
F

A
A
i
G
G
a

b

c

d

e

f

T
g

A

K
N
S
R
P
C

1

c
t
s
g
o
e
t
f
t
s

v

h
R

Journal of Non-Newtonian Fluid Mechanics 342 (2025) 105438 

A
0
n

 

Contents lists available at ScienceDirect

Journal of Non-Newtonian Fluid Mechanics

journal homepage: www.elsevier.com/locate/jnnfm  

ull length article

n insight into parameter identifiability issues in the Carreau–Yasuda model: 
 more consistent rheological formulation for shear-thinning non-Newtonian 

nelastic fluids
ianluca Santesarti a,b,∗, Michele Marino a , Francesco Viola c,d , Roberto Verzicco c,e,f , 
iuseppe Vairo a,g
University of Rome Tor Vergata, Department of Civil Engineering and Computer Science Engineering, 00133 Rome, Italy
Sapienza University of Rome, Department of Mechanical and Aerospace Engineering, 00184 Rome, Italy
Gran Sasso Science Institute, L’Aquila, 67100, Italy
INFNLaboratori Nazionali del Gran Sasso, Assergi (AQ), 67100, Italy
University of Rome Tor Vergata, Department of Industrial Engineering, 00133 Rome, Italy
Physics of Fluids Group, Max Planck Center for Complex Fluid Dynamics, MESA+ Institute and J. M. Burgers Centre for Fluid Dynamics, University of 
wente, P.O. Box 217, 7500AE Enschede, Netherlands
Universidade de Brasília, Department of Mechanical Engineering, 70910-900 Brasília, DF, Brazil

 R T I C L E  I N F O

eywords:
on-Newtonian inelastic fluids
hear-thinning fluids
heological modelling
arameter identifiability properties
arreau–Yasuda model

 A B S T R A C T

The Carreau–Yasuda rheological model is widely employed in both research and industrial applications to 
describe the shear-thinning behaviour of non-Newtonian inelastic fluids. However, the model parameter 
traditionally employed to characterize the shear thinning response exhibits only a weak correlation with 
the actual shear thinning rate observed in experimental data. This limitation leads to intrinsic identifiability 
issues, which may result in misleading physical interpretations of the model parameters and unreliable flow 
predictions. Aiming to contribute to overcoming these issues, this paper introduces a novel heuristic rheological 
formulation for shear-thinning non-Newtonian inelastic fluids, as an alternative to the Carreau–Yasuda model. 
Analytical results and exemplary numerical case studies demonstrate that the proposed formulation is based on 
physically meaningful model parameters, whose identifiability is not compromised by the key limitations of the 
Carreau–Yasuda model. The new approach allows for effective parameter estimation through a straightforward 
direct identification strategy, eliminating the need for inverse identification procedures based on nonlinear 
regression techniques. Moreover, the proposed formulation naturally enables the identication of two Carreau 
numbers based on the two characteristic shear rates of the fluid.
. Introduction

Fluids used in a wide range of advanced applications exhibit a 
omplex non-Newtonian and nonlinear rheological behaviour, charac-
erized by a significant dependence of viscosity on shear rate and/or 
hear rate history. Typical examples can be found in biomedical en-
ineering [1–3], tribology and industrial processes for the production 
f lubricants and paints [4], plastic polymer manufacturing [5], food 
ngineering [6]. Among the different types of these complex fluids, in 
he following reference is made to the class of generalized Newtonian 
luids (GNFs), also known as viscous inelastic fluids, that exhibit shear-
hinning effects, as for the blood [7,8]. In this case, the actual shear 
tress depends on the shear rate at the current time and not upon 
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the history of the deformation rate [9], and it can be described via a 
generalized form of the constitutive equation of Newtonian fluids [5], 
in which the effective (or apparent) viscosity is a non-linear decreasing 
function of the shear rate. Specifically, such a nonlinear viscosity re-
sponse generally exhibits small decreasing rates (thereby corresponding 
to a quasi-Newtonian behaviour) for both low and high shear rate 
levels, with a significant nonlinear transition at intermediate shear 
rates [4,5].

Several empirical models can be found in the specialized literature 
to describe the rheological behaviour of GNFs with a shear-thinning 
response. The power-law (or Ostwald–de Waele) model [10,11], de-
fined by two model parameters, expresses the dependence of shear 
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stress on shear rate via a power law. It generally provides a suitable 
description of the nonlinear viscosity behaviour in flow regimes char-
acterized by intermediate shear rates. The Carreau model based on 
molecular theoretical considerations [12] and the Ellis model [5,13], 
are both formulated by introducing three model parameters. They 
capture the transition from the quasi-Newtonian regime at low shear 
rates to the highly nonlinear trend as the shear rate increases. The 
Cross model [14], defined by four model parameters, allows to capture 
the transitions between the quasi-Newtonian regime and the non-
Newtonian one at both low and high shear rates. The Carreau–Yasuda 
model [5,15], also known as the Bird–Cross–Carreau–Yasuda (BCCY) 
model [16], aims to provide a comprehensive description of the shear-
thinning behaviour by combining both the Cross and Carreau models 
and introducing the additional Yasuda parameter [15].

Specifically addressing the BCCY model, it is generally considered 
to be effective and highly versatile in describing the shear-thinning 
trend of complex fluids. It has been widely adopted in many advanced 
inherent applications, for instance, hemodynamics [8], plastic manu-
facturing [17], lubricant production [18], and food processing [19]. 
However, as highlighted by Gallagher et al. [16] in the context of the 
dynamics of the hematologic fluid, the BCCY model exhibits intrinsic 
limitations related to the identifiability of the parameters. The iden-
tifiability is defined as the capability to find a unique set of model 
parameters from experimental data gathered from a real system [20–
23]. This property is a critical aspect of the modelling process when 
model parameters are related to physical features of the analysed 
system (i.e., the fluid rheological properties) [20,22,23]. Specifically, 
Gallagher et al. [16] found that fitting experimental data using stan-
dard nonlinear regression procedures can yield multiple sets of model 
parameters that provide nearly identical fits of rheological data. This is 
due to the presence of large, flat regions in the cost surface around the 
optimal state. Despite producing almost indistinguishable rheological 
fits, these parameter variations can lead to significantly different and 
unreliable flow predictions, making it impossible to draw meaningful 
conclusions about the physical properties of the fluid. Furthermore, 
when the BCCY model is used to calibrate piecewise approximations 
— based on the assumption of a sharp viscosity transition between 
ideal Newtonian regions (at low and high shear rates) and a power-law 
behaviour at intermediate shear rates, which could be used to derive 
analytical solutions [24] — additional inconsistencies in parameter 
interpretation can arise, as it will be analysed in the following. These 
inconsistencies compromise the physical meaning and applicability of 
the estimated parameters, further limiting the robustness and reliability 
of the BCCY model in such scenarios.

In order to contribute to overcoming these identifiability issues, 
this paper proposes a novel heuristic rheological description for shear-
thinning inelastic fluids. Comparisons based on analytical closed-form 
assessments and numerical optimization procedures — considering 
both direct and inverse identification strategies — highlight the accu-
racy and reliability of the proposed rheological model. In particular, the 
results emphasize the clear physical significance of the model param-
eters and specifically of the shear-thinning index that predominantly 
influence the nonlinear response at intermediate shear rate levels. 
Moreover, they demonstrate that the proposed formulation is highly 
accurate and efficient even with a simple direct parameter estimation 
from experimental data, without requiring nonlinear regression proce-
dures. Furthermore, unlike classical approaches that typically refer to 
a single Carreau number [25,26], the proposed formulation naturally 
allows for the identification of two distinct Carreau numbers, each 
associated with one of the fluid’s characteristic shear rates.

The paper is organized as follows. Section 2 presents a critical 
analysis of the BCCY formulation. In Section 3, the novel shear-based 
rheological model is introduced, with analytical developments (comple-
mented by Appendix) providing theoretical insights into the improved 
physical interpretability of its parameters. Section 4 discusses identifi-
ability performance and numerical comparisons between the proposed 
2 
Fig. 1. Example case of the Bird–Cross–Carreau–Yasuda (BCCY) shear-thinning de-
scription in comparison with a power-law-based piecewise approximation defined in 
terms of the BCCY model parameters (PWABCCY), i.e. by considering 𝑁 = 𝑛, 𝜆0 = 𝜆, 
𝜆∞ = 𝜆(𝜇∞∕𝜇0)1∕(1−𝑛), 𝐾 = 𝜇0𝜆𝑛−1. Values of model parameters: 𝜇0 = 10mPa s, 
𝜇∞ = 1mPa s, 𝜆 = 5 s, 𝑛 = 0.5, 𝑎 = 2.0.

description and the BCCY model, presenting results of direct and in-
verse parameter estimation procedures based on available experimental 
data, and analysing their impact on a representative flow case study. 
Finally, concluding remarks are provided in Section 5.

2. An insight into the Carreau–Yasuda model

For incompressible GNFs, the constitutive relationship between the 
deviatoric stress tensor 𝝉 and the strain-rate tensor 𝑬 results in [5] 
𝝉 (𝛾̇) = 2𝜇 (𝛾̇)𝑬 = 𝜇 (𝛾̇)

(

∇𝒗 + ∇𝑇 𝒗
)

, (1)

where 𝒗 is the fluid velocity, ∇ denotes the gradient operator, and 
𝜇 (𝛾̇) is the effective viscosity depending on the scalar measure 𝛾̇ of the 
strain-rate tensor 

𝛾̇ = |2𝑬 | =
√

2 tr
(

𝑬𝑇𝑬
)

=
√

2 𝐼2 , (2)

with 𝐼2 being the second principal trace of the infinitesimal strain-
rate tensor [5,27,28]. Regarding GNFs that exhibit a shear-thinning 
behaviour and addressing the 5-parameters BCCY rheological formu-
lation, the effective viscosity in Eq. (1) may be described as [5,15] 

𝜇 (𝛾̇) = 𝜇∞ +
𝜇0 − 𝜇∞

[

1 + (𝜆𝛾̇)𝑎
]
1−𝑛
𝑎

, (3)

where 𝜇0 and 𝜇∞ (with 𝜇∞ < 𝜇0) are the zero-shear rate viscosity and 
the infinity-shear rate viscosity values (measured in [Pa s]) attained for 
very low and very high shear rate levels, respectively, 𝜆 (measured in 
[s]) is a characteristic timescale inversely proportional to the shear rate 
threshold marking the onset of significant shear-thinning effects [9,26], 
𝑎 is a dimensionless strictly-positive model parameter (generally greater 
than 1), also referred to as the Yasuda parameter [15] and which ad-
justs the transition between quasi-Newtonian regimes and the dominant 
shear-thinning response, and 𝑛 is a dimensionless index regulating the 
corresponding shear-thinning rate, such that 𝑛 ∈ (0, 1).

Referring to the example case shown in Fig.  1, the behaviour 
captured by the BCCY model is quantitatively consistent with typical 
experimental observations for many GNFs exhibiting shear-thinning 
responses [8,18,29,30] and is characterized by:

• a quasi-Newtonian regime at low shear rates (namely, for 𝛾̇ ≪
1∕𝜆), associated to a quasi-constant viscosity value 𝜇 ≃ 𝜇0;

• a strongly nonlinear shear-thinning response for intermediate 
shear rates (i.e., for 𝛾̇ > 1∕𝜆);
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• a quasi-Newtonian regime at high shear rates (namely, for 𝛾̇ ≫
1∕𝜆), associated to the asymptotic viscosity value 𝜇∞.

The range of shear rates where the fluid experiences a significant 
shear-thinning response is usually addressed as power-law region, since 
it can be effectively described by means of the Ostwald–de Waele 
power-law relationship [10,11]. In this case, it is possible to assume 
that 𝜏 = 𝐾𝛾̇𝑁 , where 𝜏 is a scalar measure of the shear stress, 𝐾
(measured in [Pa s𝑁 ]) is the so-called consistency index (with 𝐾 > 0), 
and 𝑁 is the dimensionless power-law index. Accordingly, the effective 
viscosity can be expressed as 𝜇(𝛾̇) = 𝜏∕𝛾̇ = 𝐾𝛾̇𝑁−1, corresponding 
to a straight line representation in a log–log graph: log10 𝐾 being the 
intercept of this line with the two axes, and the power-law index 𝑁
defining the line slope, equal to 𝑁 − 1. Consequently, a shear-thinning 
response is recovered by prescribing 𝑁 ∈ (0, 1). If outside from the 
power-law region the fluid is approximated as perfectly Newtonian, 
the viscosity dependency on the shear rate may be described via a 
power-law-based piecewise approximation (PWA), resulting in 

𝜇 (𝛾̇) =

⎧

⎪

⎨

⎪

⎩

𝜇0 for 𝛾̇ ≤ 1∕𝜆0
𝐾𝛾̇𝑁−1 for 1∕𝜆0 ≤ 𝛾̇ ≤ 1∕𝜆∞
𝜇∞ for 𝛾̇ ≥ 1∕𝜆∞

, (4)

where the continuous but sharp transitions between ideal Newtonian 
regimes and the shear-thinning region are identified by the time con-
stants 𝜆∞ and 𝜆0 (with 𝜆∞ < 𝜆0). It is worth observing that the defini-
tion of a PWA needs the setting of four model parameters (𝜇0, 𝜆0, 𝑁, 𝜆∞) 
that, since the continuity requirement at the characteristic shear rates 
𝛾̇ = 1∕𝜆0 and 𝛾̇ = 1∕𝜆∞, have to satisfy the following relationships 

𝐾 = 𝜇0𝜆
𝑁−1
0 = 𝜇∞𝜆𝑁−1

∞ ,
𝜇0
𝜇∞

=
(

𝜆∞
𝜆0

)𝑁−1
. (5)

A possible point of confusion might be how to introduce a PWA of 
the BCCY model. To this end, assuming the same values for 𝜇0 and 𝜇∞
in both the descriptions, as well as 𝜆0 = 𝜆, can be clearly considered as 
consistent choices. Accordingly, for a given value of 𝑁 , the consistency 
index 𝐾 and the time constant 𝜆∞ directly follow from Eqs. (5). But 
what about the value for the power-law index 𝑁? A possible direct 
choice might be to prescribe that the power-law index 𝑁 coincides 
with the BCCY model parameter 𝑛 [31]. Such an assumption is often 
implicitly enforced as a consequence of (or justifying) the usually-
adopted misleading notation, where the same symbol is generally used 
to indicate both 𝑁 and 𝑛 [4,5,16,25,28]. In the following, the PWA 
defined by enforcing 𝑁 = 𝑛 will be denoted as PWABCCY.

Referring to the example case introduced in Fig.  1, the compar-
ison between the behaviour predicted by the BCCY model and the 
corresponding PWABCCY highlights that:

• the PWABCCY and the BCCY descriptions are in good agreement 
in representing the onset of the nonlinear shear-thinning response 
at 𝛾̇ ≃ 1∕𝜆;

• for 𝛾̇ > 1∕𝜆, the PWABCCY exhibits a slope that significantly differs 
from the local BCCY slope across much of the power-law region;

• the nonlinear shear-thinning regime described by the BCCY model 
extends well beyond 𝛾̇ = 1∕𝜆∞, where the PWABCCY reaches the 
lower-bound viscosity value 𝜇∞.

The discrepancies revealed between BCCY and PWABCCY stem from 
the fact that the BCCY model parameter 𝑛 in Eq. (3) does not directly 
correspond to the power-law index 𝑁 used in the power-law descrip-
tion. Specifically, denoting by 𝑛′ the slope of the shear stress versus 
the shear rate in a log–log plot (namely, 𝑛′ = 𝑑(log10 𝜏)∕𝑑(log10 𝛾̇)) and 
focusing on the shear-thinning region, it is evident that 𝑛′PWA remains 
constant and equals 𝑁 , while 𝑛′BCCY varies with the shear rate and 
cannot be directly expressed solely in terms of 𝑛. Consequently, when 
experimental data are fitted by using the BCCY model, the fitting value 
for 𝑛 should not be considered as representative of the power-law index 
3 
𝑁 . Similarly, if the experimental shear-thinning regime is fitted by 
using the Ostwald–de Waele power-law relationship, the BCCY model 
defined by assuming 𝑛 = 𝑁 may not generally provide a good fit, as 
specifically addressed in Section 4.

This observation is formally supported by calculating the local 
slope BCCY = (𝑛′BCCY − 1) of the BCCY viscosity model in a log–log 
representation and normalized with respect to the power-law viscosity 
slope (𝑁 − 1). In detail, by referring to Eq. (3), it results in

BCCY =
𝑛′BCCY − 1
𝑁 − 1

= 1
𝑁 − 1

𝑑(log10 𝜇)
𝑑(log10 𝛾̇)

= 𝑛 − 1
𝑁 − 1

(𝜇0 − 𝜇∞)(𝜆𝛾̇)𝑎

𝜇∞ [1 + (𝜆𝛾̇)𝑎]1+𝛽 + (𝜇0 − 𝜇∞) [1 + (𝜆𝛾̇)𝑎]
,

(6)

where 𝛽 =
(

1−𝑛
𝑎

)

∈ (0, 1). It is simple to prove that Eq. (6) specialized 
to the case 𝑛 = 𝑁 implies the following inequality (see Appendix) 

0 < BCCY||𝑛=𝑁 <
1 − 𝜇∞∕𝜇0

1 + 𝜇∞∕𝜇0
[

(1 + 𝛽)1+𝛽∕𝛽𝛽 − 1
] ≡  < 1 . (7)

As a result, the dimensionless upper bound   decreases as the 
ratio 𝜇∞∕𝜇0 increases, becoming significantly smaller than one within 
the admissible range of 𝛽. This is clearly illustrated in Fig.  2, where 
  is plotted against 𝛽 for different values of the ratio 𝜇∞∕𝜇0. For 
completeness and referring to the example case addressed in Fig.  1, the 
normalized BCCY slope BCCY|𝑁=𝑛 introduced in Eq. (6) is also shown, 
revealing that the discrepancy between the local BCCY slope and the 
power-law one is always greater than 23%, resulting BCCY|𝑛=𝑁 ≤
0.77 <  ≃ 0.83,   being the corresponding value of  .

Therefore, the local slope of the BCCY-based behaviour in a log–log 
representation does not accurately represent the slope of a power-law 
description based on the BCCY model parameters, except in the limiting 
case 𝜇∞∕𝜇0 → 0+. In particular, the indices 𝑛 in Eq. (3) and 𝑁 in Eq. (4) 
have different meanings, and assuming the same value for them is not 
consistent. This issue can lead to a misleading physical interpretation 
of results obtained using the BCCY model, and may pose a significant 
challenge for BCCY model parameter identifiability when combined 
with power-law approximations.

3. A novel shear-based rheological description

In order to overcome the issues associated to the BCCY model and 
discussed before, a novel heuristic rheological description is herein 
proposed.

The rationale arises from the observation that the viscosity function 
𝜇(𝛾̇) in GNFs can be thought as the transfer function between the shear 
stress scalar measure 𝜏 and the applied shear rate 𝛾̇, the corresponding 
PWA being the asymptotic description of the Bode-like diagram. Such 
a transfer function, in agreement with both the previously-recalled 
physical evidence for shear-thinning inelastic fluids and basic concepts 
of the control theory, has to be characterized by the static gain 𝜇0, and 
by the presence of both a pole and a zero, each with a multiplicity 
of one. Specifically, the pole corresponds to the characteristic shear 
rate level 𝛾̇0 = 1∕𝜆0, which marks the decrease onset of 𝜇 from 𝜇0; 
the zero is associated to the characteristic shear rate level 𝛾̇∞ = 1∕𝜆∞
beyond which 𝜇 stabilizes towards the constant value 𝜇∞. Accordingly, 
the following rheological model is proposed: 

𝜇 (𝛾̇) = 𝜇0

[

1 +
(

𝜆∞𝛾̇
)𝛼

1 +
(

𝜆0𝛾̇
)𝛼

]
1−𝜂
𝛼

. (8)

This description involves five parameters: 𝜇0, 𝜆0, 𝜆∞, and the pos-
itive dimensionless quantities 𝛼 and 𝜂, which have meanings formally 
equivalent to those of 𝑎 and 𝑛, respectively, in Eq. (3). Thereby, when 
𝜆∞ < 𝜆0 and 𝛼 > 1, a shear-thinning behaviour is obtained if 𝜂 ∈ (0, 1).

It is worth noticing that, with respect to the BCCY model, the 
rheological description in Eq. (8) emphasizes the role of the time 
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Fig. 2. Case 𝑛 = 𝑁 . (a) Upper bound   introduced in Eq. (7) versus 𝛽 = (1−𝑛)∕𝑎 and for different values of the ratio 𝜇∞∕𝜇0. The quantity   identifies the value of   corresponding 
to the example case introduced in Fig.  1 (i.e., for 𝛽 = 0.25 and 𝜇∞∕𝜇0 = 0.1). (b) Shear rate dependency of the normalized BCCY slope BCCY|𝑛=𝑁 for the example case in Fig.  1.
constant 𝜆∞ as an independent parameter instead of 𝜇∞, this latter 
simply resulting for 𝛾̇ → +∞ from 

𝜇∞ = 𝜇0

(

𝜆∞
𝜆0

)1−𝜂
. (9)

In other words, dominant features of the shear-thinning response are 
assumed to be associated to the characteristic shear rate levels 𝛾̇0 = 1∕𝜆0
and 𝛾̇∞ = 1∕𝜆∞, that identify the shear rate range in which the highly 
non-Newtonian response occurs, rather than the asymptotic viscosity 
value associated to the quasi-Newtonian regime. For this reason the 
rheological description in Eq. (8) will be denoted in the following as 
shear rate-based model (SRB).

The proposed model is able to recover two other possible rheologi-
cal shear-thinning responses:

• In the limit for 𝜆∞ → 0+, Eq. (8) reduces to 

𝜇 (𝛾̇) =
𝜇0

[

1 +
(

𝜆0𝛾̇
)𝛼] 1−𝜂

𝛼

, (10)

that corresponds to the Yasuda model [15], or equivalently to 
the limit condition associated to the BCCY model for 𝜇∞ →

0+. This response is representative of a quasi-Newtonian regime 
characterized by 𝜇 ≃ 𝜇0 for small shear rates (i.e., for 𝛾̇ < 1∕𝜆0), 
followed by an indefinite shear-thinning behaviour for any value 
of the shear rate greater than 1∕𝜆0.

• In the limit for 𝜆0 → +∞, and accounting for Eq. (9), Eq. (8) 
reduces to 

𝜇 (𝛾̇) = 𝐾
𝛾̇1−𝜂

[

1 +
(

𝜆∞𝛾̇
)𝛼] (1−𝜂)

𝛼 , (11)

with 𝐾 = 𝜇∞𝜆𝜂−1∞ , which describes a shear-thinning behaviour for 
shear rates lower than 1∕𝜆∞ (with a viscosity singularity at 𝛾̇ = 0), 
followed by a quasi-Newtonian regime characterized by 𝜇 ≃ 𝜇∞
for 𝛾̇ > 1∕𝜆∞.

It is important to emphasize that the model parameter 𝜂 introduced 
in Eq. (8) furnishes, in comparison with 𝑛 in the BCCY description, a 
more effective representation of the power-lax index 𝑁 associated with 
a SRB-based PWA. As a matter of fact, the local slope SRB = (𝑛′SRB − 1)
of the SRB viscosity model in a log–log representation and normalized 
with respect to the power-law viscosity slope (𝑁 − 1), is

SRB =
𝑛′SRB − 1
𝑁 − 1

= 1
𝑁 − 1

𝑑(log10 𝜇)
𝑑(log10 𝛾̇)

=
𝜂 − 1
𝑁 − 1

𝛾̇𝑎
(

𝜆𝑎0 − 𝜆𝑎∞
)

[

1 +
(

𝜆0𝛾̇
)𝑎] [1 +

(

𝜆∞𝛾̇
)𝑎] . (12)

In order to perform a consistent comparison among the BCCY, PWA 
and SRB descriptions, from now on 𝜇  and 𝜇  are assumed to have the 
0 ∞

4 
same values in all the models, and the other parameters are assumed to 
satisfy the following consistency conditions (see Eq. (9)): 𝛼 = 𝑎, 𝜆0 = 𝜆, 
𝜆∞ = 𝜆0(𝜇∞∕𝜇0)1∕(1−𝜂), 𝜂 = 𝑛 = 𝑁 . In this case, it can be shown that 
(see Appendix) 

0 < BCCY < SRB < (SRB)𝑚𝑎𝑥 < 1 for 1
𝜆0

< 𝛾̇ < 1
𝜆∞

, (13)

where 

(SRB)𝑚𝑎𝑥 =
𝜆𝑎∕20 − 𝜆𝑎∕2∞

𝜆𝑎∕20 + 𝜆𝑎∕2∞

(14)

is the maximum value of the shear rate function SRB attained at 𝛾̇𝑚𝑎𝑥 =
(𝜆0𝜆∞)−𝑎∕2 ∈ (1∕𝜆0, 1∕𝜆∞).

In this case and for different choices of model parameters, Fig.  3 
clearly highlights that the SRB slope is significantly closer to the power-
law one within the overall shear-thinning regime than the BCCY case. 
Accordingly, the model parameter 𝜂 introduced in the SRB description 
is expected to be much more representative of the power-law index 
associated to a power-law-based approximation than the corresponding 
parameter 𝑛 appearing in the BCCY model. This is clearly confirmed by 
analysing Fig.  4 where, for different values of 𝜂 = 𝑁 , the nonlinear 
responses experienced by considering PWA and SRB descriptions are in 
a very good agreement each other, whereas the BCCY model defined 
by considering 𝑛 = 𝑁 significantly deviates from them within the 
shear-thinning region.

4. Model parameter identifiability and flow description

To highlight the parameter identifiability issues associated with the 
BCCY model and to demonstrate the superior identifiability perfor-
mance of the proposed SRB description, direct and inverse estimation 
procedures based on available experimental measurements are pre-
sented. Specifically, reference is made to the experimental viscosity 
data obtained by Colosi et al. [32] for a cell-laden hydrogel, which 
exhibits a typical shear-thinning response, that is a decreasing shear 
rate dependency of viscosity. For the sake of simplicity, the model 
parameters 𝛼 (for SRB) and 𝑎 (for BCCY) are assumed to be equal, 
and characterized by the a-priori fixed value 𝛼 = 𝑎 = 2 which 
gives accurate fits for many polymeric fluids and melts [5,28]. Finally, 
the performance of both rheological models in capturing the flow 
properties of a representative shear-thinning fluid is briefly discussed. 
Specifically, in order to clearly highlight the descriptive capability of 
the models, independent of possible effects related to the specificity of 
the application, reference is made to the simple case of a steady flow 
in a cylindrical channel.
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Fig. 3. Shear rate dependency of local normalized slopes BCCY (dashed lines) and SRB (continuous lines) introduced in Eqs. (6) and (12), respectively. Values of model parameters: 
𝛼 = 𝑎 = 2, 𝜆0 = 𝜆 = 5 s, 𝜆∞ = 𝜆0(𝜇∞∕𝜇0)1∕(1−𝜂), 𝜂 = 𝑛 = 𝑁 . (a) Case 𝑛 = 0.25. (b) Case 𝑛 = 0.5.
Fig. 4. Shear-thinning response associated to SRB, BCCY and PWA descriptions and 
by assuming 𝜂 = 𝑛 = 𝑁 , 𝜆0 = 𝜆, 𝜆∞ = 𝜆0(𝜇∞∕𝜇0)1∕(1−𝜂), 𝐾 = 𝜇0𝜆

𝜂−1
0 . Values of model 

parameters: 𝜇0 = 10mPa s, 𝜇∞ = 1mPa s, 𝜆0 = 5 s, 𝑎 = 2, 𝑛 = 0.5 (blue), 𝑛 = 0.1 (red).

Fig. 5. Direct parameter estimation based on a straightforward heuristic visual fitting 
of the experimental data reported in [32]. Comparison between the corresponding 
SRB and BCCY rheological descriptions, defined by the experimentally-derived model 
parameters summarized in Table  1 (𝑎 = 𝛼 = 2, 𝑛 = 𝜂 = 𝑁exp, 𝜆 = 𝜆0,exp).

4.1. Direct parameter estimation from experimental data

Parameters for both the BCCY and the SRB models are initially 
identified by using a direct estimation procedure from experimental 
5 
data, without employing iterative approaches based on nonlinear re-
gression techniques. Specifically, Fig.  5 shows the experimental data 
(represented by square symbols) as represented via a log–log plot in 
the plane (𝛾̇ , 𝜇). The adopted direct estimation procedure is defined by 
the following steps:

• Identification of asymptotic viscosity values. The experimental 
estimates for the asymptotic viscosity values, denoted as 𝜇0,exp
and 𝜇∞,exp are assumed to approximate the largest and small-
est viscosity experimental measurements, respectively. In Fig.  5, 
𝜇0,exp and 𝜇∞,exp are represented by horizontal dot lines.

• Identification of the power-law region. The power-law region is 
identified by considering the portion of the experimental data 
that in the log–log plot exhibits a linear trend. In the case under 
consideration (Fig.  5), such a linear trend is described through the 
straight dashed line passing through the experimental data points 
𝑋1 ≡ (𝛾̇1, 𝜇1) and 𝑋2 ≡ (𝛾̇2, 𝜇2). Accordingly, the experimentally-
deduced power-law parameters, namely the consistency index 𝐾
and the dimensionless power-law index 𝑁 , straightly result from

𝐾∗
exp =

𝜇∗
1 𝛾̇

∗
2 − 𝜇∗

2 𝛾̇
∗
1

𝛾̇∗2 − 𝛾̇∗1
, 𝑁exp = 1 −

𝜇∗
1 − 𝜇∗

2
𝛾̇∗2 − 𝛾̇∗1

, (15)

where 𝑞∗ = log10 𝑞.
• Determination of time constants. Since Eqs. (5), the
experimentally-based time constants 𝜆0,exp and 𝜆∞,exp are deter-
mined as follows: 

𝜆0,exp =
( 𝐾exp
𝜇0,exp

)

1
𝑁exp

−1

, 𝜆∞,exp =
( 𝐾exp
𝜇∞,exp

)

1
𝑁exp

−1

. (16)

The inverses of these constants correspond to the characteristic 
shear rate levels at which the power-law dashed line in Fig. 
5 intersects the two horizontal dotted lines representing the 
asymptotic viscosity values.

The values of model parameters derived from the experimental 
viscosity data through the described direct identification procedure are 
reported in Table  1. Assuming 𝑛 = 𝜂 = 𝑁exp and 𝜆 = 𝜆0,exp, Fig.  5 
represents a comparison between the rheological responses obtained 
from the BCCY and SRB descriptions. As it clearly appears, the SRB 
model demonstrates excellent fitting capability, whereas the BCCY 
model provides a good fit only in the transition region at 𝛾̇ ≃ 1∕𝜆0,exp, 
failing to accurately capture the experimental behaviour in the power-
law region and the transition towards the asymptotic quasi-Newtonian 
response at 𝜇 ≃ 𝜇∞,exp.

Accordingly, the herein-described simple direct estimation proce-
dure provides an effective and accurate SRB-based rheological de-
scription. However, it proves insufficient for the BCCY model, which 
requires an inverse identification procedure based on nonlinear regres-
sion techniques, as discussed in the following.
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Table 1
Values of model parameters derived through the direct estimation procedure from the experimental data reported in [32].
 𝜇0,exp 𝜇∞,exp 𝐾exp 𝑁exp 𝜆0,exp 𝜆∞,exp 
 [mPa s] [mPa s] [mPa s𝑁 ] [−] [s] [s]  
 60.0 8.0 28.2 0.571 5.812 0.053 
4.2. Inverse parameter identification through a nonlinear regression tech-
nique

Model parameter estimation is now carried out through a nonlinear 
regression procedure based on the maximum likelihood estimation 
method [33,34].

Due to the nonlinearity of the models under investigation, parame-
ter identification may depend on both the choice of data representation 
and the definition of the loss function [35–37]. In this study, to enhance 
fitting performance and enable meaningful model comparison, a log–
log data representation is adopted, and the lognormal mean absolute 
percentage error (LMAPE) is used as the loss function in place of 
the conventional sum of squared errors. Specifically, the optimization 
problem aims to determine the set of model parameters that minimizes 
the LMAPE, defined as: 

LMAPE = 1
𝑇

𝑇
∑

𝑖=1

|

|

|

|

log 𝑓𝑖
log 𝑏𝑖

− 1
|

|

|

|

, (17)

where the logarithm operator is taken to base 10, 𝑇  is the number 
of experimental measurements, 𝑏𝑖 denotes the 𝑖-th measured viscosity 
value, and 𝑓𝑖 represents the corresponding prediction provided by the 
rheological model.

In addition, the coefficient of determination 𝑅2 is employed as a 
supplementary metric for model comparison. In the context of nonlin-
ear regression, its definition can be adapted to the specific case in order 
to provide a quantitative measure of goodness of fit [34,38,39]. In this 
study, the coefficient of determination is defined as: 

𝑅2
LMAPE = 1 − LMAPE

1
𝑇
∑𝑇

𝑖=1
|

|

|

|

𝑦̄𝐿
log 𝑏𝑖

− 1
|

|

|

|

, (18)

where 𝑦̄𝐿 = (
∑𝑇

𝑖=1 log 𝑏𝑖)∕𝑇  represents the mean logarithmic experimen-
tal value. A value of 𝑅2

LMAPE close to one indicates that the rheological 
model closely fits the experimental data, while a value approaching 
zero suggests poor model accuracy [33,34].

Furthermore, to provide a more meaningful assessment of the good-
ness of fit in the context of nonlinear regression, the reduced chi-
square statistic 𝜒̄2 is also employed as an additional goodness-of-fit 
metric [40]. It is defined as: 

𝜒̄2 =
𝜒2

DoF = 1
DoF

∑𝑇
𝑖=1

(

𝑓𝑖 − 𝑏𝑖
𝜎𝑖

)2
, (19)

where DoF = (𝑇 −#) is the number of degrees of freedom, # denotes 
the number of model parameters, and 𝜎𝑖 is the standard deviation 
associated with the 𝑖th viscosity measurement. Specifically, a value 
of 𝜒̄2 ≈ 1 indicates a good fit; values significantly larger than one 
suggest a poor fit, while values much smaller than one may imply 
potential overfitting (i.e., the model also captures random noise in the 
data) [41,42]. Since the experimental data in [32] do not report values 
of 𝜎𝑖 they are assumed, in agreement with [40,43], to be 5% of the 
corresponding measured values 𝑏𝑖, for the sake of consistent model 
comparison.

As a result of an iterative numerical procedure implemented in 
the MATLAB environment (R2024b, MathWorks, MA, USA), Table  2 
summarizes the optimal parameter values computed for both the BCCY 
and SRB models. It is worth noting that, in accordance with the 
considerations presented in Sections 2 and 3, the parameter 𝜆∞ does 
not explicitly appears in the BCCY formulation, but is instead derived 
from Eqs. (5) once 𝜇0, 𝜆, 𝑛, and 𝜇∞ are determined. Conversely, 𝜆∞
directly appears in the SRB model introduced in Eq. (8), while 𝜇  is 
∞

6 
Fig. 6. Inverse identification of model parameters through numerical nonlinear regres-
sion. Comparison of the fitting performance of the SRB and BCCY models, along with 
their corresponding piecewise approximations (PWASRB and PWABCCY). The optimal 
values of the model parameters are summarized in Table  2.

derived from Eq. (9). Therefore, the parameters (𝜇0, 𝜆, 𝑛, 𝜇∞) for the 
BCCY model and (𝜇0, 𝜆0, 𝜂, 𝜆∞) for the SRB model are denoted as 
primary parameters, while 𝜆∞ for the BCCY and 𝜇∞ for the SRB model 
are referred to as derived parameters.

For completeness, Table  2 also reports the optimal LMAPE values 
along with the corresponding values for the coefficient of determination 
𝑅2
LMAPE and the reduced chi-square 𝜒̄2.
Specifically, the minimum LMAPE value obtained by the optimiza-

tion procedure for the SRB model is slightly higher than that of the 
BCCY model. Consequently, the coefficient of determination 𝑅2

LMAPE for 
the SRB model is marginally lower than that for the BCCY formulation. 
Accordingly, this outcome suggests that, based on the computed opti-
mal parameter sets, the BCCY model provides a slightly better fit to the 
experimental data compared to the SRB model. Nevertheless, the latter 
still exhibits very good fitting performance, as clearly illustrated in Fig. 
6, where the experimental data from Colosi et al. [32] are well fitted 
by both the SRB and BCCY models optimized through the numerical 
nonlinear regression.

On the other hand, the computed values of the reduced chi-square 
𝜒̄2 differ significantly, resulting in 𝜒̄2 ≈ 1 for the SRB model and 
𝜒̄2 < 0.1 for the BCCY one. Such a result confirms the good fitting 
performance of the SRB model, while also highlights a clear tendency 
of the BCCY model to suffer from potential overfitting.

The comparison between the values summarized in Table  2 and 
those reported in Table  1 reveals that the BCCY optimal parameters 
significantly differ from those obtained through the simple direct es-
timation procedure described in Section 4.1. In contrast, the direct 
identification procedure, based on a straightforward heuristic visual 
fitting approach, yields an estimation for the SRB model parameters 
that closely matches the optimal one numerically obtained via the 
iterative nonlinear regression strategy.

Let the power-law-based piecewise approximations PWASRB and 
PWABCCY be considered (see Eq. (4)), built up with the inverse iden-
tification results associated with the SRB and BCCY descriptions, re-
spectively. As shown in the comparison presented in Fig.  6, PWABCCY, 
despite being based on optimal parameters that ensure the best fit 
for the BCCY description, fails to effectively capture the experimental 
response. In contrast, PWA  exhibits an excellent agreement with 
SRB
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Table 2
Inverse identification of model parameters for SRB and BCCY rheological descriptions performed via a nonlinear regression 
procedure based on the maximum likelihood estimation method. Primary and derived (underlined) fitting values (𝑎 = 𝛼 = 2, 
𝑛∗ = 𝜂 and 𝜆∗ = 𝜆0 for SRB; 𝑛∗ = 𝑛 and 𝜆∗ = 𝜆 for BCCY).
 𝜇0 𝜇∞ 𝜆∗ 𝜆∞ 𝑛∗ LMAPE 𝑅2

LMAPE 𝜒̄2  
 [mPa s] [mPa s] [s] [s] [−] [−] [−] [−]  
 SRB 60.0 8.14 5.747 0.053 0.573 0.0155 0.93 0.96 
 BCCY 60.1 7.70 3.759 0.209 0.289 0.0034 0.98 0.09 
Fig. 7. Isolines of the likelihood surface (𝜆∗ , 𝑛∗) introduced in Eq. (20) (𝑛∗ = 𝜂 and 𝜆∗ = 𝜆0 for SRB; 𝑛∗ = 𝑛 and 𝜆∗ = 𝜆 for BCCY). Model parameters different from 𝜆∗ and 𝑛∗ are 
held fixed and equal to the optimal values summarized in Table  2. (a) SRB model: (𝜆0 , 𝜂); (b) BCCY model: (𝜆, 𝑛). ⊗: optimality condition computed via the inverse identification 
strategy; ♢: direct estimation state.
the experimental data, accurately reproducing both the power-law 
behaviour and the transition phases toward quasi-Newtonian regimes.

This result provides further compelling evidence of a critical identi-
fiability issue associated with the BCCY description, arising from the 
fact that the BCCY model parameter 𝑛 in Eq. (3) (𝑛 = 0.289 at the 
optimality condition) does not directly correspond to the power-law in-
dex 𝑁 used in the power-law description. Instead, the proposed results 
confirm that the power-law index 𝑁 is more accurately represented 
by the SRB model parameter 𝜂 in Eq. (8) (𝜂 = 0.573 at the optimality 
condition).

Finally, to demonstrate the greater robustness of the proposed SRB 
model in terms of identifiability features, particularly in comparison to 
the BCCY model, the variability of LMAPE associated to deviations of 
model parameters from the optimality condition is analysed. For the 
sake of simplicity, reference is made to 𝜆∗ and 𝑛∗ only (𝑛∗ = 𝜂 and 
𝜆∗ = 𝜆  for SRB; 𝑛∗ = 𝑛 and 𝜆∗ = 𝜆 for BCCY), as these primary 
0

7 
parameters play a key role in capturing the onset and evolution of 
the nonlinear shear-thinning response. Specifically, let the likelihood 
function  be defined as 

(𝜆∗, 𝑛∗) = LMAPE(𝜆∗, 𝑛∗, ̂) , (20)

where ̂ denotes the set of primary model parameters complementary 
to 𝜆∗ and 𝑛∗, which are held fixed at their optimal values (see Table  2). 
Fig.  7 presents the isolines of the likelihood surface (𝜆∗, 𝑛∗) obtained 
for the SRB and BCCY descriptions, highlighting how LMAPE varies 
from its optimal value when only 𝜆∗ and 𝑛∗ vary. For completeness, 
the result of the direct estimation procedure from experimental data is 
also indicated. Once again, it clearly appears that in the case of the SRB 
model the inverse and the direct estimation procedures give very close 
results, differently from the case of the BCCY description. Furthermore, 
the analysis of the isolines of (𝜆, 𝑛) obtained for the BCCY model (Fig. 
7b) confirms the findings provided by Gallagher et al. [16]. As a matter 
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Table 3
Primary and derived (underlined) fitting values of model parameters, obtained through the inverse identification procedure 
and based on synthetic data reported in Fig.  8 (𝑎 = 𝛼 = 2, 𝑛∗ = 𝜂 and 𝜆∗ = 𝜆0 for SRB; 𝑛∗ = 𝑛 and 𝜆∗ = 𝜆 for BCCY).
 𝜇0 𝜇∞ 𝜆∗ 𝜆∞ 𝑛∗  
 [mPa s] [mPa s] [s] [s] [−]  
 SRB 60.0 8.14 9.58 ⋅ 10−2 8.86 ⋅ 10−4 0.573 
 BCCY 60.1 7.00 6.25 ⋅ 10−2 4.24 ⋅ 10−3 0.300 
of fact, the BCCY likelihood surface exhibits a large flat region around 
the optimality condition. Consequently, significant variations of model 
parameters 𝜆 and 𝑛 can marginally affect the fitting of the experimental 
data, but they can lead to very different flow dynamics (as discussed 
in the following), making these parameters unreliable for inferring the 
physical properties of the investigated fluid.

By contrast, this identifiability issue is substantially mitigated in 
the proposed SRB model. The corresponding likelihood surface ex-
hibits steep gradients around the optimal condition, indicating that 
even small perturbations in 𝜆0 and 𝜂 result in significant variations 
in (𝜆0, 𝜂). Consequently, minor changes in the primary parameters 
can noticeably affect the fit performance of the model against the 
experimental data. This behaviour, combined with the fact that the 
SRB model parameters can be effectively estimated through a direct 
approach, underscores its superior identifiability properties, making it 
a more effective and robust alternative to the BCCY formulation.

4.3. A representative case of flow description

To further emphasize the previously stated observations regarding 
the impact of potential identifiability issues on the flow description 
of generalized Newtonian fluids, reference is made to the simple case 
of a steady flow in a pipe involving an exemplary shear-thinning 
incompressible fluid. This case can be considered representative of an 
extrusion-based bioprinting process [44–46]. In particular, a cylindrical 
nozzle is examined, where 𝑅 denotes the cross-sectional radius and 𝐿
the axial length (i.e., along the coordinate 𝑧). Accordingly, the steady 
flow is fully described by the following axisymmetric one-dimensional 
problem [5,46]:
1
𝑟
𝑑
𝑑𝑟

[

𝑟𝜇(𝛾̇)
𝑑𝑣𝑧
𝑑𝑟

]

+
𝛥𝑝
𝐿

= 0 for 𝑟 ∈ [0, 𝑅]

𝑑𝑣𝑧
𝑑𝑟

= 0 at 𝑟 = 0 (21)

𝑣𝑧 = 0 at 𝑟 = 𝑅

where 𝛥𝑝∕𝐿 = −𝑑𝑝∕𝑑𝑧 is the constant axial pressure gradient, 𝑣𝑧 = 𝑣𝑧(𝑟)
is the axial velocity component (the only non-zero component), 𝑟 is 
the radial coordinate, and 𝛾̇ is the scalar shear rate measure, given by 
𝛾̇ = |𝑑𝑣𝑧∕𝑑𝑟|.

The rheological description of the exemplary fluid has been defined 
considering a set of 50 synthetic data points representing a typical 
shear-thinning behaviour, and generated from the BCCY model with the 
addition of small lognormal noise (standard deviation 0.018), as shown 
in Fig.  8. The model parameters resulting from the numerical inverse 
identification procedure introduced in Section 4.2 are summarized 
in Table  3 for both SRB and BCCY. The corresponding rheological 
predictions are compared in Fig.  8. Furthermore, Fig.  8 illustrates the 
rheological predictions of both models when a variation in the primary 
model parameters 𝑛∗ and 𝜆∗ (that is, 𝑛 and 𝜆 for BCCY, and 𝜂 and 
𝜆0 for SRB) is introduced with respect to the optimality condition. 
Specifically, 𝑛∗ is increased by 15%, while 𝜆∗ is reduced by 15%, both 
relative to their optimal values (see Table  3).

Starting from the fluid rheological response, the steady velocity 
profile can be computed by solving the problem introduced in Eqs. (21). 
In particular, assuming 𝛥𝑝∕𝐿 = 175.0 Pa/mm and 𝑅 = 100 μm, Fig.  9 
depicts the velocity profiles associated with both the optimality condi-
tions and the perturbed ones, computed via a numeric finite-difference 
scheme. Specifically, referring to the optimal parameter values for 
8 
Fig. 8. Rheological response of a representative shear-thinning fluid defined by a set 
of 50 synthetic data points (square symbols). Optimal fittings (black lines) obtained 
through the inverse identification procedure for both the SRB (solid line) and BCCY 
(dashed line) formulations. The optimal model parameter values are summarized in 
Table  3. Red lines represent the rheological predictions when the primary model 
parameters 𝑛∗ and 𝜆∗ (𝑛∗ = 𝑛 and 𝜆∗ = 𝜆 for BCCY; 𝑛∗ = 𝜂 and 𝜆∗ = 𝜆0 for SRB) 
are perturbed with respect to the optimal condition.

the SRB model, the flow solution is characterized by a cross-sectional 
average velocity of 𝑉 ≈ 20 mm/s, corresponding to a flow shear-
rate measure 𝛾̇𝐹 = 2𝑉 ∕𝑅 ≈ 200 s−1. The Carreau numbers [25,26], 
computed with respect to the characteristic shear rates 𝛾̇0 = 1∕𝜆0 and 
𝛾̇∞ = 1∕𝜆∞, are Cu0 = 𝛾̇𝐹 ∕𝛾̇0 = 19.17 and Cu∞ = 𝛾̇𝐹 ∕𝛾̇∞ = 0.18, 
indicating an intermediate shear-thinning regime. Moreover, Fig.  9 also 
shows the analytical solutions derived by assuming the fluid response 
in the cylindrical nozzle as completely described by the Ostwald–de 
Waele power-law model, that is by considering 𝜇(𝛾̇) = 𝐾𝛾̇𝑁−1. In this 
case, the velocity profile is analytically represented by [5,46]: 

𝑣𝑧(𝑟) =
𝑁

𝑁 + 1

(

𝛥𝑝
2𝐿𝐾

)
1
𝑁 (

𝑅
𝑁+1
𝑁 − 𝑟

𝑁+1
𝑁

)

, (22)

where, accounting for Eq. (5), model parameters 𝐾 and 𝑁 are com-
puted via 𝜇0, 𝜆∗ and 𝑁 = 𝑛∗ (with 𝑛∗ = 𝜂 and 𝜆∗ = 𝜆0 for SRB; 
𝑛∗ = 𝑛 and 𝜆∗ = 𝜆 for BCCY) corresponding to the results of the inverse 
identification procedure (see Table  3).

The proposed results show that:

• The velocity profiles numerically computed using both the SRB 
and BCCY models under optimal conditions are very similar, with 
differences of less than 2%. Moreover, both models yield nearly 
the same cross-section average velocity 𝑉 .

• When model parameters deviate from their optimal values, the 
BCCY formulation continues to provide a reasonably accurate 
rheological description compared to the reference data, unlike 
the SRB formulation (Fig.  8). Specifically, the maximum devia-
tion between BCCY predictions and the reference data remains 
below 11%, whereas discrepancies in the SRB-based rheological 
description can exceed 60%.

• Although significant deviations from the optimal model param-
eters do not substantially affect the rheological response of the 
BCCY model, the resulting flow description can differ signifi-
cantly from the actual one (see Fig.  9). Specifically, consider-
able discrepancies arise when comparing the BCCY-based velocity 
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Fig. 9. Prediction of velocity profiles for a steady incompressible flow in a cylindrical 
channel (𝛥𝑝∕𝐿 = 175.0 Pa/mm, 𝑅 = 100 μm) when the rheological shear-thinning 
response in Fig.  8 is considered. Numerical predictions based on SRB (solid lines) and 
BCCY (dashed lines) models: comparison between velocity profiles associated with the 
optimality conditions (black lines) and the perturbed ones (red lines). Power-law-based 
analytical solution, described by Eq. (22) and obtained via the nonlinear regression 
results for both SRB and BCCY models, is also reported. The optimal model parameter 
values are summarized in Table  3.

profiles computed using the optimal and the perturbed param-
eters, with differences exceeding 17% (approximately 14% in 
the average velocity value). This evidence further confirms the 
identifiability issue of the BCCY model, as highlighted by Gal-
lagher et al. [16]. Conversely, since deviations from the optimal 
parameter values lead to significant changes in the rheological re-
sponse described by the SRB model (see Fig.  8), the corresponding 
velocity profiles coherently exhibit significant discrepancies (of 
approximately 40%).

• The analytical velocity profile in Eq. (22) obtained using the 
Ostwald–de Waele power-law model based on the SRB nonlinear 
regression exhibits excellent agreement with the optimal numer-
ical solutions, with differences lower than 4%. In contrast, the 
power-law analytical profile derived by employing model param-
eters obtained from the BCCY nonlinear regression shows signifi-
cant discrepancies compared to the optimal numerical solutions, 
with differences exceeding 17%. Given the values summarized 
in Table  3, this finding further confirms that the BCCY model 
parameter 𝑛 cannot be directly adopted — or straightforwardly 
identified — within a power-law description. Conversely, the SRB 
model parameter 𝜂 is better suited to approximate the power-law 
index 𝑁 . Therefore, the SRB formulation effectively overcomes 
the critical identifiability issues of the BCCY model, enabling 
a simple and efficient estimation procedure based on a direct 
approach.

5. Conclusions

The Carreau–Yasuda model (BCCY) is widely used to describe the 
shear-thinning behaviour of non-Newtonian inelastic fluids in many 
research and industrial applications. However, its parameter identifi-
cation through experimental data fitting is often affected by intrinsic 
identifiability issues, leading to misleading interpretations of model 
parameters and unreliable flow predictions. To address these limita-
tions, this paper proposed a novel rheological formulation specifically 
designed to mitigate such identifiability challenges.

Comparisons based on analytical arguments and numerical assess-
ments demonstrated that the proposed model relies on physically mean-
ingful parameters, whose identifiability is not compromised by the key 
issues affecting the Carreau–Yasuda formulation. The new approach 
allows for effective parameter estimation through a straightforward 
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direct identification strategy, eliminating the need for numerical in-
verse optimization procedures based on nonlinear regression tech-
niques. Moreover, the proposed formulation enables the identication 
of two Carreau numbers based on the two characteristic shear rates of 
the fluid.

The results presented in this study highlight that the novel model 
not only provides a robust and accurate description of shear-thinning 
fluids but also ensures improved reliability in flow predictions. By 
addressing the fundamental shortcomings of the BCCY model, this for-
mulation represents a promising alternative for advanced applications 
requiring precise rheological characterizations.

Future work may include the extension of the analysis to more com-
plex flow conditions, the comparison with other generalized Newtonian 
fluid (GNF) formulations, and the validation of the model against a 
broader range of experimental data. In particular, the identifiability 
properties of the proposed rheological relationship could be further 
investigated by performing uncertainty quantification on both the rhe-
ological parameters and the flow model parameters (e.g., geometry, 
reference velocity), as carried out by Kim et al. [47] for other GNF 
models. Moreover, potential applications span various fields, including 
industrial processes and biomedical systems, with particular relevance 
to bioprinting technologies [44–46] and the modelling of cell-laden hy-
drogels [48,49], where accurate prediction of shear-thinning behaviour 
is critical to preserve cell viability and achieve precise material deposi-
tion. The model also holds promise for advanced hemodynamic appli-
cations, for instance related to the influence of blood-vessel interaction 
in health and pathological tissue remodelling [50].
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Appendix

Consistently with symbols defined in Sections 2 and 3, and by 
assuming 𝛼 = 𝑎, 𝜂 = 𝑛 = 𝑁 , 𝜆 = 𝜆0, let the following notation be 
introduced 

𝑥 = (𝜆0𝛾̇)𝑎, 𝛽 = 1 − 𝑛
𝑎

, 𝑔 =
(

𝜆∞
𝜆0

)𝑎
, (A.1)

so that 
𝜇∞∕𝜇0 = 𝑔𝛽 , 0 < 𝛽 < 1, 0 < 𝑔 < 𝑔𝛽 < 1. (A.2)

Thereby, the shear rate range 1∕𝜆0 ≤ 𝛾̇ ≤ 1∕𝜆∞, that identifies the 
shear-thinning region, corresponds to 1 < 𝑥 < 1∕𝑔. Accordingly, Eqs. (6) 
and (12) can be recast as

BCCY(𝑥) =
𝑥(1 − 𝑔𝛽 )

(1 + 𝑥)[(1 − 𝑔𝛽 ) + 𝑔𝛽 (1 + 𝑥)𝛽 ]
, (A.3)

SRB(𝑥) =
𝑥(1 − 𝑔)

(1 + 𝑥)(1 + 𝑔𝑥)
. (A.4)

A.1. Proof of the inequality (7)

For shear rate levels inducing shear-thinning (i.e., for 𝑥 > 1), 
functions (1 + 𝑥)∕𝑥 and (1 + 𝑥)𝛽+1∕𝑥 are both strictly greater than one. 
Moreover, the latter attains its minimum value (1 + 𝛽)1+𝛽∕𝛽𝛽 > 1 at 
𝑥 = 1∕𝛽 > 1. As a result, and accounting for relationships (A.2), the 
following inequality holds

0 < BCCY(𝑥) =
1 − 𝑔𝛽

1+𝑥
𝑥 (1 − 𝑔𝛽 ) + (1+𝑥)𝛽+1

𝑥 𝑔𝛽

<
1 − 𝑔𝛽

1 + 𝑔𝛽
[

(1+𝛽)𝛽+1
𝛽𝛽 − 1

] < 1 , (A.5)

that corresponds to the inequality (7).

A.2. Proof of the inequality (13)

The derivative of Eq. (A.4) with respect to 𝑥 gives 
𝑑SRB
𝑑𝑥

=
(1 − 𝑡)(1 − 𝑥2𝑡)
(1 + 𝑥)2(1 + 𝑥𝑡)2

, (A.6)

resulting in sgn(𝑑SRB∕𝑑𝑥) = sgn(1 − 𝑥2𝑡). Since the function (1 −
𝑥2𝑡) is strictly decreasing for 𝑥 > 1 and it vanishes for 𝑥 = 1∕

√

𝑡, 
the corresponding stationary condition for SRB corresponds to the 
maximum value 

SRB

(

1
√

𝑡

)

= (1 −
√

𝑡)∕(1 +
√

𝑡), (A.7)

that is the Eq. (14).
In order to prove the inequality (13), let the function 𝛥(𝑥) =

SRB(𝑥) −BCCY(𝑥) be introduced. Since the strict positivity of both the 
denominators of BCCY and SRB when 1 < 𝑥 < 1∕𝑔, the sign of 𝛥
coincides with the sign of the following continuous function 
𝐹 (𝑥) = (1 − 𝑔)[(1 − 𝑔𝛽 ) + 𝑔𝛽 (1 + 𝑥)𝛽 ] − (1 − 𝑔𝛽 )(1 + 𝑔𝑥) . (A.8)

It can be simply shown that the solutions of the equation 𝐹 (𝑥) = 0 are 

𝑥1 = −1, 𝑥2 =
1
𝑔

(

1 − 𝑔
1 − 𝑔𝛽

)
1

1−𝛽
− 1 . (A.9)

Moreover, due to inequalities in (A.2), the following condition holds 

1 − 𝑔
1 − 𝑔𝛽

>
1 − 𝑔2

1 − 𝑔𝛽
=

1 − 𝑔
1 − 𝑔𝛽

(1 + 𝑔) > 1 + 𝑔 > (1 + 𝑔)1−𝛽 , (A.10)

that straight implies 𝑥2 > 1∕𝑔 > 1.
On the other hand, due to the continuity of 𝐹 (𝑥) and observing that 

𝐹 (0) = 𝑔𝛽 − 𝑔 > 0, it results 
sgn(𝐹 ) = sgn(𝛥) = +1 for 1 < 𝑥 < 1

𝑔
, (A.11)

that is equivalent to the inequality (13).
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