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Abstract

We discuss (K, N)-convexity and gradient flows for (K, N)-convex functionals on metric
spaces, in the case of real K and negative N. In this generality, it is necessary to consider
functionals unbounded from below and/or above, possibly attaining as values both the posi-
tive and the negative infinity. We prove several properties of gradient flows of (K, N)-convex
functionals characterized by Evolution Variational Inequalities, including contractivity, reg-
ularity, and uniqueness.

1 Introduction

This paper aims to explore the properties of gradient flows for (K, N)-convex functions,
specifically when the parameter N is negative, within the framework of metric spaces.

1.1 Gradient flows

The theory of gradient flows was developed to generalize the classical notion of gradient-
driven evolution beyond smooth and linear spaces, such as Hilbert spaces, to broader settings
like Banach or metric spaces. One of the most widely studied and influential theories, with
significant applications to various types of PDEs, involves the evolution of systems within
a Hilbert space X, driven by a lower semicontinuous and convex (or K-convex) functional
¢: X — (—o0, +o0o] with non-empty, proper domain D[gp]:={y € X : ¢(y) < oo}. In
this case, the evolution can be described by a locally Lipschitz curve u: (0, +00) — D[¢]
solving the differential inclusion
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u'(t) € —dg(u(t)) for L'-ae.r >0 with 1i£u(t) =up € Dly], 1)
t

where d¢ is the Fréchet subdifferential. The existence, uniqueness, well-posedness, and
regularity of solutions to (1) have been examined in several foundational works (see e.g. [12,
Chs. IIT, TV]).

Among the many important properties of the solution u(¢) to (1), we recall that the energy
map ¢ > <p(u (t)) is absolutely continuous and satisfies the following energy dissipation
identity

d , 2 2 1
E(p(u(t)) =—|u'®|y =—|oeu®)|y. forL'ae >0, 2)

where || (d¢) o ul| x is the minimal norm of the elements in ¢ (u (‘)). Moreover, every solution
u(-) arises from the locally uniform limit of the discrete approximations obtained by the
implicit Euler scheme (also: proximal point method)

Ut =J.(U'Y), neN, withU? = u, )
where the resolvent map J;: X — X is defined by setting

def U -
<~

U=J:(V) 4 e —dp(U).

For any sufficiently small time step T > 0, (3) recursively defines a sequence {U} },cn, which
in turn induces a piecewise constant interpolant

U (t) := UL = J!(up) if t € ((n — Dz, nt], )

converging to the solution u of (1) when t | 0.

Following the pioneering work by De Giorgi et al. [14, 15], this theory has evolved in
two significant ways: firstly by relaxing the convexity requirements on ¢ (see e.g. [25, 31]),
and secondly by expanding the framework from Hilbert spaces to Banach spaces, or, even
more generally, to metric and topological spaces [13]. We also refer to [17, 32] for more
recent overviews. In particular, we remark that the foundational work by De Giorgi and his
collaborators effectively integrates both of these developments.

As for the second direction, we recall that there are several different formulations of
gradient flows in a metric space (X, d). The first one we mention, introduced in [14], takes
inspiration from (2) and serves as an equivalent characterization of (1) in Hilbert spaces. The
starting point consists in introducing the notion of metric derivative

d(u(t + h), u(t))
7] '

which serves as a metric counterpart of the (scalar) speed of a curve u: [0, c0) — X, and
the one of descending slope

t(¢) = 1i
] (2) Jim

|D”¢|(u) := limsup M
77—y d(Z, y)

)

which plays the role of the norm of the (minimal selection in the) subdifferential. Hence
we can introduce the notion of curve of maximal slope as an absolutely continuous curve
u: [0, 00) — X satisfying the energy dissipation equality (EDE)

%go(u(t)) = [a|*(t) = =D g*(u(®)) for L'-ae. t > 0,

which exactly provides the metric formulation of (2).
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The second approach is instead related to a variational formulation of (3), which can be
stated in terms of the following variational condition

UelJ (V) <= U eargmin idz(v, W) + o(W) 5)
wex 2T

whose minimizers define a multivalued map, still denoted by J. A recursive selection of U7
among the minimizers J; (U"~") of (5) provides a useful algorithm to approximate gradient
flows. In particular, pointwise limits (up to subsequences) as T | O of the interpolants Uy,
defined through (4), are called Generalized Minimizing Movements.

Finally, the most powerful notion of gradient flow is given by a metric version of (1),
which can be formulated as a system of evolution variational inequalities (EVI). In order to
obtain this, we start observing that for any w € X it holds that

1 d
5 o - wl% = @' (1), u(t) — w)x

and, in the case in which ¢ is K-convex, using the properties of the subdifferential, we get
that

K
5 1O = wlk < @) = e@®) = 5 lu@) = wik  forevery w € Dig].
In metric spaces, one can seek curves u: [0, 00) — D[] that satisfy

S A, w) + S, w) = pw) — p(e) forevery w € Digl,

If solutions exist for all initial data ug € D(gp), they generate a K -contracting semigroup
(S1)r=0 and this is known as the EVIg formulation of the gradient flow driven by ¢, see [1].

1.2 (K,N)-convexity and curvature-dimension conditions

The study of EVI gradient flows has played a central role in characterizing the synthetic
curvature-dimension condition in the context of metric measure spaces. In particular, it has
been essential in linking the Eulerian and Lagrangian approaches within this theory. A first
step in this direction was taken in [20], where the correct link between the CD(K , oo) condi-
tion and the Bochner inequality was established in the setting of Alexandrov spaces. Building
on the ideas introduced in that work, [3] subsequently showed that, in an RCD(K, co) space,
the gradient flow of the relative entropy exists for suitable initial data and satisfies the EVIg
condition. In turn, this result allows one to deduce the Bakry—Emery formulation of the
RCD(K, oo) condition, and ultimately to derive the Bochner inequality in a weak sense.
The class of (K, N)-convex functions for N > 0, strengthening K -convexity, was first
introduced in [19] in order to study the properties and the consequences of a new curvature-
dimension condition, known as the entropic curvature-dimension condition CD°(K, N). In
this setting, a function f: I — (—o00, +00] on an interval I C R is (K, N)-convex if the
inequality
(f)?
N
holds in a distributional sense. A function F on a geodesic space (X, d) is called (K, N)-
convex if, for every pair of points in X, there exists a unit-speed geodesic connecting them

f”ZK"‘
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along which F is (K, N)-convex. With this definition, the (K, N)-convexity is a weak (non-
smooth) formulation of the inequality

1
HessF > K + — (VF ® VF).

The analysis of (K, N)-convex functions and their gradient flows led to a new form of the
Evolution Variation Inequality EVIg n, also taking into account the effect of the dimension
bound. The notion of EVIg y gradient flow yields new, sharp contraction estimates (more
accurately: expansion bounds) for the heat flow in the Wasserstein space. In particular, this
allows to conclude that the RCD*(K, N) condition is equivalent to the existence of an EVIg n
gradient flow of the entropy, in a suitable sense [19, Thm. 3.17], and reinforces the established
result that characterizes RCD(K , 0o) spaces by the fact that the heat flow is an EVIg gradient
flow of the Boltzmann-Shannon entropy functional [2, Thm. 9.3(iii)]. Moreover, we recall
that in [5] the CD*(K, N) condition is characterized via the validity of EVI for suitable
functionals related to McCann’s class DC(N) (see [22, 35]). Finally we refer to [34] for the
study of the EVIg gradient flows of the relative entropy functional in the Wasserstein space
(P2(X), W») over an RCD(K, 0o) space (X, d, m), and to [27] for a comprehensive analysis
of the class of gradient flows within a metric space (X, d), which can be characterized by
Evolution Variational Inequalities.

1.3 The case of negative dimension

The study of EVIg y-gradient flows for (K,N)-convex functions was extended to cases
where the parameter N takes negative values by Ohta in [28], motivated by [29, 30]. It is
important to note that (K, N)-convexity for N < 0 is a weaker condition than K -convexity,
thereby encompassing a broader class of functions. In [28], (K,N)-convex functions are
defined, and their properties are explored, including the evolution variational inequality along
gradient curves in a Riemannian context (see [28, Lem. 2.3]). Additionally, regularizing
estimates are derived from the evolution variational inequality, and an expansion bound for
gradient flows of Lipschitz (K ,N)-convex functions on Riemannian manifolds is established
(see [28, Theorem 3.8]). However, the approach proposed in [28] does not clearly establish
whether this expansion bound can be obtained for general (K, N)-convex functions without
the Lipschitz requirement, which in turn would ensure the uniqueness of EVIx y gradient
curves also in the case N < 0.

1.4 Main results

The main goal of this paper is to study the fundamental properties of EVIg » gradient curves
for negative values of the parameter N, associated with lower semicontinuous functionals
defined on a metric space. In particular, in Sect. 4 we prove the uniqueness (assuming exis-
tence) of EVIg n gradient curves starting from arbitrary points in the domain, while in Sect. 5,
we carefully examine the relationship between the existence of EVIk y gradient curves and
the existence of curves of maximal slope that satisfy either the Energy Dissipation Equality
(EDE) or the Energy Dissipation Inequality (EDI). The framework we adopt extends that of
[28] by defining (K, N)-convexity in a manner that includes functions taking the value —oo.
This generalization is motivated by specific examples of (K, N)-convex functions defined on
open intervals of R, whose natural extensions to the boundary points take the value —oo. For
instance, for any N < 0 the function f: x +— —N logx is (0, N)-convex in (0, +00) and
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limy_,o f(x) = —o0. In this case, the gradient flow of f satisfies y, = — f'(y;) = —N/y.
,2
Thus, for every starting point yp > 0, we have y; = ,/ yg +2Ntfort € [0, —2‘—1(:,) andy, =0

2
fort > —2}—1‘{,.

This will be a crucial point when studying the EVIg y-gradient flow of the Boltz-
mann entropy in CD?(K, N)-spaces, namely metric measure spaces satisfying the entropic
curvature-dimension condition. Furthermore this example illustrates that we cannot gener-
ally expect a function ¢, (K, N)-convex for some N < 0, to be coercive in the sense of [1,

Property 2.1b], meaning that for each t > 0 and x € X it holds
inf —d(x. y) + ¢ (3)
inf —d“(x, = —o0.
yeXx 2t Ve

The lack of coercivity is a delicate issue, as it prevents us from directly applying the standard
theory of minimizing movement schemes to establish the existence of curves of maximal
slope or EDI gradient flows for these functions.

Our analysis of the properties of gradient flows of (K, N)-convex functions surpasses the
expansion bound established in [28, Thm 3.8]. A key tool in this effort is the introduction
of suitable reparametrization maps. These maps are central to our study, as they enable us
to associate to each gradient curve for a function f a gradient curve for the corresponding
function fy: x +— exp(—f(x)/N) and vice versa, provided that f is (K, N)-convex with
N < 0. This relationship is crucial, as demonstrated in Proposition 2.10, where we show
that in the metric setting the (K, N)-convexity property of f can be lifted to a A-convexity
property of fn, for a suitable A € R. This generalizes a result proven in [28] in the smooth
case. Consequently, we can apply the well-studied properties of EVIg gradient curves from
[27] to derive analogous results for EVIg x gradient curves with N < 0.

1.5 Examples and outlook

We conclude by recalling that the range of values for the dimension N has been extended
to include negative values also in the theory of CD(K, N) spaces, as presented in [28].
This extension was motivated in the setting of weighted Riemannian manifolds by the work
[29, 30], where the convexity of a certain generalization of the relative entropy (inspired by
information geometry, see [29, §3.1]) was characterized combining the condition Ricy >
0 with the convexity of another weight function, with N possibly taking negative values
depending on the choice of entropy. Indeed, the entropy functionals in [29] belong to the class
of Bregman divergences, which are dissimilarity functionals encoding dually flat Riemannian
structures on spaces of probability densities, in the sense of information geometry (see e.g.
[4, §1.3.2, and p. 28]).

In fact, most of the results on this topic are obtained in the case of weighted Riemannian
manifolds. For example, in the Euclidean setting, a direct application of the results in [8]
ensures that given any convex measure y with full dimensional convex support and C?
density W, the space (R”, dgyc1, u) satisfies the CD(0, N) condition for 1/N € (—o0, 1/n]
(i.e., N € (—00, 0)U[n, o0)), in the sense that Ricy > 0. This class of measures, introduced
by Borell in [11], extends the set of the so-called log-concave measures and it has been
largely studied for example in [9, 10, 21]. In particular, following the terminology adopted
by Bobkov, the case N € (—o0, 0) corresponds to the “heavy-tailed measures” (see also [7]),
identified by the condition that 1/ W1/ =) is convex. An explicit example of these measures
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is given by the family of Cauchy probability measures on (R”, dgyc1)

uht = _ Cne e dx, a >0, (6)
(1+1x?) 2

where ¢, > 0 is a normalization constant. It then follows that (R”, dgye, ™) is a
CD(0, —) space. Moreover, in [23] it is proved that the n-dimensional unit sphere S"
equipped with the harmonic measure, namely the hitting distribution by the Brownian motion
started at x € S”, (which can be equivalently described as the probability measure whose
density is proportional to §" 5 y — 1/|y — x|"*!)isa CD(n —1—-—m+1)/4, —1) space.
More generally, Milman provides an analogue to the family (6) of Cauchy measures in R"*!,
showing that the family of probability measures on S” having density proportional to

S"syr—> ———— forall |x| <1, « > —n, andn > 2,
|y _ x|n+a
satisfies the curvature-dimension condition CD(n — 1 — 4%, —a).

Following [28], the study of non-smooth CD(K , N) spaces has continued in [24, 26], where
several important properties have been established. In particular, these works identify the class
of metric measure spaces equipped with a quasi-Radon measure as the natural framework
to define the CD(K,N) condition. Drawing an analogy with the positive-dimensional case
N > 0, our study of EVIx y gradient flow may provide a fundamental tool for bridging
the Eulerian and Lagrangian approaches on lower curvature bounds. This, in turn, could
yield a consistent definition of RCD(K,N) spaces for negative values of N, allowing the
development of an analytic approach to the study of metric measure spaces equipped with
singular (quasi-Radon) measures.

2 Preliminaries

Everywhere in the following X is a non-empty set, d is a distance on X, and X:=(X, d) the
resulting metric space, not necessarily complete. A curve y € C([0, 1], X) is called geodesic
if

d(y(s),y(@) =t —s|-d(y(0), y(1)) foreverys,t € [0,1].
A metric space (X, d) is called:

e strictly intrinsic if for every pair of points xp, x; in X there exists a geodesic
curve y: [0, 1] — X with yp = x¢ and y; = x1, cf. [6, Dfn. 2.1.20];
e geodesic if it is complete and strictly intrinsic.

The necessity of considering non-complete spaces arise from the potential application to
functionals on metric measure spaces satisfying the curvature-dimension condition CD(K, N)
for N < 0.

We shall work under the following standing assumption:

Definition 2.1 (X, d) is a metric space satisfying

(i) (X, d) is strictly intrinsic;
(ii) the metric completion (X, d) of (X, d) is a geodesic metric space.
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We note that, if (X, d) is additionally locally compact, (ii) in Definition 2.1 follows from (i)
by the Hopf-Rinow—Cohn-Vossen Theorem [6, Thm. 2.5.28]. We stress that if (X, d) is not
locally compact, this is not the case, cf. [6, Ex. 2.5.24].

In the following, we will consider gradient curves of a lower semicontinuous functional
f:X— R = [—00, 4+00]. For such functionals we will denote by D[ f] C X the (finiteness)
domain of f,ie. D[fl:={x € X : f(x) # £oo}, and by D*[ f] C X the extended domain,
D*[fl:={x € X : f(x) < +00}. We assume that D[ f] # @.

Definition 2.2 (A-convexity) Fix A € R. A function f: X — R is said to be A-convex if for
every xg, X1 € D[ f], there exists a geodesic y : [0, 1] — X connecting xo and x, such that

A
f) = A =1)f(xo) +1f(x1) — Et(l —1)d(xo. x1)*> 1 €[0,1]. (N

On a smooth, connected and complete Riemannian manifold (M, g), a C? function
fi+ M — Ris A-convex if and only if

Hess f(v,v) > Alv|> forallve TM.

This condition can be reinforced by introducing a dimensional parameter. In particular, given
any K e Rand N > 0, a C? function f: M — Rissaid to be (K, N)-convex if

(Vf,v)? >
Hessf(v,v)—T > K|v| forallv e TM. (8)

Observe that the classical A-convexity can be seen as a degenerate case of the (K,N)-
convexity when K = A and the parameter N takes the value 4+00. Moreover, as it happens
in the classical case with Definition 2.2, the differential condition (8) has a metric coun-
terpart, which turns out to be equivalent in the smooth setting. We refer the reader to [19]
for a comprehensive introduction to the theory of (K, N)-convex functions in metric spaces
for N > 0.

2.1 (K,N)-convex functions for N < 0

As the differential inequality (8) makes sense also when N is negative, it is meaningful
to extend the definition of (K,N)-convex function to the case N < 0. Given K € R and
N < 0, a C? function f: M — R on a smooth, connected and complete Riemannian
manifold (M, g) is (K, N)-convex if (8) holds. In particular, (K, N)-convexity with negative
N is weaker than any (K, N)-convexity for positive N and it is also weaker than K -convexity
(in the sense of Definition 2.2), cf. Proposition 2.6 below. The differential definition (8) can
be equivalently rephrased in terms of the function

fu():=e /N,
Indeed, f is (K,N)-convex if and only if
K 2
Hess fy (v, v) > —NfN(x)|v| forallve T\M, x € M. )

As in the case of positive N, it is possible to give a metric definition of (K, N)-convexity,
which is equivalent to (9) in the smooth setting, and thus properly extends the notion of
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(K, N)-convexity to nonsmooth spaces also in the case N < 0. The definition for any K € R
and N < 0 is given in terms of the following functions sg n, cx n: [0, +00) — R,

W sin(0+/K/N) ifK <0, cos(0/K/N) if K <0,
sk N(O)= if K =0, cg.N@)=11 if K =0,
K/N smh(@«/—K/N) if K >0, cosh(¢/—K/N) if K >0,
which are used to define the distortion coefficients
s 10
L((Q)) if N72 < K62 <0or K6? > 0,
O gy | KN
Ok, n(O):= ¢ if K62 =0, 0 € [0, 00), r €0, 1],
00, if K62 < N72,

and compute their derivatives.

These distortion coefficients have the following monotonicity properties (see [33]): for
every fixed t € [0, 1] it holds

K+— a(t)  (0) is non-increasing [0,7/N/K) ifK <0,

[0, 00) if K > 0. (10

for each 0 €
N +— o(t)  (0) is non-decreasing,

Definition 2.3 ((K,N)-convexity) Fix K € Rand N < 0. A function f: X — RR is said to
be (K,N)-convex if for every xg, x; € D*[ f], with d:=d(xg, x1) < 7/N/K when K < 0,
there exists a geodesic y : [0, 1] — X connecting x¢ and x1, such that

I <ol V@ fveo) + oy @) i), 1 e[0,1], (11)
where we recall that fy (x) = e~ fM/N and, conventionally, we set 0 - oo = 0.

Remark 2.4 Compared to the first (metric) definition of the (K, N)-convexity for N < 0,
given by Ohta in [28], in Definition 2.3 we allow (K, N)-convex functions to attain the value
—oo. This has already been done in [26] and it was motivated by some examples of (K, N)-
convex functions on bounded segments in R, converging to —oo at the endpoints, cf. Example
2.4 in [28].

Remark2.5 Let f: X — R be (K,N)-convex for some K € R and N < 0, and denote by
fiX— IR the extension of Jf taking value +o00 on X \ X. We may extend (11) to f and to
every xo, x; € X. Indeed, since X is a 1 geodesic space by Definition 2.1, for every xo, x1 € X
there exists a geodesic y: [0, 1] — X connecting them. If x; € X\D*[f] = X\D*[f] for
eitheri = 0 ori = 1, then (11) holds trivially with f in place of f since f y(x;) = +oo. If
otherwise both xg, x; € D*[f] = D*[f], then (11) for f holds by (11) for f since f = f
on D*[f]. In particular, this shows that if f: X — R is (K,N)-convex, then so is its
extension f: X — R.

The following proposition lists some properties of (K, N)-convex functions, which were
proved by Otha in [28, Lem.s 2.6, 2.9].

Proposition 2.6 Let f: X — R. If f is K-convex for some K € R, then it is (K ,N)-convex
forevery N < 0. If f is (K,N)-convex for some K € Rand N < 0, then

(i) foreverya € R, the function f + a is (K,N)-convex;
(ii) for every c > 0, the function cf is (cK, cN)-convex;

@ Springer



Gradient flows of (K,N)-convex functions... Page90f28 90

(iii) f is (K', N')-convex for every K' < K and N’ € [N, 0);

Example 2.7 ([28, Ex. 2.4]) Some examples of (K,N)-convex functions with N < 0, and
their domains, are as follows:

(a) for K > 0, the function x > —N log ( cosh(x/=K/N)) on R;

(b) for K > 0, the function x — —N log (sinh(x«/—K/N)) on (0, +00);

(¢) for K = 0, the function x +— —N logx on (0, +00);

(d) for K < 0, the function x > —N log (cos(xy/K/N)) on (— Z/N/K, 5/N/K).

Remark 2.8 (Lack of coercivity) For N < 0, a (K,N)-convex function need not be coer-
cive in any reasonable sense, irrespectively of the sign of K. For example, the functions in
Example 2.7(b)—(d) are not coercive in the sense of [1, Eqn. (2.1b), p. 43], and their (proper)
sublevel sets { f < k} N D[ f] are not even complete for any k € R.

This fact has important implications concerning the possible (non-)existence of curves
of maximal slope or (EDI) gradient flows for (K, N)-convex functions, see Dfn. 5.2 below.
Indeed, since coercivity fails, one cannot apply the standard theory of minimizing movement
schemes.

In the smooth setting, (K, N)-convexity is a local property, since it is characterized by a
pointwise differential inequality. The following proposition shows that the same holds in the
nonsmooth setting.

Proposition 2.9 Fix K € R, Jy <O0andleta,b,c,d € Rsuchthata < b < ¢ < d. Assume
that a function f: [a,d] — R is (K,N)-convex when restricted to [a, c] and to [b, d], then
it is (K,N)-convex on the whole interval [a, d].

Proof By assumption, we have that
(( b
In®) = o’ (C_a)fN(a)+U (c—a)fn (o),

fN<c)sa" R b)fN<b)+a“)<d b) fv ().

Combining these two inequalities, we deduce that

<? ::>

c=b
ory ”)(c—a)(r(d d—b)

fn(e) = (B = Sn(a)
-0y (c—a)o l’b(d b)

<; Z>(d b

(5 Z>

+

= a) Sn(b). (12)

l—og'y (c—a)og'y (d—D)

On the other hand, for K # 0 we can use the product—to—sum identities for trigonometric and
hyperbolic functions to obtain
sg.N(c—a)sg n(d —b)—sk n(b—a)sg n(d —c)
_ sgn(K)
2VIK/N|

=sg.N(d —a)sg n(c—D).

[CK,N(b-i-d—a —c)—cx nN(c+d—a —b)]

The same identity holds by explicit computation also for K = 0, indeed

(c—a)d—b)—(b—a)d—c) = (d—a)(c—b).
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90 Page 100f 28 L. Dello Schiavo et al.

As a consequence, we deduce that

(b=9) (4= sg.n(c—a)sg N(d—Db)—sg nb—a)sg n(d—c)

4~ b) =

l—oyy (c—a)oy sg.N(c—a)sg N(d—D)

_ sg.n(d —a)sg n(c—b)
sg N(c—a)sg n(d—Db)

Since, by definition,

sg.N(c—D)sg n(d—c)
sg,N(c —a)sg n(d—Db)

(522 sg,N(c—D)
and o d—-b)=—"——",
K.N sg,N(d —D)

(Cb (d(‘)
oy (c—a)o ‘“’(d b) =

we deduce from (12) that

=

d—c
v < ogii(d — a) fy(@) + ogn (d — a) fu (@).

Finally, the thesis follows from Lemma 3.10 in [26]. ]

Guided by the results of S. Ohta in the smooth case, in the next proposition we investigate
the convexity of fy when f is (K, N)-convex.

Proposition 2.10 Ler (X, d) be a metric space and f: X — R be a function on it.

(i) If f is (K,N)-convex for some K > 0 and N < 0, then fy = e~//N is convex.
(ii) If f is bounded above by M and (K ,N)-convex for some K < 0 and N < 0, then
N = e SN s —%e’M/N-convex.
Proof (i) Givenany xg, x; € X,lety: [0, 1] — X be the constant speed geodesic connecting
xo and x1 and satisfying (11), provided by Definition 2.3. Then, for every ¢ € [0, 1] we have
that

v < o (@ fv o) + oy (@) iy () < (1= 1) fiy (x0) + tfy (x1),

where the second inequality follows from (10), recalling that aé?v (d) =t and 0(1 t)(d)
1—1.
(ii) First of all, we observe that for every ¢ € [0, 1] it holds

10 — L X303 + 0(6%)

(t)
MOES
— + K03+ 006"
and therefore
1K 3\pn3 4
==t —1)0° +o0(0 1K
oy @) —t = 6N — ) ©9 _ — 2t — 1302 + 0(0%).

6 — 6N93+0(04) 6N

Consequently, given any & > 0, there exists  such that for every 6 < 0 it holds
) 11K 3192 (1-1) 1K 392
og (@) —1 = g[ﬁ—ka](t—t )% and o\ (0) —1 = A N+s (1—t—(1-=07)p
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At this point, consider any xo, x; € X withd = d(x, y) < and let y: [0, 1] = X be the
constant speed geodesic connecting xo and x and satisfying (11), provided by Definition 2.3.
Then a direct computation gives

v <o @ fv@o) + o)y @) fy ()
= (1= D) fy (o) + 1N @) + (o 3 () = (1= 1) fiy (o) + (0 () — 1) fiy (1),

and, taking into account the bound on f, we obtain
v = (=0 fy@o) + tfn () + [(og 3 (d) = (1= 0) + (o y (d) — n]e MV,

Now, using the bounds on o I({t) n(d) — # provided above, we get
1K —M/N 2
In o) 5(1_t)fN(x0)+th(xl)+E v tele 1(1—nd”.

This shows that f is —[% + s]e‘M /N _convex along every sufficiently short geodesic, but
according to Proposition 2.9 this is sufficient to conclude that fy is —[% +8]€_M /N _convex.

K ,—M/N

As ¢ can be taken arbitrarily small, we conclude that fy is — -convex. O

Remark 2.11 We note that Proposition 2.10 gives the best uniform bounds we can expect,
according to the smooth case, cf. (8). For instance, this is the case in (ii) for the function
f: x> —Nlog(cos(x/K/N)) in Example 2.7(d) with M:=max f = 0.

2.2 Gradient flows

In this section we introduce the notion of EVIg » gradient curves and gradient flow for a
lower semicontinuous functional on a metric space (X, d). As a starting point, we recall the
definition of EVI, gradient curve (and gradient flow), summarizing also the most relevant
related facts.

In the following we will usually denote by (y:):c(0,7) the curves in X defined on (0, T')
and, given a function f: I — R defined on some interval /, we denote by % f(t) the right
derivative of f at the point ¢ € I, namely

d* fa+h)—f@

— f(t):=limsup —F———.

” £ n p A

Moreover, we say that a curve (y;):c,r) Starts at y € X if lim; o y; = y.

Definition 2.12 (EVI,, gradient curve) Let g: X — R be alower semicontinuous functional.
Given A € R, an EVI, gradient curve for g is a continuous curve (z;);¢0,7) C Dlgl, with
T € (0, 40o0], such that
d* d, 22
dr 2
for every z € D[g] and every ¢ € (0, T).

A
+ 5 dG, ? < g —gz) (13)

The following result highlights an important property of EVI, gradient curves, namely
the so-called A-contractivity. As an immediate consequence, this implies the uniqueness of
EVI, gradient curves for a given initial condition.
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Proposition 2.13 (A-contractivity and uniqueness of EVI;) Let g: X — R be a proper
lower semicontinuous functional and . € R. Let (z,l)te(o,T), (Z,z),e(oj) C Dlg] be two
EVI, gradient curves for g. Then for every 0 < r < s < T it holds

d(z}, 22) = e*677d(2), 22).

In particular, for every zo € DIg] there exists at most one EVI, gradient curve (2;);c(0.1)
for g satisfying the initial condition lim, o z; = zo.

Proof See [27, Thm. 3.5]. O

The next result shows that when g: X — R is A-convex the inequality (13) defining EVI,
is a local condition in space, uniform in time. This result is likely, as EVI, gradient curves
play a central role in the characterization of gradient flows in general metric spaces.

Proposition 2.14 Let g: X — R be a lower semicontinuous, h-convex functional and let
(zt)ie0,ry C Dlgl, with T € (0,+0o0], be a continuous curve in (X,d). Assume that
for every t € (0, T) there exists a neighborhood Z; of z; such that (13) holds for every
z € Z; N DIgl. Then, (zt)ic(0,1) is an EVI; gradient curve for g.

Proof We fix any z € D[g] and ¢ € (0, T'). We consider the geodesic (x;);¢[0,1] connecting
7zt = xo and z = x, along which the convexity inequality (7) holds. Hence let us take
r € (0, 1] such that the point z':=x, is in Z;. We then have d(z;, z’) = rd(z;, z) and

/ A 2
g(@) = —r)g(z) +rg@) — gr(l —r)d(z, 2)7,

ensuring in particular that 77 € D[g]. Observe that, since 7’ lies on a geodesic connecting
z; and z, we have that d(z;, z) = d(z;, 2) + d(Z/, z). Moreover, the triangular inequality
guarantees that d(zy, z) < d(zs, Z') +d(Z, z) forevery s € (0, T), therefore we deduce that

i+ d(z, Z)2 d(z, Z/) dt

—dn ) Y < e 0 S d(n, ) = @ )
dr 2 = Zt, % dr Zt,2) = 2ty 2 dr i, 2 ) = dr s 2
1 d.y
Torode 2

Then, using the assumption on the validity of (13) for any point in Z; N D[g] and the fact
that 7/ € Z; N D[g], we obtain

dtd@z,2? 1 A ,
E% < ;[g(z ) —8(z) — Ed(an )2]

A

1 A A
< ;[(1 — (@) +rg(@) — 5r(1l —nd, 2)? —g(z) — G, z/)Z]

A
8(2) — 8(z) — 5dG. )7,
concluding the proof. O

Definition 2.15 (EVIx.y gradient curve) Fix K € Rand N < 0, and let f: X — R be
a lower semicontinuous functional. An EVIg y gradient curve for f is a continuous curve
(y)reo.1y C DIf], with T € (0, +00], such that

d* d(y,2)\* d(y.2)\* _N In(2)
alr(057) P ((52) <5 0-705) o
for every z € D[ f] and every t € (0, T), with d(y;,z) < n/K/Nif K < 0.
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Through standard computations, equation (14) can be rewritten to obtain the following
equivalent formulations for EVIk » gradient curves, cf. equations 3.5 and 3.6 in [28].

Proposition 2.16 (Equivalent formulations for EVIg n) The inequality (14) defining an
EVIk n gradient curve is equivalent to each of the following:

+ 2 2
(i) id(Yt, 2) < N d(y:, 2) |:1 _ Iy (@) ] —2Kd(y,., Z)EK,N(d(Yta z)/2)
dr 2 sg.n(d(yr. 2)) S () sg.v(d(vi, 2))
o dtden)? . NdOr2) [ fN(z)]
— d(y;, 7)) — )
() G =2 = sxndon2) XN @009 = 50

The following proposition shows the monotonicity in K and N of the notion of EVIg y
gradient curves and was proved in [28], see Lemma 3.3 therein.

Proposition 2.17 (Monotonicity of EVI) If (y;):e(0,1) is an EVIg n gradient curve for f,
then it is an EV1g: y: gradient curve for f, for every K' < K and N' € [N, 0). Moreover, if
(¥t)te,1) is an EVIg gradient curve for f, then it is an EVIg y gradient curve for f, for
every N < Q.

We conclude this section by proving that f is non-increasing along every EVIg y curve
and in particular this implies that no EVIx x curve exists starting at yp ¢ D*[ f]. We remark
that this foundational result was neither proved nor even observed before and will allow us
to improve several results in [28].

Proposition 2.18 Let f: X — R be a lower semicontinuous Sfunctional. Let (yi)ie,1) be
an EVIk y gradient curve for f, for some K € Rand N < 0. Then, the function

0, 7)1+ h(t):=f()
is non-increasing.

Proof Since the function f is lower semicontinuous and (y;)e(o,7) is continuous, the func-
tion i: (0, T) — R too is lower semicontinuous. Therefore, for every fg, 1 € (0, T) with
fo < t1, we find that argming, , 1 h # <, allowing us to select 7 € [tg, t1] where the minimum
is attained. Now, for every ¢ € [t, 11], letting z = y; in the EVIg y inequality, we get

dt d(ye, 0\ donyn\* N IvO7)
E[“”( 2 Hf_KsK’N( 2 >+3[1_fzv<yt)]

d(ye, v\
- _K5K,N< (yz2 yt)> '

As a consequence, Gronwall’s lemma on [7, #1] ensures that

d(v;, yr
5K,N< (s ¥0)

2
<0, telr, ]
5 ) < €[t 1]

From this we deduce that y, = y; for every t € [, 11]. Thus, #; € argminy,, ,/, and the
conclusion follows by arbitrariness of 7o and 7. O

3 Reparametrization maps and EVI

Everywhere in this section we fix a metric space (X, d), a densely defined (i.e. DI f] = X)
lower semicontinuous functional f: X — R and two constants, K € Rand N < 0.
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3.1 Definition of reparametrization maps

Let us introduce the reparametrization maps, which will serve as a fundamental tool for
studying the gradient flows of (K, N)-convex functionals. As already mentioned in the intro-
duction, the aim of these reparametrization maps is to obtain a gradient curve for fy, starting
from a gradient curve for f, in order to exploit the improved convexity properties of fu,
when f is (K,N)-convex. This idea will be formalized in Proposition 3.2 and Proposition
3.10.

We denote by C the set of all the continuous curves parametrized on some interval (0, 7),
with T € (0, 400], and with image in D[ f]. We introduce the following two subsets of C:

c = {(yt),g(o’r) e€C: (0, T)y>t— f(y)is non-increasing},

TAl
Cy:= [(yz)ze(o,T) ecC : /(; v de < OOI- (15)

We now proceed to define the two reparametrization maps
Ri:C'—Cy and TRy:Cy —>C.

The maps R and R, depend on N, though this dependence is omitted for simplicity of the
notation. In order to define R, take any curve (y;);c0,7) € C’ and consider the function
a: (0, T) — (0, T') defined as

t
a(t)=— N/O szyr) dr fort e (0,7), (16)

where we set T':=1lim,_, 7- a(¢). Observe that « is locally bi-Lipschitz and almost every-
where differentiable with derivative

o (1) = — >0

SN ()

In particular, « is strictly increasing and thus invertible. Let ¢: (0, T") — (0, T) be its
inverse, for which we have limy o ¢(s) = 0, lim,_, 7~ ¢(s) = T and

l !
¢'(s) = —ﬁfN(y(p(s)) >0, forae.sel0,7T], 17)

1
a'(p(s)
so that also ¢ is locally bi-Lipschitz and strictly increasing. Finally, we set

Ri((0)re©.7)) = @5)se0,7)=p(s))5€0,7')-
Observe that, given any r € (0, T’ A1), the function ¢ is Lipschitz on [r, T’ A1) and therefore

fT/M ¢'(s)ds = (T’ A 1) — @(r). Taking the limit as r — 0, we deduce that

r

T'A1 T'Al
f INgs)) ds = —N/ ¢'(s)ds = =N lim ¢(s) < oo,
0 0 s—=>T'Al

showing in particular that (zy)sc(0,77) € C;\’,.
In a similar way, we can define the reparametrization map . We consider any
(z5)se(0,77) € Cy and define the function 8: (0, T") — (0, T) as

Bls)i=— %fo Fn(z)dr,
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where we set T = lim,_, 7/ B(s). Observe that, since (z5)s¢(0,77) € CX,, B is well defined.
Moreover, it is locally bi-Lipschitz and almost everywhere differentiable with derivative

Sn(zs)
>
N

which ensures that it is strictly increasing and thus invertible. Let ¥ : (0, T) — (0, T’) be
its inverse, for which we have lim; o ¢ (1) = 0, lim, ,7- ¥ (t) = T’ and

N
BW®)  fnGya)

in particular v is locally bi-Lipschitz and strictly increasing. Then, we set

ﬂ/(s) = - 07 NS (Oa Tl)?

V(1) = 0, forae.te(0,7), (18)

R2((29)se0,1) = )ie©.1) =@y 1)) re©,1)-
Proposition 3.1 The maps R and R, are inverse of each other, i.e.

RioRy =ider and Ryo Ry = idCX; .

Proof Consider any (y/);e(0,7) € C' and take (zy)se0,7) = R1((y)reo,1)). According to
the discussion above, the maps ¢ and v associated to these curves (respectively), are locally
bi-Lipschitz. Thus, their composition ¢ o ¢ : (0, T) — (0, T) is itself locally bi-Lipschitz
and, by (17) and (18), it satisfies

@o ) ) =g WIN Y (1) = fyOpoy) InGya) ' =1, forae.t e (0,T).

Recalling that lim, g ¢(s) = 0 and lim, o ¥ (¢) = 0, we deduce that ¢ o ¥ (t) = t for every

t € (0,T) and, as a consequence, we conclude that Ry (R1((y)reo,1))) = (1)re.7)-

Therefore, we have shown that R o Ry = id¢r, analogously we can prove that Ry o R| =

idc// . O
N

In the following, we denote by EVIg n(f) the set of all EVIx y gradient curves for f,
parametrized on some interval (0, T'), with T € (0, +o0]. Similarly, we denote by EVT, ( fy)
the set of all EVI, gradient curves for fy, contained in D[ f] and parametrized on some
interval (0, T"), with T" € (0, +oc]. In particular, according to Proposition 2.18, we have
that EVIg v (f), EVL (fn) C C'.

Proposition 3.2 It holds that
R1(EVIo n (f)) = EVIo(fx) NCy and Ra(EVIg(fy) NCy) = EVIg n(f).

In particular, Ri|gviy y(f) and RZlEWo(fN)ﬁC}(; are bijections from EVly y(f) and
EVIo(fn) N Cy and vice versa.

Proof Take any (y:)e0,1) € EVIo,n(f)(C C') and consider (z;)se(0,77) = R1((V)ie,7))
= (Yyp(s))se,17)- Then, given any z € D[ fy] = D[ f]and s € (0, T'), we compute that

d(y:. 2) )2] ,
— ~'(1)
tzp(s)|:< 2

@) 1 _ _
<N [1 - fN(Zs)] [—ﬁfzv(zs)} = fnv@) — fn(zy),

where the inequality follows from the assumption that (y;);c0,7) € EVIo n(f). We have
then shown that R (EVIo,x (f)) C EVIo(fx) NCY.

dtd(zy, 27 ) dr
ds 2 T T

19)
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On the other hand, take any (zy)sc0,7y € EVIo(fn) N C;\/, and consider (y;);c0,1) =
R2((29)se0,7) = @y )ie©,1)- Then, given any z € D[ f] = D[fy]and 1 € (0, T), we

compute that
+ 2 +
%[(d(yt’ Z)) ] _ li <d(ZS! Z)) ) lﬁ/(t)
t 2 2.dt |y 2
-N N [1 _ In@ ]

<[fn@ — fN(ZS)]fN(Zx) Y NG

where the inequality follows from the assumption that (zs)se(0,7) € EVIo(fn). We have
thus showed that R (EVIo(fy) N C}) € EVIp n(f).

Finally, the inclusions R (EVHo,N(f)) C EVIoh(fn) NCy and Ro(EVIo(fy) NCY) C
EVIy, n(f), combined with Proposition 3.1, are sufficient to conclude the proof. |

(20)

3.2 Local characterization and self-improvement of EVIg y gradient curves

In this section we prove a local characterization of EVIg y gradient curves, which is the anal-
ogous of Proposition 3.11 in [27]. This result is fundamental to prove the self-improvement
property for EVIg y gradient curves, see Corollary 3.8.

The local characterization relies on the following definitions.

Definition 3.3 Let g: X — R be a functional on X and (x1):ef0,7] be a geodesic starting at

xo € D[g]. We define the directional derivative as
¢ (x0: x):= lim inf S &) —8C0)
t}0 1t

Definition 3.4 Let (y/);c(0,7) be a continuous curve and (z;);¢(0,1) be the geodesic emanating
from zg = y;,, for some fixed #p € (0, 7). We define the quantity

. . 1 dt 1 dt
[V, 2dip=lim — —|  d?(y.z) = sup ——| > (. 2)

m —
540 25 dt 1=to 0<s<1 2s dt t=to (21)
. dz(ytv Zs) _dz(yt()7 Zs)
= sup limsup ;
0<s<l tly 25(t — 19)

where the last equality is a consequence of Lemma 3.13 in [27].

Lemma 3.5 Fix xo € D[f]. Then,

1
fy(xosx) = —Nfzv(xo)f/(xo; x), xeX.

Proof Recall that f is lower semicontinuous. If limsup, o f(x;) > f(xp), then both
the right-hand side and the left-hand side are equal to +o0o0. Otherwise, we have that
limsup,_,o f(x;) = liminf,¢ f(x;) = f(xo) and to conclude the proof it is sufficient
to observe that

1
Sn () — fn(xo) = _NfN(XO)[f(xt) — f&xo)] +o(f(x) — f(x0)).

Lemma3.6 Let f be (K,N)-convex and (xs)s¢c[0,1] be a geodesic such that xo € D[ f] and
d:=d(x0, x1) < 7/K/N when K < 0. Then, it holds that

fy(xosx) <

[fv (1) = ek v (d) fiv (x0)].

sg,n(d)
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Proof Directly from the definition of directional derivative of fy and the (K, N)-convexity
of f, we obtain the following inequality

o @) fy (1) + (o () — 1) fv (x0)

! (xo: x) < lim inf
fy (o x) < ng%)n .

Hence, the validity of the following identities

oy (@) d o D=1 ()
m = and 11m = ’
0t sy (d) 110 t sk (d)
leads to the desired conclusion. O

Proposition 3.7 If (y:)ic(0,1) is an EVIg n gradient curve for f, then, for every t € (0, T)
and every geodesic (zs)se[0,1] emanating from zo = y;, with d(zo,z1) < w/K/N when
K < 0, it holds that

v, 2l < f'(Gs 2). (22)

Conversely, if (y1)ie,1) € C satisfies (22) and f is (K,N)-convex, then (y;)iec,T) is an
EVIk n gradient curve for f.

Proof To prove the first part of the statement, we fix t € (0, 7) and a geodesic (zs)se[0,1]
emanating from zo = y;, with d(zo, z1) < 7/ K/N if K < 0. As (y:)re0,7) s an EVIg y
gradient curve for f, from item (i) in Proposition 2.16, applied with z = z;, we know that

sy (d(n, 20)/2)°

d;fd(yz,zs)2 - NdOr, zs) [ _ fN(Z‘Y)} —2Kd(yr, z5)

dr 2 ~ sk N (dOn z6)) S (ve) sg.v (d(ve, 24))
_ sNd [1 B fN(Zx)] B ZSKd5K,N(Sd/2)2’
sk n(sd) SNOY) sg.n(sd)

where we denoted d:=d(y;, z1) and used that (z;)s¢[0,1] has constant speed. Recalling (21)
and that

sk NO)=60+000) asf—0,

we deduce that

o ING@D) = NG,
InGn) hr?ilonf B =1 2),

sNd |:1_fN(Z.y):|:_
sk, n(sd) SNOY)

where the last equality is a consequence of Lemma 3.5.

To prove the second part of the statement, we fix a time ¢t € (0, 7T) and any z € D[ f],
with d(yr, 27) < w/K/N if K < 0. Let (z5)s¢[0.1] be a geodesic connecting zo = y; and
71 = z, then using (21), our assumption (22) and Lemmas 3.5 and 3.6 we deduce that

[v, z]; <liminf
510

d+ d(yfaz)z . / . _
E?E[%Z]rff(ytvz)— NG t)fN()’zaZ)

Nd(y;, 2) [ v ]
—_— d(y,, - .
= Sx(don, ) LK (@00 2) = £

The thesis follows from Proposition 2.16(i 7). O
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Corollary 3.8 (Self-improvement of EVI) Let K, K’ € R and N, N' € (—00,0) be such
that K < K" and N > N'. If (y+)ie(0.1) is an EVIg y gradient curve for f and f is
(K', N')-convex, then (y:):e(,r) is an EVIg: y+ gradient curve for f.

Remark 3.9 As an interesting consequence of the previous result, combined with Proposi-
tion 3.2 we obtain that, if f is (K,N)-convex for some K > 0 and N € (—o0, 0), then

Ri(EVIg §(f)) =EVIo(fy)NCy  and  Ra(EVIg(fy) NCY) = EVIg n(f).

This is consistent with Proposition 2.10(i).

Taking advantage of Corollary 3.8, we can also prove an analogue of Proposition 3.2 for
negative values of K, assuming the functional f to be (K, N )-convex and bounded.

Proposition 3.10 If f is bounded above by M and (K,N)-convex for some K < 0 and
N < 0, then R (EV]IK,N(f)) C EVIL; (fn)NCy and Ro(BEVI; (fv)NCY) C EVIg v (f),
where M:=— %e_M/N. Inparticular, R1|gvig y(r) and Ry IEW(.fN)Mﬂcx] are bijections from
EVIg n(f) and EVIL;(fn) N Cy and vice versa.

Proof To prove the first part of the statement, we take any (y;);e0,7) € EVIx n(f) and
consider (z;)5e0,7) = R1((y)re,1)) = (Yo(s))se(0.77), We want to prove that (zs)se(0,77) €
EVI,; (fn). Given any ¢ > 0, we consider 6 sufficiently small such that

2
95K,N(9/2) - 1

- +e, for every 6 < 0. (23)
sk (@) 4 v

Then, given any s € (0, T’) and z € Bj(z;) C D[fn] = D[f] = X, proceeding as in the
proof of Proposition 3.2 (in particular, see (19)) and using Proposition 2.16(ii), we deduce
that

sk n(d/2)?
sk, N(d)

where d = d(zy, z). Now, if fy(z) < f(zs), using (23) and that sk n(0) < 6, we have

dtde, 07

24
ds 2 sk, @

’

@ = vl +25 e d
N(d) N\Z N\Zs NNZS

dtd(z, 2)?

1 K
P N@ — fa(zs) +2 [7 +£] Ne_M/N. (25)

4

While, if fy(z) > f(zs), we observe that the right-hand side of (24) is equal to

sk,v(d/2)?

sg.n(d)

sk v (d/2)?
sg.n(d)

d K sg.n(d/2)? K
[fn(@) — fn(zs)] [m - 2Ndm] +2NfN(Z)d

ck,n(d)
sg,N(d)

K
=[fn@) — fn(zs5)] |:d } + 2NfN(Z)d

1 K
< fn@ — fa(zg) +2 [Z + e] ﬁe_M/N,

showing that (25) holds for every z € Bj(zy). According to Proposition 2.14 combined
with Proposition 2.10(i7), this is sufficient to show that (z5)se(0,77) € IEVI[(1+48)M (fn). The
conclusion follows since € was arbitrary.
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For the second part of the statement, take any (zs)se(0,71y € EVI;(fn) N C}\’, consider
()re©,1) = R2((z5)se0,7)) = @y )ie, 7). In particular, (y/)re,7) € C’ and therefore,
given any 7 < T, we have that

L:= inf f(y)= hmlnf FO) = fyy) > —oc.
1e(0,T)

Then, given any r € (0, 7) and z € D[fy] = D[f] = X, proceeding as in the proof of
Proposition 3.2 (see in particular (20)), we obtain that

+ 2 M 2
dr 2 SNOr) 2 fnOn)
Moreover, we observe that, for every 6,
0/2)
sk,N(0/2) 27
sk N (0)

Now, if fy(z) = f(y:), using (27) and that sk y(0) < 6, we deduce
dtd(y, 2)? __Nd [1 fn(2) } e MIN sx n(d/2)?

dt 2 T sgn(d) InOe) e L/IN 7 sg n(d)
While, if fx(z) < f(y:), the right-hand side of (26) is less than or equal to
I @) } cx.n(d) ™MV s n(d/2)?
N|l-— 2 —2K :
[ InGs) ] sk n(d) e L/N 7 sk n(d)

INGs) | sk n(d) TN sk n(d) e L/N 7 sg n(d)

Nd [1 fN<z> [ NG M/N} (g SKN @2

:N[lf fN(z>][ d desK,N(d/ZF}ZKeM/NdsK,Nw/z)z

Tk | fN(zs) FnGs) T LN sx.y(d)
__Md [1_ fN(z) 51{,1\/(0|/2)2
T osg N (d) fN(Zx) e~L/IN sg N (d)

Therefore, according to Proposition 2. 16(i ) we have proved that ()’t)ze(o 78 is an EVI BN
gradient curve for f, with K=K [1 + S /N ] Finally, Corollary 3.8 allows to conclude
that (yf)tE(O,T) € EVIk n(f) and, as thls is true for any T < T, we obtain the thesis. ]

4 Fundamental properties of EVIk y gradient curves

As in the previous section, we fix a metric space (X, d), a densely defined (i.e. D[f] = X)
lower semicontinuous functional f: X — R and two constants, K € Rand N < 0.

The main aim of this section is to prove the uniqueness (assuming existence) of EVIx n
gradient curves for f starting from a point yp € X. As it will be clear from the proof of
Theorem 4.2 below, Proposition 3.2 plays a fundamental role in proving uniqueness when
K > 0. Instead, if K < 0 and f is not bounded from above, there is no reason for fy to
be A-convex for any A € R. (Recall the bound (9).) This in particular means that also the
reparametrization of any EVIg y gradient curve for f will not be an EVI, gradient curve
for fu, for any A € R. However, following verbatim the proof of Proposition 3.10, we can
deduce the following result, which does not even require the (K, N)-convexity of f:
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Proposition 4.1 Let (y:);c(0,7) be an EVIg y gradient curve starting from yo € D[ f], for
some K < 0 and N < 0. Then there exists R > 0 such that for the curve (zs)se0, 7)) =
R1 ((yt),e(oj)) and for every M > f(yg) it holds that

d*d(zs, 2% -
E% + Md(z,2)* < fn(2) — fn(zs) s € (0,T), zelf <M)nBgr(z),
(28)
where M:= — %e’M/N.

Theorem 4.2 Let f: X — R be a lower semicontinuous functional and consider two param-
eters K € Rand N < 0. Let (y):e0,1) and (yf)te(o.f) be two EVIg n gradient curves for

f, and denote by (z5)se0,1) = Ri(()re.1)) and (Zs) e 0.7y = R1(G0),c0.7) their
respective reparametrizations. The following statements hold:

(i) if K >0, then
d(zs. %) <d(z.2,) forevery0 <r <s < min{T’, T'}. (29)
(ii) If K < 0and f is (K,N)-convex and bounded from above by some M > 0, then

d(zy, %) < e MODd(z, 5 forevery0 <r <s <min{T’, 7'},  (30)

where M:= — %e_M/N.
(iii) If K < 0 and it holds d(z,, %) < R/3 for some r € (0, min{T", T'}), where R is the
constant defined in Proposition 4.1, then there exists € > 0 such that

Az, 3) < e M6d(z,, %) foreveryr <s <7+, 31)
where M:= — %e’M/N and M :=max{f(z,), f(Z)}.

Moreover, for every yo € DI f] there exists at most one EV1g y gradient curve for f starting
Sfrom yo, both for K < 0 and for K > 0. In the case K > 0 the initial point yo can be taken
from the entire space X. This is also true for K < 0, provided that the functional f is
(K, N)-convex and bounded from above.

Proof (i) According to Proposition 3.2, both (z5)se(0,77) and (Zs), (0.7 are EVIj gradient
curves for fy, starting from yy. Then, Proposition 2.13 immediately gives (29).

(ii) Using Proposition 3.10 instead of Proposition 3.2, we deduce (30) analogously.

(iii) Take ¢ > 0 such that for every s € (r, r + ¢) we have d(z,, zy), d(Z, Zs) < R/3, then
d(zs, Z:) < R forevery s,t € (r,r + ¢). Moreover, according to Proposition 2.17, we know
that f(zs), f(Zs) < M for every s € (r,r + €). In particular, using Proposition 4.1 and
following the classical proof of the contractivity for EVI, gradient flows (see [27, Theorem
3.5]), we deduce the contractivity estimate (31).

When K > 0, the uniqueness of EVIg y gradient curves starting from a point yp € X is a
straightforward consequence of point (i). Analogously, from (ii) we deduce it when yp € X
if K < 0and f is (K,N)-convex and bounded above. Finally, in the case K < 0, without
any additional assumption on the potential f, we can use point (iii) to prove uniqueness of
EVIk n gradient curves starting from a point yg € D[ f]. i

Proposition4.3 Let f: X — R be a lower semicontinuous functional. Given any K € R
and N < 0, let (yi)ie(0,1) be an EVIg y gradient curve for f. Then the curve (yi)ic(0,T) is
locally Lipschitz on (0, T).
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Proof When K > 0, this is a simple consequence of Proposition 3.2. In fact, it guarantees
that (z5)se0,7) = R1(()reo, 1)) is a EVIg y gradient flow for fy and it is therefore a
locally Lipschitz curve. Moreover, as fy is non-increasing along (zs)se(0,77), from (18) we
observe that the reparametrization R on (z5)s¢(0,77) is locally Lipschitz. Finally, we deduce
that (y1)reo,7) = R2((zs)se(0,77)) (cf. Proposition 3.1) is locally Lipschitz. When instead
K < 0, Proposition 4.1 ensures that (zy)se(0,77) satisfies (28). Following verbatim the proof
of Theorem 3.5 in [27] (see in particular ‘Regularizing effects’), it is easy to note that (28) is
sufficient to deduce that (z5)s¢(0,77) is locally Lipschitz. We can then conclude the thesis as
before. |

The next proposition shows that the existence of a EVIg y gradient flow forces the poten-
tial to be (K, N)-convex. The analogous result has been proved for EVI, gradient flows in
[16, Thm. 3.2] and for EVIg n gradient flows for positive values of the dimensional param-
eter N in [19, Thm. 2.23]. Our proof will follow the strategy developed in [19, Thm. 2.23],
adapted to the negative dimensional case.

Proposition 4.4 Let f: X — R be a densely defined lower semicontinuous functional. If for
every yo € {f > —o0} there exists an EVIk n gradient curve (y:)ie(0,1) for f starting from
Yo, then f is (K,N)-convex.

Proof We start by dealing with the case K # 0. Take any two points xo, x; € D*[f],
with d:=d(xg, x1) < 7+/N/K when K < 0, and consider any geodesic y: [0, 1] — X
connecting xo and x;. Given any s € (0, 1), we want to prove the convexity inequality (11)
for y attime t = s. Observe thatif f(y;) = —oo the inequality is trivially verified, otherwise
we consider the EVIg y gradient curve (y{),e(0, 1) starting from y;. According to [28, Prop.
3.6], we know that

N(eKr—1) fn(@) Py diy!, 2\ d(ys, 2\
2K (1_fN<y;>)Ze 5”( 2 )””( 2 ) 32

forallz € D[f]and ¢ € (0, T) such that sup,.¢ o 1 d(y),2) <m/N/K when K < 0. Then,
taking advantage of the trigonometric identity

N
sk.N(0/2)7 = —ﬁ<51<,/v(9) - 1),

we sum (32) for z = xo multiplied by 0( _s)(d) and (32) for z = x| multiplied by o (d),
obtaining

UI((l NY) (d) fiv (x0) + G(Y) v () fy(x1)
vy

> (eKt_l)[ v (@D (e er v (A x0) — ek v (sd)) (33)

o @ (eX ek N (A xD) — ek v (1= s>d>)],

for every ¢ sufficiently small. Now, as a consequence of the trigonometric sum formulas, we
observe that

op W Dek v (sd) + oy @deg v (1 —5)d) = 1.
Moreover, we take adventage of the following trigonometric inequalities stated at the end of

the proof of [19, Thm. 2.23]: for every o, o’ > O and ¢, &’ € [—m, ] such that e + &’ > 0,
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setting B = a + ¢ and B’ = o’ + &', we have that
sin(a) cos(B’) + cos(B) sin(a’) < sin(a + o),
sinh(a) cosh(B’) + cosh(B) sinh(’) > sinh(a + ).

Applying these witha = (1—s)d, o’ = sd, e = d(y!, x1)—(1—s)dand &’ = d(y/, x¢) —sd,
in which case ¢ + ¢ > 0 by the triangular inequality, we deduce that

<1 ifK <0,

op 3 Dex v @A), x0) + oy ( ek v (d ! x1)) {; LK 0.

As a consequence, we obtain that the right-hand side of (33) is greater than or equal to f (¥/),
for every t sufficiently small. The convexity inequality (11) follows by taking the limit as
t — 0.

To deal with the case K = 0, it is sufficient to observe that any EVIj y gradient curve for
fisalsoan EVIg y gradient curve for f, forevery K < 0. Then, according to the first part of
the proof, the functional f is (K,N)-convex for every K < 0, thus it is also (0, N)-convex.

|

5 EVIand EDI

Everywhere in this section we fix a metric space (X, d), a densely defined (i.e. D[ f] = X)
lower semicontinuous functional f: X — R and two constants, K € Rand N < 0.

Definition 5.1 (Descending slope) For every y € D[ f], we define the descending slope
D™ f1(y) as

ID™ f|(y):=lim sup M
oy d(z, y)

We recall that we say thata curve (y;),e(0,7) Starts at yo € X if there exists lim, o y; = yo.

Definition 5.2 (EDI and curves of maximal slope) We say that a curve (y/);c0,7) C PIf]
starting at yp satisfies the Energy-Dissipation Inequality (EDI), if y € AC? ((O, 7), X ) and

loc

. L. I _
F O < lim £(re) = / [5'”'2 + 31D f|2(ys)] ds  foreverys e (0,T). (EDI)
0
We further say that a curve (y1);e0,7) C DI f11is of maximal slope for f if

(a) the curve y is in AC} ((0, T), X);

loc
(b) the function t — f(y;) isin ACIIOC((O, T), R);
(c) the following pointwise Energy Dissipation Inequality holds
d 1. o
=5 fO) = S+ IDT (PG for Zlae.r € O,T). (34)
Using the definition of descending slope | D™ f|, it is readily seen that (34) implies

d
00 =—ID"fPG) ==l for Z'-ae.r €0, 7). (35)
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In turn, for every curve of maximal slope (y;);c(0,7) starting at yp, (35) is equivalent to the
so-called Energy Dissipation Equality (EDE)

r 1
f(yt>=1€igolf<y€>—/ [5|y's|2+5|0‘f|2<ys>} ds forevery0 <t <T. (EDE)
0

Remark 5.3 (Cf. [18, Rmk. 2.6]) Definition 5.2 is slightly more restrictive than other def-
initions of curve of maximal slope in the literature, cf., e.g. [14], in that we additionally
assume (b) above. Among other things, this grants that: |D’f | is a strong upper gradient
for f along (y;);, cf. e.g. [2, Rmk. 2.8]; and that ¢t — f();) is non-increasing, by integrat-
ing (EDE).

Proposition 5.4 Let (y;);e(0,1) be an EVIk n gradient curve for f, for some K € R and
N < 0.Then, (y)re(0,T) is a curve of maximal slope for f and satisfies the Energy Dissipation
Equality (EDE). In particular it satisfies the Energy Dissipation Inequality (EDI).

Proof According to Proposition 2.18 and Proposition 4.3, (y;)e(0,7) is locally Lipschitz
and the function t — f(y;) is locally bounded above. The conclusion then follows from
Proposition 3.4 in [28]. O

Proposition5.5 If f: X — Risa (K,N)-convex functional, then for every y € D[ f] and
every R > 0, with R < n/N/K if K < 0, it holds that

< N [1 B fN(Z)] _ g kNG, y)/2))7' 36)
sg,n(d(z, y)) NG cx, N (d(z, ¥)/2)

Proof Fixanyy € D[f]and R > 0. We start by observing that, for every z in a neighborhood
of y,

D™ fl(y) = sup
z€Br\{y}

o 1
v@ — fnQ) = e TN o= fOUN - VO @ = ) +o(f@) = F),

and, as a consequence, we deduce that

D™ fI(y) = —

(37

lim sup |:

(fn@z) — fN(y))*]
SN =y .

dy, 2)
Moreover, recalling that

sg.v(d(y.2)/2)

sg.n(d(y,2)) =d(y,2) +o(d(y,2)) and (0 22)

= o(d(y, 2)),

we conclude that

|D™ f1(y) = lim sup

7=y

( N [1 B fN(Z)] x sk v (d(z, )’)/2)>_
sk n(d(z,y)) NG ek Nz, 0)/2))

proving that |[D~ f|(y) is smaller than or equal to the right-hand side of (36). In order to
show the opposite inequality, we fix z € Br(y) \ {y} and consider a geodesic y : [0, 1] - X
connecting y and z, such that

v <o VDo) + oy @ v 1 elo 1], (38)
where d:=d(y, z). We observe that
(1-1) _ sg.N(d) —sg y((1 —1)d) _ cg n(d)td +o(t)
KN sg,n(d) sg,n(d)

1—0

3
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thus we have that

oy (d) 1 R Al ) )
im — = and im . = .
t—0 td SK,N(d) t—0 td 5K,N(d)

(39)

Then, combining (38) and (39), we deduce that

N v = v _ N oy @@ = (0 =0y @) /v ()

v douv) T v td

Letting + — 0 in the right-hand side above, we obtain

N oy @ @ — (1=l @) v ()

lim —
110 fn(y) td
_ N 1 _ CK,N(d)
= fN<y>[sK,N<d>fN(Z) sK,N<d>fN(”}
___N [fN(Z) - vy 11— CK,N(d)f (y)]
L sxn(d) sgn(d Y
N fn@ sx.n(d/2)
= 1— — g A ,
sk (d) [ fN<y)] cxndz) N

where the last step follows from the half-angle trigonometric formula for the tangent. Finally,
keeping in mind (37), we conclude that

_ ) N  (fnG) — fN(y))’]
D 1 -
D= s10) = 11—%[ NG d(y, v)

- ( N |:1 B fN(Z):| _ g SkN(d/2)
~ \sx.n(d) InG) ck,N(d/2)
Taking the supremum of the previous inequality over z € Br(y)\{y}, we conclude that

|D~ f|(y) is larger than or equal to the right-hand side above. Together with the converse
inequality shown above, this concludes the proof. O

fN(y)>

In the following result, we prove that the descending slope |D~ f| of a (K, N)-convex
function f is a strong upper gradient for f, even when N < 0. This property was initially
established for the class of K -convex functions in [1, Cor. 2.4.10], ensuring the same property
also for (K, N)-functions for N > 0. In particular, this property plays a crucial role in proving
the existence of curves satisfying the Energy Dissipation Inequality (EDI), provided that f
is also coercive, see Remark 5.8 below.

Corollary 5.6 Let (X, d) be a metric space and f: X — R be a lower semicontinuous
(K ,N)-convex functional. Then, |D~ f| is a strong upper gradient for f and it is lower
Semicontinuous.

Proof Recalling that the descending slope is a weak upper gradient (cf. [1, Def. 1.2.2]), the
fact that |[D™ f| is a strong upper gradient for f follows from the absolute continuity of
f oy forany curve y € ACIIOC((a, b), X) satisfying |[D~ f|(y)|y’| € L'(a, b), which is the
property we are going to prove. Without loss of generality, we can assume that the interval
(a, b) is bounded and that the curve y can be extended by continuity to [a, b]. We denote

by I':=y ([a, b]) the compact metric space whose distance is the one induced by X, we note
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that ' C Bg(y (f)) for some ¢ € (a, b), and we assume R < w+/N/K if K < 0. Hence we
define the global slope of f related to the curve y by setting

(f@—rf»m)"

() =
/ zeM\(y) d(z, y)

Making use of (36), we can see that

[JF‘(y)f|D—f|(y)+|K|max{5K’N(R/2) sfx,we/z)} o

¢k N(R/2)" c—g N(R/2)

In particular, we have that [;(y)|y’| € L'(a, b) and, since []l: (y) is a strong upper gradient
by [1, Thm. 1.2.5], this ensures the absolute continuity of f o y.

Finally, the representation of |D~ f| in (36) also guarantees its lower semicontinuity,
following the argument in [1, Thm 1.2.5]. O

Let us now show a partial converse to Proposition 5.4.

Theorem 5.7 (Curves of maximal slope and EVIg n (f)-gradient curves) Let f: X — R be
proper lower semi-continuous functional, and (y;);c, 1), for some T € (0, 00], be a curve
of maximal slope for f and starting at yo € X. Further assume that an EVlg y gradient
curve (yt’)te(O’T)for f exists, for some K € Rand N < 0, starting at yo, ina set D C D[ f]
which contains the image of (yt);e(0.1)-

If either K > 0 or f is (K,N)-convex and bounded above, then (y:);c, 1) = (y,/),e(O,T).

Proof Since (y:),(o,r) is of maximal slope, by (34) we have %f(y,) <0%'"ae., thust —
f () is non-increasing in light of Definition 5.2(b). We deduce that O)ieo.1) € C’' by
definition (15) of C'.

Consider the reparametrizations R | ( )re0,1) ) and R ( (yl/) Since R is injec-

te(0,T) )
tive on C’ by Proposition 3.1, it suffices to show that R ( (v)eq0.7) ) = R1((5),c0.7) )-
If K > 0, then Rl((yt/)te(O,T)) e EVIy(fn) N Cy by Proposition 3.2. In particu-
lar, R ( (yf/)te(O,T)) is an EVIy-gradient flow for fy. Analogously, if f is (K,N)-convex
and bounded above by M, then R ( (yf/)te(O,T)) € EVI;(fn) N Cy by Proposition 3.10
for M:=— %e*M/N In particular, R ( (y,/)te(0 T ) is an EVI ;-gradient flow for f. Thus,

in both cases, it suffices to show that yt reO.T satisfies (EDI) and apply the identification
result for EVI,, gradient curves in [27, Thm. 4. ﬁ]

To this end, set (z/);¢(0,5) :=R1 ( Ore0,1) ) On the one hand, for ¢ = a~! with « as
in (16),

fN(Zt)

|zl = |Voy| ¢’ (1) and D™ fn|(z) = — |D™ fl(z)=¢' @) |D™ f| (z1)
(40)

by (37) and (17). On the other hand,

d d d
—g v = f N]S’) [—af(z»] =¢/(1) [—Ef(zt)}

and, by (34),

d d d
—Ef(Zz)=—Ef(yq;(;))=<p'(t)af(ys)|szw(,)zrp’(t)[ o |” + = ID il (yw))]-
41)
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Combining (40)—(41),

d Tt 1 P T
— G = ¢ [5 o | + 3 D f’z(yw(t))] = Sl + 2 D7 s [ o,
(42)

This shows that fy satisfies the pointwise Energy Dissipation Inequality (34) along (z/)¢(0, )
Furthermore, integrating (42) from an arbitrary € > 0 to 7, we see that (z/),e,5) €
ACE ((0,T); X). Finally, since f((3)ie0.ry) € ACioc((0,7); X), we claim that
v (@)re.s)) € ACioc((0, $); X). Indeed, since (y1);c0.7) € C', (see the beginning of
the proof) f( (yt)te(oyT)) is locally bounded in (0, 7)) and therefore, for every compact
interval I € (0, T), there exists a constant C (/) such that

LINGD = NGOl = CDLf () = f )l

As a consequence, we have that fN( V)ie©,1) ) € ACjnc((0,T); X). Finally, the
reparametrization map ¢ defining (z;),¢(o,s) is locally Lipschitz on (0, S) (cf. (17)), thus
we can conclude that fN( (Z)re(0,5) ) € ACjoc((0, S); X).

Combining the properties above shows that (z;),¢(0, s) is @ curve of maximal slope for fx
and thus concludes the proof. i

Remark 5.8 (Convergence of minimizing-movement schemes) The lower semicontinuity
of |[D™ f] established in Corollary 5.6 allows us to apply the theory of generalized mini-
mizing movement schemes to conclude the existence of curves of maximal slope for lower
semicontinuous (K, N)-convex functionals, N < 0.

To this end, it suffices to verify the assumptions in [1, Thm.s 2.3.1 and 2.3.3, p. 46].
Indeed, in the metric setting of [1, Rmk. 2.1.1, p. 43] let f: X — R be a proper lower
semicontinuous (cf. [1, Eqn. (2.1.2a), p. 43]), (K, N)-convex, and coercive in the sense of [1,
Eqn. (2.1.2b)]. We recall thata (K, N)-convex functions is not necessarily coercive for N < 0
(see Rmk. 2.8). However, there are examples of (K, N)-convex functions bounded below, cf.
e.g. Example 2.7(a), hence, in particular, coercive. Since |D~ f| is lower semicontinuous,
it coincides with its lower semicontinuous envelope and so it is a weak upper gradient of f
in the sense of [1, Dfn. 1.2.2, p. 27] by [1, Thm. 1.2.5, p. 28], and in fact a strong upper
gradient, again by Corollary 5.6.

Now, it follows from [1, Thm. 2.3.3, p. 46] that the minimizing movement scheme for f
converges to a curve of maximal slope in the sense of [1, Dfn. 1.3.2, p. 32] and therefore to
a curve of maximal slope in the sense of Definition 5.2 by [1, Rmk. 1.3.3, p. 32] and the fact
that | D™ f| is a strong upper gradient for f.
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