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The flow in a rapidly rotating cylinder forced by the harmonic oscillations of a small
sphere along the rotation axis is explored numerically. For oscillation frequencies less than
twice the cylinder rotation frequency, the forced response flows feature conical shear layers
emitted from the critical latitudes of the sphere. These latitudes are where the characteris-
tics of the hyperbolic system, arrived at by ignoring nonlinear, viscous and forcing terms
in the governing equations, are tangential to the sphere. These conical shear layers vary
continuously with the forcing frequency so long as it remains inertial. At certain values of
the forcing frequency, linear inviscid inertial modes of the cylinder are resonated. Of all
possible inertial modes, only those whose symmetries are compatible with the symmetry
of the forced system are resonated. This all occurs even in the linear limit of vanishingly
small forcing amplitude. As the forcing amplitude is increased, nonlinearity leads to
non-harmonic oscillations and a non-zero mean flow which features a Taylor columnar
structure extending from the sphere to the two endwalls in an axially invariant fashion.

Key words: waves in rotating fluids

1. Introduction

There has been, and continues to be, much interest in inertial waves due to their importance
to oceanic, atmospheric, astrophysical and industrial flows. Inertial waves in the interior
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of an homogeneous fluid rotating at constant angular velocity owe their existence to
the restorative nature of the Coriolis force (Greenspan 1968). When the container is
harmonically forced by a global body force, such as libration or precession, inviscid
eigenmodes of the container (Kelvin 1880) may be resonantly excited. These Kelvin modes
have a discrete but dense spectrum within the inertial range, corresponding to frequencies
less than twice the rotation rate of the container. In the inviscid limit, these modes are
neutral, so to observe them in a viscous physical setting, they must be forced. Forcing
at a frequency sufficiently close to the natural frequency of a Kelvin mode with small
spatial gradients may resonantly excite the Kelvin mode. The forcing will also drive
boundary layer separations at any inertial frequency resulting in shear layers consisting
of inertial wavebeams in the container (Wood 1966; Baines 1967; McEwan 1970). The
modes and wavebeams coexist, remain coherent, but nevertheless interact nonlinearly
(Lopez & Marques 2014; Wu, Welfert & Lopez 2018). The resonated modes at very
small forcing amplitudes are those whose spatio-temporal symmetries are consistent with
the symmetries of the body force and, for larger amplitude forcing, other modes with
different symmetries may be excited via triadic resonances (Lopez & Marques 2018; Wu,
Welfert & Lopez 2020). Apart from varying the frequency and amplitude of the body
force, differential forcing of the container introduces phase differences in the forcing which
further highlights the intricate interactions between the resonated container modes and the
forced wavebeams (Gutierrez-Castillo & Lopez 2017).

However, localised forcing of sufficiently small amplitude is not expected to resonate
container modes and only to lead to the emission of wavebeams. Oser (1957) solved for
the characteristics emitted from a small slender disk oscillating in the axial direction at
the centre of a cylindrical container in the linear inviscid setting, and then Oser (1958)
conducted laboratory experiments confirming that the conical shear layers emitted from
the oscillating disk matched the characteristics of the associated linear inviscid wave
equation. However, the experiments of Fultz (1959), also consisting of a small disk
undergoing small amplitude oscillations along the rotation axis of the cylinder in which it
was housed, suggested the excitation of the container modes when the forcing frequency
corresponded to a low-order Kelvin mode. Those experiments used dye visualisation and
a motor that was not able to keep the forcing frequency sufficiently constant, and so were
not definitive.

The structure of the conical shear layers emitted from a small disk oscillating vertically
in a rotating fluid-filled cylinder was more recently investigated by Messio et al. (2008)
using particle image velocimetry (PIV). Their primary goal was to verify the linear
inviscid inertial wave dispersion relation far from the disk, which they accomplished. An
additional finding of their experiments was the presence of a vorticity patch with non-
zero mean along the axis of the cylinder, suggesting the formation of a steadily rotating
column of radius comparable to the radius of the disk. This column existed not only for
forcing frequencies very much smaller than twice the rotation frequency (o < 252), which
would be consistent with Taylor columns (Taylor 1922, 1923), but essentially throughout
the inertial range o < 2£2. The axial vorticity in this column was found to be comparable
to or larger than the axial vorticity in the conical shear layers emitted from the edges of
the disk. This columnar feature could not be explained by the linear inviscid theory in
an unbounded domain, which predicts no fluid motion outside the conical shear layers
at finite forcing frequencies. The authors were concerned that the accuracy of their PIV
measurements may not be sufficient to resolve the details of the central columnar vorticity
patch, which they left open for future investigation.

In this paper, numerical simulations demonstrating the formation of a rotating column
along the axis above and below an oscillating sphere are presented. We introduce a
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small localised perturbation in the centre of the cylinder by harmonically oscillating a
small sphere of radius a in the axial direction with frequency 0 <o <22 and axial
displacement §. Both the cylinder and the sphere rotate at angular rate §2, as in some
experiments (Oser 1958; Messio et al. 2008). Our main purpose is to explore the
nature of the rotating column observed in the experiments of Messio et al. (2008) by a
systematic exploration of parameter space. As they noted, laboratory-scale experiments
face challenges in locally producing circularly polarised wavebeams that on the one hand
are not impacted by their reflections on the container wall, and on the other hand are of
sufficient strength to allow for an acceptable signal-to-noise ratio in their measurement.
This leads to large forcing amplitudes, where nonlinear effects may not be negligible,
and may be a major factor in the establishment of the columnar structure. Numerically,
we are able to control the strength of the nonlinear terms to systematically study their
contributions. Furthermore, by fully accounting for the rotating cylindrical container in
which the sphere is oscillating, we are able to capture the reflections of the conical
wavebeams and how the reflected wavebeams geometrically focus at the axis, as well as
how selected Kelvin modes are resonantly excited.

2. Governing equations and the numerical scheme

A circular cylinder of radius R and height H is filled with a fluid of kinematic viscosity v
and rotates about its axis at a constant angular rate £2. The ratio of the rotation time scale,
1/£2, and the viscous time scale, H 2 /v, gives the Ekman number
v
- QHY

The rapid rotation regime corresponds to E < 1. A small sphere of radius a, co-rotating
with the cylinder, is placed at the centre of the cylinder and is forced to harmonically
oscillate in the axial direction with frequency o and maximum axial displacement §.
A schematic of the flow system is shown in figure 1.

The system is non-dimensionalised using the sphere radius a as length scale and 1/£2
as time scale. The non-dimensional Navier—Stokes equations in the rotating reference
frame are

2.1)

du/dt+ - Vu=—-Vp—-22 xu+ayEViu, V-u=0, (2.2)

where p is the reduced pressure incorporating the centrifugal term, u is the velocity in
cylindrical coordinates r = (r, 6, z) € [0, ar] x [0, 2] x [-0.5ay, 0.5ay], the rotation
axis is £ = (0, 0, 1), and the radial and axial aspect ratios are ag = R/a and ag = H/a.

The velocity boundary conditions are no-slip, i.e. # =0 on the cylinder walls and
the surface of the sphere, except for the axial component of # on the sphere, which is
2wa cos(2wt), where the non-dimensional axial displacement amplitude and frequency of
the sphere are

a=348/a and 2w=0/52. (2.3)

For small «, the magnitude of the response flow velocity is proportional to o and it
is convenient to introduce the normalisation v =u /o = (u, v, w) and ¢ = p/«. Equation
(2.2) then becomes

dv/dt +a(v-V)v=—-Vq—22 xv+a}EV*v, V.v=0. (2.4)

The axial component of v on the sphere is
wg = 2w cos(2wt) (2.5
1024 A54-3
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Figure 1. Schematic of the flow system. The inset shows a snapshot of the axially oscillating sphere and
contours of axial vorticity ¢ at E=1.77 x 107°, @ =0.476 and w = 0.54, long after the flow transients have
subsided.

and the axial location of the centre of the sphere is
zs = a sinQwt). (2.6)

For sufficiently small «, the response flows are axisymmetric and synchronous with the
forcing. With the sphere oscillating axially about the centre, the system (2.4)—(2.6) is also
invariant to a half-period-flip spatio-temporal symmetry corresponding to a half-forcing-
period advance in time composed with an odd reflection about the cylinder half-height; its
action is

Hyyp 2 [u, v, wl(r, z, 1) = [u, v, —wl(r, —z,t +1/2), 2.7

where T = /w is the forcing period. In many experiments, the oscillating body is not
placed in the centre of the container. For example, Messio et al. (2008) placed their
oscillating disk on the axis at approximately 1/3 depth, so that the system is not Hjy,,
invariant. Furthermore, if the oscillating body is not centred on the axis, the response
flows will be non-axisymmetric. For example, Messio et al. (2008, figures 4 and 5)
show contributions from an azimuthal wavenumber m = 1, which they ascribe to ‘a slight
misalignment between the rotation axis and the cylinder symmetry axis’.

To diagnose the flows, we decompose the velocity into its linear, mean and nonlinear
fluctuating parts,

v=v0+7+7, (2.8)

where vg is the linear solution with ¢ =0 in (2.4); being linear, it has zero mean. The
time-average of v is

‘l T
g1 / v, 2.9)
0

The nonlinear fluctuations v also have zero mean.
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The linear solution vy is invariant to an additional odd reflection symmetry about the
cylinder half-height since with o« =0, the sphere is not displaced from the centre. The
action of this reflection on vg is

Ksym . [MO’ vo, wO](V’ <, t) = [u07 Vo, _wO](r, —Z, t) (210)

The vorticity of an axisymmetric flow is

Vxv=(,n¢)=(—1/rorv/dz, du/dz —ow/dr, 1/r drv/or). (2.11)
The action of Kjy,, on the components of the vorticity of vy is
Ksym : [509 1o, CO](’”, <, t) = [_EO’ —1o, EO](’”, —Z, t) (212)
For global measures of the response flows, we use the time-averaged enstrophy
1 T O.SaH arR
E=- / / / (V x v)?rdrdzdr, (2.13)
T Jo J-05ay JO
and the time-averaged kinetic energy
1 T 0.5apy ag
K= —/ / / v?r drdzdt, (2.14)
2t Jo J-0.5a5 Jo

The experimental results of Messio er al. (2008) are reported in terms of the axial
component of vorticity, {. We will use this to present our results, as well as the
azimuthal component of vorticity, n, as was done by Lopez & Marques (2014). These two
components of vorticity are readily measured experimentally via PIV in planes orthogonal
to the rotation axis (Messio et al. 2008) or in meridional planes (Subbotin 2020).

The system is governed by several non-dimensional parameters, and a comprehensive
exploration of the parameter space is extremely expensive. All simulations presented here
have E=1.77 x 107°, a g = 16 and ay = 32, similar to values used in the experiments of
Messio et al. (2008), and consider variations in « and w.

The governing equation (2.4), restricted to the axisymmetric subspace, is solved
numerically using a fractional step scheme. The method has been implemented in many
different scenarios and grid layouts (Verzicco & Orlandi 1996; Fadlun et al. 2000;
Pacheco et al. 2011) and only a brief overview is given here. Spatial discretisation is via
second-order-accurate finite-difference approximations on non-uniform meshes. Temporal
evolution is via a third-order Runge—Kutta scheme which treats the nonlinear terms
explicitly and the viscous terms implicitly. The stability limit due to the explicit treatment
of the convective terms is CFL < +/3, where CFL = St(lu jl/drij +lvij|/Qmrij) +
|wi j1/8zi ;) is the Courant-Friedrichs—Lewy number. The indexed quantities were
averaged at the centre of each computational cell. The time step 8¢ was selected from
several test cases such that CFL < 1.5 was maintained overall. The formulation allows
for variable 6t throughout a simulation, but this was not implemented in the present
study which is periodically forced. All results presented used 5 =0.00017. A second-
order in the space immersed boundary method is used to simulate the sphere, with the
finite difference grid clustered at the sphere in the radial and axial directions. Tests were
conducted with different grid sizes to verify grid independence of the results. Grid sizes up
to n, x n; =300 x 600 were tested. A grid resolution of n, x n, = 150 x 300 resulted in
a maximum difference in velocities at various probe locations of less than 1 % compared
with the finest grid, and this resolution has been used in the simulations presented in this
paper. To reach synchronous states, approximately 3000 periods were required.
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3. Results

The response flows have been computed over the frequency range 0.050 < @ < 0.995 using
steps in w no greater than 0.005, with additional refinements in regions of rapid variation
with w. These have been computed over several decades in forcing amplitude, from
o = 0.000476 to 0.476. The largest « corresponds to that used in the experiments of Messio
et al. (2008). We have also computed the linear response flow, corresponding to o = 0.
Figure 2(a) summarises the response flows in terms of their mean enstrophy £, while
figure 2(b) shows the same results in terms of £/w? to better appreciate the responses at
low w. As anticipated when formulating (2.4), the responses are essentially independent
of o, except for the largest @ considered.

The response diagrams in figure 2 show a myriad of peaks and troughs throughout
the inertial range. As noted by Lopez & Marques (2014), constructive or destructive
interferences between inertial waves and their reflections, as well as with resonated
cavity modes, contribute to peaks or troughs in the response diagram. It is likely
that these peaks and troughs are associated with resonantly driven low-order Kelvin
modes or retracing rays, but it is not a straight-forward exercise to establish this for a
variety of reasons. Although the Ekman number, E = 1.77 x 107, is reasonably small by
laboratory experimental standards (Le Bars et al. 2022), it is still large enough to cause
viscous detuning effects that make correlating the peaks to the associated inviscid mode
frequencies difficult (Wu et al. 2018). As for the retracing rays, if the sphere had zero radius
and was treated as a point source, then simple ray tracing could be employed, as is done in
other flows (Lopez & Marques 2014; Liu, Wang & Oberlack 2023), although even for those
simpler cases, the finite thicknesses of boundary layers and inertial shear layers complicate
the comparison between Navier—Stokes results and linear inviscid theory. Furthermore,
the sphere of finite radius does not simply emit a double conical sheet from a point, but
rather a complicated system of conical sheets from the critical latitudes on the sphere,
where the characteristics associated with the linear dispersion relation are tangential to
the sphere, as illustrated in figure 1. Similar double-cone structures result from vertical
oscillations of a sphere in a linearly stratified medium (Appleby & Crighton 1987; Voisin
1991; Voisin, Ermanyuk & Fl6ér 2011). The critical latitudes are symmetric in z and shift
smoothly with variations in w. For 0 < E < 1, these sheets are emitted from the boundary
layer on the oscillating sphere and tend to be viscously blurred. For E=1.77 x 107°,
they are reasonably distinguishable. Another possible contribution to the peaks in the
response is enhanced geometric focusing of various beams and reflected beams at the
rotation axis r = 0.

Supplementary movie 1 available at https://doi.org/10.1017/jfm.2025.918 shows
snapshots of the axial vorticity ¢ at the zero phase of the sphere’s oscillation at w = 0.005i
with 1 <i <190, for & = 0 (the linear response), « = 0.0476 (nonlinear, but synchronous)
and o =0.476 (nonlinear and non-periodic). The linear o =0 responses most cleanly
illustrate the structure of the nested conical shear layers, their blending with the boundary
layers on the sphere and the complicated manner in which their reflections play out. When
the reflections are near the corners where the cylinder sidewall meets the endwalls, there
can be a splitting of the compound shear layer. The linear cases also illustrate the geometric
focusing onto the axis due to curvature effects in the axisymmetric conical shear layers
(Lopez & Marques 2014). This is akin to the focusing singularities found in the linear
inviscid analysis of an oscillating sphere in a stratified medium (Appleby & Crighton
1987). This is also of the same nature as the geometric focusing that has been extensively
studied for an oscillating torus in a rotating flow (Duran-Matute et al. 2013; Liu e al. 2022,
2023; Mohamed et al. 2024), resulting in enhanced axial vorticity locally where the sheets
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Figure 2. Variations with o for « as indicated of (a) the mean enstrophy € and (c) the mean kinetic energy /C;
panels (b) and (d) show the same data as in panels(a) and (c), but scaled with ? to better appreciate the low-
frequency response amplitudes. Supplementary movie 1 shows snapshots of the axial vorticity ¢ at the zero
phase of the sphere’s oscillation at w = 0.005: for 1 <i < 190, for « as indicated.

1024 A54-7


https://doi.org/10.1017/jfm.2025.10918
https://doi.org/10.1017/jfm.2025.10918

https://doi.org/10.1017/jfm.2025.10918 Published online by Cambridge University Press

J.R. Pacheco, J.M. Lopez and R. Verzicco

w=0.115 w=0.153 w=0.218 =0.380 w=0.410 w=0.540
FiN

Mo o

]
% |

I

|
o —
%o

,/fi"\\\
o

-2 -1 0 1 2

Figure 3. Snapshots of the azimuthal vorticity 5o and axial vorticity ¢o at the zero phase of the forcing for
E=1.77 x 107°, & = 0 and o as indicated. Supplementary movie 2 animates these over one forcing period.

focus. In the oscillating torus studies, attention was placed primarily on the initial focusing
from the torus onto the axis and the fate of the conical sheets emitted to larger radii was not
considered. With the oscillating sphere, the conical sheets emitted to smaller radii focus
very close to the sphere and tend to be viscously blended with the boundary layer. The
sheets emitted to larger radii are reflected on the sidewall and endwalls a number of times
(depending on w), and in the process, cross the axis at various z where they undergo the
geometric focusing. The sign of the axial vorticity at emission from the critical latitudes
changes every half-period as a consequence of the spatio-temporal symmetry Hjy,,, and the
sheets emitted in the 4z direction have axial vorticity of the opposite sign to those emitted
in the —z direction. This all results in a sequence of regions of focused axial vorticity of
alternating sign up and down the axis. The radial extents of these focused regions are of
the order of the diameter of the sphere, smaller for small w and larger for large w.

3.1. Linear responses

We now look in detail at the linear responses, solutions to (2.4)—(2.6) with « = 0. Figure 3
shows snapshots of 1 and ¢y, the azimuthal and axial components of vorticity of the linear
responses (« = 0), at the zero phase of the forcing for various w. The four smallest values
of w correspond to the deepest troughs in the response diagram shown in figure 2(b). The
rest correspond to peaks at higher w. Supplementary movie 2 animates these over one
forcing period. The expected conical shear layers emitted from the critical latitudes of the
sphere are clearly evident, with cone angle consistent with the characteristic directions
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Figure 4. Snapshots of the pressure gg the zero and quarter phase of the forcing for E=1.77 x 107, ¢ =0
and w as indicated. Supplementary movie 2 includes animations of gg over one forcing period.

from the linear inviscid dispersion relation. Their reflections on the walls of the cylinder
and their geometric focusing as they approach the axis are also evident. At the small Ekman
number considered, E = 1.77 x 10~°, their viscous attenuation is small enough that they
survive several rounds of reflections. Also apparent are regular cellular structures that
appear to be standing waves in supplementary movie 2. These have features associated
with linear inviscid Kelvin modes at nearby frequencies (detuned by viscous effects).
Figure 4 shows snapshots of the pressure g at the zero and quarter phase of the forcing
corresponding to the response flows shown in figure 3. Looking at 19, ¢o and go helps to
distinguish contributions from the forced conical shear layers, their enhancements due to
retracing, and the resonant excitation of Kelvin modes. As the Ekman number is small,
but not zero, there are inevitable viscous detuning effects. These detunings come in two
flavours, one is that the inviscid Kelvin modes are resonated over a range of forcing
frequencies near their inviscid natural frequency with the peak forcing frequency not
exactly at the natural frequency, and the peak phase of the resonant response differs
from the peak phase of the forcing depending on how close are the forcing and natural
frequencies. These complicated detuning effects are illustrated in supplementary movie 2.
A number of things stand out from the animations. For the four smallest w, there is a
very clear indication from the pressure that standing waves are being driven, with a peak
response near, but not exactly, at the quarter phase. At the next value of w = 0.410, there
is a hint of the standing wave at the lower w = 0.380, but the pressure is dominated by
the shear layer structures which, at this w, correspond to a retracing ray state. Here, the
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shear layers emitted from the sphere reflect on one endwall, then at the sidewall, followed
by a reflection on the other endwall and then return to the sphere. There are other low-
order retracing ray responses at w = 0.700 and 0.890, and a higher order retracing ray
state at w = 0.540. The other responses at w = 0.605, 0.630 and 0.840 show standing wave
responses with peaks near the zero phase of the forcing, whereas the response at w = 0.770
seems to show a standing wave response, but it is masked by the shear layer response. To
better identify the standing wave responses, we next re-visit the linear inviscid Kelvin
modes.

The Kelvin modes, M, are the eigenmodes of the linear inviscid unforced system in
solid-body rotation, corresponding to (2.4) with E =« =0 and no sphere. In a cylinder,
separation of variables can be used to obtain these modes (Kelvin 1880). Marques &
Lopez (2015, Appendix B) give explicit expressions for the pressure, velocity and vorticity
fields to Kelvin modes with axial wavenumber n, radial wavenumber k& and azimuthal
wavenumber m. Here, we only consider the axisymmetric modes with m =0, M, x, and
these are standing waves. The azimuthal and axial components of vorticity and the pressure
of M, j are given by

. ni i o .
Nk (7, 2) sin(2oy, kt) = ——— J1(r") sin(nm z7) sin(2oy, k1), 3.1
I'oy rar
Cn i (ry 2) €080y, k1) = Sk Jo(r™) cos(nmz*) cos(20, k1), (3.2
kar%’kl“z

Gn .k (r, 2) cos(2oy k1) = Jo(r*) cos(nmz*) cos(2op k1), (3.3)
where ' =H/R =ag/agr, r* =8r/ag, z* =z/ag + 1/2, n and k are positive integers,
8 is the kth zero of the Bessel function Ji, and the intrinsic half-frequency oy is

given by
5 )-1/2
a
On k= {1 + (—"—H) } . (3.4)
nmw ar

The axisymmetric Kelvin modes M, x come in two flavours, depending on whether # is
odd or even. For odd n =2i 4 1, the M, ; have odd z-symmetry with

[m2i+1,k> Q2i41.k Qit1,4k)(T, 2, 8) = [=M2ik1 ks $2it 16> Qi1 k1, —2, 1),  (3.5)

whereas for even n = 2i, they have even z-symmetry with

[m2i k> C2ik> Qiv1.x1(r, 2, 1) = [M2ik, —C2ik, —q2i41,k1(r, —2, 1). (3.6)

Only the M), ; with n odd are consistent with the Kjy,, symmetry of vo. The regular
cellular standing wave structures of vg shown in figure 3 for the selected frequencies w, as
well as in supplementary movie 2 over many w, have the odd z-symmetry of the Kelvin
modes M2; 11 k.

There is a general expectation that since the Kelvin modes with small wavenumbers
are subjected to less viscous dissipation than those with large wavenumbers, imposing
temporally harmonic forcing at a frequency sufficiently close to that of a Kelvin mode
with small wavenumbers will resonate it (Aldridge & Toomre 1969). This is generally, but
not universally, true when the forcing is of a global body force type, such as precession or
differential rotation (Marques & Lopez 2015; Gutierrez-Castillo & Lopez 2017; Lopez &
Marques 2018). With the localised forcing from the oscillating sphere, we find that not
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Figure 5. Spatial structure of the azimuthal vorticity 7, x and axial vorticity ¢, x of the axisymmetric Kelvin
modes M, ; at their intrinsic frequencies o,  (rounded to six figures) that are nearby the frequencies of the
response flows shown in figure 3. Supplementary movie 3 animates these vorticity components of the Kelvin
modes over one period.

only the forcing frequency, but also the spatial scale of the forcing plays a role in selecting
the Kelvin mode that is resonated. Here, the diameter of the sphere dominates in setting
the length scale of the conical shear layers and, together with how their reflections
are distributed throughout the cylinder, play a role in selecting which Kelvin mode is
resonated.

Figure 5 presents plots of 1, x and ¢, x of the axisymmetric Kelvin modes M, ; at
their intrinsic frequencies o, x (rounded to six figures) that are nearby the frequencies of
the linear response flows vg shown in figure 3, and appear to have the same axial and
radial wavenumbers as the regular cellular standing wave structures of vg. The pressure
qn.k 1s not plotted as it has the same spatial structure as ¢, . The Kelvin modes tend to
have axial vorticity concentrated near the axis r = 0. This is due to the Kelvin modes
having radial structures given by Bessel functions due to curvature effects, 1/r d/0r,
associated with the cylindrical container, and the Bessel function Jy being maximal at the
axis. Comparing figures 3 and 5, and supplementary movies 3 and 2, it is evident that the
above-mentioned cases for which Kelvin modes are resonated are indeed so, and they have
varying degrees of phase detuning depending on w. For the retracing ray case at w = 0.700,
there is a hint of cellular structures in the o = 0 responses, especially in the pressure g,
which correlates very well with M 19 9 whose natural frequency is o199 = 0.716620. The
same is true of the retracing ray case at w =0.540 and M 3 19 with 013,10 = 0.535680.
These are Kelvin modes with large wavenumbers that are nevertheless resonated due to
the widths of the retracing shear layers being comparable to the wavelengths of the modes.
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Figure 6. Snapshots of ¢, ¢ and T for E=1.77 x 1075, o = 0.0476 and o as indicated. Supplementary
movie 4 animates ¢ over one forcing period.

However, the retracing ray case at w = 0.410 shows something different. From the vorticity
components 1o and ¢p, there is a hint of Mg 19 with g9 19 = 0.402112 being resonated, but
the pressure gg clearly indicates that M1 ; with o7 1 = 0.379311 is weakly resonated.

3.2. Nonlinear responses

The response diagrams in figure 2 show that the mean enstrophy and kinetic energy, global
measures of the flows, are essentially independent of o up to & ~ 0.0476. We now consider
in detail the responses at o = 0.0476 for the same w values considered for « =0 in the
previous section. Figure 6 shows snapshots of the axial vorticity ¢ for o = 0.0476 at those
values of w, and supplementary movie 4 animates these over one period. At this «, the
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response flows are still periodic and synchronous with the forcing, but they are nonlinear.
The figure also shows the time average ¢ and snapshots of the nonlinear fluctuations,
obtained by subtracting the mean ¢ and the linear response ¢ (from the previous section)
to obtain Z =¢ — ¢ — {o, in accord with (2.8).

The mean ¢ is strong for @ > 0.380, where shear layers emitted from the critical latitudes
intersect at the axis » =0, as well as where the other shear layers emitted from the critical
latitudes intersect at the midplane z = 0. For lower w, the response is too weak at this o (see
figure 2). For the peak (rather than trough) responses (@ > 0.410), there is an additional
contribution to ¢ in the form of a columnar region of positive (cyclonic) ¢ centred on
the axis, extending from the sphere to the top and bottom endwalls, and having a radial
extent somewhat less than the radius of the sphere. This is akin to the mean columnar
cyclonic vortex that emerges from the primary focusing of conical shear layers on the
axis due to an axially oscillating torus in a rapidly rotating container (Duran-Matute et al.
2013). In this columnar region, away from the sphere and the intersections of the shear
layers from the critical latitudes, ¢ is axially invariant, a so-called geostrophic zonal flow.
This is along the lines of the more general result of Kafiabad, Vanneste & Young (2021),
who state that geostrophic balance continues to hold in the presence of strong waves,
but that this balance applies to the Lagrangian mean flow. In other words, even though
the nonlinear flow with strong waves is not geostrophic, the mean flow is geostrophic.
In their oceanographic setting with the strong waves flowing on a background current, a
Lagrangian mean was needed. In our enclosed forced flow, taking the Eulerian temporal
mean suffices. So, the columnar structure on the axis of the mean flow may be thought of as
a Taylor column, steady and axially invariant, even though the flow from which it emerges
is neither steady nor axially invariant (compare ¢ with ¢ in figure 6 and supplementary
movie 4). _

Figure 6 also shows that the nonlinear fluctuations ¢ are particularly strong for the
retracing ray cases at @ =0.410 and 0.700, and slightly weaker for @ =0.540. These
cases have ¢ localised where the conical shear layers emitted from the critical latitudes
first intersect on the axis and the midplane. For w = 0.410, in addition to this localised
contribution, there are strong secondary conical shear layers emitted from the intersection
points. These have cone angles consistent with the linear inviscid dispersion relation
for twice the forcing frequency, 2w =0.820, which is still inertial. For w =0.54_and
0.700, the second harmonic 2w is no longer inertial and the nonlinear fluctuations ¢ are
localised evanescent waves. The nonlinear fluctuations in the viscous boundary layer of
the oscillating sphere are also localised to the boundary layer.

Increasing the forcing amplitude to o = 0.476, essentially corresponding to that in the
experiments of Messio et al. (2008), results in strongly nonlinear responses. Figure 7
shows the same quantities as figure 6, but for the higher o = 0.476. A number of features
stand out: the Taylor columns in ¢ are much more intense, roughly ten times as intense
as the forcing amplitude is ten times larger; the boundary layer on the oscillating sphere
tends to separate for w corresponding to the most intense response flows; and the responses
have broken the spatio-temporal symmetry Hyy;, and are no longer synchronous with the
forcing. This is evident from the I snapshots, but becomes immediately obvious from
the animations of ¢ in supplementary movie 5. A word of caution is warranted here, as
the simulations have been restricted to the axisymmetric subspace. It is possible, and
perhaps even probable, that the synchronous axisymmetric flow first loses stability by
breaking axisymmetry, rather than breaking the Hjy, symmetry first while remaining
axisymmetric. Determining this is not a trivial exercise, which we leave open for now.
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Figure 7. Snapshots of ¢, ¢ and Z for E=1.77 x 1075, « = 0.476 and o as indicated. Supplementary movie 5
animates ¢ over one forcing period.

To quantify the transitions from linear through weakly nonlinear to nonlinear responses,
figure 8 shows how the mean enstrophy, £(v), and the enstrophy of the mean flow, £ (v),
vary with « for the 12 values of w considered in figures 3, 6 and 7. In the weakly nonlinear
regime, as noted in § 2, the non-dimensional velocity u is expected to scale linearly with
o, and so the normalised velocity v = u/« should be independent of «, as should £(v).
This is borne out in figure 8 (as well as in the response diagrams in figure 2), with £(v)
only deviating away from its linear value at & = O for the larger values of « considered. In
the weakly nonlinear regime, the mean flow, u, would be expected to scale with a? and
so v should scale with «. With enstrophy being a squared quantity, this means that in the
weakly nonlinear regime, £(v) should scale with . This is only observed to be so for
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Figure 8. Variation of the mean enstrophy, £(v), and the enstrophy of the mean flow, £(v), with « for w as
indicated. For the low-frequency cases shown in panel (a), £(v) is scaled by ? and £(¥) by w*, while in
panels (b) and (c) for the higher frequency cases, they are not scaled. In each plot, the blue line has slope 2 and
the red line has slope 1, indicating a change from quasi-linear to nonlinear behaviour.

small ¢ <2 x 103 (indicated by the blue lines of slope 2), while for larger o, £(v) scales
linearly with « (indicated by the red lines of slope 1), and there is a notable deviation in
E(v) away from its linear value at these larger «. This change in the «-scaling of £(v)
indicates a transition from weakly nonlinear to nonlinear behaviour. This transition is at
an « that is over 200 times smaller than that considered in the experiments of Messio et al.
(2008).

4. Comparison with experiments of Messio et al. (2008)

So far, we have presented results involving a sphere oscillating about the centre of the
rotating cylinder. One may wonder if the choice of a disk rather than a sphere and its
placement on the axis closer to one endwall will have qualitative effects on the response
flows. In this section, we compare the response flows due to a sphere and a disk of the
same radius oscillating under the conditions of the experiments of Messio et al. (2008).
Specifically, the experiments had Ekman number E = 2.26 x 10~ (approximately 28 %
larger than that used in the rest of the paper), ag = 16.6667, ag = 40.0 (compared with
ar =16 and ag =32 used in the rest of the paper), and disk thickness to radius ratio
of 0.238. The disk was oscillated about the axial location z =4apy /21 with amplitude
o = 0.476 and a range of frequencies. We shall compare the sphere and disk responses at
the frequencies reported by Messio et al. (2008), corresponding to w = 0.24, 0.46, 0.66,
0.74 and 0.83. All the reported experimental results were from PIV measurements in a
plane orthogonal to the rotation axis at z = Say /42.

Figure 9 shows snapshots of the axial vorticity of the disk (top row) and sphere (bottom
row) under the conditions specified in the previous paragraph. The grey horizontal line
indicates the plane where PIV measurements were obtained in the experiments of Messio
et al. (2008). All the responses are synchronous, for both the disk and the sphere, as can
be seen from the animations of these responses over one forcing period in supplementary
movie 6. In contrast, the @ = 0.476 responses from § 3 were not periodic for the larger w;
see the w = 0.84 and 0.89 cases in supplementary movie 5. While the experimental results
are only reported for v =0.83 and smaller, the 28 % larger Ekman number used also
provides a corresponding larger viscous damping of the instability of the synchronous
response. We can compare the response at the experimental w with the responses for the
sphere at the centre at the same w by looking at the appropriate frames from supplementary
movie 1. The most striking difference is the lack of Hjy,, in the off-centre responses.
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Figure 9. Snapshots of the axial vorticity ¢ for E=2.26 x 1076, ag = 16.6667, ayg = 40.0, « = 0.476 and w as
indicated. The top row is for a disk and the bottom row for a sphere, both placed at the same axial location as in
the experiments of Messio et al. (2008). The grey horizontal line indicates the plane where PIV measurements
were obtained in those experiments. Supplementary movie 6 animates ¢ over one forcing period.

This has two immediate consequences: (i) it affects the pattern of reflected conical shear
layers — whether they retrace or not — and the conical shear layers emitted upwards have
stronger reflections than those emitted downwards as they travel shorter distances before
being reflected, further enhancing the asymmetry of the response; and (ii) since the
axisymmetric Kelvin modes are either odd or even functions in the axial direction, z,
having the disk or sphere oscillating about z # 0 makes directly resonating a Kelvin
mode highly unlikely — there is no hint of a Kelvin mode being resonated in figure 9
or supplementary movie 6. All that being said, comparing the response flows with the
on- and off-centre forcing in a small neighbourhood of the oscillating body (say, within
a couple of body diameters), the pattern of emitted conical shear layers are very similar.
Also, there are more differences between the oscillatory boundary layers of the disk and
sphere in the off-centre case than between the sphere oscillatory boundary layers in the
on- and off-centre cases.

Messio et al. (2008) also present radial profiles of the time-averaged and azimuthally
averaged squared axial vorticity obtained from PIV measurements of the velocity
components in a plane orthogonal to the axis at z = Sap /42 for the five frequencies shown
in figure 9. One of the authors of that paper (Frédéric Moisy, private communication)
very kindly provided us with those measurements, as well as additional measurements
at small radii which were not published. We have reproduced these data in figure 10(a),
where those data have been non-dimensionalised and normalised as we have done for our
velocity v, and taken the square-root to obtain a root-mean-squared (r.m.s.) measure, yys.
The figure also includes the corresponding radial profiles of ¢, for the disk and sphere
simulations shown in figure 9 and supplementary movie 6. We plotted the data as an
r.m.s measure because the data for r > 2 are very small compared with those for r <2
and would otherwise be swamped. The published experimental data (yellow symbols in
figure 10) correspond to r =2, and these roughly agree with our simulations, both for
the disk (blue lines) and the sphere (red lines). The agreements are probably not as good
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Figure 10. Radial profiles of ¢y, the square-root of the time average of the squared axial vorticity and of
the time average of the axial vorticity ¢, at z=S5ag /42 (the grey horizontal line shown in figure 9), for
E=226x10"°, ag =16.6667, ay =40.0, & = 0.476 and w as indicated. The yellow symbols are data from
Messio et al. (2008), non-dimensionalised as in the rest of the present paper, the black symbols are data from the
same experiments that were not published, but made available to us (Frédéric Moisy, private communication),
the blue and red lines are our simulations using a disk and a sphere, respectively, under the same conditions.

as they should be due to the sparse temporal data used to obtain the experimental time
averages. For each case, the experiments were phase averaged over 30 forcing periods,
with each period containing between 6 and 40 velocity field measurements, depending
on the forcing frequency. This was due to the constant sampling rate of the PIV set-up.
As a consequence, the time averages were probably not taken over an integer number of
forcing periods, and the number of time frames per period was small, especially for the
higher frequencies. The unpublished experimental data (black symbols) do indicate larger
responses for r < 2, but these are weaker than the simulation results, partially due to the
sparse temporal sampling (fixed at 8 Hz).

The squared vorticity data in figure 10(a) do not inform on whether the central vortex
atr < 11is cyclonic (positive mean ¢ ) or anticyclonic (negative mean ¢ ). The radial profiles
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in figure 10(b) are of the time-averaged axial vorticity, ¢, corresponding to the same
simulations as in figure 10(a). These quantify what is seen in figure 9 and supplementary
movie 6: for both the disk and the sphere, the mean central vortex is strongly cyclonic from
the axis to a little past the edge of the oscillating body, it is shrouded by a narrow weaker
anticyclonic sheath, and then remains essentially at zero for larger radii except where
conical shear layers (either primary or reflected) intercept the plane. This is in contrast to
what is reported from the experiments. Messio et al. (2008, figures 4 and 5) show negative
axial vorticity about the axis: ‘this vorticity patch at the centre also shows a significant non-
zero mean (anticyclonic vorticity), as can be seen in figure 5°. However, they also state that
‘the background rotation is clockwise’. The apparent clockwise background rotation is a
consequence of their PIV camera looking up from below; the horizontal velocity vectors
closest to the axis shown in their figure 4 also show clockwise rotation, which corresponds
to positive (cyclonic) axial vorticity, although their colourbar labels it as negative.

5. Summary and conclusions

By means of numerical simulations, the Navier—Stokes equations with no-slip boundary
conditions, a comprehensive study of the response flows in a rapidly rotating fully
enclosed cylinder driven by a small sphere oscillating harmonically at its centre has
been undertaken. Such a localised forcing in a rotating medium has been used in the
past to interrogate localised inertial waves experimentally, but attempts to reconcile
observations with the available theory that relies on a far-field approximation and a neglect
of the reflected inertial waves from the walls of the container were challenging. Further
complicating the reconciliation between experiments and theory is that the theory is linear,
whereas the experimental observations needed to be nonlinear to have an acceptable
signal-to-noise ratio for their measurements.

Numerically, we have considered the full inertial forcing frequency spectrum and forcing
amplitudes ranging from vanishingly small, to access the purely linear responses, to
amplitudes just large enough that the synchronised symmetric response flows at lower
forcing amplitudes lose stability. The simulations have been done in a parameter regime
comparable to that in the experiments of Messio et al. (2008). The primary response
is in the form of compound oscillatory conical shear layers emitted from the viscous
boundary layer on the sphere. Where these are emitted corresponds very well with the
critical latitudes on the sphere where the characteristic directions from the hyperbolic
system obtained from linear inviscid theory are tangential to the sphere, and the conical
shear layers follow those characteristic directions. This aspect of the response flows
is in agreement with the experimental observations. Not detected in the experiments
were resonated inertial cylinder modes, the Kelvin modes. The linear and the nonlinear
simulations found that at forcing frequencies close to the natural frequencies of some
Kelvin modes, those modes were resonantly excited. As is to be expected, the modes
resonated had symmetries compatible with the symmetry of the forced system. However,
the modes have a dense spectrum and there are many potential candidates to be resonated,
given the viscous effects associated with the small but finite Ekman number of the flows.
In some cases, particularly for the lower forcing frequencies, the lowest order modes (in
this case, those with vertical wavenumber equal to one) were resonated. This is compatible
with the fact that the lower order modes are subjected to less viscous damping. However,
for higher frequency forcing, higher order modes were resonated instead of lower order
modes with comparable natural frequencies. We surmise that these higher order modes
were preferentially resonated due to their spatial wavelengths being comparable to the
diameter of the sphere. So, the localised forcing does have a direct bearing on the form
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of the response, but the global nature of the container is ever present, both in the form
of resonated container modes as well as impacts from reflected inertial shear layers,
particularly at forcing frequencies where the reflected shear layers retrace back to the
sphere after a small number of reflections.

One of our initial motivations for undertaking this study was to reconcile the
experimentally observed columnar vortex patch, with a significant non-zero mean,
between the oscillating central body and the top and bottom endwalls of the container.
We show that this is indeed a part of the nonlinear response and that it amounts to a
Taylor column associated with the time-averaged flow, with its intensity proportional to
the forcing amplitude squared in the weakly nonlinear regime and linearly proportional to
the forcing amplitude for larger forcing amplitude where the response flow is nonlinear,
but still synchronous.

Supplementary movies. Supplementary movies are available at https://doi.org/10.1017/jfm.2025.918.
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