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With the growing abundance of man-made cylindrical structures located on or close to the seabed, it is
important to be able to assess their potential environmental impact. Herein, a model is presented of the viscous-
thermal boundary layer in the vicinity of a circular cylinder resting on, or partially buried in, an otherwise
flat seabed. To model the influence of wave-induced motions near such a cylinder, we assume oscillatory
flow in which the water particle displacements are small with respect to the cylinder radius. A perturbation
expansion is utilised to derive solutions of the boundary layer equations, leading to analytical solutions at
multiple orders. The unsteady temperature field for various burial depths is then determined numerically using
a Crank-Nicolson scheme, and quantitative results, such as the Nusselt number at the cylinder surface, are
deduced. Both diffusion and steady convection are responsible for the unsteady transport of temperature. The
dynamics of the convective field enhance overall heat transfer from the cylinder and lead to the temperature
being transported radially outward near to the seabed.

1. Introduction Keulegan and Carpenter found that flow past an oscillating circular
cylinder does not separate at small KC. However, Keulegan and Car-
penter only considered four cases, with KC = 4 being the smallest value
considered; this provided an impetus for further research.

Subsequent studies by Sarpkaya [11] and Bearman et al. [12] pro-
vided experimental confirmation of the results obtained by Keulegan
and Carpenter for forces acting on a body and corresponding values of
the drag coefficient. Concurrently, Honji [13] experimentally obtained
high quality visualisations which indicated that the flow past a circular
body is two-dimensional for KC < 2. Later, Tatsuno and Bearman
[14] found that no vortex shedding occurs within this KC regime.
While the aforementioned works are concerned with cylinders in open
flow, no comparable studies exist of cylinders partially buried in a flat
boundary. For the cases we shall consider herein, small KC number will
be assumed, as will an attached and two-dimensional flow.

The dimensionless KC number is of great use in coastal engineering

Many examples exist of submerged circular cylinders immediately
above or partially buried in the seabed which are subjected to an
oscillatory flow field driven by tides and waves. These include ma-
rine oil and gas pipelines [1], mooring cables for floating offshore
structures [2], and electrical cables transferring energy from a marine
renewable energy device to the grid [3]. As the offshore renewable
energy sector continues to expand, there is growing interest in the
behaviour of marine electrical cables connecting offshore wind turbine
installations to the mainland. Such cables are laid upon the seabed [4]
and typically located in intermediate water depths. In transferring
electrical power through these cables, energy is lost as heat which dis-
sipates into the surrounding environment, causing potential ecosystem
consequences for marine life [5].

The topic of a circular cylinder in oscillating flow has attracted
the attention of many researchers using analytical (e.g., Wang [6]),

numerical (e.g., An et al. [7]) and experimental (e.g., Sarpkaya [8])
techniques. Inspired by the hydrodynamic analysis of a body undergo-
ing forced oscillation in a fluid by Stokes [9], Keulegan and Carpenter
[10] identified a key dimensionless parameter (U,T /D, where Uj, is the
amplitude of the speed of oscillation, T is the period of oscillation,
and D is a characteristic dimension of the body). Now known as
the Keulegan-Carpenter number, KC, this parameter characterises the
different flow regimes experienced by a cylinder in oscillatory flow.
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applications involving oscillatory flow. A pertinent practical example
relates to the laying of electrical cables or pipelines on an erodible
seabed, where oscillatory flow leads to the self-burial of these marine
structures. In such cases, the flow field and the forces acting upon the
cable or pipe will vary depending on the burial depth, and so it is
necessary for designers to account for this effect. Notably, Sumer et al.
[15] considered scour and self-burial of pipelines, and observed that the
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self-burial depth is a function of KC. For example, at very large values
of KC ~ O(100), a pipeline may become entirely self-buried.

Recently, Michele et al. [16] formulated a theoretical model of
the thermal boundary layer adjacent to the seabed under propagating
free-surface waves. Michele et al. [17] then extended their model to
include the effect of wave reflection and considered different configu-
rations of locations and lengths of heat sources. For a flat, impermeable
seabed, they found that second-order, steady convective terms play an
important role in heat transport.

Using similar techniques, Richardson [18] and Davidson [19] ana-
lytically explored the thermal boundary layer around a circular cylinder
immersed in oscillating flow in an open domain. Both authors con-
ducted their analysis assuming small KC number, an approach that will
be used in Section 3. However, Richardson focused solely on asymptotic
limits of the Prandtl number, Pr, as Pr— 0, o0, and did not determine
the solution throughout the entire domain. Later, Davidson provided
more detailed insight into this problem and extended the theory to
include a range of Prandtl numbers. Although both Richardson and
Davidson sought steady state solutions, Michele et al. [16,17] derived
an unsteady solution which furnished valuable insight into the transient
phase of the heat transfer.

To the best of the authors’ knowledge, heat transfer from a partially
buried circular cylinder in the seabed has not been studied to date.
The structure of the surrounding inviscid flow field has previously
been elucidated in a series of contributions beginning with Jeffreys
[20], who formulated the complex potential for a cylinder resting
on a flat seabed and calculated the thrust forces on the cylinder in
a steady stream. It was not until the work of Milne-Thomson [21]
that the complex potential for a general burial depth was provided.
Wybrow and Riley [22] successfully used this result in a study of
sediment transport in oscillating flow. Wybrow & Riley determined the
magnitude of the steady streaming effect and predicted the occurrence
of net streaming away from the cylinder over many oscillation periods.
Whereas Wybrow & Riley’s theoretical analysis assumed KC <« 1,
their experiments were performed at KC = 0.35, complicating the
comparison between theory and experiment.

The inherent difference between an open domain case and the
scenario considered herein is the presence of the plane boundary. This
causes a fundamental shift in the behaviour of the flow around the
cylinder, which must be accounted for when considering cylindrical
pipes on the seabed. Although there have been recent studies of heat
transfer in the vicinity of various body geometries [23,24] in open
domains, the resulting flow fields are symmetric with respect to the
horizontal axis, and cannot be directly applied to a case where a
boundary exists.

This paper presents a theory for heat transfer in the boundary
layer close to a cylinder buried in the seabed in oscillatory flow, for
a range of cases from the cylinder just touching the bed to the cylinder
being partially buried. The theory presented here could potentially
also be applied to offshore structures at the seabed, where progressive
free-surface waves give rise to oscillatory fluid motion. The paper is
structured as follows. Section 2 outlines the governing thermo-fluid
equations based on conservation laws. Section 3 describes the use of a
perturbation expansion technique to derive analytical first and second
order solutions of the viscous boundary-layer equations, assuming small
values of Keulegan-Carpenter number, KC. The end of Section 3 out-
lines the derivation of an important integral equality regarding the total
heat exchange. Section 4 presents results for different levels of cylinder
burial, obtained by numerically solving the thermal boundary-layer
equation. Section 5 discusses the main findings.

2. Governing equations
The governing equations are based on mass and momentum con-

servation laws, along with an energy conservation equation. In the
momentum equation, force components acting on the fluid are due
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to gravity, the pressure gradient, and viscosity. Since temperature
variations are ~ @ (10) °C, changes in fluid viscosity and density may be
considered negligible [25]. Therefore, buoyancy effects are disregarded
in this analysis. As found in many textbooks, e.g. White [26], for two-
dimensional incompressible flow, the mass and momentum equations
may be written in polar coordinates (r, ) (see Fig. 1a) as
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where g, and g, are radial and tangential components of the accel-
eration due to gravity. p is the fluid density and v is the kinematic
fluid viscosity, both taken to be constant assuming small variation
in temperature. However, the temperature 7 depends on the flow
field via the radial and angular velocity components, (u,, uz). The
convective-diffusive equation for heat transport may be written [26],
oT oT 1 9T <1 aT  °T | 1 02T>

— -—+ + , “4)
ot or
where y is the thermal diffusivity which is likewise taken to be constant
assuming small variation in 7.

When considering the thermal energy in a system, the presence
of a temperature gradient may induce density variations that lead to
free convection. A prescribed non-zero outer flow condition implies
that the Richardson number (Ri) should be examined to determine
the importance of buoyancy within the model. The flow regime de-
pends on the non-dimensional Richardson number as follows: for Ri
> 10, forced convection may be neglected; whereas for Ri <« 1, free
convection may be neglected [27]. The Richardson number is defined
as Ri = 8ﬂATa/“§o» where g, the coefficient of thermal expansion, is
determined from experimental data [28]. From the data available for
p within the temperature range examined herein, f is of the order of
10-4°C~1. By using the scales outlined in Section 2.2, it is seen that
indeed Ri < 1, which justifies the neglect of buoyancy in the present
study.
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2.1. Inviscid flow about a circular cylinder buried in the seabed

The effects of viscosity are confined to a thin boundary layer in the
vicinity of the body. Outside this region, the fluid may be considered
inviscid and irrotational. A full description of the fluid flow past the
body can be obtained by matching the solution in the outer domain
with the corresponding equations at the edge of the boundary layer.
This procedure will be undertaken below.

In the outer domain, we assume two-dimensional, attached fluid
flow about a cylinder embedded in a horizontal plane representing the
rigid, impermeable seabed. Applying potential theory in the complex
plane, we derive expressions for the velocity potential and stream
function. Given a fixed circular body, we require there to be no normal
velocity component at its surface. For the circular body buried in
the plane, the velocity at the solid boundary is therefore a function
of 6 only. Under the assumption that protrusion of the cylinder has
negligible effect on the flow induced by water waves, flow past the
cylinder and seabed can then be treated as if the cylinder were placed
in a half domain of uniform flow. Given a uniform, horizontal flow of
velocity magnitude u,, at large distance from the body, the boundary
velocity U, (given by Milne-Thompson [21, Sec. 6.51]) is expressed,

U,(0) = 4:—2“ sin? (%) (sin (9+ - 1)) +COS(%))71 X
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Fig. 1. (a) The coordinate system (r,6) has origin at the centre of the cylinder of radius a. (b) Relationship between the parameter »n and the burial of the

cylinder.

-1
2 nr sinz(%)
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and is valid in the region
0595n—2arcsin(—cos("7’[)) . (6)

Here, the parameter n € [0,2] determines the burial of the circular
cylinder, with n = 0 corresponding to a circle resting on the seabed
and n = 2 corresponding to a circle entirely buried beneath the seabed,
i.e., a flat bed. Fig. 1b illustrates several typical cases for different n,
where the circumferential length of the exposed pipe, L,, can be shown
to be,

L,=ar(2-n), )

where q is the radius of the circle. Equation (5) forms the basis of
the oscillatory flow field of frequency w in the outer region, which is
specified by

U@, = R{Uy@e ), ®)

where R denotes the real part of the expression. The direction of oscil-
lation is parallel to the horizontal axis. As shown later, this oscillatory
flow drives heat transfer, and so (8) plays an important role in this
process.

2.2. Dimensionless equations for the viscous boundary layer

To obtain the viscous boundary layer equations we introduce an
appropriate scaling into (1)-(3) and infer the dominant terms. To this
end, these equations are written in terms of non-dimensional variables
as
u, P

u,
0 =0, u'r= lr s u'=—9 ' =wt, P =—,
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where r is the radial distance from the origin, a ~ @ (1) m is the radius
of the cylinder, 6 is the angle measured anticlockwise from 8 = 0
corresponding to the seabed, u,, ~ O (107') ms~! is the magnitude of
the oscillatory outer flow velocity, ¢ is time, @ ~ @ (1) rads~! is the
angular frequency of the oscillatory motion at the seabed, P is pressure,
p = 10° kgm™3 is taken as the approximate density of sea-water, and
g = 9.81 ms~2 is acceleration due to gravity. The viscous boundary
layer thickness is defined as § = v/2v/w ~ © (1073) m [29], in which
the kinematic viscosity is v ~ 107 m? s~!. The non-dimensionalisation
procedure reveals an important parameter, known as the Keulegan—
Carpenter (KC) number. This parameter KC = u, /(wa) is the ratio
of a characteristic flow velocity u,, and the product of the oscillation
frequency w with a typical length scale a. Parameters associated with
the oscillatory outer flow (o, u,,) are chosen to align with the typical
wave induced motion in water of intermediate depth compared to the
wavelength [30]. With these choices we find KC <« 1. Here the primes
denote non-dimensionalised variables.

Note that both velocity components are scaled by u,,, the far-field
velocity of the outer flow. Neglecting terms of order @(KC?), or higher,
the mass continuity and momentum equations reduce to

ou, du; 0 (10)
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From the radial momentum equation (11), it can be shown that the
dimensional pressure term is P = pg, (r — a)+ P;(0), where the dynamic
pressure P, is independent of r. The radial variation in hydrostatic pres-
sure in the boundary layer is © (62) m [29] and so can be neglected.
Hence, the total pressure in the boundary layer must be the same as
that exerted by the inviscid flow at the boundary. For inviscid flow,
the Euler equations can be used to find an expression for P’ using the
outer flow solution (8). The normal velocity component is zero at the
boundary, and so the angular component of the Euler equation at the
boundary is
ou’ ,aU’_i< s0P g(,)
- )

4 KkeU' T =

1
ot a6’ wu a3

Ta00 g
with U’ = %{UO(O)e*i’/ }/uq. Substituting (13) into Eq. (12), gives the
following non-dimensional boundary-layer equation
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At the solid boundary, a condition for u), suffices because the solution
for u’r can be obtained by integrating (10) from O to r(,. We impose a
no-slip condition at the surface of the circular cylinder. At large radial

distance, the flow is matched to that in the outer domain, i.e.,

1 6214’9

- 14
3ot a4

ug =0 on r(/ =0, (15)

u; =U' for r(, > 1. ae)

2.3. Dimensionless equation for the thermal boundary layer

In addition to the dimensionless, scaled equations for the viscous
boundary layer, we must also employ a cognate non-dimensionalisation
to obtain an equation for the thermal boundary layer from the energy
equation (4). This equation is non-dimensionalised via the same scaling
as (9), with the exception of the radial co-ordinate which is scaled by
the thermal boundary layer thickness 6, and distinctively denoted r7.
Subsequent calculations are further simplified by non-dimensionalising
and normalising T through

_ T~ Thuid
Ar ’

T’ a7

where Ay = Ty — Tpyiq s the difference between the cylinder temper-
ature T, and the fluid temperature Tj,;q. Nondimensionalising (4) it
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is found that both convective terms appear at order KC, whereas the
radial diffusion term appears at © (KCZ) , assuming 6, ~ KC "7/,

2

oT’ 5§ ,oT' , ,oT x 0T’ o7
— +KC —u—+u9W =—27+0 - |-

(Ol "’T a

ot’ or " arfr
For small KC, a perturbation expansion approach shall be used to find
weakly non-linear solutions to the governing equations.

(18)

3. Perturbation expansion
3.1. First and second order solutions of the viscous boundary layer

The dimensionless Egs. (10) and (14) for the viscous boundary layer
are nonlinear and therefore not amenable to analytic treatment. The KC
number appearing therein controls the contributions of the nonlinear
terms. For the physical configurations considered in this study, it has
been established in Section 2.2 that KC <« 1. We therefore progress
by taking a perturbation expansion in KC, as defined in (19)-(20)
below. This method enables analytical solutions for the velocity terms
to be found at each order, starting from the first-order problem. In
the present case it is only necessary to calculate terms up to second
order in the expansion used to describe heat transfer in the boundary
layer because these are the dominant terms which remain after time-
averaging. The results are presented in Section 3.3 and the derivation
is available in previous literature [16,19].

To this end, we write
w, = u) +KCu +OKC?), 19
up = uy +KCuj +OKC?), (20)

where the subscripts denote ascending order terms. Substituting (19)-(20)
into (10) and (14) yields the linear, leading-order system

ou! ouj,
1 1
—L =0, 21
o, " o0 e
/ 2./
6“9‘ — laﬁ = ‘)_U, (22)

The boundary conditions for u'g1 are no-slip at the cylinder and match

the outer inviscid flow at large distance normal to the cylinder such
that

uél =0 on r:, =0, (23)

u;] =U’' for r<, > 1. 24)

In dimensional form, the leading order solutions are:

g, = R{ Uy (1 = e 1-00-0/) gmior ), 25)
56U0 1+i —(1-i)(r—a)/6 r—al _jer

“n:m{zﬁ —(-e ””/)—T e b, (26)

the latter obtained from the equation of mass conservation (21).

At second order, the form of the (linear) equation of mass conser-
vation (10) remains unchanged. However, the nonlinear terms in the
momentum equation (14), give rise to inhomogeneities written in terms
of the first order solution (25)-(26). Here it is obvious that products
of such terms will contribute second harmonics of the form exp(—2iwr)
as well as time-independent, zeroth-harmonic terms. In response to
such forcing terms, we anticipate that the second-order solution will
therefore be composed of identical harmonics, and write it as

uy, =, + R {7, e}, @7)
uly =Ty + R i, e, 28)

where the bar denotes time independence.
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The faster oscillations at second-order merely add a small correction
to the leading order solution as detailed by Mei [30], whereas the time-
independent terms exert larger influence through promoting steady
drift of the water particles. This phenomenon, known as steady/acoustic
streaming, was discovered by Rayleigh [31] in a study of air circulation
in a Kundt’s tube (see Riley [32] for a recent comprehensive review). It
is this effect which will be most consequential for the present study of
heat transfer, by analogy with the case of mass transport investigated
by Iskandarani and Liu [33].

We therefore consider the time-averaged equations at second or-
der, whereupon the time-dependent terms in (27) and (28) disappear,
leaving only second-order steady terms. The resulting time-averaged
second-order equations are

—r —r

ou

2
0= —7+ =5 (29)
2—/ — — —/
_10% ot o Mg Mo (30)
2902 00 v, Pioe

An appropriate boundary condition is required for ﬁ;z, whereas that
for E; can be deduced from continuity of mass by integrating over the
boundary layer. In a similar fashion to the leading order, we apply a
no-slip condition on the circumference of the circular body. Having
imposed a matching with the outer flow at leading order, at second
order a no shear condition is applied at the edge of the boundary layer,
yielding

-

iy, = 0 on ), =0, (31)
aa;z .
=0forr >1. (32)
orl, v

Solving the second order Egs. (29)-(30) along with boundary condi-
tions (31)-(32), we obtain similar results to those found by Mei et al.
[34] in 2 dimensions:

_ 1 oy,
=—— U,—2F, 33
Yo, wa ° 90 (33)
(r—a)/s
_ 5 d_
U, = —;/0 s dr, (€D)]
where
F= e 'y + 4 sin(r ry " ' s Lo 3
=-= (cos(rl) + 4sin(r))) + (cos(r,) = sin(r])) — o + 1
(35)
For the case n = 1, which is analogous to a circular cylinder in

an open domain, our result agrees with the expression derived by
Schlichting [29, Sec. XV].

3.2. Second-order steady streaming results for various burial depths

The foregoing solution (33)—(34) for the steady components of the
second order velocity is difficult to interpret due to the complexity
of the expressions for 7 and U,. To aid understanding, we shall now
visualise several cases. Due to the symmetry of the problem, only half
the physical domain (depicted in Fig. 1a) will be considered. Moreover,
we map the radial and angular coordinates to a rectangle to facilitate
comparison with later results. Here, the vertical ordinate r/, is simply
the radial distance from the surface of the cylinder, whereas the hori-
zontal ordinate 0 is the angle, measured from the seabed to the apex of
the cylinder. In all cases the angle # = 0 corresponds to the intersection
of the cylinder and the seabed, whereas 6 = §; = = /2+arcsin (‘:os (% ))
represents the apex of the cylinder. Note that this means the horizontal
scales are different for each of the cases considered: 6 € [0, z] for n = 0,
0 €1[0,2x/3] for n=2/3 and 0 € [0, /2] for n = 1.

Fig. 2 shows the streamlines for the second-order time-independent
solutions (33)—(34), with arrows indicating direction of flow and colours
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0.015 =

Fig. 2. Time-independent streamlines corresponding to second-order solutions of the angular and radial velocity components, u,, and u, , for three burial parameter

cases: (a) n=0; (b) n=2/3; and (c) n=1.

indicating flow magnitude. In each case we observe two distinct re-
gions. Firstly, an inner boundary region with recirculating stream-
lines, the thickness of which is uniform for all parameters n, and is
determined by the vanishing of the integral of F, i.e.

/

rV
/ Fdr, =0,
0

which can be solved numerically to yield r/, ~ 1.879. In this inner
boundary region, the streaming velocity is small, which limits the role
of convection for r/, < 1.879. Secondly, there is an outer boundary
region, r/, > 1.879, in which the streamlines are directed from the apex
of the cylinder towards the seabed. As n decreases, i.e., as the cylinder
protrudes to a greater extent from the seabed, there is a growing
stagnation region around 6 = 0, seen most prominently in Fig. 2a for n =
0. Between the vertical lines where u,, vanishes and the border of the
stagnation region, the radial velocity component is outward-pointing.
This region of outward radial velocity is associated with a jet-like flow.
Taking the case n = 0 as an example, the streamlines are directed
radially outwards between the end of the stagnation region, 8 = 0.2z,
and 0 = 0.72z, with the greatest magnitude of streaming occurring at
0 = 0.52z. (Note that the foregoing values were computed numerically).
We therefore take 0.2r < 8 < 0.727 as the region of the jet-like flow
for this case. The magnitude of the jet-like flow increases with radial
distance from the cylinder, and makes a significant contribution to the
convective heat transfer, as will be shown in Section 4.1. Note that
Fig. 2c¢ corresponds to the streamlines shown in physical coordinates
by Schlichting and Gersten [29, Sec. XV, Figure 15.7].

Note that the effect of the boundary layer at the flat seabed can be
neglected in cases when n < 1 because its relative strength is very small
compared to that of the boundary layer around the cylinder. Moreover,
the contact angle between cylinder and bed is acute and hence the
net streaming is directed along the seabed. Although experiments per-
formed by Wybrow and Riley [22] have investigated other cases, their
study did not include flow visualisation, which would be of particular
interest in cases where n > 1.

(36)

3.3. Thermal boundary layer in oscillatory flow

Following the method established by Michele et al. [17], the tem-
perature equation (18) can be simplified considerably. This involves
averaging over a fast timescale which eliminates the influence of
(25)—(26), thus taking the leading order temperature to be a function
of a slow timescale. Written in dimensional form, the temperature
equation associated with convection from second-order streaming is
oT .- oT - T ’T

I
or T Ungy The e T X

PN (37)

Here, higher order terms in (18) have been neglected, and only the
time-independent, second-order streaming velocity components play a
role in convection of temperature. Even with this simplification, both
u,, and up, have a non-trivial dependence on (r, ), making an analytical

solution extremely challenging. To make further progress, we utilise a
numerical approach.

Initially the fluid has uniform normalised temperature 7’ = 0, and
the temperature of the cylinder is held constant at T’ = 1. Exploiting the
symmetry of the problem about a vertical axis through the apex of the
cylinder, we impose a no flux condition at 6, = z/2+arcsin (cos ("7" > )
The seabed is assumed to be an adiabatic boundary, i.e. there is no
heat flux at & = 0, whereas at large distances from the boundary the
temperature must equal that of the outer fluid. The resulting boundary
conditions are

T (r,0,0)=0, (38)
T'(r=a,0,t>0)=1, 39
T (r - ,0,1t) - 0, (40)
o1’
— =0. 1
99 lg=0., 0 “h

In Section 4, some of our key results will be concerned with the heat
flux ¢ and total heat flux Q evaluated for each case along the circular
boundary. The heat flux is described by Fourier’s law,

oT’

o 42
0rfr (42)

q=-x

r_’r:0

where « is the thermal conductivity of the fluid. The total heat flux is
the net flux of temperature in the domain. Due to the no-flux conditions
everywhere except the boundary with the buried cylinder, we need only
integrate ¢ to give,

2
Q:2a/ qdo ,
0

where the factor of 2 is required because the integral is evaluated in
the half-domain due to symmetry.

(43)

3.4. Implicit dependence of velocity on total heat flux

It can be shown that the total heat flux O has no explicit dependence
on the convective velocity field. The necessary assumptions are made
precise in the following Proposition.

Let Q be a closed and bounded domain with an outward normal vector n on
the surface 0£2, and u be a general velocity field describing an incompressible
flow. Furthermore, let dV and ds represent the infinitesimals of Q and
09 respectively. If there is either no flow normal to the surface, or the
temperature, T, is zero on the surface, then,

/VZTdV=l/£dV.
o X Jo ot

Expression (44) is now derived as follows. By definition,

0= q~nds=/V-qu=/V~(VT)dV=/V2TdV. (45)
a2 ke Q ke

(44)

where the divergence theorem has been used in the second equality.
Given that the fluid is incompressible (i.e., V -u = 0) and that T is a
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finite scalar function, then,
T(V-u=0. (46)

We integrate the unsteady convection—diffusion equation over the re-
gion Q to obtain,

/Vzrdvzl/ [a—T+u4VT] av
Q X Jolot

:l/ [‘Z—tT+v-(uT)] av

X JQ
=l/£dv+l}z§ @T) - nds (47)
X Jo ot X Joa

where we have made use of (46) and the divergence theorem. Exam-
ining the contour integral on the last line of (47), if either T = 0 or
u-n =0 on 4L, the integral vanishes. Therefore we find,

/VZTdV=Q=l/d—TdV. (48)
Q X Jo ot

In other words, the total heat flux, Q, is the volume change in temper-
ature with time. The velocity field u is general and so the above result
is valid for all incompressible flows, including highly turbulent flows.
Moreover, the equivalency (48) can also be used to test the precision
of a numerical scheme; an example is shown in Fig. 6b.

4. Numerical solution for the thermal boundary layer

The behaviour of the thermal boundary layer is determined nu-
merically using the Crank-Nicolson scheme [35]. Egs. (37)-(41) are
spatially discretised using central differences, and the problem reduced
to a linear system of equations at each time step. Due to its spatial
symmetry, the physical problem is solved over the half domain 0 < 6 <
;.

We consider three qualitatively different scenarios, corresponding to
n = 0,2/3, and 1. Physically these cases represent a cylinder touching
the seabed, one-quarter buried, and half buried respectively (see Fig.
1b).

To prescribe values for the dimensionless constants in our formula-
tion, we specify a typical physical scenario. Assuming the oscillatory
outer flow to be analogous to that induced by waves in water of
intermediate depth, we select frequencies in the range 0.5 < w < 3
rad s™1 [36]. Taking the properties of seawater using Sharqawy et al.
[37] with 3% salinity at 10°C, we use constant thermal diffusivity
z = 142x 107" m?s™!, and conductivity x = 0.587Wm~'°C~! in all
subsequent calculations.

Although the Crank-Nicolson scheme is unconditionally stable for
a given time step, its solutions can still be subject to nonphysical
oscillations, especially near a steep temperature gradient. To avoid
such behaviour, the time step and grid spacing are selected to satisfy
the following (grid) Péclet number (Pe) criterion (see Patankar [35]),
Pe = (4r, 40) - u,./x < 2, for our uniform spatial discretisation Ar
and 46. The value of u,, is taken to be the maximum convective
velocity in each dimension, ensuring the condition is satisfied for all
cases. The time step At satisfies the von Neumann criterion, such that
A < % (4r 2+ 4\0*2)71 /x. For all numerical simulations we choose
Ar=8x10"*m, 40 = 1.3 x 1073 rad, and 4t = 1.5 s. For further clarity
on the accuracy of the scheme, grid convergence results are reported
in the Appendix.

4.1. Results for various burial parameters

Although the potential theory derived by Milne-Thomson is valid
for n € [0,2], we shall consider only cases with n € [0, 1]. Cases with
n > 1 exhibit special behaviour and care must be taken in their analysis,
as will be outlined in Section 4.1.4 below.
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4.1.1. Case 1:n =0

A cylinder touching the flat sea-bed at a single point is param-
eterised by n = 0 for 0 < # < =. In this case, certain regions
of the physical domain exhibit special behaviour. Near the point of
contact with the seabed (0 = 0) there is a region of stagnation where
diffusion dominates. This can expected from an examination of the flow
field in Fig. 2a, where we observe a large region of essentially zero
velocity between 0 < 6/z < 0.2. The consequence of this stagnation
region is largely uniform temperature transport below 6/z ~ 0.2, as
may be seen in Fig. 3c. In this region, the temperature transport is
essentially identical to the well-known solution for pure diffusion with
instantaneous heating at a boundary [38, Sec. 7]:

T(r,t):erfc< -4, (49)
Vi

where erfc is the complementary error function. For pure conduction,
the heat flux normal to the cylinder can be expressed analytically as
oT

= —K—
da oar

K

r=a  Amxt '

At simulation times of 7, = [100, 400, 800] s this yields a conductive
heat flux g, = x/+/myt, = [879,43.9, 3L.1]W m~2, whose values are
used to resolve the local Nusselt number, Nu,, from computed heat flux;
where Nu, is the ratio of (42) to g,. Hence, the local Nusselt number
in Figs. 3d-f remains close to unity throughout the stagnation region
(0 <0/x 50.2) as expected.

Beyond the stagnation region, and up to the apex of the cylinder
at @ = x, advection plays a dominant role in the evolution of the
temperature field and heat flux. After + = 0 s, temperature diffuses
from the cylinder surface into the fluid, encountering first the inner
boundary region containing the recirculating cells as seen in Fig. 2.
Diffusion dominates heat transfer in this thin region (with dimensional
thickness ~ 1.8796, recalling the result of (36)) where the velocity
magnitude is small. This is apparent in Fig. 3d, where Nu, remains
extremely close to unity throughout the domain. However, when the
temperature reaches the top of the recirculating cells, the effect of outer
boundary streaming becomes apparent. Streaming flow directed from
the apex of the cylinder to the seabed drives the asymmetry observed
in the heat flux; i.e., the heat flux can be seen to increase at the apex
of the cylinder.

In the outer boundary region there is a change in the sign of the ra-
dial velocity u, , in opposition to the flow in the inner boundary region.
The most striking visualisation of this is the jet in the temperature field
in Fig. 3¢, which becomes more apparent with increasing r/. because
Fo3as r’T — oo (see (35)). Hence, for increasing r’T, (33) is constant
whereas (34) increases linearly.

(50)

4.1.2. Case 2:n =1

The case n = 1 represents a circular cylinder half buried in the
seabed, which is equivalent to a full cylinder in open flow, where
0 < 0 < =/2. Unlike cases with n < 1, no stagnation region exists at
0 = 0, and the temperature field is largely determined by advection.
This behaviour is explained by the streamlines depicted in Fig. 2c,
where we recall that the flow in the outer boundary region is directed
from the apex of the cylinder towards the seabed. The effect of this
streaming is clear in Fig. 4c, where the temperature field is compressed
near 0 = n/2, but the temperature increases at the seabed, 0 = 0.

For the case n = 1 there is a monotonic increase in the heat flux in
the angular direction from the seabed to the apex of the cylinder. This
is in accordance with the streamlines within the outer boundary layer,
and confirms that the outer streaming overwhelms the flow inside
the recirculating cells. The effect of Keulegan—Carpenter number on ¢
is evident in Figs. 4d—f. With decreasing KC (i.e., increasing w), the
heat flux across the cylinder tends to a uniform value ¢ = g,. This
is due to the convective terms in (18) having a coefficient directly
proportional to KC. These terms disappear entirely in the limit KC — 0
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Fig. 3. Numerically predicted thermal behaviour near a circular cylinder of radius ¢ = 1 m at a horizontal seabed for n = 0 at ¢ = [100, 400, 800] s: (a)-(c) contour

plot of temperature field for u,, =0.03ms™' and w = 1rads™'; and (d)-(f) Nu, at r; = 0 for u

=0.03ms~! and w = (0.5,1,1.5,2,2.5,3) rads~'.
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Fig. 4. Numerically predicted thermal behaviour near a circular cylinder of radius ¢ = 1 m at a horizontal seabed for n = 1 at r = [100, 400, 800] s: (a)-(c) contour
plot of temperature field for u,, =0.03ms™! and w = 1rads™!; and (d)-(f) Nu, at =0 for u, = 0.03ms~! and w = (0.5,1,1.5,2,2.5,3) rads~'.

leaving only diffusive effects. Most clearly seen in Fig. 4f are the various
intersection points of the normalised heat flux curves with 1 as
increases. The intersection point tends to § = z /4, which is the expected
result if angular convection is neglected, since the radial streaming
velocity component u,, = 0 at & = z/4. This demonstrates the relative
importance of the radial convection term compared to the angular
convection term, because although both terms disappear in the limit
KC - 0, it is the radial streaming velocity component, u,,, that has the
greatest influence on heat flux.

4.1.3. Case 3:n =2/3

The intermediate case n = 2/3 of a quarter-buried cylinder exhibits
behaviour characteristic of both » = 0 and 1, and so is an interesting
case to explore. The range of the angular coordinate is 0 < 6 < 2z/3.
Fig. 2b displays the streamlines, which show behaviour similar to that
observed when n = 0, albeit with a smaller stagnation region near
0 = 0. Convection in the outer boundary region creates a jet in the
temperature field, similar to that for the case n = 0, whose maximum
is close to 6 = 0.2z, the location of the maximum of #,,. It is clear to
see the jet located at 0 < § < 0.2z in Fig. 5c is largely influenced by the

streamlines, and so the transport of heat is directed radially outward
from the pipe and along the seabed.

Examining the heat flux in Figs. 5d—f, the curves display the same
dependence upon the KC number as the previous cases; decreasing KC
reduces the magnitude of the observed heat flux to pure diffusion.
In all cases where n < 1, the minimum value of heat flux remains
approximately the same, with its location coinciding with the peak of
the jet.

4.1.4. Case 4: n >1

For n > 1, the streaming velocity field exhibits distinct behaviour
caused by the outer flow when the cylinder is more than half buried
in the seabed. The intersection between the cylinder and the seabed
is a stagnation point from which U, increases to a maximum at the
apex of the cylinder. However, as n increases from 1 to 2, the gra-
dient of the outer flow (5) at § = 0 tends towards infinity, creating
unphysically large streaming velocity components localised along the
seabed. This accords with the second-order streaming components
defined by (33)-(34), which depend on U, and its derivative. The non-
physical velocity magnitude is largely determined by the radial velocity
component, which involves the square of the derivative.
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Fig. 5. Numerically predicted thermal behaviour near a circular cylinder of radius ¢ = 1 m at a horizontal seabed for n = 2/3 at ¢ = [100, 400, 800] s: (a)—(c)
contour plot of temperature field for u,, = 0.03ms™' and @ = 1rads™'; and (d)-(f) Ny, at . = 0 for u,, =0.03ms™! and w = (0.5,1,1.5,2,2.5,3) rads™".

When n becomes greater than unity, the geometry of the burial
configuration changes and the contact angle between the cylinder and
the seabed becomes obtuse, as shown in Fig. 1. While the theory we
have developed remains formally applicable, the study by Wybrow
and Riley [22] indicates that it is no longer appropriate to neglect
the flow along the seabed itself. Indeed, as » is increased from 1 to
4/3, the relative magnitude of outward streaming at the stagnation
point (i.e., & = 0) observed in the outer boundary region and the
induced streaming along the flat seabed itself (obtained by a procedure
analogous to that described in Section 3.2, for a flat bed) increases from
approximately 0.1 to unity. Treatment of these competing boundary
layers would require a different modelling approach, and the inclusion
of a new scale for the angular variable which would be of the order
of the viscous boundary layer. The interaction between these boundary
layers may be expected to result in a net streaming whose direction
differs from that obtained above.

4.2. Total heat flux

Fig. 6a shows the temporal development of the normalised total
heat flux per unit exposed circumferential length of pipe at the pipe
surface (7 = 0) when u, = 0.03 m s7! and w = 1 rad s~!. Here,
the total heat flux, Q, is determined from (43) and the exposed pipe
length, L,, is given by (7). For increasing burial, as n — 2, Q also
decreases because there is less exposed pipe. However, as can be seen
in Fig. 6a, the normalised heat flux increases as the burial increases.
This agrees with the heat flux curves presented in Sections 4.1.1-4.1.3.
For example, taking Nu, = 1 as the baseline, a greater portion of the
heat flux curve is above 1 for n = 1 than for n = 0. This implies that the
absence of a stagnation region results in an increase in total heat flux
per unit exposed length of pipe. As anticipated from the temperature
field contour plots, which are parameterised equivalently to Fig. 6a, O
is initially the same as the pure conductive heat flux for each value of
n considered. The role of convection in enhancing heat transfer as time
increases becomes evident as the curves of QO begin to diverge from
qy- In Fig. 6a the threshold at which this occurs is at r ~ 250 s. It is
instructive to determine a general fit for the total heat flux, which can
be applied to intermediate values of the burial parameter, i.e., n € [0, 1].
Using MATLAB’s fitting toolbox, an accurate and appropriate formula
is found to be
o, 1) = Ly (0.6n— 1) (t — 450) + 811704 — 5.1

250
with an r-square value of 0.99 and a root mean square value of 0.29.

(51)

Furthermore, Fig. 6a is also used to justify the run time of the
numerical simulations. In all cases, there is an initial transient phase
lasting about 500 s during which the total heat flux follows a steep
downward gradient. This is followed by a slower monotonic decrease
in Q, which tends to zero with increasing time. This decline is partly
driven by the radial convective component directed outward from the
cylinder. In the outer boundary region, u,, increases linearly with
rl, eventually violating the perturbation assumptions. The selected
simulation time of 800 s enables the dynamics of interest to be captured
without violating the model assumptions.

5. Conclusions

This paper has presented a theoretical model of heat transfer in the
oscillatory thermal boundary layer of a circular cylinder resting on, or
partially buried within, an otherwise flat seabed. First, a second-order
analytical expression for velocity in the viscous boundary layer was
derived using a perturbation expansion, with the Keulegan-Carpenter
number (KC) used as a small parameter. The energy equation was then
solved numerically for temperature using a Crank-Nicolson scheme,
and key quantities including heat flux were deduced. An important
integral equality was derived pertaining to the total heat flux, which if
the same boundary conditions are imposed, is general to any velocity
field. This result was further used to validate the precision of the
numerical scheme.

It was found that the burial depth of the circular cylinder has a
significant effect on the temperature profile in the thermal boundary
layer. Cases where the cylinder is more than three-quarters buried in
the seabed exhibit non-physical streaming velocities near the seabed,
therefore the temperature field for these was not analysed. In the
special case when the cylinder is half buried, analogous to a full
cylinder in open flow, the temperature is transported along the seabed.
When the cylinder is more than half exposed, a jet in the temperature
field emerges close to the seabed and directed away from the cylin-
der. Second-order time-independent streaming velocity components are
responsible for this behaviour, and play a crucial role in temperature
transport after many oscillation periods. On assessing the streamline
pattern of the second-order streaming flow, distinct inner and outer
regions were observed within the viscous boundary layer. In the outer
boundary region, the streamlines were found to be directed towards
the inner boundary region near the apex of the circular cylinder but
radially outwards near the seabed for all cases studied. This has the
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Fig. 6. Heat flux time histories for u,, = 0.03 m s™! and @ = 1 rad s™': (a) total heat flux per unit exposed circumferential length, Q/L,, with time for three cases
of burial parameter, namely n = 0, 2/3, 1; and (b) comparative example showing the equality in (48) for n=1.

effect of limiting the temperature transport into the outer domain near
the apex of the cylinder.

The heat flux along the exposed boundary of the circular cylinder
was calculated for various small KC values, by varying the angular fre-
quency o of the oscillatory outer flow. It was found that as w increases,
the KC value correspondingly decreases, with the heat flux tending to a
purely diffusive state. This is a consequence of non-dimensionalisation,
whereby the convective terms are scaled by KC.

We have treated the seabed as a flat, rigid and adiabatic boundary,
which is an idealised simplification of the physical seabed. Theoret-
ically, second-order steady streaming could also be used as a model
for mass transport within the viscous boundary layer. If introduced
into the thermal model, second-order streaming could have a distinct
influence on the heat transfer, and complement the theory presented
above. Conjugate heat transfer within the seabed would be dominated
by conduction and may provide a satisfying addition to the model.
However, to encapsulate the physical complexities of an actual seabed
would require considerable computational resources, intricately cou-
pled equations and multiple scales, which is beyond the scope of the
present study.

Our current approach to heat transfer has employed the more
common Eulerian approach to fluid mechanics. It may be of interest
for future work to consider analytical, Lagrangian approaches to the
heat-transfer problem, such as those which have recently been suc-
cessfully applied to the related topic concerning free-surface boundary
layers [39].

Moreover, the present model assumes that the velocity field is
independent of temperature, and that density and viscosity have con-
stant values. Further refinements of the theory, including the addition
of buoyancy driven convection, and extension to turbulent flow may
present fruitful avenues for future research.
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Appendix

The results for grid convergence are reported here. The process
requires a benchmark simulation on a very fine mesh, with which
subsequent simulations with larger mesh sizes are compared. For the
finest mesh, denoted M ;,,, the discretisation in the spatial dimensions
is chosen as 40 = 1 x 1073 and 4Ar = 2 x 10~%. The coarser mesh sizes,
denoted M,, are related to the fine mesh via M, = 2" M,;,,; where
n = [1,2,3] in Fig. A.7. The Relative Error is the root mean square
of the difference between the temperature field on M, and M, at
time = 800 s. In all cases the cylinder is half buried i.e., n = 1, and
At = 1 which satisfies the stability criteria. It is clear from Fig. A.7 that
the solution converges as the mesh is refined, providing evidence for
the accuracy of our simulations.
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