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Abstract

We formulate a new concept of asymptotic completeness for two-dimensional massless
quantum field theories in the spirit of the theory of particle weights. We show that this
concept is more general than the standard particle interpretation based on Buchholz’
scattering theory of waves. In particular, it holds in any chiral conformal field theory
in an irreducible product representation and in any completely rational conformal field
theory. This class contains theories of infraparticles to which the scattering theory of
waves does not apply.
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1 Introduction

The problem of asymptotic completeness in quantum field theory (QFT) has been a subject of
active research over the last two decades, both on the relativistic [15,24] and non-relativistic
side |12}/17-19,130]. However, all the results obtained so far concern Wigner particles, i.e.,
excitations with a well-defined mass. The problem of a complete particle interpretation in the
presence of infraparticles, i.e., particles whose mass fluctuates due to the presence of other
excitations, appears to be open to date in all the models considered in the literature. In the
present Letter we formulate a natural notion of asymptotic completeness for two-dimensional
massless relativistic QFT which remains meaningful in the presence of infraparticles. We
verify that a large class of chiral conformal field theories, containing theories of infraparticles,
satisfies this property.
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Since the seminal work of Schroer [29], infraparticles have remained a prominent topic in
mathematical physics. Their importance relies on the fact that all the electrically charged
particles, including the electron, turn out to be infraparticles [6]. In models of non-relativistic
QED scattering states of one electron and photons were successfully constructed by Frohlich,
Pizzo and Chen in |11]. In a more abstract framework of algebraic QFT a complementary
approach to scattering of infraparticles was proposed by Buchholz, Porrmann and Stein [10].
This theory of particle weights |14} 25 26] does not aim at scattering states, but rather
provides an algorithm for a direct construction of (inclusive) collision cross-sections. Very
recently the theory of particle weights was applied to conformal field theories by the present
authors [16]. We found out that any chiral conformal field theory in a charged, irreducible
product representation describes infraparticles. We also checked that in some cases these
infraparticles have superselected velocity, similarly to the electron in QED. However, the
question of complete particle interpretation of these theories was not addressed in [16]. We
answer this question (affirmatively) in the present work.

This Letter is organized as follows: In Section [2| we specify our framework and formulate
a generalized concept of asymptotic completeness (Definition . We remark that this is
an implementation of ideas from [8] in the setting of two-dimensional massless theories. In
Section [3[ we recall from |7] the scattering theory of waves, which are counterparts of Wigner
particles in this setting. We show that any theory which has complete particle interpretation
in the sense of waves satisfies also our generalized property of asymptotic completeness.
After this consistency check, we show in Section [] that any chiral conformal field theory in
an irreducible product representation is asymptotically complete in the generalized sense.
As a corollary, we obtain in Section [5] that any completely rational conformal field theory
has the property of generalized asymptotic completeness.

Acknowledgements. W.D. would like to thank D. Buchholz, J.S. Mgller, A. Pizzo, M. Por-
rmann, W. De Roeck and H. Spohn for interesting discussions on scattering theory. A part
of this work has been accomplished during the stay of Y.T. at Aarhus University. He thanks
J.S. Mgller for his hospitality.

2 The generalized concept of asymptotic completeness

In this section we fix our framework, list the main definitions and facts relevant to our
investigation and formulate the generalized concept of asymptotic completeness. We start
with a variant of the Haag-Kastler postulates [20] which we will use in this work:

Definition 2.1. A local net of von Neumann algebras on R? is a pair (A4,U) consisting
of a map O + A(O) from the family of open, bounded regions of R? to the family of von
Neumann algebras on a Hilbert space H, and a strongly continuous unitary representation of
translations R? 3 x +— U(x) acting on H, which are subject to the following conditions:

1. (isotony) If O1 C Oa, then A(O1) C A(O2).
2. (locality) If O1 L Og, then [A(O1),A(O2)] =0, where L denotes spacelike separation.
3. (covariance) U(x)A(O)U(x)* = A(O + z) for any = € R2.

4. (positivity of energy) The joint spectrum of U coincides with the closed forward light-
cone Vi = { (w,p) € R|w > |p| }.

We also introduce the quasilocal C*-algebra of this net A = |Jy g2 A(O).
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We assume that the spectrum of U coincides with V, rather than being included in,
because we are interested in the scattering theory of massless particles. It is indeed automatic
for dilation-covariant theories or theories of waves (see Section .

Our first task is to identify, in the above theoretical setting, observables which can be
interpreted as particle detectors. To this end, we have to list several definitions and results:
First, we recall that an observable B € 2 is called almost-local, if there exists a net of
operators { B, € 2A(O,) |r > 0}, s.t. for any k € Ny

lim 7*||B — B,|| =0, (2.1)
r—00

where O, = {(t,z) € R?||t| + |z| < r}. We also recall that the Arveson spectrum of
an operator B € 2 w.r.t. the group of translation automorphisms a,(-) = U(x) - U(x)*,
denoted by SpPa, is the closure of the union of supports of the distributions

(U1|B(p)Ws) = (2m) " /2 dxe~"P* (01| B(z) V) (2.2)
R

over all ¥y, ¥y € H, where p = (w,p), x = (t,x), pr = wt — px and B(z) := a,(B). Let

E(-) be the spectral measure of U. As shown in [2]|, for any B € 2 and any closed set

A C R?, it holds that

BE(AYH C E(A + SpPa)H. (2.3)

Next, we introduce the lightline coordinates w4+ = w—\%p, t = t% and define, for any § > 0,
the following subspaces of 2A:

Li;={B€2|B is almost-local and Sp”a C {wy < —§} is compact }. (2.4)

Following [1}/5], we construct particle detectors: For any e; > 0, B+ € L4, , T > 1 and
0 <n <1 we define

QL(B2) = [dthe(t) [ dw pl(a/(BLBL ), 25)

where hp(t) = |T|°h(|T|7¢(t —T)), 0 < e < 1 and h € C§°(R) is a non-negative function
s.t. [dth(t) =1 and f] € C*°(R) have the following properties: 0 < f <1, f/(x) =1 for
x>, fl(x)=0forx <0, f"(x) = fl(—x). Moreover, fl(x) ~1g, (x) as n — 0, where
1r, are the characteristic functions of the sets R4. For large positiveﬂ T and small 7 these
expressions can be interpreted as detectors sensitive to right-moving (in the (4) case) and
left-moving (in the (—) case) particles.

The operators Q1"(B.) are defined on the domain D = Unen E{(w,p) |w < n})H of
vectors of bounded energy. This is a consequence of the following abstract theorem due to
Buchholz, which we will use frequently in this paper:

Theorem 2.2 ( [5]). Let R®* 5 & — U(x) be a group of unitaries on H, B € B(H), n € N
and let B, be the orthogonal projection onto the intersection of the kernels of the n-fold
products B(x1)...B(xy,) for arbitrary x1,...,x, € R®, where B(x) = U(x)BU(x)*. Then
there holds for each compact subset K C R?® the estimate

E, /K dx (B*B)(x)E,

where AK ={x —y|z,y € K }.

<(n-1) /A _da (B B (2.6)

In the present Letter we consider only outgoing configurations of particles, since the incoming case is
analogous.



As noticed in [5], if B € £4 5 U L_ 5, then, for any compact set A, the range of E(A) is
contained in E,, for sufficiently large n due to relation . Exploiting almost-locality of B
one can replace AK on the r.h.s. of with R, obtaining a bound which is uniform in K.
Then E(A) [dx (B*B)(x)E(A) € B(H) exists as a strong limit of integrals over compact
subsets and

/ dx (B*B)(x)E(A) € B(H), (2.7)

since SpPa is compact.

The existence of the limits Q™" ¥ := limp o0 Qi’n(Bi)\Il, U € D, is not known in
general. If they exist for any ¥ € D, they define operators Q""" (B+) on D. We show that
these operators are translation-invariant in Lemma [A.1] (cf. Proposition 3.9 of [25]):

U(2)QE""(B£)U(2)" = QL""(Bx), « €R”. (2.8)

In particular, they preserve each spectral subspace of U. By the properties of functions f1
and . {Qoum7 (B+)}ne(0,1) are monotonously increasing (as 7 — 0) families of bounded
operators on H(A) = E(A)’H which are uniformly bounded. Thus there exist the limits
Q(By) = s-lim, 0 Q1"""(BL) as bounded operators on H(A). Since A is an arbitrary
compact set, Q3"*(B) can be consistently defined as operators on D, which also satisfy
-. Keeping the above discussion in mind, we define the following subsets of L4 s:

L. s={Br€Lyi;] QM (B)V := hm lim Qi’"(Bi)\I/ exists for any ¥ € D}.  (2.9)

0T—o00

Every vector from the range of Q9" (B;) (resp. Q°"*(B_)) contains an excitation moving to
the right (resp. to the left), whose energy is larger than e, /v/2 (resp. e_/+/2), and possibly
some other, unspecified excitations. The basis for this physical interpretation of particle
detectors is Proposition stated below.

Now, for any € > 0, we define the following subset of the spectrum of U

Acles,e ) ={(wy,w ) ER?|ey <w, <e;+e,e. <w_ <e_ +e} (2.10)

Let H. be the continuous subspace of the relativistic mass operator H? — P?  where (H, P)
are the generators of U. Then, in view of the above discussion, every non-zero vector of the
form

O = QUY(BL)Q(B_)U, W e E(Adey,e ))He, Bi€Llig (2.11)

describes two ‘hard’ massless excitations, the first moving to the right with energy e, /+/2 and
the second moving to the left with energy e_ /v/2, as well as some unspecified ‘soft’ massless
particles, whose total energy is less than v/2e. Since the motion of massless excitations
in two-dimensional Minkowski spacetime is dispersionless, we expect that such two-body
generalized scattering states span the entire subspace H.. (In fact, two excitations moving
without dispersion in the same direction can be interpreted as one excitation). In view of
the above discussion, we define the generalized asymptotic completeness as follows:

Definition 2.3. Suppose that for any ey, e_,e >0

E(Ac(er,e-))He = Span{ Q3 (BL)Q™ (B_)E(Ax(es,e_))He | By € Lae, 1, (2.12)

where cl means the closure. Then we say that the theory has the property of generalized
asymptotic completeness.



In the present Letter we show that this property is a generalization of a more standard
concept of asymptotic completeness in the sense of waves (Section . We provide a large
class of examples which are not asymptotically complete in the sense of waves, but have
the generalized particle interpretation in the sense of Definition (e.g. charged sectors of
chiral conformal field theories). However, we do not expect that the generalized asymptotic
completeness holds in all theories satisfying the postulates from Definition It may fail
in models with too many local degrees of freedom, as for example certain generalized free
fields. We refrain from giving concrete counterexamples here.

3 Theories of waves

In this section we consider a local net of von Neumann algebras (2, U) in a vacuum repre-
sentation. That is we assume, in addition to the properties specified in Definition the
existence of a unique (up to a phase) unit vector Q € #, which is invariant under U and
cyclic for A. Let H4 = ker(H F P), where (H, P) are generators of U, and let Ey be the
corresponding orthogonal projections. If each of the subspaces Hi contains some vectors
orthogonal to €, then we say that the net (2(,U) describes ‘waves’, which are counterparts
of Wigner particles in massless, two-dimensional theories. A natural scattering theory for
waves, developed by Buchholz in |7], is outlined below. We will show that theories which
are asymptotically complete in the sense of this scattering theory have also the property of
generalized asymptotic completeness, formulated in Definition 2.3 above.

Following |7], for any F' € 2( and T' > 1 we introduce the asymptotic field approximants:

Fu(hy) = / h () F (¢, 1)L, (3.1)

where hr is defined after formula (2.5)) above. We recall the following result:

Proposition 3.1 ( [7]). Let F € 2. Then the limits

OY(F) :=s-lim Fy (hr) (3.2)

T—o0

exist and are called the (outgoing) asymptotic fields. They depend only on the respective
vectors PP (F)Q = ELFQ and satisfy [P (F), P (F)] = 0 for any F, F' € 2.

Now the scattering states are defined as follows: Since 2 acts irreducibly on H (by the
assumed uniqueness of the vacuum), for any ¥y € Hy we can find Fy € A s.t. Uy = FL.Q
[28]. The vectors

out
Uy x U = O(FL )% (FL)Q (3.3)

are called the (outgoing) scattering states. By Proposition they do not depend on the
choice of F1 within the above restrictions. They have the following properties:

Proposition 3.2 ( [7]). Let ¥4,V € Hy. Then:

(a) (U, % U0 X W) = (U, W, ) (V_, )
+ — X4 —) — +5 ¥4+ —y X )y

out

(h) U@) (U, % U_) = (U(2)0,) % (U(2)V_), for z € R2,



If the states of the form span the entire Hilbert space, then we say that the theory
is asymptotically complete in the sense of waves. In this case, the representation U
decomposes into a tensor product of representations of lightlike translations and the spectrum
of U automatically coincides with V by the theorem of Borchers [3]. We will show below
that any such theory is also asymptotically complete in the sense of Definition 2:3] To this
end we prove the following fact:

Proposition 3.3. Let By € L4, and let V4 € Hy be vectors of bounded energy. Then

lim lim QT(BL)(. X U.) = (E4Q(By)W) % U_, (3.4)
n—0T—o0
lim lim QT(B_)(W, X W_) = W, X (E_Q(B_)¥_), (3.5)
n—0T—o0

where Q(By) := [ dax (BLBy)(x) are operators defined on D.

Proof. We prove only equality (3.4)), as (3.5)) is analogous. Let Fly € 2 be s.t. ¥ = FLQ.
Since ¥4 have bounded energy, we can ensure, by smearing with suitable test functions, that

out
Sp'*a are compact sets. Then it is clear that ¥ x ¥_ = O (F, )P (FL)Q is a vector
of bounded energy, and we can write

1B (FS(F)Q = [QT7(By), 82 (F)|9 (Fy )
+(FLQIN BB FR.  (36)
Let us first consider the second term on the r.h.s. of (3.6). We define
QT(By) = / dt h (1) / de 1, (/1) (B’ B4 )(t, ). (3.7)

We note that RZ"(B.) := QT (By) — QJTr’n(BJr) satisfies the assumptions of Lemma
Consequently,

lim RT7(B,)@$ (F)Q = lim [RD(By), Fe(hr)I = 0, (3.8)
—00

T—oo

where we made use of the fact that suppcg IRT"(BL)E(A)| < oo for any compact set A.
Now we compute

QL(By)¥, = / dt hy(t)e't / dx(B% By )(z)e P1w
R4

- / dt iy (£)e’ =Pt / " da(B1B.) @)V,

—t

—t
- _ / dt by (t)e!H =Pt /_ dx (B} By )(z) ¥

o

+([atneetPr - £,) [ aaBrpi @,

+E, / dx (B By)(x)Vy. (3.9)

Here in the first step we made use of the definition of H,. The second term on the r.h.s.
above tends to zero as T' — oo by the mean ergodic theorem. Let us show that the first term
on the r.h.s. of (3.9)) tends to zero as T' — oco. This is a consequence of the fact that

—t
lim de(B:By)(2)¥, =0 (3.10)

t—o00 — o
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which follows from the discussion after Theorem above. Thus we obtain
lim QY (By)Vy = EyQ(By)Vy. (3.11)
T—o0

To conclude the proof, we still have to show that the first term on the r.h.s. of (3.6]) tends
strongly to zero as T'— oo. This follows from the equality

Jim [[B(8)[Q1"(B4), F-(hr)| E(A)]| = 0, (3.12)

valid for any compact sets A, A’ C V., which is established in Lemma . In fact, let us
consider separately the two terms forming the commutator in (3.6)):

(B (PSP (P )Q = QB - (hr) Y (Fy)Q +0(1),  (3.13)
GO (FL)QY" (B ) O (FL)Q = 02 (FL) B4 Q(B1 )@Y (F4)Q + o(1)
= F_(hr) E£Q(B+) 3" (F1 )+ o(1)
= F_(hr)QT"(B)®Y (F)Q+0(1),  (3.14)

where o(1) denotes terms tending in norm to zero as T' — oo. In we used the fact
that Spf*a are compact and relation which gives suppeg |Q1" (B4 )E(A)|| < oo for
any compact set A. In the first and last step of we exploited (3.11]) and . >From
, and the compactness of SpP+a we conclude that mplies vanishing of
the first term on the r.h.s. of as T — co. U

Let us set Hy = %(H + P) and let E4(-) be the spectral measures of Hy|y, . It is
easily seen that the spectrum of Hy|y, is continuous, apart from an eigenvalue at zero.
(In fact, if W, is an eigenvector of Hyly,, then (VU |AU.) = (e+W |AeH+T ) =
(V2P | AtV2P Y ) = (U, ]|A(0, —v20) 0, ) = [|T,|2(QAQ) for any A € A by the
clustering property. Exploiting the fact that 2 acts irreducibly on H, we obtain that W, is
proportional to 2). We note the following fact, whose proof relies on some ideas from the
proof of Proposition 2.1 of [9]:

Lemma 3.4. Let 6 > 0, ¥ € Hy and suppose that BV = 0 for any B € L 5. Then
E.([0,00))¥4 = 0. (An analogous result holds for (+) replaced with (—)).

Proof. Let us choose b >a > 6,0 <¢e <a—3d and ¢ > 0. We choose functions fi € S(R)
s.t. supp fi C (=00, —0] is compact, fi(wy) =1 for wy € [=b,—a + el, suppf_ C [-2¢,2¢]
and f_(w-) =1for w_ € [—c,c]. Let f(x) = fy(t4)f-(t-). Since f(p) = fy(ws)f-(w-),
we obtain that A(f) = [z dz A(z)f(z) is an element of L 5 for any A € A(0), O C R?.
Thus, by assumption, A(f)¥, = 0. Making use of the fact that a,(A(f)) € L4 s for any
r € R?, we obtain that U(z)A(f)U(z)*¥, = 0, hence A(f)U(x)*¥, = 0 and consequently

E(As)A(H)E(A) T, =0, (3.15)
for any compact sets Ay, Ay C R2 Setting Ay = {(wy,w_) € R?|wy € [a,b],w_ €
[—c/2,¢/2]}, Ay = {(wi,w-) € R?|w; € [0,e],w— € [—¢/2,¢/2]} and exploiting the
properties of f, we obtain that

E(A2)AE(A1)T4L =0. (3.16)

As 2 acts irreducibly on H, (since we assumed the uniqueness of the vacuum vector), and
E(A3) # 0, (which follows e.g. from the existence of the vacuum), we conclude that
E(A)Y, = E ([a,b])¥ = 0. Since the spectrum of H, |y, is continuous, apart from
the eigenvalue at zero, we obtain that E([d,00))¥y = 0. O

Now we proceed to the main result of this section:
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Theorem 3.5. Let (2A,U) be a net of von Neumann algebras in a vacuum representation,
which is asymptotically complete in the sense of waves. Then it has the property of generalized
asymptotic completeness, stated in Definition [2.3

Proof. First, we note that the continuous subspace H. of the relativistic mass operator
H? — P? is given by
out
He=Hye X Hop, (3.17)
where Hi . = Ha N {Q}+ are the continuous subspaces of Hyly, . To justify this fact
one notes that, as a consequence of asymptotic completeness in the sense of waves, H, C

Hic O;t ‘H_ . and the only possible eigenvalue of H 2 _ P? is zero. (Non-zero eigenvalues can
easily be excluded with the help of the Haag-Ruelle scattering theory or by proceeding as in
Lemma below). Then it is readily checked that no vector from the subspace on the r.h.s.
of can be a corresponding eigenvector.

Making use of and of Proposition we obtain the following equality

out

E(Ac(er e-))He = Ex([er,ex +e))Hqe X E_([e—,e— +e])H_. (3.18)

Now we note that any vector ¥ € E(A)H, where A C R? is compact, can be expressed

as W=>  cmnVim 0>lét U_ ,, where U, ,,, € P(A")H4 form orthonormal systems, A’ C
R? is compact and Yo lemn|? < 0o. (See |16, Lemma A.2]). Hence, Proposition
and relation (2.7) entail that for any By € L4 ., and ¥ € D the limits Q"*(B+)¥ =
limy, 0 lim7 o0 Qi’"(Bi)\II exist. Consequently, it suffices to verify the following formula

Ei(ley,es +el)Hie =Span{ E;Q(B1)Ey ([eq, e +e)Hic| By € Lo} (3.19)

and its counterpart with (+) replaced with (—), whose proof is analogous. (We recall that
Q(B) was defined in Proposition 3.3). Since E;Q(By)E; is invariant under spacetime
translations, it is obvious that the subspace on the r.h.s. of is contained in the
subspace on the L.h.s. Let us now assume that the inclusion is proper i.e., we can choose a
non-zero vector ¥ € (Ey — Ey)Hy ¢, where By := E, ([e4, e +¢]) and Ey is the orthogonal
projection on the subspace on the r.h.s. of . By Lemma there is an operator
By €Ly, st. ByW, #0. Then it is easy to see that (¥ |Q(B;)¥,) # 0 which means
that (Ey — Eo)E+Q(B4)¥4 # 0. Hence ELQ(B4)Vy # 0 and ELQ(B1)Vy ¢ EgHyc,
which contradicts the definition of Ey. O

4 Chiral nets and infraparticles

In the previous section we showed that the generalized concept of particle interpretation,
formulated in Definition [2.3] is a consequence of a more standard notion of asymptotic
completeness in the sense of waves. We recall from [15]/16] that any chiral conformal field
theory in a vacuum product representation is asymptotically complete in the sense of waves.
Hence it is also asymptotically complete in the generalized sense.

It turns out that the range of validity of the generalized asymptotic completeness is not
restricted to theories of waves, but includes also some theories of infraparticles. We say that a
net of von Neumann algebras (2, U) describes infraparticles, if one or both of the subspaces
H are trivial, but there exist non-zero particle detectors Q9" (B+). As shown in [16],
any chiral conformal field theory in a charged irreducible product representation describes
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infraparticles. In this section we show that these theories of infraparticles are asymptotically
complete in the generalized sense.

Let us now briefly recall the construction of chiral conformal field theories, focusing on
these properties, which are needed in our investigation. First, we recall the definition of a
local net of von Neumann algebras on the real line:

Definition 4.1. A local net of von Neumann algebras on R is a pair (A, V') consisting of a
map L — A(Z) from the family of open, bounded subsets of R to the family of von Neumann
algebras on a Hilbert space K and a strongly continuous unitary representation of translations
R > s V(s), acting on K, which are subject to the following conditions:

1. (isotony) If T C J, then A(Z) C A(J).

2. (locality) If INJ = @, then [A(T), A(J)] = 0.

3. (covariance) Bs(A(ZT)) := V(s)AZ)V(s)* = A(Z + s) for any s € R.
4. (positivity of energy) The spectrum of V coincides with R .

We also denote by A the quasilocal C*-algebra of this net i.e., A= Jr-p A(Z). We assume
that it acts irreducibly on K.

Let (Ap, V1) and (Ag, Vi) be two nets of von Neumann algebras on R, acting on Hilbert
spaces K, and Kg. To construct a local net (2, U) on R?, acting on the tensor product space
H = K1, ® KR, we identify the two real lines with the lightlines I = { (t,z) € R?|zFt =0}
in R?. Let us first specify the unitary representation of translations

Ult, ) = Vi, (\2(7& - m)) @ Vk <\}§(t 4 x)) . (4.1)
The spectrum of this representation coincides with V.. due to property 4 from Definition
Any double cone D C R? can be expressed as a product of intervals on lightlines D = Z x J.
The corresponding local von Neumann algebra is given by 4(D) := Ap(Z) ® Ar(J), and for
a general open region O we put 2A(0) = \/p-n A(D). The resulting net of von Neumann
algebras (2, U), which we call the chiral net, satisfies the properties stated in Definition
If both K, and Kg contains translation invariant vectors, then we say that the net (2, U)
is in a vacuum product representation. Otherwise we say that it is in a charged product
representation. These two cases will be treated on equal footing in the remaining part of
this section.

We will show that any chiral net satisfies the generalized asymptotic completeness in the
sense of Definition As a preparation, we prove the following two lemmas.

Lemma 4.2. Let (A,V) be a local net of von Neumann algebras on R.
(a) For any 6 > 0, we define the following subset of A:
Ls={A(f)|Ae A(T), I CR,feSR),supp f C (—o0,—0] compact},  (4.2)

where A(f) := [dsBs(A)f(s). Suppose that BY = 0 for any B € Ls. Then we have
E4([0,00))¥ =0, where E4(-) is the spectral measure of V.

(b) The spectrum of V' is absolutely continuous, apart from a possible eigenvalue at zero.



Proof. The argument below, which is a one-dimensional version of the proof of Lemma [3.4]
relies on ideas from Proposition 2.1 and 2.2 of |9]. To prove (a) we choose b > a > § and
0 <& < a—34. We pick a function f € S(R) s.t. supp f C (—o0, —d] is compact and f(w) = 1
for w € [-b,—a + ¢]. Then A(f) € L5 and, by assumption, A(f)¥ = 0. Making use of the
fact that Bs(A(f)) € Ls for any s € R, we obtain

Eu (D) A(f)Ex(A1)¥ =0, (4.3)

for any compact sets Aj, Ag. Setting A; = [a,b], Ay = [0,¢] and exploiting the properties
of the function f, we obtain that

Eu(Ay)AE4(A)T = 0. (4.4)

Since A acts irreducibly on K, we conclude that E4([a,b])¥ = 0. Thus we obtain that either
E4([0,00))¥ =0 or V(s)¥ = eV for all s € R.

Let us now exclude the latter possibility: By Lemma 2.2 of [5], (stated as Theorem
above), we obtain that

/ ds (U|3,(B*B)¥) < oo (4.5)

for any B € Lg, 6’ > 0. This is only possible if B¥ = 0 for all such B. Proceeding as in
the first part of the proof, we conclude that V(s)¥ = ¥ i.e., 6 = 0, which is a contradiction.
This concludes the proof of (a).

To show (b), we pick 0 < € < § and note that

Span{ E4([6,0 + e])B*V | B € L5, ¥ € Ey([0,e])K} = Ex([6,6 +€])K.  (4.6)

In fact, any vector from FE4([6,d + €])KC, which is orthogonal to the subspace on the Lh.s.
is zero by relation and part (a) of the present lemma. Next, by irreducibility, for any
A(f) € Ls where supp f C (—o00, —d] we can find 4, € A(Z,) s.t. Ex([6,0 + ) A(f)* =
s-limy, 00 A (f)*. Consequently,

Span{ B*VU | B € L3, ¥ € E4([0,¢])K }*' D E4([0,6 + ])K. (4.7)
Now for any By, By € L5 and ¥y, ¥y € E4([0,])KC, we get

(B1W1[V(s) By Wa)| = |(W1|[Br, Ba(s)]V (5) W)
< P 12l 1By, Ba (s)11], (4.8)

which is a rapidly decreasing function of s. Making use of these facts and of the Plancherel
theorem, one easily obtains that (¥|E4(A)¥’) =0 for any ¥, ¥’ € E4((0,00))K and A C R
of zero Lebesgue measure. [

Lemma 4.3. Let (Ar,, W) and (Agr, Vi) be two nets of von Neumann algebras on R acting
on K1, and Kg, respectively, and let (A,U) be the corresponding chiral net. Then

Hc = ICL,C ® ICR,Ca (4'9)

where H, is the continuous subspace of H* — P? and KL r,c are the continuous subspaces of
VL/R-
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Proof. Let T1,/r be the generators of Vi, /g and Ep p their spectral measures. We obtain
from relation 1) that P = %(TL@)I—I@TR), H = %(TL®I+I®TR) and H? — P?2 =
2(T1, ® Tr). Thus it follows immediately from Lemma (b) that H. C Kpc ® Kre. To
prove the opposite inclusion, we have to show that the r.h.s. of does not contain any
cigenvectors of H? — P2, Let us therefore assume that there exists ¥ & Kiec ® Krye s.t.

(H? — P?)¥ = m?>¥U, m > 0. Then, for any Uy, /R € K /R,c, We can write

(TP, @ UR)|

\ g (V[dE(qr, qr) (¥, ® PR))|

= | / (U|dE(qe. qr)(Vr © V)

< [V, © UR|E(Hp) (V1 ® UR))?, (4.10)

where dE(qr,, qr) = dE1,(q1,) ® dER(gr) is the joint spectral measure of (H, P) expressed in
the lightcone coordinates ¢, := %, qr = L\;;' Here H,, = { (qr,qr) € R% | qLgr = m?/2}
is the hyperboloid at mass m (or the boundary of the lightcone in the case m = 0) and the
second equality in follows from the assumption that ¥ is an eigenvector of H? — P2,
The measure (¥, @ Y|E(-)(Vy, ® Ur)) appearing in the last line of is a product
of Lebesgue absolutely continuous measures by Lemma (b), hence it is also absolutely
continuous. Since H,, has Lebesgue measure zero, the expression on the r.h.s. of is
zero. Thus W = 0, which concludes the proof. [J

Remark 4.4. We note that the above lemma could be proven without exploiting the absolute
continuity of the spectral measures. In fact, for any two positive operators 11,, Tg with empty
point spectrum, the operator 11, ® Tr also has empty point spectrum. This follows from
the elementary fact that if ur,, ur are two measures on R without an atomic part, then the
product measure uy, X ug of any hyperboloid is zero.

Now we are ready to prove our main result:

Theorem 4.5. Any chiral net (U, U) satisfies generalized asymptotic completeness in the
sense of Definition [2.5

Proof. First, we obtain from Lemma
E(Ac(eq,e-))He = Er([e4, e+ +€])Kic ® Er([e—, e~ +¢€])KRc, (4.11)

where Ky, g and Ep gr(-) are the continuous subspaces and spectral measures of Vi, /g.
Now let Ly,)r s C Ap/r be sets defined as in (4.2). It is easy to see that if By, € Li, and
Br € LRe_,then B, ® I € L., and I ® Bgr € L_._. Moreover, we obtain

lim lim Q1"(By @ I)(¥1,@ ¥r) = (Q(BL)¥L) @ Wr, (4.12)
lim lim QT"(1 % Br)(Vr® ¥r) = W@ (Q(Br)¥r), (4.13)

(L/R %
where Q(BL/R = fdsﬁ / ) BL/RBL/R)’ \IJL/R S EL/R(AL/R)’CL/R and AL/R C R are
compact subsets. To verlfy relatlon 4.12)), we note that

lim Q1"(By ® I)(¥y, ® Ug)
T—o0

T—o0 o
= (Q(BL)¥1) ® Vg, (4.14)
11

= lim ( [ dthr(t) Oodsf+(1—s/t) (Bi BL)¥y, ) @ Uy
(Jaurmto | i)



where in the last step we made use of the fact that the sequence a — ffa ds ﬁiliz/i(BfBL)‘I’L

converges, as a — 00, in the norm topology of Ky, (cf. Theorem[2.2) and t — (f(1—s/t)—1)
converges to zero, as t — 0o, uniformly in s € [—a,a]. Equality (4.13]) is proven analogously.

As a consequence of (4.11)), (4.12)) and (4.13)), we obtain

QY (B, ® I)Q°™(I ® Br)E(Ac(es, e ))He
= Q(Br)EL(le4, e+ +€])KLe ® Q(Br)Er([e—, e~ +€])Kryc, (4.15)

where we used Lemma A.2 of [16], as in the discussion after formula (3.18) above. To
conclude the proof, it suffices to show that

Er(le4,eq +€])Kre = Span{ Q(Br)Er([es+,e+ +¢€])Kre|BL € Li e, 1 (4.16)
Er(le—,e— +¢])Kre = Span{Q(Br)Er([e_,e_ +¢])Kre|Br € Lre. }. (4.17)

It is enough to prove the first equality above, as the second one is analogous. We proceed
similarly as in the proof of Theorem @k By the translational invariance of Q(By,) it is obvious
that the subspace on the r.h.s. of @ is contained in the subspace on the 1.h.s. Let us now
assume that the inclusion is proper, i.e., we can choose a non-zero vector ¥ € (E; — Ey)Hc,
where Ey := Ep([e4,eq + €]) and Ej is the orthogonal projection on the subspace on the
r.h.s. of . By Lemma there is an operator By, € Ly, ., s.t. BV # 0. Then it is easy
to see that (V|Q(BL)¥) # 0 which means that (E; — Ey)Q(BL)¥ # 0. Hence Q(BL)¥ # 0
and Q(Br,)¥ ¢ EyKy, ., which contradicts the definition of Ey. O

5 Completely rational conformal nets

In this section we consider particle aspects of completely rational conformal nets, whose
definition is summarized below. This class contains massless two-dimensional theories in a
vacuum representation which are not asymptotically complete in the sense of waves. Never-
theless, as we show below, they have the property of generalized asymptotic completeness.

In the previous section we introduced the concept of a local net (A, V') of von Neumann
algebras on R. Suppose that A extends to a local net on the circle S! (understood as a
one-point compactification of R) and V' extends to a unitary representation of the universal
covering of the Mobius group Méb, s.t. covariance still holds. Then we call the extension
(resp. the original net) a Mbius covariant net on S* (resp. on R). Similarly, if V extends
to a projective unitary representation of the group of orientation preserving diffeomorphisms
of S, denoted by Diff(S?), s.t. covariance still holds and V(g)AV (g9)* = A if A € A(Z) and
g € Diff(S') acts identically on Z, then we say that the extension (resp. the original net) is
a conformal net on S! (resp. on R).

A conformal net (A, V) on S is said to be completely rational [23] if the following
conditions hold:

1. Split property. For intervals Z;,Zo C S', where 7; C Iy, there is a type I factor F
such that A(Z;) C F C A(Zy).

2. Strong additivity. For an interval Z and Z;,Z, which are made from Z by removing
an interior point, it holds that A(Z) = A(Z;) vV A(Zy).

3. Finite p-index. For disjoint intervals Z;,7Z5,7Z3,7Z4 with a clockwise (or counter-
clockwise) order and with the union dense in S!, the Jones index of the inclusion
A(Z1) vV A(Z3) € (A(T) V A(Zy)) is finite.

12



Among the consequences, we recall that a completely rational net A has only finitely many
sectors and any (locally normal) representation of A (on a separable Hilbert space) can be
decomposed into a direct sum of irreducible representations |23].

Now let (2, U) be a local net of von Neumann algebras on R? in a vacuum representation.
(A, U) is said to be Mobius covariant if the representation U of translations extends to
the group Méb x Mob and the covariance still holds in the sense of local action (see [4]). If
U further extends to a projective unitary representation of the group Diff(S!) x Diff(S*)
which acts covariantly on the net, and it holds that U(g)AU(g)* = A if A € A(O) and
g € Diff(S?) x Diff(S!) acts identically on O, then the net 2l is said to be conformal. See
also |22| for a general discussion on conformal nets on two-dimensional spacetime.

We define subgroups Gy, := Mab x > X {t} € Mdb x M&b and Gy := {1} x Méb C M&b x Méb,
where ¢ denotes the unit element in Mab. Following [27], for any interval Z C R, we introduce
the von Neumann algebra Ay (Z) = 20(Z x J) NU(GRr)’". This definition does not depend on
the choice of J, since the group Mi'o;b acts transitively on the set of intervals. Analogously,
one defines AR (J) := A(Z xJ)NU(GL)'. In this way we obtain two families of von Neumann
algebras parametrized by intervals contained in R. It was shown by Rehren that both Arp,
and Ag extend to Mdbius covariant nets on the circle St [27, Section 2]. If the net (A, U)
is conformal, then both chiral components Ar, and Ag are nontrivial. Indeed, they include
the net generated by the diffeomorphisms of the form gy, x id and id X ggr, respectively. Such
nets, generated by diffeomorphisms, are called the Virasoro (sub)nets.

We say that a conformal net (2, U) on R? is completely rational if its chiral components
Ar, Ag are completely rational. From the two nets Ay, and Ag we can construct the chiral net
A1, ® Ag as in the previous section, which can be naturally identified with a subnet of . It is
easy to see that the inclusion Ap(Z) ® Ar(J) C A(Z x J) is irreducible (namely, the relative
commutant is trivial). Indeed, any element in A(Z x J) commutes with diffeomorphisms
supported outside Z x J, which are contained in Ap(Z') ® Ar(J'), where Z' denotes the
interior of the complement of Z (in R or in S*, which does not matter thanks to the strong
additivity). By the strong additivity, an element in the relative commutant must commute
with any diffeomorphism. Hence it must be a multiple of the identity, since 2l is in a vacuum
representation. From this and the complete rationality, it follows that the Jones index of
the inclusion Ar(Z) ® Ar(J) C A(Z x J) is finite |21, Proposition 2.3]. Thus the natural
representation g of A, ® Agr on the Hilbert space H of 2 decomposes into a finite direct
sum of irreducible representations.

If Ay, and Ag are both completely rational, then any irreducible representation of the
chiral net Aj, ® Ag is a product representation [23, Lemma 27|. From this it follows that if
2 is completely rational, then the Hilbert space H can be decomposed into a direct sum of
finitely many product representation spaces of Ar, and Ag. Thus the representation of the
Virasoro subnets decomposes as well. The representation U of the spacetime translations
can be obtained from local diffeomorphisms, hence any representative U (¢, x) is contained in
Uzxy AL(Z) ® Ar(J). According to the decomposition my = P, m; of the natural inclusion
representation of Ay, ® Ar, U is decomposed into a direct sum @, U; and each U; implements
the translations in the representation ;. In other words, we obtain a decomposition of U
which is consistent with the above decomposition of .

In the previous sections we saw that any product representation of a chiral net is asymp-
totically complete in the sense of Definition It is easy to check that the direct sum of
asymptotically complete representations is again asymptotically complete. Thus we obtain:

Theorem 5.1. Any completely rational net represented on a separable Hilbert space is
asymptotically complete in the sense of Definition [2.3

13



Recall that a two-dimensional conformal net is asymptotically complete in the sense of
waves if and only if it coincides with the chiral net Aj, ® Ag |31, Corollary 4.6]. For a non-
trivial extension of a chiral net (see 22| for examples and a classification result of a certain
class of conformal nets) asymptotic completeness in the sense of waves fails, but generalized
asymptotic completeness remains valid in the completely rational case in view of the above
theorem.

A Auxiliary lemmas

Lemma A.1l. Suppose Q°"“"(B;) = limy_ Qi’"(B+) exists on vectors from D. Then
QO (B, ) is invariant under spacetime translations.

Proof. Invariance under time translations is a consequence of time-averaging. We check
invariance under space translations. Let ¥y, Uy € D:

(01 (QT"(By) — QL(BL) (y)) Ws)|
< / dt b (t) / de |f1(2x/t) — F1((z —y)/O)||(V1|(BLBL)(t, ) Ts)|

<C [atha(t) sup| /) = (@ = 9)/0), (A1)

where in the last step we made use of the fact that Q(By)E(A), defined in Proposition
is a bounded operator for compact A by (2.7). Now we note

sup £ (/) — (@ —9)/0)] = suplf(@) - (@ —y/b)
xeR xR
/
< [y swofi@-y) <cn (A2
xER

where in the last step we made use of the fact that df is non-zero only on a compact set.
O

Lemma A.2. Let g" € L*(R) be supported in (—oo,n] for some 0 < n <1 and g (x) :=
g"(—x). Let BE LisUL_5 and Fy € A be s.t. Sp*a are compact. Let

RT(B) = / dt h(t) / da g (x/t)(B*B)(t, z). (A.3)

Then, for any two compact sets A, A C R?

lim | E(A)EL(B), Fx (hr) E(A)]| = 0. (A4)

Proof. We will show only in the case involving the commutator [R"(B), Fy (hr)),
as the remaining case is analogous. Let us first assume that F. is almost-local. In this case
the argument is similar to the proof of Lemma A.3 of |16]: By analogy to formula (A.13)
of [16] we can write

IE(A)RD(B), Fy (hr)] E(A)|

<|9"Hoo/dtdt1 hT(t)hT(h)/ da ||[(B*B)(t, @), Fy (t1, t1)][. (A.5)

x<nt
14



Let Lt denote the Lh.s. of (A.5). Following the steps (A.13)-(A.16) of [16] we obtain that

Lr < llg" flo / dtdtlhm)hT(tl)/ de x|z — 0| <[t —ti| +2r) +o(1),  (A6)

x<nt

where Yy is the characteristic function of the corresponding set, r = (1+%|w\)E+T€, 0<e<l1
appeared in the definition of A7 and o(1) denotes a term which tends to zero as T — oc.
The discussion below (A.16) of |16] leads to the conclusion that the integrand is zero unless
e — T| < ¢e3T¢, ¢c3 > 0. Now the restriction on the region of integration gives in addition
x < n(cl® + T) for some ¢ > 0. It is easy to see that these two conditions cannot be
simultaneously satisfied for 0 < 1 < 1 and arbitrarily large T, so we get limp_,o, L7 = 0.
This proves in the case of almost-local operators Fl.

In general, we choose a sequence of local operators F ;,, s.t. limy, o0 || F4 5, — Fiy || = 0.
Since Sp*a is compact, we can choose a function f € S(R?) s.t. suppf is compact and
Fy = Fi(f) :== [gedx Fi(z)f(x). Then lim, o ||Fy (f) — F1|| = 0 and, making use of
relation , we can replace F with Fy ,(f) in at a cost of the following error term

IE(A)[RET(B), (Fy = Fin(f) () E(A)]|
< 2|92 loo|QB)EA") [ | Fy = Fr ()], (A7)

where A” C R? is a compact subset. Here we made use of relation (2.3) and of the fact that
(Fy — Fy »(f)) has compact Arveson spectrum, uniformly in n. Clearly, this term tends to
zero as n — oo uniformly in 7. Since Fy ,(f) are almost-local and Sp’” +n(fq are contained

in supp f , 1} follows. O
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