L1/2

)
,

again using isotropic resummation and that

‖ai‖ := ‖diagAi‖ ≤ N1/2
√〈

A∗
i Ai

〉
.

The case PY = {i, i} is completely analogous, except that using (117) the constant 1 vector
is summed up instead of ai and we obtain

∣∣�2
(
∅, {i, i})∣∣ ≺ �{1,i}

L1/2 .

The case k1 = 1 can be estimated by

∣∣�2
({i},∅)∣∣ � N−7/2

∣∣∣∣∑
ab

[
(G1)bb(G1A1)aa + (G1)ba(G1A1)ba

]
(GiAiGi)ba

∣∣∣∣
� N−7/2

∑
a

∣∣(GiAiGi)1a

∣∣ + N−7/2
∑
ab

√
ρ1

Nη1

∣∣(GiAiGi)ba

∣∣
� ρ

1/2
1

Nη
1/2
1

ρi

N3/2ηi

� �{1,i}
L1/2

and similarly

∣∣�2
(
∅, {i})∣∣ � N−7/2

∣∣∣∣∑
ab

[
(G1)bb(G1A1)aa + (G1)ba(G1A1)ba

](
G2

i

)
ba

∣∣∣∣
� N−7/2

∑
a

∣∣(G2
i

)
1a

∣∣ + N−7/2
∑
ab

√
ρ1

Nη1

∣∣(G2
i

)
ba

∣∣
� ρ

1/2
1

Nη
1/2
1

ρ
3/2
i

N3/2η
3/2
i

� �{1,i}
L1/2

from (120).
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For the final case |S(PX ∪ PY )| = 2, we estimate for i 
= j ,

∣∣�2
({i, j},∅)∣∣ � 1

N5/2

∑
ab

∣∣(G1A1)ba

∣∣( |(Ai)ba|
N

+O2≺
(

ρi

N3/2|ηi |
))

×
( |(Aj )ba|

N
+O2≺

(
ρj

N3/2|ηj |
))

= O1≺
(
N−1/2

√
ρ1

N |η1|
(

1

N3/2 + ρi

N3/2|ηi |
) ρ

1/2
j

N |ηj |1/2

)

= O1≺
(

�{1,i,j}
L1/2

)
,

∣∣�2
(
∅, {i, j})∣∣ � N−5/2

∑
ab

∣∣(G1A1)ba

∣∣(δba

N
+O≺

(
ρ

1/2
i

(N |ηi |)3/2

))

×
(

δba

N
+O≺

( ρ
1/2
j

(N |ηj |)3/2

))

≺ N−5/2 1

N |ηj | + N−5/2N2

√
ρ1

N |η1|
ρ

1/2
i

(N |ηi |)3/2

1

N |ηj |

≺ �{1,i,j}
L1/2

and similarly

∣∣�2
({i}, {j})∣∣ =O2≺

(
�{1,i,j}
L1/2

)
.

This concludes the proof of (107). �

PROOF OF (112). The proof of (112) is very similar to that of (107) and we again con-
sider the cases (i) odd k1, k ≥ 4, (ii) even k1, k ≥ 3, (iii) k = 3, k1 = 1, (iv) k = 3, k1 = 3
separately.

Case (i), k1 is odd, k ≥ 4. In this case, we estimate |∂α1(G1)ba| ≺ 1 and obtain from
(116) that ∣∣�k(PY )

∣∣ ≺ ρ−1
1 N−(k+3)/2N2�S(PY ) � N−(k−3)/2�{1}∪S(PY ),

from N−1 � ρ1N
−1η−1

1 , confirming (112).

Case (ii), k1 is even, k ≥ 3. Since k1 is even it follows by parity and the local law that
|∂α1(G1)ba| ≺ |(G1)ab| and, therefore, by (116) and a Ward-estimate it follows that

∣∣�k(PY )
∣∣ ≺ ρ−1

1 N−(k+3)/2N2
√

ρ1√
Nη1

�S(PY ) � N−(k−2)/2�{1}∪S(PY ),

confirming (112).
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Case k = 3, k1 = 3. The derivatives acting on (G1)ab results in four G1 factors with a
total of four a and four b indices and we obtain

�3(∅) = −κ4
m′

1

m1
N−3

∑
ab

(G1)
2
aa(G1)

2
bb +O

(
ρ−1

1 N−3
∑
ab

∣∣(G1)ab

∣∣)

= −κ4

N
m3

1m
′
1 +O≺

(
1

N3/2√η1ρ1

)

= −κ4

N
m3

1m
′
1 +O≺

(
�{1}√

L

)
,

which gives one of the leading terms in (112).

Case (iii), k = 3, k1 = 1. For k1 = 1, the derivative of (G1)ba is given by∑
α1

∂α1(G1)ba = −(G1)
2
ba − (G1)bb(G1)aa = −m2

1(1 + δba) +O≺
(√

ρ1

Nη1

)
.

If PY = {i, i} for some i ∈ (1, r], then we obtain from (117) that

∂ab,baYi = ∂ba,abYi = mim
′
i

2

N
+O≺

(
ρ

1/2
i

(Nηi)3/2

)
,

while both the ∂ab,ab and ∂ba,ba derivatives lead to delta functions δab and are therefore lower
order, and thus

�3
({i, i},∅) = −m1m

′
1mim

′
i

∑
ab

κ(ab, ba, ab, ba)
1

N

2

N
+O≺

(
�{1,i}
L1/2

)

= −2κ4

N2 m1m
′
1mim

′
i +O≺

(
�{1,i}
L1/2

)
= − κ4

2N2

(
m2

1
)′(

m2
i

)′ +O≺
(

�{1,i}
L1/2

)
,

giving the other leading term in (112). On the other hand, if PY = {i, j} for some 1 <

i < j , then we obtain a δab from (117) and, therefore, the leading term is at most of size
�{1,i,j}L−1/2 and we obtain ∣∣�3

({i, j})∣∣ = O≺
(

�{1,i,j}
L1/2

)
.

This concludes the proof of (112) for the case k1 = 1, k = 3.

Case (iv), k = 2. In case k = 2, there are four subcases to consider; k1 = 2, PY = {i, i},
k1 = 1 or PY = {i, j} for i 
= j .

If k1 = 2, then the derivative is given by ∂2(G1)ba = (G1)
3 with three a and three b in-

dices, so that by parity either all three matrices have indices ab, ba, or only one with the
remaining two having aa, bb. For all three matrices having ab, ba indices, we can gain
two factors of

√
ρ1/Nη1 via Ward estimates over the naive size N−1/2 in order to obtain

N−3/2η−1
1 ≤ �{1}L−1/2. If two matrices have indices aa, bb, then using isotropic resumma-

tion we estimate

ρ−1
1 N−5/2

∑
ab

(G1)bb(G1)aa(G1)ba = m1N
−5/2

∑
a

(G1)aa(G1)1a +O≺
(

ρ1

N3/2η1

)

= O≺
(

ρ
1/2
1

N3/2η
1/2
1

)
= O≺

(
�{1}
L1/2

)
,
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in order to conclude ∣∣�2(∅)
∣∣ ≺ �{1}

L1/2 .

Next, if PY = {i, i}, then we obtain from (117) that

�2
({i, i}) = m′

1mim
′
i

m1

∑
ab

κ(ab, ab, ba)
(G1)ba

N

2

N
+O≺

(
�{1,i}
L1/2

)

= m′
1mim

′
i

m1

2κ3

N7/2 〈1,G11〉 +O≺
(

�{1,i}
L1/2

)
= O≺

(
�{1,i}
L1/2

)
.

The case k1 = 1 can be estimated again by isotropic resummation as

∣∣�2
({i})∣∣ � N−7/2

ρ1ρi

∣∣∣∣∑
ab

[
(G1)bb(G1)aa + (G1)

2
ba

](
G2

i

)
ba

∣∣∣∣
� N−7/2

ρ1ρi

∑
a

∣∣(G2
i

)
1a

∣∣ + N−7/2

ρ1ρi

∑
ab

√
ρ1

Nη1

∣∣(G2
i

)
ba

∣∣
� ρ

1/2
1

Nη
1/2
1

ρi

N3/2ηi

� �{1,i}
L1/2 .

For the final case PY = {i, j} with i 
= j , we obtain from (117) that

∣∣�2
({i, j})∣∣ � N−5/2

ρ1ρiρj

∑
ab

∣∣(G1)ba

∣∣(δba

N
+O≺

(
ρ

1/2
i

(Nηi)3/2

))(
δba

N
+O≺

( ρ
1/2
j

(Nηj )3/2

))

≺ �{1,i,j}
L1/2 .

This concludes the proof of (112). �

5. Functional CLT: Proof of Theorems 2.3–2.4. In this section, we prove our main
results, the functional central limit theorems using the resolvent CLT, Theorem 4.1. Via stan-
dard representation formulas this involves fairly standard but tedious calculations. We first
give a detailed calculation for the case sharp cut-off case in Section 5.1 using the less-known
Pleijel’s formula which proves Theorems 2.3. The proof of Theorem 2.4 in Section 5.2 relies
on similar calculations using the more conventional Helffer–Sjöstrand formula; the details
are deferred to [14], Appendix F.

5.1. Proof of the functional CLT for the sharp cut-off. PROOF OF THEOREM 2.3. Let
Å := A − 〈A〉, and define

(122) 1K,i0(i) := 1
(|i − i0| ≤ K

)
.

We recall the rigidity bound (see, e.g., [22], Lemma 7.1, Theorem 7.6, or [26], Section 5):

(123) |λi − γi | ≺ 1

N2/3̂i1/3
,
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where î := i ∧ (N + 1 − i). Here, γi are the classical eigenvalue locations (quantiles) defined
by

(124)
∫ γi

−∞
ρ(x)dx = i

N
, i ∈ [N ],

where we recall ρ(x) = ρsc(x) = (2π)−1
√

(4 − x2)+. We now present the proof in the bulk
regime, the edge is completely analogous and so omitted. Define ηK(γi0) implicitly by

(125) ηi0 = ηK(γi0) := K

Nρ(γi0 + iηK(γi0))
;

which is the local scale around γi0 containing roughly K eigenvalues. Then, by (122) and
(123), we readily conclude√

N

K

∑
|i−i0|≤K

〈ui , Åui〉 =
√

N

K

N∑
i=1

1K,i0(i)〈ui , Åui〉

= N3/2
√

K

〈
P(W)Å

〉 +O≺
(

1√
K

)
,

(126)

where we defined the spectral projection

(127) P(W) = 1(γi0 − ηi0 ≤ W ≤ γi0 + ηi0),

and used that |〈ui , Åui〉| ≺ N−1/2 by [16], Theorem 1.
Using Pleijel’s representation formula of the spectral projection of a Hermitian matrix in

terms of contour integral of its resolvent in [24], equation (13), (see also [48], equation (5)),
we find that (see Appendix E for more details)

(128)
N3/2
√

2K

〈
P(W)Å

〉 = N3/2

2π i
√

2K

∫
�K,i0

〈
G(z)Å

〉
dz +O≺

(
Nη0√

K

)
,

with �K,i0 the contour oriented counterclockwise and defined by

�K,i0 := {
z ∈ C | �z ∈ [γi0 − ηi0, γi0 + ηi0] and |�z| = M

}
∪ {

z ∈ C | �z ∈ {γi0 − ηi0, γi0 + ηi0} and |�z| ∈ [η0,M]},(129)

for any M > 0, and with some parameter η0 such that N−1 � η0 � K1/2/N .
By Young’s inequality, for any p ≥ 2 and δ > 0, we get from (128) that

E
∣∣∣∣ N3/2
√

2K

〈
P(W)Å

〉∣∣∣∣p

= (
1 +O

(
N−δ))E∣∣∣∣ N3/2

√
2K

∫
�K,i0

〈
G(z)Å

〉
dz

∣∣∣∣p +O
((

N1+δη0√
K

)p)
.

(130)

By (91), it follows that for even p (for odd p the leading term is zero) we have

E
∣∣∣∣ N3/2
√

2K

〈
P(W)Å

〉∣∣∣∣p
= (

(
1 +O

(
N−δ))( N

2K

)p/2 ∑
P∈Pair([p])

∏
{i,j}∈P

1

4π2

∫
�K,i0

dzi

∫
�K,i0

dzj

×
(m2

i m
2
j 〈Å2〉

1 − mimj

+ σm2
i m

2
j 〈ÅÅt 〉

1 − σmimj

+ w̃2m
2
i m

2
j 〈åi åj 〉(131)
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+ κ4m
3
i m

3
j 〈åi åj 〉

)

+O
(

Nξ

√
NM

[(
MN

K

)p/2
+

(
MN

K

)−p/2]
+

(
N1+δη0√

K

)p)
,

for any ξ, δ > 0, with å := diag(Å). In estimating the error term coming from (91), we used
that ( ∏

i∈[p]

∫
�K,i0

dzi

)
1√
Nη∗

∏
i∈[p]

Nξ

N
√|ηi | � Nξ

√
NM

[(
MN

K

)p/2
+

(
MN

K

)−p/2]
,

where (MN/K)p/2 comes from the vertical lines of the contour �K,i0 and (MN/K)−p/2

from the horizontal ones. Note that in order to apply (91) we had to choose η0 � N−1,
which ensures L = N mini (|ηi |ρi) ∼ Nη∗ � 1 (since we are in the bulk regime), with η∗ :=
mini |ηi |. It is clear that we can choose ξ , δ and η0 � K1/2/N , M � K/N so that the error
term in (131) is bounded by N−c(p,ε) for some constant c(p, ε) > 0, where Nε ≤ K ≤ N1−ε .
In the following, η0 � M � K/N ensures that only the horizontal lines of �K,i0 contribute
to the integral, the vertical lines are negligible giving a contribution MN/K .

We start computing

2N

K

∫ ∫ γi0+ηi0

γi0−ηi0

dx dy�
[

σm2
1m

2
2

1 − σm1m2
− σm2

1m2
2

1 − σm1m2

]

= −N

K

∫ ∫ γi0+ηi0

γi0−ηi0

√(
4 − x2

)
+

(
4 − y2

)
+ dx dy

+ 1(σ = ±1)
2Nπ

K

∫ ∫ γi0+ηi0

γi0−ηi0

√(
4 − x2

)
+δx−σy dx dy

− N

K

∫ ∫ γi0+ηi0

γi0−ηi0

(1 − σ 2)
√

(4 − x2)+(4 − y2)+
σ 2(x2 + y2) + (1 − σ 2)2 − xyσ(1 + σ 2)

+O(
√

M).

(132)

In particular, for K � N we get that the right-hand side of (132) is equal to

8π21(σ = 1) + 1(σ = −1)
2Nπ

K

∫
Ii0

√
4 − x2 dx +O

(√
M + K

N

)
,

with Ii0 := [γi0 − ηi0, γi0 + ηi0] ∩ [−γi0 − ηi0,−γi0 + ηi0]. Note that for i0 = �cN� we have

2Nπ

K

∫
Ii0

√
4 − x2 dx = 4Nπ

K
|Ii0 | +O

(
K

N

)
.

We now distinguish two cases: (i) c 
= 1/2, (ii) c = 1/2. If c 
= 1/2, then |γi0 | � |c − 1/2|
and so Ii0 is empty, that is,

2Nπ

K

∫
Ii0

√
4 − x2 dx = 0.

On the other hand, for c = 1/2 we have

2Nπ

K

∫
Ii0

√
4 − x2 dx = 4Nπ

K
|Ii0 | +O

(
K

N

)
= 8π2 +O

(
K

N

)
,

where we used that for c = 1/2 we have |Ii0 | = 2ηi0 + O(N−1), as a consequence of γi0 =
O(N−1), and that ρ(iηi0) = π−1 + O(ηi0), with ηi0 � KN−1 in the bulk. By analogous
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computations, we conclude that in the edge regime the right-hand side of (132) is equal to
1(σ = 1)8

√
2π2/3.

For mesoscopic scales, the third and of the fourth term are negligible. This concludes the
proof of Theorem 2.3. �

5.2. Proof of the functional CLT for smooth cut-off. PROOF OF THEOREM 2.4. For
simplicity, we present the proof in the macroscopic scale and in the mesoscopic scale in the
bulk. The computation of the leading term and the estimate of the error terms at the edge are
completely analogous and so omitted.

For any z = x + iη ∈ C, we define the almost analytic extension of f ∈ H 2 by

(133) fC(z) = fC(x + iη) := [
f (x) + iη∂xf (x)

]
χ

(
Naη

)
,

where χ is a smooth cut-off equal to 1 for η ∈ [−5,5] and equal to 0 for η ∈ [−10,10]c. Note
that

(134) |∂zfC| � N2a
∣∣g′′∣∣|η| + Na(|g| + Na

∣∣g′∣∣|η|)∣∣χ ′∣∣,
where 2∂z := ∂x + i∂η.

By the Helffer–Sjöstrand formula, we have that

(135) f (λ) = 1

π

∫
C

∂zfC(z)

λ − z
d2z = 2

π
�

∫
R

∫
R+

∂zfC(z)

λ − z
dη dx,

where d2z = dx dη is the Lebesgue measure on R2. We recall the following notation:

LN(f, I ) =
N∑

i=1

f (λi) − E
N∑

i=1

f (λi)(136)

LN(f, Å) = LN(f, Åd) + LN(f,Aod),

=
N∑

i=1

f (λi)〈ui , Åui〉 − E
N∑

i=1

f (λi)〈ui , Åui〉.
(137)

Using (135), we write

LN(f, I ) = 2N

π
�

∫
R

∫
R+

∂zfC(z)
〈
G(x + iη) − EG(x + iη)

〉
dη dx,

LN(f, Å) = 2N

π
�

∫
R

∫
R+

∂zfC(z)
〈(
G(x + iη) − EG(x + iη)

)
Å

〉
dη dx.

(138)

Using that |〈ui , Åui〉| ≺ N−1/2 writing G in spectral decomposition, we conclude

(139)
∣∣〈G(x + iη)Å

〉∣∣ ≤ 1

N

N∑
i=1

|〈ui , Åui〉|
|λi − z| ≺ 1√

N

(
1 + 1

Nη

)
for any η ≥ N−100, where we used that the local law for |〈G− EG〉| ≺ (Nη)−1 holds for any
η ≥ N−100 (e.g., see [15], Appendix A).

Then, using (139), (134) and the local law |〈G − EG〉| ≺ (Nη)−1, we readily conclude
that

LN(f, I ) = 2N

π
�

∫
R

∫ ηa

η0

∂zfC(z)
〈
G(x + iη) − EG(x + iη)

〉
dη dx +O≺

(
η0N

a)
,

LN(f, Å) = 2N

π
�

∫
R

∫ ηa

η0

∂zfC(z)
〈(
G(x + iη)

− EG(x + iη)
)
Å

〉
dη dx +O≺

(
η2

0N
1/2+a)

,

(140)
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where we defined

η0 := N−1+ε, ηa := 10N−a,

for some small ε > 0 such that η0 � ηa . Note that in (140) we used that χ ′(Naη) = 0 on η ∈
[0, η0] since η0 � N−a , and so that |∂zfC| � N2aη by (134). We remark that the regime η ≤
N−100 in (140) is bounded trivially by N−100+2a using that |〈GA〉| ≤ η−1 and that |∂zfC| �
N2aη.

With the formulas (140), we thus reduced the proof of the functional CLT for general test
function f to the CLT for resolvents as given in Theorem 4.1, modulo detailed calculations
of the leading terms. These calculations are deferred to [14], Appendix F, and with their help
we conclude the proof of Theorem 2.4. �

APPENDIX A: CASE OF VANISHING VARIANCES IN THEOREM 2.4

In this section, we give a short explanation for the cases of vanishing variances in Theo-
rem 2.4 as listed in Remark 2.8.

The fact that for constant f the limiting processes vanish is obvious since in this case
Trf (W)A is deterministic. Similarly, for linear f (x) = bx and w2 = 0 the diagonal processes
ξtr, ξd vanish since Trf (W)Ad = b TrWAd = 0 almost surely if w2 = 0. For the case of
quadratic f (x) = cx2 and κ4 = −1 − σ 2, that is, |w12| = 1/

√
N almost surely, we have

TrW 2Ad = ∑
a

(Ad)aa

(∑
b

wabwba

)
= ∑

a

(Ad)aa

(
N − 1

N
+ w2

aa

)
almost surely, so that Var(TrW 2Ad) � 〈|Ad|2〉/N . For σ = 1 and real skew-symmetric Aod =
−At

od is clear that 2 Trf (W)Aod = Trf (W)Aod + Tr(f (W)Aod)
t = Trf (W)(Aod + At

od) =
0 due to W , f (W) being almost surely real-symmetric.

It remains to consider the cases of vanishing variances for σ = −1, that is, when W =
D + iR for some real diagonal D and some real skew-symmetric R = −Rt . If D = 0, then
by the exact symmetry of the spectrum, λi = −λN+1−i and ui = uN+1−i (up to phase),
we immediately see that all three linear statistics are constant for odd functions f . In case
D 
= 0, the variance is not algebraically zero but it is vanishing for large N . To illustrate this
mechanism, we consider the odd function φ(x) = x3. Then (a)–(c) in Remark 2.8 are saying
that Tr(W 3 − 3W), Tr(W 3 − 2W)Åd and TrW 3Aod fluctuate on a scale � 1. Indeed,

TrW 3A = TrD3A + i Tr
(
D2R + DRD + RD2)

A

− Tr
(
DR2 + RDR + R2D

)
A − i TrR3A

so that

Tr
(
W 3 − 3W

) = TrD3 − 3 TrD
(
1 + R2)

is � 1 since (R2)aa = −∑
ab R2

ab ≈ 1. Similarly,

Tr
(
W 3 − 2W

)
Ad = TrD3Ad − Tr

(
2D

(
1 + R2) + RDR

)
Ad

since TrR3Ad = 0 due to R = −Rt and Ad = At
d and the right-hand side is � 1 since

|TrRDRAd| =
∣∣∣∣∑

ab

R2
abDbb(Ad)aa

∣∣∣∣ � N−1/2〈|Ad|2〉
.

Finally,

TrW 3Aod = i Tr
(
D2R + DRD + RD2)

Aod

− Tr
(
DR2 + RDR + R2D

)
Aod − i TrR3Aod

is � N−1/2
√

AodA
∗
od due to Aod being off-diagonal. A similar argument works for any odd

polynomial.
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SUPPLEMENTARY MATERIAL

Supplement to “Functional central limit theorems for Wigner matrices” (DOI:
10.1214/22-AAP1820SUPP; .pdf). Appendix B: Proofs of Lemmata 3.7–3.8. In this sup-
plement, we prove two technical lemmata. Lemma 3.7 is relevant only for the very special
σ = −1 case where the local laws with two and three G’s with one transpose require a sepa-
rate argument that is outside of the main methods of the paper. Lemma 3.8 is a simple calculus
exercise. Appendix C: Proof of remaining estimates for Proposition 3.4. In this supplement,
we present the proofs of the local laws and estimates for chains of three resolvents involv-
ing some transpose Gt in Proposition 3.4. These computations are similar to those presented
in Section 3 without transposes. Appendix D: Proof of the refined bounds on renormalized
alternating chains: Theorem 3.5 and Lemma 3.6. In this supplement, we prove two simple
extensions of the general high probability bound [16], Theorem 5, on renormalized alternat-
ing chains of resolvents and deterministic matrices. Theorem 3.5 refines [16], Theorem 5, by
distinguishing different η’s in the estimates by essentially bookkeeping them more carefully.
Lemma 3.6 gives a slightly stronger bound albeit only in variance sense in a very special case
of two resolvents. We present its proof in full details mostly for pedagogical reasons, since the
actual novelty is only a somewhat different estimate of one single term. Appendix E: Proof
of the Pleijel’s representation formula in (128). In this supplement, we give a detailed proof
of integral representation (128) for 〈P(W)Å〉, with P(W) defined in (127). Appendix F: Cal-
culations for the functional CLT for smooth test functions. Starting from (140) and using the
explicit formulas in Theorem 4.1 in this supplement we complete the proof of Theorem 2.4
by computing the expectations and variances of the limiting Gaussian processes explicitly.
The calculations are mostly mechanical albeit delicate since singular integrands need careful
regularizations.
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