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A B S T R A C T

Phase transitions by nucleation, growth and impingement between growing nuclei can occur by 
nonrandom arrangement of the nuclei. In this contribution, a theoretical approach for the kinetics 
of phase transition with spatially correlated nuclei by progressive nucleation is developed. The 
approach is based on the assumptions by Kolmogorov, Johnson, Mehl and Avrami (KJMA) for 
phase transition kinetics, except for the randomness condition on nucleation that is removed. The 
work focuses on the rate of formation of the actual nuclei, a quantity that is necessary for 
describing the transformation kinetics. The approach uses correlation functions, and it is applied 
to treat hard-sphere interaction between nuclei. Computations have been performed for 2D and 
3D growths by truncation of the series expansion in correlation functions up to second order 
terms. It is shown that the nucleation kinetics undergoes a transition from a typical Random 
Sequential Adsorption (RSA) behavior to one that is like the KJMA kinetics. The time evolution of 
the volume fraction of the new phase is found to depend slightly on correlation radius. Such 
behavior is explained by the partial balancing between the reduction in number density of nuclei 
and the decrease in impingement events, which have opposite effects on the kinetics.

1. Introduction

Phase transformations of the nucleation and growth-type are driven by the formation of the smallest stable aggregates of the 
product phase (nuclei) that subsequently grow. In classical theory the process of nucleation takes place by thermal fluctuations in the 
homogeneous metastable parent phase. Because of these fluctuations, critical-sized aggregates of the new phase form that are 
potentially stable and become supercritical by addition of monomers. These nuclei can grow with a continuous decrease of free energy. 
The theory is formulated in terms of a few parameters and allows determining the number of nuclei of the new phase appearing per unit 
of time and volume [1]. Several excellent reviews are available on the kinetics of homogeneous and heterogeneous nucleation stage 
[1–3], also for transformations at the solid state where, upon growth and crystal collisions, two mechanisms are singled out, namely 
coalescence and impingement [4–6]. The former refers to a collision process followed by a redistribution of matter among particles with 
mass and shape conserved, while in the latter no redistribution of matter occurs at all. Although the nucleation and growth processes 
require different approaches, both must be considered for describing the whole kinetics of transformation. To this end, a suitable 
indicator of the degree of advancement of the transformation is the amount of the product phase, a quantity that is experimentally 
accessible [1,4,7]. In this context, the phenomenological theory developed by Kolmogorov, Johnson, Mehl and Avrami (KJMA) [8–10]
is a useful tool in Materials Science for describing the kinetics of transformations by nucleation and growth [11–16]. Although the 
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model was originally formulated in the ambit of phase transitions at the solid state, since then it has been successfully applied to a 
variety of fields, which include, just to cite a few, Biology, Cosmology, Social Science and Economics [17].

In the KJMA model nuclei form at random in the whole volume, their initial volume is considered nil and their location is fixed in 
space (diffusion of nuclei does not occur). Once a nucleus is formed it starts growing, its size increases and upon collision with other 
nuclei the growth ceases at the common interface, according to the impingement mechanism. The growth law of the nucleus, that is the 
time dependence of the nucleus radius, is assumed to be known and it is usually in the form of a power of time, R∝tm (m ≥ 1). The 
KJMA mean-field theory provides the temporal evolution of the volume of the new phase and of the mean volume of crystals [18].

The KJMA model is an application of Poisson statistics to the nucleation process, since the spatial distribution of nucleation centres 
is assumed random throughout the whole space. In this case, the exact solution of the phase transformation kinetics is given by simple 
analytical expressions, useful for interpreting experimental data [11,18,19]. A key equation of the KJMA theory links the rate of 
formation of the actual nuclei (i.e. measured in experiment), Ia(t), to the nucleation rate throughout the whole space I0(t) (i.e. by also 
including the so-called phantom nuclei) [18]: 

Ia(t) = I0(t)(1 − ξ(t)) (1) 

with ξ(t) being the volume fraction of the transformed phase at time t. Alternatively, ξ(t) is the excluded volume for nucleation. As 
stated above, application of Poisson statistics requires the complete randomness of the system, that is the distribution of nuclei must be 
random throughout the whole space. In the mathematical formulation of the kinetics, this implies nucleation even in the transformed 
phase (phantom nuclei) [20]. In eqn.1, Ia(t) is the number of actual nuclei that start growing in unit time divided by the total volume of 
the system. Consequently, I0(t) is equal to the rate of formation of actual nuclei per unit of untransformed volume. In practical 
application of the model, I0(t) is usually a simple function given a priori (with constant or exponential behavior) although it can be in 
principle computed employing kinetic theories of nucleation stage [3,21].

However, in several systems the Poissonian distribution of nuclei is the exception rather than the rule, especially in transformations 
in the solid state [4,5]. A paradigmatic example is the electrodeposition of a new phase on solid substrate driven by progressive 
nucleation, where the spatial distribution of nuclei is not random [22–25]. This is due to the diffusion fields around growing nuclei 
implying a reduction of supersaturation and, consequently, of the nucleation probability around the already formed nuclei [26–28]. It 
stems that around each nucleus there is a depletion region where nucleation is drastically reduced [22]. In other words, within a 
distance, say Rhc from nuclei centres, nucleation is suppressed while proceeds at the same rate everywhere out of these regions 
(approximation of uniformity of metastable phase [29]). It follows that the next neighbour nucleus cannot lie at a distance shorter than 
the correlation radius, Rhc. In this context, it is worth quoting the paper by Grinin et al on a statistical model for the nucleation 
probability of a nearest droplet to an already formed one, in supersaturated vapor condensation [29]. In a shell around the nucleus - the 

Fig. 1. Pictorial view of an arrangement of dots (nuclei centres, black points) in phase transformation ruled by progressive nucleation and growth 
with impingement. In the figure, the blue dot, P, is a phantom, R is the nucleus radius and Rhc the correlation disk. Panel a) shows two actual nuclei 
and a phantom nucleus within the transformed phase. In the case of KJMA compliant growth (e.g. linear growth and random nucleation) the 
overgrowth phenomenon is precluded and the KJMA kinetics applies. Phantom overgrowth occurs for parabolic growth law, as depicted in panel b) 
(blue area of the phantom nucleus), where the KJMA kinetics does not hold for ξ(t). However, in both cases of panels a) and b) the actual nucleation 
rate is given by Eq.1 Panel c): non-random nucleation according to the hard-disk correlation. In the figure, the dashed red circle is the correlation 
disk, within which nucleation is suppressed. At odds with the KJMA model, considering phantoms will alter the stochastic process, since nucleation 
could be precluded even where it should be allowed. This is the region coloured in yellow within the correlation disk of the phantom. Nucleation can 
be also precluded in the uncovered portion of the surface, namely within the correlation disk of an actual nucleus (for instance in point A). In this 
case Eq.1 does not hold.

M. Tomellini                                                                                                                                                                                                            Physica A: Statistical Mechanics and its Applications 676 (2025) 130882 

2 



Knudsen layer - the nucleation rate is strongly reduced and increases with the distance from the central droplet [29]. Kuchma et al [30]
have also investigated the effect on nucleation rate of local depletion of supersaturation due to the formation of gas bubbles in 
decompressed fluid. The authors developed a mean-field theory for the nucleation stage and introduce the concept of excluded volume 
in which the generation of new gas bubbles is suppressed, owing to the decrease of supersaturation of the dissolved gases. The model 
deals with multicomponent systems and allows one to estimate the size distribution function of bubbles as the image of nucleation rate 
in terms of the birth times of the bubbles and nucleus growth law [30].

Another process, important for technological application, is the growth of diamond film by seeding of the substrate surface with 
diamond nuclei [31,32]. Due to the finite size of the seeds, the formation of the diamond phase occurs by site-saturated nucleation, 
growth with impingement and hard-disk correlation between nuclei. Theoretical modeling with application to experimental data are 
reported in ref.[32]. It is worth stressing that, with respect to the spatial correlation between nuclei, the two types of systems discussed 
so far are different, since in the first the correlation radius is a function of time while in the case of seeding, and in nucleation at 
pre-existing sites as well, can be taken as constant.

During the last years, to extend the range of applicability of the KJMA theory, approaches have been formulated for describing 
phase transformation kinetics with correlated nuclei [33–36]. These modelling make use of the n-dots correlation functions for 
computing the probability that no dot is located within a given region of space. The theory has been applied to phase transitions with 
site-saturated nucleation [33,34,37] and generalized to the case of progressive nucleation in refs.[35,38]. At odds with the KJMA 
model, in the case of progressive nucleation of spatially correlated nuclei, the mathematical solution of the kinetics is expressed in 
terms of the actual nucleation rate, Ia, rather than that including phantoms, I0 [39]. The model case of transformations with correlated 
nuclei and constant value of Ia has been discussed in ref.[38]. A more realistic approach would require computing the actual nucleation 
rate as a function of the degree of advancement of the transformation, namely the time. Because of the correlation constraint, in 
transformations with correlated nuclei eqn.1 does not hold, in general, since nucleation could be inhibited even in the untransformed 
volume. This point is made clear through Fig. 1 which illustrates the case of progressive nucleation in 2D for both random distribution 
of nuclei (panels a, b) and for nuclei with hard-disk correlation (panel c). As displayed in panel c), the hard-disk correlation prevents 
nucleation even in the untransformed portions of the surface.

Eqn.1 holds true also for the parabolic growth law (R∝t1/2), although such a growth mode is non-compliant with the KJMA 
approach owing to the overgrowth of phantoms [20]. In this case the volume fraction is not given by the usual KJMA kinetics [40,41]. 
In fact, the computation of ξ(t) for random nucleation and parabolic growth requires employing, in the stochastic approach, the actual 
nucleation rate given by eqn.1 and the correlation functions [42,43].

The aim of the present work is to model the nucleation rate of actual nuclei in phase transformations that meet the KJMA as
sumptions above reported, apart from the randomness condition that is removed. As in the KJMA approach the I0 quantity is given a 
priori and will be taken constant. As far as the correlation is concerned, hard-sphere interaction is considered, i.e. the distance between 
the centres of a pair of nuclei cannot be shorter than a given value, Rhc. In case of constant Rhc, as considered in the present contri
bution, the arrangement of nuclei centres resembles those of the centres of an ensemble of hard-spheres with diameter Rhc. Besides, a 
fluid of hard-spheres, whose pair interaction potential determines the correlation function, provides the simplest model of a liquid. 
Accordingly, the terms hard-sphere interaction, hard-sphere correlation and hard-core interaction are in use.

The hard-core correlation discussed in the present paper can be due to several mechanisms such as:
i) Nucleation at preferential sites [4, 32]; ii) The formation of interacting dipole moments upon nucleating particles [44,45]; iii) In 

the Stranski-Krastanov mechanism, the effect of stress/strain can lead to repulsive interaction in analogy with the electric dipoles [44, 
46].

Recently, non-random nucleation with hard-core interaction has been experimentally observed by Rost et al [44] in the electro
chemical oxidation of Pt(111). Based on the experimental determination of nucleus-nucleus correlation function by STM (Scanning 
Tunneling Microscopy) and computations on the energetics of the system, the authors demonstrate that the hard-disk correlation is 
given by nucleation at preferred sites that are created, during the early stage of oxidation, by repulsive interaction of precursors (the 
place exchange atoms) [44].

The paper is divided as follows: in Section 2.1 we outline the stochastic approach for correlated nucleation that is employed, in 
Section 2.2, for modelling nucleation rate in progressive nucleation in two- and three-dimensional space. The outputs of the numerical 
computation are discussed in Section 2.3. To make the presentation of the subject matter easer to follow, most of the mathematical 
derivations are reported in the Appendix and in the Supplementary Material sections.

2. Results and discussion

2.1. Phase transformations with spatially correlated nuclei

The stochastic approaches for modeling the kinetics of phase transformations by nucleation and growth rest on the determination of 
the probability that no dots (i.e. the centers of nuclei) lie within a given volume centered at a generic point of space. In kinetics with site 
saturated nucleation and spherical nuclei the measure of this region, |Δt |, is the volume of the nucleus at time t: |Δt | =

∫

Δt
dr. From this 

probability the volume fraction of the transformed phase is obtained according to, ξ(t) = 1 − Q0(Δt) where Q0(Δt) is the probability 
that no dots are within the sphere Δt centered at a generic point of the space. In fact, the absence of any nucleus in a sphere of radius 
equal to the nucleus radius, at t, guarantees that the center of this sphere is not within any nucleus at that time, i.e. the generic point of 
the space does not belong to the new phase at t. For a random distribution of N dots per unit volume, the Poisson distribution gives 
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Q0(Δt) = e− N|Δt |, that leads to the KJMA kinetics [18]. In the case of spatially correlated nuclei with site-saturated nucleation, the 
above probability is given in terms of a series of correlation functions. Truncation of the series up to the second order term provides 
[33,34]

Q0(Δt) = exp
[

− N|Δt | +
1
2
N2

∫

Δt

dr1

∫

Δt

dr2g2(r1, r2)

]

, (2) 

where g2 is the 2-dots correlation function that is related to the pair distribution function, g(r1, r2), through the expression g2(r1, r2) =

g(r1, r2) − 1. For homogeneous systems, translationally invariant as considered here, g(r1, r2) = g(|r1 − r2| ) = g(r).
Eq.2 has been generalized to the case of progressive nucleation implying, at any time, a distribution of nucleus size. In the 

following, we refer to the nucleus center as dot. We consider a set of distinguishable classes of dots. Within each class dots are 
indistinguishable. Since nuclei start growing at different times, the growth law now depends on both actual time, t, and birth time, t’, of 
the nuclei. The classes of dots are labelled with the nucleus birth times to which, in this case, the correlation function may also depend. 
For instance, the correlation function of a couple of nuclei with birth times t1 and t2 reads g2(r1,r2,t1,t2). Employing the same order of 
approximation of Eq.2, the probability that no dots of the ”t́ -class” is located within the domain Δtʹ,t , for any t́  in the range 0 < t́ < t, 
becomes [38] (see also Appendix A) 

Q0
(
Δ0,t

)
=

exp

[

−

∫ t

0
Ia(tʹ)

⃒
⃒Δtʹ,t

⃒
⃒dtʹ +

∫ t

0
Ia(t1)dt1

∫ t1

0
Ia(t2)dt2

∫

Δt1 ,t

dr1

∫

Δt2 ,t

dr2g2(r1, r2, t1, t2)

]

, (3) 

where Ia(tʹ) is the nucleation rate of actual nuclei at time t́  and Δ0,t stands for the whole sequence of the Δtʹ,t domains. The volume 
fraction of the transformed phase is given by Eq.3 by considering for Δtʹ,t the sphere with radius equal to the nucleus radius at t. In fact, 
by denoting with R(t, t́ ) ≡ R(t − tʹ) the radius of the nucleus, we get 

⃒
⃒Δtʹ,t

⃒
⃒ =

∫

Δt́ ,t
dr = νDR(t, tʹ)D with D space dimension and νD a 

geometrical factor (ν2 = π, ν3 = 4π/3). In other words, Q0
(
Δ0,t

)
is the probability that the centre of the nuclus born in time interval 

0 < t́ < t does not belong to a sphere of radius R(t, tʹ) centered at a generic point of the space. It follows that Q0
(
Δ0,t

)
is the probability 

that a generic point of space does not belong to the new phase, from which the volume fraction is obtained: ξ(t) = 1 − Q0
(
Δ0,t

)
.1

When Ia(tʹ) is given by eqn.1, Eq.3 provides an integral equation for ξ or, equivalently, for Ia(tʹ)
I0 = Q0

(
Δ0,tʹ

)
. In this case, the dis

tribution of dots is random through the space, yet correlation is present between the actual nuclei. In fact, the relative distance between 
two nuclei, born at t1 and t2, must satisfy the constraint r > R(t1 − t2) for nucleus 1 not to be a phantom [43]. Therefore, the radial 
distribution function is nil for r < R(t1 − t2) which implies spatial correlation among actual nuclei in KJMA compliant growths. This 
point is further discussed in Section 2.2. Eq.3 was employed in refs.[39,43] for studying phase transformations with growth law of the 
diffusion-type.

2.2. Nucleation rate of actual nuclei

As anticipated in the introduction, Eq.2 holds whenever nuclei form at random in the untransformed portion of the volume. 
However, as illustrated in Fig. 1c, spatial correlation among nuclei may prevent nucleation even in the untransformed phase, for which 
Eq.1 is invalid. The computation of Ia(t) is more involved, in this case, since it requires tackling a different stochastic process than the 
one for the ξ(t) function (Eq.3).

In the following, this topic is studied for the hard-sphere interaction between actual nuclei where, at the lowest order, the pair 
distribution function of dots is equal to g(r) ≅ H(r − Rhc), with H(•) the Heaviside step function and Rhc the correlation radius. In fact, 
higher order terms in the series expansion of the g(r) can be neglected for low densities of nuclei. The validity of this approximation in 
phase transformations has been discussed in ref.[33]. However, the g(r) above reported only holds for nucleation that could occur 
within the correlation sphere of another nucleus. In fact, given two nuclei with birth times t1 and t2 (where t2 < t1 is considered) the 
conditions according to which both their distance is greater than Rhc and the first nucleus is not a phantom, requires the constraints 
r > Rhc and r > R(t1 − t2) to be satisfied. Consequently, the pair distribution function is given by: 

g(r, t1, t2) =
{

H(r − Rhc), for R(t1 − t2) < Rhc
H(r − R(t1 − t2)), for R(t1 − t2) > Rhc,

(4) 

where |r1 − r2| = r is the relative distance between the couple of nuclei with birth time t1 and t2. In compact form Eq.4 reads g(r, t1, t2) =

H(r − Rhc)H(r − R(t1 − t2) ).
The stochastic process for computing Ia can be envisaged according to the following: between time t and t + Δt, I0Δt dots, 

distributed at random in the whole volume, start growing with an exception of the dots, located either within the new phase or closer to 

1 In the case of thin film growth at solid surfaces, the computation provides the substrate coverage by the film (D = 2), where for spherical-cup 
particles ν2 = π.
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another nucleus than Rhc, that are removed from the system. The rate of formation of the actual nuclei is therefore given by 

Ia(t) = I0Qa(t), (5) 

where Qa is the probability that a generic point of the system does not belong to the new phase and its distance from next neighbour 
nuclei exceed Rhc .2 This probability is computed by means of Eq.3 with a judicious choice of the Δtʹ,t integration domain. We recall 
that Eq.3 provides the probability that no dot lies in this domain: in fact, in the g(r) containing term, the Δt1 ,t and Δt2 ,t refer to the 
exclusion of dots 1 and 2, respectively, from these domains (see also Appendix A). In the following, we consider linear growth of nuclei, 
R(t, tʹ) = a(t − tʹ) with a the growth rate. To determine the Δtʹ,t domain we define the time t∗ from the equation R(t, t∗) = Rhc, namely 
t∗(t) = t − Rhc

a at running time t. For t > Rhc
a the time t∗ defines two populations of nuclei with sizes greater and shorter than the cor

relation radius, Rhc. This is shown in Fig. 2 where the growth law is plotted as a function of running time and for several values of the 
birth time, t́ , in the interval (0, t). Based on this, for the present stochastic process the radius of the spherical domain Δtʹ,t is 

r(t, tʹ) = [RhcH(t́ − t∗) + R(t, tʹ)H(t∗ − t́ )]H
(

t −
Rhc

a

)

+ RhcH
(

Rhc

a
− t

)

, (6) 

that will be employed in Eq.3 for transformations in both 2D and 3D space.
The pair distribution function Eq.4 depends on both the birth times of the couple of nuclei, t1 and t2 (where t2 < t1 and 

R(t, t2) > R(t, t1)) and on the size of the second nucleus at the birth time of the first, R(t1, t2) = R(t1 − t2). According to Eq.6 the 
following cases are considered (t∗ > 0 i.e. t > Rhc

a ): 

a- for R(t1 − t2) < Rhc:                                                                                                                                                                    

i) t∗ < t2 < t1, r(t, t1) = r(t, t2) = Rhc; (7a) 

ii) t2 < t∗ < t1, r(t, t1) = Rhc, r(t, t2) = R(t, t2); (7b) 

iii) t2 < t1 < t∗, r(t, t1) = R(t, t1), r(t, t2) = R(t, t2). (7c) 

b- for R(t1 − t2) > Rhc:                                                                                                                                                                    

the cases ii) and iii) above still hold whereas case i) does not. In fact, case i) implies
t1 − t2 < t − t∗ and a(t1 − t2) = R(t1 − t2) < a(t − t∗) = Rhc, that is incompatible with the constraint R(t1 − t2) > Rhc.
For t < Rhc

a all growing nuclei are within the correlation sphere and the stochastic problem of finding Qa(t) is equivalent to that of the 
Random Sequential Adsorption (RSA), for the random packing of spheres of diameter Rhc in D-dimensional space [47–49]. This point is 
further discussed in the next section.

As regards the spatial integral over the correlation function entering Eq.3, it can be simplified using polar or spherical coordinates. 
Since the system is homogeneous, we get: 

ψ(t, t1, t2) =
∫

Δt1 ,t

dr1

∫

Δt2 ,t

dr2g2(r1, r2, t1, t2) = ΩD

∫ r(t1 ,t)

0
rD− 1

1 dr1

∫

Δt2 ,t

dr2g2(r, t1, t2), (8) 

where ΩD is the solid angle (Ω3 = 4π) or the polar angle (Ω2 = 2π) and r = |r1 − r2| the relative distance. Since g2(r, t1, t2) = g(r, t1, t2) −
1, the integral provides two second order terms, i.e. due to the Heaviside function and to the − 1 constant. As reported in details in the 
Supplementary Material (section S1), the integral with the Heaviside function can be expressed in terms of the overlap volume of two 
spheres of radius R(t, t2) and Rhc, for R(t1 − t2) < Rhc, and of radius R(t, t2) and R(t1 − t2) for R(t1 − t2) > Rhc. In Eq.8 the second order 
contribution due to the term − 1 is equal to −

⃒
⃒Δt1 ,t

⃒
⃒
⃒
⃒Δt2 ,t

⃒
⃒. Finally, the ψ(t, t1, t2) function (Eq.8) is integrated with the actual 

nucleation rate over the time variables t1 and t2. Fig. 3 shows the integration domains of the double integral in time, for the cases i)- 
iii) of eqn.7a-c. In the figure, the different colors highlight that for these cases the spatial integrals, ψ(t, t1, t2), are in general different. 
The straight line, in red, is the equation t2 = t1 − Rhc

a (i.e. R(t1 − t2) = Rhc) at the boundary between conditions R(t1 − t2) < Rhc and 
R(t1 − t2) > Rhc whose domains are above and below this line, respectively. For t < Rhc

a the red line shifts to the dashed blue one and only 
the condition R(t1 − t2) < Rhc holds true. This is equivalent to the RSA. Moreover, for Rhc = 0, the KJMA model is recovered, and the 
integration domain is that for case iii) with R(t1 − t2) > Rhc (white colored domain in Fig. 3). However, because of the correlation 
between actual nuclei Eq.8 is different from zero even for Rhc = 0. Details on the computation of these integrals are reported in 
Supplementary Material (sections S1, S2).

2.3. Numerical computation of the nucleation rate actual and volume fraction

This section is devoted to the numerical computation of both nucleation kinetics and volume fraction of the new phase for 2D and 

2 [1 − Qa(t)] is the fraction of volume excluded to nucleation.

M. Tomellini                                                                                                                                                                                                            Physica A: Statistical Mechanics and its Applications 676 (2025) 130882 

5 



3D transformations. The numerical computations have been carried out using the Wolfram Mathematica package.
The rate of formation of actual nuclei is computed through Eqs.3,4 with the integration domains reported in eqns.7a-c and in Fig. 3. 

Use of Eq.3 in Eq.5 results in an integral equation for Ia(t). From the knowledge of Ia(t) it is possible to determine the volume fraction of 
the transformed phase through Eq.3, in which 

⃒
⃒Δtʹ,t

⃒
⃒ = ΩD

D R(t, tʹ)D is the nucleus volume [38]. In the computation, we used reduced 

Fig. 2. Linear growth of nuclei for several values of the birth time, t́ , in the range 0 < tʹ < t. The growth law is R(x, tʹ) = a(x − tʹ) with x ≥ t́ . At 
running time t > Rhc

a two sets of nuclei are defined, with R > Rhc and R < Rhc, namely with birth time shorter or larger that t∗(t) = t − Rhc
a . The figure 

also displays the birth times of the couple of nuclei considered in the second order contribution of the probability function, i.e. the cases i)-iii) of 
Eqs.7a-c. At time t < Rhc

a there is just one set of nuclei with R < Rhc and the stochastic process is the same as the RSA.

Fig. 3. Integration domains of the time integral according to the constraints reported in Eqs.7a-c. Since t1 > t2, the integration domain is below the 
line t2 = t1. Similarly, the conditions R(t1 − t2) < Rhc and R(t1 − t2) > Rhc are satisfied above and below the red line t2 = t1 − Rhc

a , respectively. The 
different colors of the domains imply different time-functions resulting from the space integral. The graph shows the case t > Rhc

a when the maximum 
size is greater than the correlation sphere. For the case t < Rhc

a the equation t2 = t1 − Rhc
a is displayed as dashed blue line. The condition R(t − t́ ) > Rhc is 

not satisfied and the stochastic process for determining Qa is the same as the RSA.
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quantities where lengths are normalized to the maximum size of the nucleus, R(t,0) = at. In the case of linear growth, as considered 
here, we define ρhc =

Rhc
at and the reduced time τ∗ = t∗

t = 1 − ρhc for ρhc < 1. With the same normalization the growth law becomes ρ(τi)

=
a(t− ti)

at = 1 − τi (with i = 1, 2) and the r1 variable changes in x1 = r1
at. The rate I0 is constant and, in analogy with the KJMA kinetics, the 

extended volume is given by 3 Xex(t) = ΩD
D(D+1)I0aDtD+1 =

(
t

τD

)D+1
, namely Vex =

(
t

τ3

)4 
and Sex =

(
t

τ2

)3
, respectively for trans

formations in 3D and 2D. In terms of reduced time, t = t
τD

, one gets ρhc =
1
t

(
γ
3

)1/(D+1)
where γ = 3RD+1

hc
ΩD

D(D+1)
I0
a = RD+1

hc
πI0
a is a measure of 

the degree of correlation between nuclei. For the KJMA model γ = 0.γ = 3RD+1
hc

ΩD
D(D+1)

I0
a = RD+1

hc
πI0
a is a measure of the degree of cor

relation between nuclei. For the KJMA model γ = 0.
Eqs.3–5 provide the following integral equation for Qa(τ), 

Qa(t) = exp(F[Qa]), (9) 

where F[Qa] denotes the functional of the Qa probability function reported in Eq.B1 in Appendix A (see also section S3 in Supple
mentary Material).

To test the validity of the present approach, we first apply Eq.9 to KJMA compliant transformations for which Qa(t) is given by Eq.1 
according to Qa(t) = e− Xex(t) = e− (t)D+1

. Specifically, F[Qa] (Eq.B1 in Appendix A) has been computed, as a function of t, at ρhc = 0 by 

using τi =
ti
t (i = 1,2) as integration variables and Qa(τi) = exp

[

−

(
tτi
τD

)D+1
]

= exp
[
− (τi)

D+1Xex(t)
]
.4 Next, the computation has been 

compared with the solution of the KJMA theory to check the validity of Eq.9, namely to verify the identity e− (t)D+1
=

exp
(

F[exp
(
− (τ)D+1Xex(t)

)
]
)

.

As displayed in Fig. 4, there is a very good agreement between the exact solution and the actual nucleation rate, Eq.3, for 3D and 2D 
transformations. In the case of spatially correlated nuclei, Eq.9 has been solved numerically by successive iterations and for several 
values of t: Q(k)

a = exp
(
F[Q(k− 1)

a ]
)
, with k ≥ 1 number of iterations. For the function Q(0)

a we have chosen the KJMA solution: Q(0)
a (t) =

e− Xex(t). In general, with about 10 iterations the relative integral error is of the order of 0.02 % at the highest correlation value 
investigated here. Typical behavior of the error with the number of iterations is reported in the Appendix A (Fig.B1). This result and 
those of Fig. 4 suggest that the convergence of the integral equation is affected by the γ parameter. In fact, since for γ = 0 the 
convergence is nearly achieved with no iterations, we expect that the smaller γ the faster the convergence by successive iterations. 
Noteworthy, we get a single parameter for the convergence behavior with iteration number, which depends on all physical quantities 
that rule the phase transformation.

The time dependence of the actual nucleation rate is displayed in Fig. 5 for several values of γ. The hard-sphere correlation imparts 
a change in the curvature of the IaI0 

vs t function in the initial portion of the kinetics that is wider the higher γ. In fact, the initial behavior 

of the function resembles the RSA kinetics up to thc = Rhc
a , i.e. ρhc = 1, from which thc =

(
γ
3

)1/(D+1)
. This value is close to the first 

inflection point of the curves of Fig. 5a that occur at t = 0.3, 0.6, 0.7, 0.85 and 0.95 with increasing γ, in fair agreement with the 
values thc= 0.36, 0.64, 0.76, 0.9 and 1.0. For the curves in Fig. 5b the inflection points are at t = 0.2, 0.52, 0.67 and 0.92 in fair 
agreement with the values thc= 0.25, 0.55, 0.69 and 0.92. After these times, the curves get closer to the KJMA kinetics the lower γ and 
eventually merge to the tail of the Poissonian curve.

Fig. 6 displays the density of actual nuclei with time for the dimensionless quantity N(t) =

(
a
I0

)D/(D+1)
na(t), where na(t) =

I0t(t)
∫ 1

0 Qa(τ)dτ. The number density of nuclei increases with time, monotonically, to reach the asymptotic value that is higher the 
lower the correlation radius (i.e. γ).

The number density of nuclei is further employed to compare the nucleation rate with that of the RSA process of spheres with 
diameter Rhc. Let us consider the RSA process at time t, when na(t) spheres have been placed into the system. At time t the adsorption 
rate is given by dna(t)

dt = I0Q0(ΔRSA, na(t) ), where ΔRSA is a sphere of radius Rhc [47,48] and Q0(ΔRSA, na(t) ) the probability that no 
center of the na(t) spheres is found within ΔRSA. Accordingly, to determine Q0(ΔRSA, na(t) ) we apply Eq.2 for the site-saturated 
nucleation with time dependent N ≡ na(t).

The kinetics of RSA is studied as a function of the volume fraction that is occupied by the non-overlapping spheres, namely θ(t) =

ΩD
D

(
Rhc
2

)D
na(t). It is worth recalling that Eq.2 is suitable to study adsorption kinetics, although it does not provide the exact value of the 

packing at the jamming point, θc [33,48]. In fact, Q0(ΔRSA) must be zero for θ ≥ θc, a condition that is not satisfied by the functional 
form of Eq.2 that approaches zero, asymptotically.

3 For constant nucleation rate, I0 (with the inclusion of phantoms), the extended volume is defined as:Xex = I0
∫ t

0 v(t, tʹ)dt́ , where v(t, tʹ) is the 
nucleus volume.

4 To simplify the notation, we retain the same symbol for either Qa(τi) and Qa(ti) functions, as well as in similar occurrences in the text.
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From Eq.2 the RSA kinetics is given by 

QRSA(θ) = exp

[

− 2Dθ
(
1+2D− 1θ

)
+

D222D− 1

ΩD
θ2βD

]

, (10) 

where β3 = 17π
72 and β2 = 3

̅̅
3

√

8 are related to the mean value of the overlap volume of two spheres of unitary radius (for details, see section 
S4 in Supplementary Material). The comparison between the actual nucleation rate in phase transformations with correlated nuclei 
and the rate of RSA is displayed in Fig. 7. In the figure, the probabilities QRSA and Qa are plotted as a function of θ, namely the total 
volume occupied by the adsorbed spheres of radius Rhc

2 . In Fig. 7 the dotted line is the RSA kinetics Eq.10 and the solid line the 
nucleation rate of the phase transformation. The kinetics do show that the nucleation rate coincides with the rate of the RSA up to the 
value Qa(θ(thc)) marked on the Qa-axis. Beyond this point, the growth process mainly rules the kinetics, and the shape of the curve 
becomes like the KJMA one, which is the nearly vertical line in Fig. 7 (parallel to the Qa-axis). In fact, for Rhc = 0, θ is identically nil. In 
panel a) it is also reported the behavior of the volume fraction with θ, for two values of γ. It stems that the transformation reaches 

completion for t→∞, Qa→0 and θ→θ(∞) = na(∞)ΩD
D

(
Rhc
2

)D
, where na(∞) is the number density at saturation (Fig. 6). Fig. 7 also shows 

that, although the number density of nuclei at saturation decreases with γ, θ(∞) increases with correlation radius and its value is 
always lower than the value at the jamming point. This is due to the growth process because adsorption of the spheres is not allowed in 
the new phase.

Fig. 4. Exact analytical solution of the kinetics for random distribution of nuclei according to eqn.1 and the KJMA theory: Qa = exp
[
− (t)D+1

]
(solid 

lines for D = 2 and D = 3). The plot also shows the kinetics computed by the right-hand side of Eq.9 at γ = 0, with Qa given by the KJMA solution 
above reported (symbols). Solid circles and solid squares refer to transformations in 3D and 2D, respectively. The kinetics at D = 2 has been shifted 
by Δt= 0.2. The integral error is about 0.04 % and 0.3 % for 3D and 2D transitions, respectively. The very good agreement between the two sets of 
data gives support to the second order approximation employed in the computation.

Fig. 5. The nucleation rate, Qa = Ia
I0, is displayed as a function of reduced time, t, for several values of γ for 3D (panel a) and 2D (panel b) 

transformations. The correlation degree, γ, increases along the set of curves from top to bottom.
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Fig. 6. Number density of actual nuclei as a function of reduced time, t, and correlation degree (γ) for 3D and 2D transitions (panels a and b). The 

number density is normalized to the quantity 
(

I0
a

)D/(D+1)
. In both panels the normalized number density of nuclei at saturation decreases with 

increasing γ.

Fig. 7. Comparison between the kinetics of nucleation in phase transformation with hard-core correlation and RSA, for 3D (panel a) and 2D 
(panel b) transformations. The dashed line is the RSA kinetics computed through Eq.10, where θ is the fraction of volume that is occupied by the 
spheres of diameter Rhc. In the curves, the γ value increases from left to right. The kinetics follow the RSA curve up to time thc when ρhc = 1. At this 
point, the growth of nuclei rules the kinetics that deviate from the RSA curve. The transition points are marked on the Qa axis for the various curves. 
After these points, the kinetics become like the KJMA behavior that is the vertical line parallel to the Qa axis. Panel a) also shows the behavior of the 
volume fraction, V(θ) , for γ = 0.5 and γ = 2 (symbols). The asymptotic values, θ(∞), correspond to zero nucleation rate, Qa = 0.

Fig. 8. Kinetics of phase transformations with correlated nucleation in 3D (panel a) and 2D (panel b). The kinetics for linear growth of spherical 
nuclei have been computed through Eq.3 using the nucleation rate of Fig. 5 (Section 2.3). In the curves, γ increases from top to bottom.
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As explained in Section 2.1, once evaluated, the actual nucleation rate is used in Eq.3 to determine the volume fraction of the 
transformed phase. The outcome of the computation is reported in Fig. 8 for 3D (panel a) and 2D (panel b) transitions. In both panels an 
increase in the correlation strength, γ, causes a slight slow-down of the kinetics. In fact, the Avrami exponents of these kinetics are quite 
close to the values of the random case, n = 4 and n = 3 for 3D and 2D, respectively. For the curves of panel a) it is in the range 3.92 <

n < 4 and for panel b) in the interval 2.9 < n < 3. Such behavior can be understood by considering the opposite role played by both 
nucleation and impingement between nuclei on the kinetics. On one hand, the higher the correlation degree the lower the number 
density of nuclei and the rate of transformation (Fig. 6). On the other hand, at higher correlation the overlaps between nuclei diminish, 
since nuclei are more isolated due to the greater excluded volume within which nucleation is prevented. Consequently, an unimpeded 
growth of nuclei increases the rate of transformation. The results of Fig. 8 indicate that the effect of the reduction in the density of 
nuclei is a little more important than that due to impingement. In fact, the small displacement of the Avrami exponent from the random 
case points to a nearly balancing of the two effects.

The weak dependence of V(t) and S(t) on γ entails that these are not the most appropriate experimental quantities to highlight 
correlation effects between nuclei in phase transitions. This conclusion has been previously reached in ref.[36] based on computer 
simulations. On the other hand, according to Figs.5,6 the impact of correlation on density of nucleation (and nucleation rate) is more 
important; this makes these quantities more suitable for experimental and computational studies on correlation effects in phase 
transformations [22]. Accordingly, in Appendix A we report a brief discussion on how spatial correlation effects could be validated by 
computer simulations.

3. Conclusions

In this work, we proposed a method for modeling the rate of formation of actual nuclei in phase transitions with spatially correlated 
nuclei and impingement between the growing nuclei. The case of hard-sphere interaction and linear growth has been studied. It is 
shown that the nucleation rate is the solution of an integral equation solved by successive iterations. To check the validity of the second 
order approximation, on which the method rests, the approach has been applied to KIMA compliant transformations, for which the 
exact solution is known. A very good agreement is obtained between KJMA solution and the second order expansion of the kinetics in 
terms of correlation functions.

The kinetics of nucleation has been studied as a function of the correlation radius, Rhc, in 2D and 3D. It is shown that the kinetics 
exhibits two regimes that are more distinct the larger the correlation degree. In the first, the kinetics is ruled by the correlated 
nucleation, like in the RSA process. In the second, the kinetics is ruled by the growth of the new phase and resemble the kinetics of the 
KJMA model.

The computation of the nucleation rate of the actual nuclei is required for determining the time evolution of the volume fraction of 
the new phase. This last quantity has been evaluated by solving a different stochastic approach than the one employed for Qa, still using 
correlation functions at the same order of approximation. It is found that the rate of transformation decreases slightly with correlation 
radius. Such behavior has been ascribed to the reduction in the density of nuclei owing to correlation effects. In fact, the larger the 
correlation radius the larger the volume where nucleation is suppressed. Therefore, the fact that nuclei are more isolated in the 
nonrandom nucleation has a minor impact on the kinetics when compared to the reduction in nucleation rate.
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Appendix A

A - Derivation of Eq.3
Eq.3 is derived by considering a set of different classes of dots. Dots belonging to different classes are distinguishable whereas dots 

belonging to the same class are indistinguishable. For two classes of dots the generalization of Eq.2 reads: 

Q0(Δ1,Δ2) = Q0(Δ1)Q0(Δ2)exp
[

N1N2

∫

Δ1

dr1

∫

Δ2

dr2g(1,2)2 (r1, r2)

]

(A1) 

where N1 and N2 are the density of the two sets of dots and Q0(Δi) (i = 1,2) is given by Eq.2.
Q0(Δ1,Δ2) is the probability that no dots of class 1 and 2 lie in the domains Δ1 and Δ2, respectively. For m classes of dots with 

density Ni (i = 1,2, ..,m) we get 

Q0(Δ1,Δ2,…,Δm) = exp

[

−
∑m

i=1
Ni|Δi| +

1
2
∑

i,j
NiNj

∫

Δi

dr1

∫

Δj

dr2g(i,j)2 (r1, r2)

]

, (A2) 
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where the 2-dots correlation function depends on the couple (i, j) and the factor ½ avoids double counting. The continuum limit of Eq. 
A2 is performed by labelling the classes with a continuous variable, say tʹ. The number of dots of the “t’ -class” then becomes, Ni→ 
dN(tʹ)

dtʹ dtʹ = Ia(tʹ)dtʹ with the integration domain Δtʹ,t , where t is the actual time and 0 < tʹ < t. Eq.A2 eventually becomes 

Q0
(
Δ0,t

)
= exp

[

−

∫ t

0
Ia(tʹ)

⃒
⃒Δtʹ,t

⃒
⃒dt́ +

∫ t

0
Ia(tʹ)dt́

∫ tʹ

0
Ia(tʹ́ )dt́ʹ

∫

Δt́ ,t

dr1

∫

Δtʹ́ ,t
dr2g2(r1, r2, tʹ, t́ )́

]

. (A3) 

Eq.A3 is the probability that no dots of the class tʹ, whose number density is Ia(tʹ)dt́ , is located within the domain Δtʹ,t (with 
0 < tʹ < t). In Eq.A3 each class is uniquely identified by t́ . In modeling phase transformations, dots are nuclei centers, t́  is the birth time 
of the nucleus and t − t́  the age of the nucleus. To determine the volume fraction of the new phase, at time t, Δtʹ,t is set equal to the 
volume of the nuclei that start growing at time t’.

B- Expression of F[Qa]

In terms of dimensionless units, the integral expression in Eq.9 is given by (see also section S3 in Supplementary Material), 

F[Qa] = − (D + 1)Xex

(∫ 1

0
Qa(τ1)yD(τ1)dτ1

)(

1 +
1
2
(D + 1)Xex

∫ 1

0
Qa(τ1)yD(τ1)dτ1

)

+
(D(D + 1))2

ΩD
X2

ex

×

∫ 1

0
Qa(τ1)dτ1

∫ τ1

0
Qa(τ2)dτ2

∫ ρ̃(τ1)

0
xD− 1[H1(φ0(x) + φ1(x, τ2)) + H2φ2(x, τ1, τ2) ]dx, (B1) 

where 

yD(τ1) = H(1 − ρhc)
[
H(τ1 + ρhc − 1)ρD

hc +H(1 − τ1 − ρhc)(1 − τ1)
D ]

+H(ρhc − 1)ρD
hc , (B2) 

φ0(x) = ωD[ρhc, ρhc; x], (B3) 

φ1(x, τ2) = H(x − (ρhc − 1 + τ2) )[H(1 − τ2 − ρhc − x)A(1 − τ2, ρhc) + H(x − (1 − τ2 − ρhc) )ωD[1 − τ2, ρhc; x] ], (B4) 

and 

φ2(x, τ1, τ2) = [H(1 − x − τ1)A(1 − τ2, τ1 − τ2) + H(x + τ1 − 1)ωD[1 − τ2, τ1 − τ2; x] ]. (B5) 

In the equations, ρhc =
Rhc
at = 1

t

(
γ
3

)1/(D+1)
is the reduced radius of the correlation sphere where t is the reduced actual time and γ =

RD+1
hc

πI0
a . Eqs.B3,B4 refer to the case τ1 − τ2 < ρhc (i.e. R(t1 − t2) < Rhc) and Eq.B5 to the case τ1 − τ2 > ρhc (i.e. R(t1 − t2) > Rhc). 

Accordingly, in Eq.B1, H1 ≡ H(ρhc − (τ1 − τ2)) and H2 ≡ 1 − H1. As regards the extreme of integration for x, namely ρ̃(τ1), and the 
integration domains for τ1, and τ2 in Eq.B1, we must refer to the three cases outlined in the text (see also Fig.3). To this end, the 
integration domains of the time variables are considered in Eq.B1 by multiplying the Qa integrand for the Heaviside step functions 
reported below, together with the ρ̃(τ1) extreme of integration:

Case i) 1 − ρhc < τ2 < τ1 i.e. H(τ2 − (1 − ρhc) ) and ρ̃(τ1) = ρhc
Case ii) τ2 < 1 − ρhc < τ1 i.e. H((1 − ρhc) − τ2)H(τ1 − (1 − ρhc)) and ρ̃(τ1) = ρhc
Case iii) τ2 < τ1 < 1 − ρhc i.e. H((1 − ρhc) − τ1) and ρ̃(τ1) = 1 − τ1

As stressed in the main text, for τ1 − τ2 > ρhc (i.e. R(t1 − t2) > Rhc) only cases ii) and iii) hold.
In Eqs.B4,B5, A(ρa, ρb) =

ΩD
D
[
ρD

a − ρD
b
]

and ωD[ρb, ρa; x] is the measure of Δ(ρb) Δ(ρa), i.e. the volume of the sphere Δ(ρb) minus the 
overlap volume between Δ(ρa) and Δ(ρb). For D = 2 and D = 3 these volumes are given by: 

ω2[ρb, ρa; x] = ρ2
b

[

π − cos− 1x2 − (ρ2
a − ρ2

b)

2xρb

]

− ρ2
acos− 1x2 +

(
ρ2

a − ρ2
b
)

2xρa
+

1
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4x2ρ2
b −

[
x2 −

(
ρ2

a − ρ2
b

)]2
√

and 

ω3[ρb, ρa; x] = π
[
2
3
(
ρ3

b − ρ3
a
)
−

1
12

x3 +
1
2

x
(
ρ2

a + ρ2
b
)
+

(
ρ2

a − ρ2
b
)2

4x

]

.

In these equations ρk =
Rk
at is the reduced radius.

Eq.9 in the main text was solved numerically by successive iteration, Q(k)
a = exp

(
F[Q(k− 1)

a ]
)
, starting from Q(0)

a (t) = e− Xex(t) = e− t(D+1)

that is the KJMA solution. Fig.B1 shows the behavior of the relative integral error of the iterative process, ηk, as a function of the 

number of iterations, k: ηk = 2
∫
[Q(k)

a − Q(k− 1)
a ]dt

∫
[Q(k)

a +Q(k− 1)
a ]dt

. At k = 9 the error is lower than 10− 4 and the two last kinetics (at k = 9 and k = 8) are 

practically indistinguishable in the entire time domain (not shown). 
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Fig.B1. Behavior of ηk vs k up to k = 9, for D = 3 and γ = 2 (solid circles). The solid line is a guide for the eyes. Inset: the decimal log of the absolute 
value of ηk is plotted as a function of k

C- Application of the model to computer simulations
The present approach, and its limitations mainly due to the truncation of the series in correlation functions, can be checked through 

computer simulations. The quantities introduced in the model are the rate of nucleation I0, the linear growth rate of nuclei, a, and the 
correlation radius between pairs of nuclei, Rhc. The model shows that the kinetics of reduced number density, N, is a function of the 

single parameter γ, when reduced time, t, is used. We recall that N(t) =

(
a
I0

)D/(D+1)
na(t), γ = RD+1

hc
πI0
a and t =

(
ΩD

D(D+1)

)1/(D+1)
I1/(D+1)
0 aD/(D+1)t. Computer Simulations performed on a lattice and based on the assumptions of the present approach 

could be useful to validate the model. To this end, the quantities na and ξ should be extracted from the simulation and studied in the 
scaled form above reported. As anticipated in the main text, the number density of actual nuclei is the quantity that is more sensitive to 
the correlation, when compared to the transformed volume. We consider N(t) and derive an analytical expression that can be useful for 
comparing the simulations to the results of the theory. We found that the N(t) curves are in fair agreement with the following function: 

N(t) = (Ns − α)

⎛

⎝1 − e−
t

Ns − α

⎞

⎠+ α
(

1 − e− βt2
)
, (C1) 

where Ns = N(∞) is the density at saturation and the parameters α and β are determined by fitting procedure. Fig.C1 displays the fit of 
Eq.C1 to the curves computed by the model for the 3D case. We found that Eq.C1 well describes also the N curves for the 2D case (not 
shown). 

Fig.C1. Density of actual nuclei vs reduced time for various γ values. Solid symbols are the results of the theoretical approach (3D case). Solid lines 
are the best fits of Eq.C1 to the data for γ = 0.05, 0.5, 1, 2, 2.5. The γ value increases along the set of curves from top to bottom

The behavior of the parameters of Eq.C1 with γ are reported in Figs.C2 for 2D and 3D. The approach could be useful to get in
formation on correlation when it is not possible to experimentally determine the pair distribution function. If the assumption of the 
model applies to the system and at a given time, t, the growth rate is determined together with the volume fraction and number density 
of actual nuclei, then an estimate of Rhc can be attempted. Considering ξ nearly independent of γ, (the volume fraction is not very 
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sensitive to γ), the experimental value of ξ provides t and, from t and a an estimate of I0. This allows one to obtain the reduced density 
N(t) that leads to an evaluation of γ through Eq.C1 and Fig.C2. Besides, from the definition of γ the correlation distance can be 
estimated. 

Fig.C2. Behavior of the parameters α, β, and N(∞) with γ for transformations in 3D (panel a) and 2D (panel b). Solid lines are a guide for the eyes

Appendix B. Supporting information

Supplementary data associated with this article can be found in the online version at doi:10.1016/j.physa.2025.130882.

Data Availability

Data will be made avaiable on request.
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