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ABSTRACT

Context. Co-orbital asteroids have been thought to be the possible source of the zodiacal dust ring around the orbit of Venus, but the
conclusions about the orbital stability and thus about the existence of Venus Trojans are inconsistent in the literature.

Aims. We present a systematic survey of the orbital stability of Venus Trojans that takes the dynamical influences from General
Relativity and the Yarkovsky effect into account.

Methods. The orbits of thousands of fictitious Venus Trojans were simulated numerically. Using a frequency analysis, we describe
their orbital stabilities and the dynamical mechanisms behind them. The influences of General Relativity and of the Yarkovsky effect,
which were previously either neglected or oversimplified, were investigated in long-term numerical simulations.

Results. The stability maps on the (ay,ip) plane and (ay, eg) plane are depicted, and the most stable Venus Trojans are found to
occupy low-inclination horseshoe orbits with low eccentricities. The resonances that carve the fine structures in the stability map are
determined. General Relativity decreases the stability of orbits only little, but the Yarkovsky effect may drive nearly all Venus Trojans
out of the Trojan region in a relatively short time.

Conclusions. The Venus Trojans have a poor orbital stability and cannot survive to the age of the Solar System. The zodiacal dust ring
found around the orbit of Venus is more likely a sporadic phenomenon, as the result of a temporary capture into the 1:1 mean motion
resonance of dust particles that were probably produced by passing comets or asteroids, but not by Venus Trojans.
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1. Introduction

In the circular restricted three-body problem (R3BP), the equi-
lateral triangular Lagrange equilibrium points L, and Ls are
dynamically stable for all planets in the Solar System (see e.g.
Erdi 1996b; Murray & Dermott 1999). For a long time, these
solutions have been considered as only of theoretical interest,
until Wolf (1907) discovered asteroid (588) Achilles, which
librates around the L4 point of Jupiter. These asteroids were
named by their discoverers after mythic characters in Greek leg-
ends about the Trojan War. From then on, it has become custom
to call a celestial object librating around L4 or Ls of any planet a
Trojan. Today, several thousand Trojans have been found orbiting
around the orbit of Jupiter. A small number of Trojan aster-
oids have also been found around the Earth, Mars, Uranus, and
Neptune.

Sharing the same orbit with a planet means that a Tro-
jan asteroid has the same orbital period as the host planet,
that is, they are in 1:1 mean motion resonance (MMR). The
Trojan dynamics is always of special interest and has been
studied theoretically and numerically for most of the planets
in the Solar System. A comprehensive theoretical analysis in
R3BP can be found for example in Szebehely (1967). A formal
long-periodic solution for Trojans in R3BP was constructed by
Garfinkel (1977, 1978). Based on the three-dimensional elliptic
R3BP, an approximate analytical theory was developed by Erdi
(1981, 1984, 1988), and the perturbations from other planets were

taken into account by considering the Jupiter orbit as a secularly
changing ellipse (Erdi 1996a).

Mikkola & Innanen (1992) explored the evolution of Trojan-
type asteroidal orbits with numerical simulations. With the
advancement of computation ability, the numerical methods
have been applied widely. Nearly a century after the discovery
of Jupiter Trojans, the detection of the first Mars Trojan in 1990
(Bowell et al. 1990) caused many researches into the dynamical
stability (Mikkola & Innanen 1994; Tabachnik & Evans 1999;
Scholl et al. 2005a) and the origin of Mars Trojans (Christou
2013; Cuk et al. 2015; Polishook et al. 2017). A decade later,
the first Neptune Trojan was discovered (Pittichova et al. 2003).
The origin and long-term stability of Neptune Trojans have
been studied thoroughly (Dvorak et al. 2007; Zhou et al. 2009,
2011; Lykawka et al. 2009). Another decade later, the discovery
and confirmation of the first Earth Trojan (Mainzer et al. 2011;
Connors et al. 2011) elicited studies on the long-term stability
of Earth Trojans (Dvorak et al. 2012; Marzari & Scholl 2013;
Zhou et al. 2019). The first Uranus Trojan was discovered in 2011
(Alexandersen et al. 2013), before which their dynamical stabili-
ties had been deeply studied (Nesvorny & Dones 2002; Marzari
et al. 2003b), and Dvorak et al. (2010) postulated their exis-
tence at low and also high inclinations. This issue was recently
thoroughly clarified by Zhou et al. (2020).

The observation of Venus Trojans (VTs for short) is challeng-
ing because of their close proximity to the Sun. A few searches
in the Trojan region of Venus have so far reported no detection
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of stable VTs (Pokorny et al. 2020; Ye et al. 2020). However,
there are a few studies on the dynamical stability and possibility
of their existence. Tabachnik & Evans (2000) found stable VT
orbits of both tadpole and horseshoe types over an integration
timescale of 100 Myr and restricted the stable region to incli-
nations below 16°. Scholl et al. (2005b) presented a stability
analysis of tadpole orbits over a gigayear timescale. They applied
Laskar’s frequency map analysis to derive dynamical maps, from
the most stable region of which they integrated 30 chosen orbits
to investigate the long-term stability. Under the purely gravi-
tational model of the Solar System (consisting of the Sun and
eight planets), all 30 test particles escaped after 1.2 Gyr. When
a Yarkovsky effect of a certain strength was included, the lifes-
pan decreased to 400 Myr. Thus the authors concluded that any
population of primordial VTs on tadpole orbits would have dis-
appeared by now. Using direct numerical integrations under the
same gravitational model, Cuk et al. (2012) found, however, that
a substantial number of VTs of both tadpole and horseshoe orbits
appear to be stable over 1 Gyr.

Recently, this controversy was taken up again by Pokorny &
Kuchner (2019). Their main concern is the origin of the zodia-
cal dust ring of Venus rather than the long-term stability of VTs,
but they reported that a group of hypothetical VTs may serve
as the most essential source of the dust ring. They enlarged the
number of test particles to 10 000 and included both tadpole and
horseshoe orbits, and they extended the integration to the age
of the Solar System (4.5 Gyr). Using the same purely gravita-
tional model, they found that 8.2% of the test particles remained
stable for the whole simulation, which they took to confirm
the notion that primordial VTs could still exist today. However,
the Yarkovsky effect was ignored in this research, although its
importance had briefly been shown by Scholl et al. (2005b).

The first evidence for the presence of the dust ring asso-
ciated with Venus is attributed to the measurements of the
Venera 9 and 10 spacecraft (Krasnopolsky & Krysko 1979)
and by measurements of the Helios mission (Leinert & Moster
2007), but conclusive measurements were finally obtained with
STEREO (Jones et al. 2013, 2017) and by the Parker Solar Probe
(Stenborg et al. 2021). The retention time of dust particles in
the 1:1 MMR is shorter than 0.1-1 Myr before they are driven
out by the drag induced by the so-called Poynting-Robertson
effect (Klacka et al. 2014). If the dust ring is no temporary
phenomenon, it must therefore be continuously filled with new
particles either from the erosion of primordial VTs as Pokorny
& Kuchner (2019) suggest, or from the zodiacal dust cloud. This
needs to be examined carefully.

In one word, the dynamical structure in the Trojan region
of Venus is not clearly known, and the mechanisms that pro-
duce and sustain the dust ring associated with Venus are still
unclear. We also note that General Relativity (GR) has not been
included in previous studies, although it could introduce consid-
erable long-term influence to the motion of objects in the vicinity
of the Sun. Both the stability of VTs and its implication on the
existence of the dust ring around Venus deserve an investigation
in greater detail.

Aiming at clarifying whether the primordial VTs serve as
the main source of dust particles around the orbit of Venus, we
present here an investigation of the dynamics of VTs with a fre-
quency analysis method and numerical simulations. The rest of
this paper is organised as follows. We introduce our model and
methods in Sect. 2. The orbital stability of VTs is studied in
Sect. 3. Then the effect of GR is examined in Sect. 4, followed by
the investigation of the influence of the Yarkovsky effect. Finally,
we conclude this paper in Sect. 5.

A88, page 2 of 10

2. Model and method
2.1. Dynamical model

The dynamical model we adopted consists of the Sun, all plan-
ets in the Solar System, and massless fictitious VTs. We treated
the Earth and the Moon as a whole in their barycentre. The ini-
tial planetary configuration at epoch of JD 245 7400.5 was taken
from the JPL HORIZONS system' (Giorgini et al. 1996). To
explore the dynamical behaviour of VTs with different inclina-
tions, we initialised the test particles with a grid on the (ay, ip)
plane. The initial semi-major axis ranged from 0.71533 AU to
0.73133 AU with a step of 10~* AU, and the inclination was
sampled from 0° to 60° at intervals of 1°. Because there is
no remarkable dynamical asymmetry between two triangular
Lagrange points, we focused on the L, point and initially placed
VTs there with w = w, + 60°, where w is the argument of per-
ihelion’. For other angular elements including the longitude of
the ascending node Q) and the mean anomaly M, we set the same
values as for Venus. Hence the initial resonant angle

o=A1-1, ey

where A = w + Q + M = @ + M is the mean longitude, is always
60° for all VTs. The initial eccentricity e was set to be the same
value as for Venus e = e, = 0.00675, as we did in our previ-
ous work (Zhou et al. 2009, 2019, 2020; Dvorak et al. 2012).
This low eccentricity value is representative partly because the
stable regions for Trojan asteroids around different planets are
found to be located mainly at low eccentricities (e.g. Scholl et al.
2005a,b; Zhou et al. 2011). The dependence on eccentricity is
further explored in Sect. 3.

2.2. Analysis methods

The whole system was integrated up to ~10 Myr via a Lie-series
integrator (Hanslmeier & Dvorak 1984) for the stability analy-
sis. We used the same analysis method as we did in Zhou et al.
(2009, 2011, 2019, 2020). An on-line low-pass digital filter was
applied to the output of the integration to remove the short-
period terms (Michtchenko & Ferraz-Mello 1995; Michtchenko
et al. 2002), and then a fast Fourier transform (FFT) was applied
to the filtered data to derive the frequency spectra.

The spectral number (SN) is defined as the number of peaks
above a specific noise level in a power spectrum. The peaks are
found under the criterion that their amplitudes are larger than
the amplitudes of nearest four frequency points in the power
spectrum. The critical amplitude was set to 1% of the highest
peak, and the amplitudes below were considered the noise. The
SN indicates the regularity of an orbit and generally reflects the
long-term stability. The superiority and reliability of SN as the
stability indicator for Trojans have been confirmed in Zhou et al.
(2009, 2011, 2019, 2020).

To understand the structure seen in the dynamical map,
we determined the locations of the resonances that dominate
the orbital behaviour of VTs. For this purpose, the proper fre-
quencies were precisely calculated via the method developed by
Laskar (1990, 1993), which is basically an iterative scheme to
search for the maximum of the amplitude of

1 (T :
Y(w) = A f Tf(t)e"“”x(t) dr, 2

1 ssd.jpl.nasa.gov/horizons.cgi
2 Subscripts 1 to 8 denote the planets Mercury to Neptune, as usual.
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where f(t) is a quasi-periodic function obtained numerically over
the time span [-T, T'], w is the target frequency, and the weight
function y(¢) is the Hanning window x(f) = 1 + cos(at/T).
A semi-analytical method was then used (see Sect. 3.2) to
determine the location of resonances.

The integrator package Mercury6 (Chambers 1999), with
some modifications to include GR and the Yarkovsky effect, was
also adopted in our long-term numerical simulations of the VT
motion to the age of the Solar System. The orbital stability of
test particles was then examined by these simulations.

3. Dynamical stability
3.1. Dynamical map

Making use of the SN of cos o, we constructed the dynamical
maps. A step size of 2 = 0.01 yr was adopted to integrate the
orbits, and after the low-pass filter, the outputs are given in every
213 . h = 81.92 yr. We recorded 2'7 lines of outputs in total for
the frequency analysis, so that the total integration time was
T ~ 1.07 x 107 yr. This time is longer than all the precession
periods of planets (except for the nodal precession of Jupiter, see
Table 1), thus these results can be used to reveal the involved
secular mechanisms (for details of choosing the integration step
size and output intervals, we refer to Zhou et al. 2009). The
Nyquist frequency is thus 6.10 X 1073 27 yr™!, and the resolu-
tion is 9.35 x 1078 27 yr~!. In addition, results in a shorter time
T/8 ~ 1.34 x 10% yr were also used to obtain some details of the
mechanisms of the short timescale.

The dynamical maps on the (ag, ip) plane for these two inte-
gration times are shown in Fig. 1. The blue orbits have the
smallest SN, which means the greatest stability, and the red
orbits are the opposite. On the maps we excluded the orbits
that escaped from the co-orbital region of Venus® within the
integration time.

Overall, the dynamical maps are similar to the map for Earth
Trojans (see Fig. 1 of Zhou et al. 2019). Symmetrically dis-
tributed around the libration centre at a = 0.72333 AU, the most
regular orbits occupy the low-inclination region of i < 10°, and
the stable island extends up to i = 20° and is interrupted by an
unstable gap around i ~ 24°. A much less regular region can be
seen in between 28° ~ 40°. Compared to the Earth Trojans, the
island at moderate inclinations (~30°) is much less stable, and
it disappears in the longer integration (bottom panel of Fig. 1).
Furthermore, the low-inclination stable island below i = 20° is
solid, not like the dynamical maps for Earth Trojans, in which
instability cavities exist at low inclinations.

A pair of instability strips stands vertically at 0.72333 +
0.0018 AU. They are the separatrix of tadpole and horseshoe
orbits and they could cause chaos. The edge of the stability
region is defined by the Hill radius of Venus (~0.00676 AU), and
on either side of the region lie the most stable VTs on horseshoe
orbits. We conclude that some stability regions exist in which the
stable VTs, especially those on horseshoe orbits, could reside,
even for the age of the Solar System (see Sect. 3.3).

For a short integration time (1.34 x 10° yr), more details can
be seen on the dynamical map for moderate- and high-inclined
orbits. The instability gap around 24° is proven to be connected

3 We define the escape as failing |a — as| < 0.02 AU after several test
simulations.

Table 1. Proper frequencies of the planets in the Solar System.

Period Freq. Period Freq.
g1 24844720 4025 s —235349.49 —42.49
g» 176803.39 56.56 s, —189789.33 -52.69
gs 74900.76  133.51 s —-68728.52 —145.50
gs 72542.62 13785 s4 -73115.45 -136.77
gs 305157.16  32.77 55 —129550000. -0.08
ge 47056.61  212.51 s¢ —-49127.98 -203.55
g; 419463.09 2384 5; —431778.93 -23.16
gs 19305019 5.18 sg —1876172.61 -5.33

Notes. The data were computed from the 1.07 x 107 yr integration
using the method developed by Laskar (1990) except for ss, which we
took from Nobili et al. (1989). The periods are given in years and the

frequencies are given in 1077 2z yr™!.
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Fig. 1. Dynamical maps around the L, point of Venus on the (ay, i)
plane for an integration time of 1.34 x 10° yr (fop) and 1.07 x 107 yr
(bottom). The colours indicate the base-10 logarithm of SN of cos o~ for
orbits surviving the integration time.

with the apsidal secular resonances with the Earth (v3*) and
Mars (v4) (Brasser & Lehto 2002; Scholl et al. 2005b).

Eventually, some mechanisms on a longer timescale start to
work, such as those related to the red belt around 15° on the
dynamical map for 1.07 x 107 yr. We assume that the orbits over
there should escape in the near future.

To calculate Fig. 1, the initial eccentricity was fixed at ey =
0.00675, so it provides a representative collection of orbits in
the low-eccentricity region in which the majority of stable orbits
reside. To verify the dependence of the stability on the initial

4 By convention, we denote the linear apsidal secular resonance with
the jth planet by v; and the linear nodal secular resonance by v;;.
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Fig. 2. Dynamical maps around the L, point of Venus on the (ay, ey)
plane for an integration time of 1.34 x 10° yr. The colours indicate the
base-10 logarithm of SN of cos o for orbits surviving the integration
time. The dashed contour curve indicates log,, SN = 2.06 (see text for
details).

eccentricity, we calculated the SN on the (ag, eg) plane, this time
with a fixed initial inclination at 5°. The dynamical map obtained
from orbit integrations of 1.34 x 10° yr is shown in Fig. 2.

The stable regions are located at low eccentricities area, with
the most stable orbits (in blue) occupying the region ey < 0.05.
The dashed contour in Fig. 2 encloses orbits with SN < 10>,
with which the orbit will most probably survive 4.5Gyr in the
pure-gravity model (see the discussion in Sect. 3.3). The vertical
structures seen in Fig. 1, for instance the unstable strips corre-
sponding to the separatrix between tadpole and horseshoe orbit,
and the strips around ay = 0.72053,0.72613 AU are also shown
in Fig. 2, implying that they arise due to mechanisms associated
with the semi-major axis (mean motion).

In the low-eccentricity region in Fig. 2, we note that the fea-
ture of the dynamical map varies mainly along the semi-major
axis (horizontally), but not along the eccentricity (vertically),
that is, the dynamics does not sensitively depend on eccentricity
in this low-eccentricity region. This phenomenon was also
observed in Scholl et al. (2005b, Figs. 1 and 2 therein), who also
reported by fitting polynomials for proper frequencies (g, s) that
the eccentricity terms contribute much less than the inclination
and the semi-major axis variation. A more evident dependence
on eccentricity appears only in either high-inclination (220°)
or high-eccentricity (20.17) regions (see Fig.4 in Scholl et al.
2005b). These regions are for very unstable orbits however, and
thus are not our concern in this paper. We therefore focus here
on the dynamical maps on the (ag, ip) plane and set the initial
eccentricity as ey = 0.00675.

3.2. Frequency analysis

The secular resonances carve the dynamical maps of Trojan
asteroids of terrestrial planets (see e.g. Brasser & Lehto 2002;
Zhou et al. 2019). To determine the secular resonances that cause
the structures in the phase space, we conducted a frequency
analysis method.

The proper frequencies of VTs are distinguishable from the
forced frequencies because they are dependent on the orbital
elements. Hence we can detect them in the frequency spectra.
For details of determining the proper frequencies, we refer to
Zhou et al. (2009). After obtaining the proper frequencies, we fit
their dependences on the orbital elements of ag and iy. Surely,
the proper frequencies should also depend on the eccentricity
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eo. However, with fixed ey, we focus on the low-eccentricity
region and do not analyse the eccentricity dependence in this
paper.

We calculated and fitted the proper rates of the perihelion
precession g = g(ap, ip) and of the ascending node precession
s = s(ao, ip), which correspond to the proper frequencies of
ecosw and icosQ of VTs, respectively. Because the orbital
behaviours of tadpole and horseshoe orbits are different from
each other, their proper frequencies follow different depen-
dences on the orbital elements. Piecewise quintic functions were
adopted for the frequencies in these two regimes.

The secular resonances can be depicted by searching the inte-
gral domain for the combination of parameters (p,q, pj,q;) of
the equation

(Pjgj+ajsj) =0, 3

8
pg+4qgs+

Jj=1

where g; and s; represent the precession rates of the perihelion
and ascending node of the jth planet. The proper frequencies of
the planets (see Table 1) and VTs were computed from the output
of the 1.07 x 107 yr integration. The d’Alembert rule requires that
p+q+ Zf.:l(pj +g;) =0and g+ Zf-:l g; must be even. The
value of |p| + |q| + Z?zl (ij| + |qj|) is defined as the degree of
the secular resonance.

The main secular resonances we detected are shown in Fig. 3.
The boundary between the tadpole and horseshoe orbits sepa-
rates two regimes that are differently influenced by the secular
resonances. Because the values of the proper frequencies of the
horseshoe orbits are much higher than those of the tadpole orbits,
Eq. (3), involving these frequencies, is less sensitive to different
combinations of the proper frequencies of the planets. Therefore,
the corresponding secular resonances are much closer to each
other in the horseshoe regime, which means that the resonance
overlap can take place more easily. It plays an important role in
shaping the boundary of the stability region.

The apsidal secular resonances with the Earth (v3) and Mars
(v4) clear the moderately inclined VTs, as we mentioned before.
The locations are consistent with the result from Scholl et al.
(2005b), although they depicted them on the plane of proper
orbital elements. This type of apsidal resonances could increase
the eccentricity of VTs to make them planet-crossing (see e.g.
Murray & Dermott 1999). The orbits dominated by the v3 and
v4 range from 17° to 35° (Brasser & Lehto 2002). The v, secular
resonance, which is located in the high-inclination regime,
could induce chaos, together with the v;;, which has also been
determined by Brasser & Lehto (2002) and Scholl et al. (2005b).
Orbits over 40° could also obtain a high eccentricity (Namouni
1999; Giuppone & Leiva 2016) via the von Zeipel-Lidov-Kozai
mechanism (von Zeipel 1910; Lidov 1962; Kozai 1962; Ito &
Ohtsuka 2019). The Tapsidal secular resonance with Saturn (vg)
lies in the low-inclination stability region. It seems to be weak
because Saturn is too far away from the VTs. Nodal secular
resonances such as vi3 and vy4 could control the variation in
the inclination (see e.g. Murray & Dermott 1999). These two
resonances could cause a variation in the inclination up to ~20°,
while the inclinations of most of other orbits vary within 10°.

In addition to the linear secular resonances, we also searched
for fourth-degree secular resonances. The resonances that only
involve the apsidal (g) and nodal precession (s) are denoted by
G- and S-type, respectively. The remainder are labelled C-type
in the name of “combined”. We show the results in the right
panel of Fig. 3, and the labels in the figure are explained as
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Fig. 3. Secular resonances over the short-time (1.34 x 10° yr) dynamical map on the (ay, i) plane (see text for the explanations of the labels along
the curves). The left panel depicts the linear secular resonances, and the right panel depicts the fourth-degree secular resonances. The tadpole and
horseshoes orbits are separated by the vertical dark lines. Grey shadows delimit the coverage areas of the resonances considering the frequency
drift of the inner planets. The distinguishable locations of secular resonances deduced from the model including GR effect are indicated by the

dashed red lines (see text).

follows:

Gl g+g1—-92-94=0, G2:g9+g1—-29,=0,

G3:g+g1 —294=0, G4 :g+ g, — 294 =0,
G5:29-9g2-94=0, @
S1:s+ 50— 256 =0, S2 25— 55— 53 =0,
Clig—s—-(g3—54)=0, C2:g—5—(g94—54) =0,
C3:g—s5s—-(g3—53)=0, Cd:g—s5s—(g94—53)=0.

There are so many such resonances that we can only show some
representatives of them. Many resonances could share the simi-
lar locations in the phase space, such as v, and G2, and v and
G4. These high-order secular resonances contribute to the fine
structure of the dynamical maps. We note that C1-C4, four res-
onances of the same type g — s, gather around iy = 15°. They
clearly give rise to the instability strip there in the dynamical
map, as we mentioned in Sect. 3.1. Involving both the apsidal
and nodal precession, C1-C4 are thought to have remarkable
influence on both the eccentricity and inclination. By inspecting
the orbital evolution, we confirm the stronger variations in the
eccentricity and inclination for orbits around 15°. We also note
that the vertical strips along the inclination in the dynamical map
are thought to be connected with the S-type resonances.

As is well known, the proper frequencies of the terrestrial
planets change over time (Laskar 1989, 1990). The direct result
of this frequency drift is that the related resonances could sweep
a certain area in phase space, affecting more orbits and caus-
ing more resonance overlap. This is especially true for C1-C4
because they are close to each other and the frequency drift for
the Earth and Mars is particularly remarkable (see Table 2). This
is also true for G3 and S2. We note that the values of the fre-
quency drift are calculated from our 1 Gyr integration of the
Solar System and might certainly become higher for a longer
integration time.

In addition to the frequency drift caused by the non-linear
gravitational perturbation among planets, the GR also modifies
the fundamental frequencies of the inner planets. For example,
it produces an additional perihelion precession of 38 arcsec per
century to Mercury. This change may then influence the effects
of the resonances described above.

Adopting the first-order post-Newtonian expansion (e.g.
Standish & Williams 2012), we included the GR effect from the

Table 2. Mean values (v) and amplitudes (max —min) of the proper
frequencies of terrestrial planets.

v Av v Av
g1 404172 1.1173 s —42.5867 1.1270
g» 56.6149 0.1210 s, —52.8899 1.6284
gz 1332022 1.6949 s3 —146.4151 2.0098
gs 137.6797 15983 s4 —137.3604 2.7047

Notes. The data are computed from our 1 Gyr integration of the Solar
System. The frequencies are given in 10~/ 2z yr~!. The mean frequen-
cies ¥ are very close to the values given in Laskar (1990), while the
variations Ay are larger in this table because a longer integration time is
adopted here (1 Gyr vs. 200 Myr).

Sun on the planets and VTs in our simulations. New locations of
the resonances were obtained after GR was taken into account,
as shown in Fig. 3. Because GR has the greatest influence on the
apsidal precession of Mercury, the most obvious shift occurs in
resonances involving g, for example G1-G3. Fig. 3 still shows,
however, that the effect of GR is only limited. In practice, GR
can almost be ignored.

The secondary resonances could also play a role in Trojan
dynamics (see e.g. Marzari et al. 2003a; Robutel & Gabern 2006;
Zhou et al. 2009, 2011, 2020). The 13:8 nea-MMR (NMMR)
between the Earth and Venus (Bazsé et al. 2010) might have a
remarkable influence on the orbital behaviours of VTs. Accord-
ing to our calculation, the angle 1343 — 84, circulates with a
period about 238 yr, corresponding to a frequency of fi3.g =
4.193 x 1073 27 yr~!. Secondary resonances take place when the
frequency of the 13:8 NMMR (fi3.3) intersects the libration fre-
quency of the resonant angle coso of VTs (f). To determine
the locations of secondary resonances on the (ap, iy) plane, we
fixed one iy and calculated the frequency f of the resonant
angle for varying ap. Along this straight line of fixed iy on the
(aop, ip) plane, the frequency f changes with ay, and then we can
determine whether f meets fi3.g, where a secondary resonance
occurs. We can also fix ap and calculate the variation of f with
respect to varying iy. Several examples are shown in Fig. 4.

The dynamical spectrum (Fig. 4) shows that for VTs with
ip = 17° (arbitrarily chosen as an example), f = fi3.3 occurs
around ap = 0.72143 and 0.72523 AU (indicated by short
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Fig. 4. Libration frequency f of the 1:1 resonant angle for VTs (cos o)
vs initial semi-major axis (bottom abscissa) and initial inclination (top
abscissa). Solid squares in orange indicate the orbits with varying semi-
major axis but fixed initial inclination i, = 17°; while open circles in
blue and diamonds in green indicate the orbits with varying initial
inclination but fixed semi-major axes ay = 0.72053 and 0.72143 AU,
respectively. The frequency of the 13:8 NMMR between the Earth and
Venus fi3.¢ and its double value 2fj3.5 are depicted by the dashed and
solid lines, respectively. The arrows point to the intersections of f with
these two lines.

arrows), which is very close to the separatrix between tadpole
and horseshoe orbits (0.72153 and 0.72513 AU). Therefore, the
overlap enhances the instability and causes a small extension
of the instability strip away from the centre. The secondary
resonance f = 2fj3.3 appears around 0.72053 and 0.72613 AU
(indicated by long arrows in Fig. 4), corresponding to the loca-
tions of two vertical strips in the dynamical map, and implying
that this secondary resonance might be responsible for this
unstable structure.

Moreover, for orbits with fixed semi-major axes, we find in
Fig. 4 (open circles and diamonds) that the frequency f of the
resonant angle changes only little as the inclination increases,
implying that the structure caused by the secondary resonances
appears as vertical strips in the dynamical map on the (ay, i)
plane. These vertical structures are clearly shown in Fig. 1, nearly
parallel to the separatrix between the tadpole and horseshoe
orbits. We also note that the overlap of these secondary reso-
nances with the vi3 and vy4 secular resonances induces a growing
instability along the initial inclination (Fig. 3).

Additionally, we inspected the frequency spectra of the
eccentricity, and find that a small peak around fj3.g exists for VTs
located in the aforementioned instability strip but not for VTs out
of it, which also implies that this instability structure might be
related with the 13:8 NMMR. However, considering the fact that
the 13:8 resonance is of high order, its effect should be quite
small, and we cannot completely exclude the possibility that
other dynamical mechanisms contribute to the formation of these
instability structures in the dynamical map and that the equality
between frequencies mentioned above is just a coincidence.

3.3. Long-term stability

To confirm the long-term stability of VTs, we set those orbits
that survived the 1.07 x 107 yr integration as the initial pop-
ulation (2271 orbits in total) and extended the integration to
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Fig. 5. Eccentricity distribution of the initial population for the 4.5 Gyr
integration. The blue bins indicate the frequency of e, and the green
curve is the cumulative frequency. An eccentricity lower than 0.02 or
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Fig. 6. Lifespan of VTs around the L, point on the (ay, iy) plane. The
colour indicates the lifespan in gigayears in logarithm. Only the orbits
that survive the 1.07 x 107 yr integration are included, and orbits over
25° are omitted for clarity.

4.5 Gyr using the Mercury6 (Chambers 1999) integrator pack-
age. Because these orbits are the survivors of the ~10Myr
evolution of the originally near circular orbits, they are reason-
ably expected to occupy the most stable region in the orbital
elements space. Particularly, the instantaneous eccentricities of
them may have formed the eccentricity distribution (Fig. 5) of
long-term stability.

As shown in Fig. 5, the instantaneous eccentricities are dis-
tributed mainly in between e = 0.03 and 0.05, with sharp drops
on both sides. This is consistent with the results in Pokorny &
Kuchner (2019) where the most stable orbits surviving the Solar
System age have initial eccentricities of about 0.04 (see Fig. 4a
therein).

Integrated up to 4.5 Gyr, the lifespan of these orbits is shown
in Fig. 6. About 39.5% of the orbits could survive to the age of
the Solar System, and most of them are on horseshoe orbits. This
agrees very well with the conclusion drawn from the dynamical
map (Fig. 1).

For tadpole orbits, the long-time integrations confirm the
results we obtained via the frequency analysis method (see
Sect. 3.2). C1-C4 do destabilise the orbits around 15°, driv-
ing them out of the co-orbital region within 1 Gyr. Resonances
including vg, S2, G3, and G4 could also contribute to the escape
of tadpole orbits, but are less effective than C1-C4. Certainly,
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VTs at the boundary of the stability region lose their stability in
this long integration.

Overall, if we just consider a purely gravitational model
of the Solar System, some primordial Venus companions exist,
especially on horseshoe orbits. Scholl et al. (2005b) found no
stable orbits that could survive 4.5 Gyr, probably owing to
the small initial population (30). Pokorny & Kuchner (2019)
obtained a survivor ratio of only 8.2% because there are too
many high-eccentricity orbits in their initial population, while
the eccentricity of the initial population in our simulation is
almost concentrated around 0.04.

Because the SN is an indicator of orbital regularity, its value
is correlated negatively with the lifespan of an orbit. We exam-
ined the SN values (calculated from the 1.34 x 10° yr integration)
and lifespan of these orbits and find that 95% of orbits surviving
4.5 Gyr have log,, SN < 2.06. Thus, we regard SN = 10*% as
the critical value for the most stable orbits, and mark the most
stable areas in Fig. 2 by the contour curve. Apparently, the sta-
ble regions can hardly extend to ey = 0.1, and most of them are
in the low-eccentricity (e < 0.05) region. Therefore, although the
instantaneous eccentricities (0.00675 at time zero) of these initial
population are very low, their distribution after ~107 yr evolution
(Fig. 5) agrees basically with both the eccentricities of stable
orbits found by Pokorny & Kuchner (2019) and our assumption
that long-term stable orbits are mainly low-eccentricity ones.
We conclude that the initial population adopted here to exam-
ine the long-term stability are representative. Even though some
orbits with higher eccentricities (0.05-0.1) could survive 4.5 Gyr
in this purely Newtonian gravitation model, the stability of all
these orbits will finally be destroyed by the Yarkovsky effect, as
we show below.

In addition to the Yarkovsky effect, GR, which may also
change the orbital stabilities, is not included in the simulations so
far. We determine the influence of GR in greater detail in the fol-
lowing section. The combined effects of GR and the Yarkovsky
effect are then investigated subsequently.

4. General relativity and the Yarkovsky effect
4.1. General relativity

The effect of GR was hardly ever mentioned in the research on
the dynamical stability of objects in the Solar System because it
was generally thought to be negligible unless in the very close
vicinity of the Sun. VTs are on the orbit of Venus with a semi-
major axis of about 0.7 AU, therefore their long-term stability
could be affected at a non-negligible level both directly by GR
and indirectly by its influence on the motion of planets.

To investigate how GR affects the long-term stability of VTs,
we set the same initial population (2271 test particles surviving
1.07 x 107 yr) and integrated their orbits to 4.5 Gyr in a model
including GR. During the integration, some orbits lost their sta-
bility and escaped from the Trojan region, and the survivor ratios
of test particles during the whole time are illustrated in Fig. 7.
For comparison, the survivor ratio in the model without GR is
plotted in the same figure.

Without GR, 1365 test particles survive 1 Gyr and 898 sur-
vive 4.5 Gyr. With GR, these two numbers are 1264 and 810,
respectively. The relative differences at 1 Gyr and at 4.5 Gyr are
smaller than 10%, implying that GR does affect the stability of
VTs, but not substantially so.

To further show the influence of GR on the orbital stability
of VTs, we calculated the value of log,,(7T'1/T2), where T is the
lifetime of a test particle in the model without GR and T is this
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Fig. 7. Survivor ratio of test particles during 4.5 Gyr. The dashed line
shows the model with GR, and the solid line shows the model without
GR.
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Fig. 8. Effect of GR in the VT region. The colour bar represents
log,(T'1/T>) (see text). Thus grey means that the lifetimes in both mod-
els are the same (4.5 Gyr), while red indicates that the corresponding
orbit is destabilised to some extent by GR (7, > T,), and blue is the
opposite.

lifetime with GR. We plot the result in Fig. 8. As shown in Fig. 8,
red and blue indicated the destabilising and stabilising effect of
GR, respectively, which are mixed in the region. We still find that
the red parts (destabilisation) are mainly located in the middle of
the VT region, however, where the resonances involving the apsi-
dal precession of inner planets and VTs gather (see Fig. 3). The
stabilised parts (blue) are mainly located around the secondary
resonance f = 2fj3.g at a = 0.72053 AU, 0.72613 AU, implying
that the secondary resonance is almost destroyed due to GR.

4.2. Yarkovsky effect

The Yarkovsky effect produces a recoil force that arises from
the absorption and anisotropic re-radiation of thermal energy,
resulting in the long-term evolution of the semi-major axis
for small objects orbiting the Sun (for a brief review see e.g.
Bottke et al. 2006). Due to the rotation and revolution of the
object, an asteroid may be subject to the diurnal Yarkovsky effect
and the seasonal effect. Generally, the diurnal effect is much
more remarkable than the seasonal effect unless the spin axis
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is parallel to the orbital plane. Therefore, it is reasonable to
consider only the diurnal effect and neglect the seasonal one.

The Yarkovsky effect continuously increases the semi-major
axis of an asteroid if it rotates prograde or decreases the semi-
major axis if it is a retrograde rotator. The situation can be
complicated when the asteroid is locked in an MMR. For Tro-
jan asteroids, Wang & Hou (2017) showed that the libration
amplitude of the semi-major axis undergoes remarkable vari-
ation when the Yarkovsky effect works together with the 1:1
MMR. The libration amplitude of the semi-major axis decreases
with time for prograde rotating objects but increases for retro-
grade ones. This phenomenon has been observed in numerical
simulations of the Earth Trojans (Zhou et al. 2019) and Jupiter
Trojans (Hellmich et al. 2019). Due to this mechanism, Trojans
are pushed either towards or away from the centre of libration,
neither of which leads to a long-term stable region because the
central part of tadpole orbits is less stable (see Figs. 1 and 6),
just as in the case of the Earth Trojans (Zhou et al. 2019).

The Yarkovsky effect on an asteroid is determined in a com-
plicated way by its distance to the Sun, its thermal parameters,
the size, bulk density, surface density, spin rate, and the obliquity
of its spin axis. Unfortunately, these parameters are generally
poorly determined. Following Scholl et al. (2005b) and Broz &
Morbidelli (2013), we may parametrise typical VTs with a bulk
density of 2.5 gcm™, a surface density of 1.5gcm™, a surface
thermal conductivity of 0.001 Wm™' K~!, a specific heat capac-
ity of 680Jkg™! K~!, an emissivity of 0.9, and a Bond albedo
of 0.1. For typical rotators in the Solar System, as mentioned in
Bottke et al. (2006), an object with a radius R = 1 km has a rota-
tion period of 5000s, and the rotation period is proportional to
the radius. Based on these parameters, we simplified the formula
of the semi-major axis drift rate for asteroids around the Venus
orbit due to the diurnal Yarkovsky effect as (Vokrouhlicky 1999;
Xu et al. 2020)
ay = 3274 - CRO% AUGyr !, (5)
where y represents the obliquity of the spin axis, and R is the
asteroid radius given in metres.

4.3. Stability under the Yarkovsky effect

We performed numerical simulations of the motion of VTs in
a model including the Yarkovsky effect that drives the semi-
major axis of the Trojan to migrate following the rule in Eq. (5).
We selected from previous simulations those 1365 test parti-
cles that survived 1 Gyr without GR and 1264 test particles
that survived 1 Gyr with GR, and then integrated their orbits to
4.5 Gyr under Yarkovsky effects of different magnitudes. Several
Yarkovsky drift rates ay = +0.05, £0.25, +0.5 and +2 AU Gyr‘1
were adopted. When we assume that the spin axis is perpendic-
ular to the orbital plane, that is, y = 0° or 180°, the Yarkovsky
drift rates chosen above can be translated into asteroid sizes with
radii of 1600, 560, 350, and 140 m, respectively, according to
Eq. (9).

The results of our simulations are summarised in Fig. 9,
in which the survivor ratios of test Trojans at the end of each
simulation are plotted.

The Yarkovsky effect apparently decreases the survivor ratio.
As the strength of the Yarkovsky effect increases, the survivor
ratio drops down sharply. A similar relation has been observed
for the Earth Trojans that are influenced by the Yarkovsky effect
(Marzari & Scholl 2013; Zhou et al. 2019). Like for Earth Tro-
jans, the asymmetry of the stability that the retrograde spinning
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Fig. 9. Survivor ratio of VTs under the Yarkovsky effect. Black refers
to the results of an integration to 1 Gyr, and red shows this for 4.5 Gyr.
The crosses and open circles refer to the results with and without GR,
respectively. The survivor ratio of 1.0 right at the centre shows the case
ay = 0 (without the Yarkovsky effect). Solid lines are the fitting curves
of the data for 4.5 Gyr with GR (red crosses, see text).

Trojans (ay < 0) are less stable than the prograde spinning ones
(ay > 0) with the same Yarkovsky effect (i.e. the same |ay]|) is
shown in Fig. 9 as well. For the same |ay| value, the survivor ratio
of the inward-migrating retrograde rotators (y = 180°) is lower
than that of the outward-migrating prograde rotators (y = 0°).
This happens because of the different responses of the libration
amplitude of the Trojans to the inward or outward semi-major
axis drift (Wang & Hou 2017; Zhou et al. 2019; Hellmich et al.
2019), and also because of the different stability structures in the
inner and outer regions of the dynamical map (Figs. 1 and 6).

Comparing the results that take the effect of GR (crosses)
into account and the results without GR (open circles) in Fig. 9,
we may find that the influence of GR becomes more prominent
than that shown in Fig. 7, implying that the effect of GR on desta-
bilising the Trojans’ motion is enhanced after cooperating with
the Yarkovsky effect. The destabilisation of GR mainly occurs
either in the inner central region or around the boundary of the
stable island (red parts of Fig. 8), into which Trojans will always
be pushed by the Yarkovsky effect within a given time. As a
result, the Yarkovsky effect in a sense amplifies the effect of GR.

According to our experience that we obtained through study-
ing the Earth Trojans (Zhou et al. 2019), the relation between the
survivor ratio and the Yarkovsky drift rate shown in Fig. 9 can
be numerically fitted by a piecewise Gaussian function for the
positive and negative ay, separately. The fitting curves for test
particles surviving 4.5 Gyr with GR are plotted in Fig. 9 (solid
red lines), and they can be used to impose constraints on the sizes
of primordial VTs that probably still exist today. If a survivor
ratio of 1% is taken as the cut-off probability of existence (as in
Zhou et al. 2019), which corresponds to ay = —0.50 AU Gyr~!
and +0.77 AU Gyr~! on the fitting curves for retrograde and pro-
grade spinning asteroids, respectively, we may infer from Eq. (5)
that a primordial VT surviving the Yarkovsky effect for 4.5 Gyr
cannot be smaller than 350 m in radius if it is a retrograde rota-
tor (y = 180°), and it should be larger than 260 m for a prograde
rotator (y = 0°).

Overall, due to the effect of GR and the Yarkovsky effect,
the probability of the existence of primordial VTs that are not
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detected today is extremely low. This implies that the dust ring
associated with Venus is replenished by some other sources.

5. Conclusion and discussion

The orbital stability of VTs was thoroughly investigated via
numerical simulations in this paper. In a fully gravitational
model consisting of the Sun and eight planets, the motions of
thousands of test particles in the region of 1:1 MMR with Venus
were integrated to ~10 Myr. Based on these simulated orbits and
using the spectral number as the indicator of orbital regularity,
we plotted detailed dynamical maps on the (ap, ip) plane. Stable
regions of low inclination (<15°) for VTs mainly on horseshoe
orbits were found (Fig. 1). Most of them are located in the region
of low eccentricity (50.05) (Fig. 2).

Using the frequency analysis method, we determined the
proper frequencies of VTs and then located the resonances that
contribute to shaping the structures of the dynamical maps. We
find that the instability of motion is mainly caused by the lin-
ear apsidal secular resonances v;, vs, v4, and vg, while the nodal
secular resonances v3 and vi4 may excite an inclination varia-
tion up to ~20° (Fig. 3). The secondary resonances related to
the frequency of the quasi 13:8 MMR between the Earth and
Venus are likely to cause the narrow vertical strips of instability
on the (ay, ip) plane (Fig. 4). Some higher-order secular reso-
nances involving apsidal and nodal precession of Trojans have
been located as well, and they produce the fine structure in the
dynamical maps. Their effects are further enhanced by the fre-
quency drift (of planetary precession) in the inner Solar System,
and they are partly responsible for the depletion of Trojans on
tadpole orbits in the long term (Fig. 3). Compared to the effect of
frequency drift, GR introduces only tiny changes in the stability
(Fig. 7). In summary, in this purely gravitational model, either
with or without GR, VTs of low inclination (515°) and small
eccentricity (<0.05) (Fig. 5), particularly those on horseshoe
orbits, may survive to the Solar System age (Fig. 8).

However, the stability of asteroids in the Trojan region will
be destroyed by the Yarkovsky effect (Fig. 9). As shown in
our previous work (Zhou et al. 2019), the Yarkovsky effect has
depleted practically all primordial Earth Trojans (if there were
any) that are so small that they could avoid being detected by
surveys such as OSIRIS-REx. Assuming that VTs have the same
(typical) physical and thermal parameters as Earth Trojans, the
Yarkovsky effect on VTs must be stronger than that on Earth Tro-
jans because they are closer to the Sun. Taking a survivor ratio
of 1% as the critical probability, our calculations show that a ret-
rograde spinning VT surviving the Yarkovksy effect for 4.5 Gyr
cannot be smaller than 350 m (or 260 m if it is spinning pro-
grade). In other words, those asteroids smaller than 350 m (or
260 m) in radius have a probability of <1% to survive to the Solar
System age.

Recent surveys dedicated to searching for VTs placed
upper limit on the sizes of these hypothetical objects. The null
detection of VTs by the Zwicky Transient Facility (ZTF) twi-
light survey (Ye et al. 2020) with a limiting r-band magnitude
of 19.5 suggests that there is no VT larger than 250-750m
(assuming albedos between 0.45 and 0.04). The Cerro-Tololo
Inter-American Observatory (CTIO) twilight survey (Pokorny
et al. 2020) with a limiting magnitude of 21 (corresponding
to a radius ~200m for S-type and ~500 m for P-type asteroid)
reported no detection of VTs either.

In one word, the Yarkovsky effect expels small VTs, and
observational surveys deny the existence of large ones. Hence,

we may conclude that undetected primordial VTs are very
unlikely to exist today.

Our calculations suggest that the dust ring around the orbit
of Venus cannot be the byproduct of erosion of primordial VTs.
Still, a temporary capture of asteroids by the resonance may be
possible and might be the source for co-orbital dust on smaller
timescales. Five co-orbital objects of Venus are currently known,
which are small asteroids on chaotic orbits. Their estimated
lifetimes in the 1:1 MMR with Venus are rather short: object
2001 CK32 is currently in transition between a horseshoe and
a quasi-satellite orbit with e =~ 0.38, and numerical studies sug-
gest that the resonant capture lasted for less than 10000 years
(Brasser et al. 2004). Asteroid 2002 VE68 currently stays on a
fairly chaotic quasi-satellite orbit with e =~ 0.41, and the tempo-
rary capture time is thousands of years (Mikkola et al. 2004).
The three other co-orbital asteroids 2012 XE133, 2013 ND15,
and 2015 WZ12 (de la Fuente Marcos & de la Fuente Marcos
2013, 2014, 2017) are much fainter and on eccentric thus less
stable orbits. Because of their short lifetimes and short trajec-
tory arcs in the vicinity of the Venus orbit, the contribution from
these temporary co-orbital asteroids to the dust ring — if any —
can only be seen as a temporary phenomenon.

An alternative mechanism for maintaining the dust ring is
a continuous concentration and dispersion of dust particles in
the 1:1 orbital resonance with Venus. Due to their small size,
dust particles receive significant non-gravitational perturbations,
such as radiation pressure, Poynting—Robertson drag, and solar
wind drag (Burns et al. 1979). Driven by these perturbations,
dust particles migrate toward the Sun from their birthplaces
(main belt asteroids or Jupiter-family comets), and the orbital
resonances with planets may trap or delay the travelling particles
so that dust rings can form.

It is known that the capture of small objects into external
resonances takes place, but it does not occur for internal
resonances (Sicardy et al. 1993; Beauge & Ferraz-Mello 1994;
Liou & Zook 1995). The co-orbital resonance, being neither
an external nor an internal resonance, is special. Numerical
studies already indicated the low capture probability of dust
in the external and 1:1 MMRs with Venus (Jackson & Zook
1989; Dermott et al. 1994; Jeong & Ishiguro 2012). Recently,
Sommer et al. (2020) studied the formation of resonant dust
rings in the inner Solar System in great detail and reported
that the neighbouring planet (Earth here) severely impairs the
ability of the external resonances of Venus to trap dust particles.
Consequently, circumsolar rings at the external and co-orbital
resonances with Venus cannot be formed in this way.

Even when the dust particles have been captured, they may
escape from the resonances with the aid of the non-gravitational
perturbations. Zhou et al. (2021) reported that non-gravitational
perturbations shift the location and size of the stability islands
around the Lagrange points of Venus significantly, resulting in
a short lifespan of the particles in the co-orbital region. After
considering the interaction of charged dust grains with the inter-
planetary magnetic field, the authors determined that the Lorentz
force further destabilises the orbits.

Therefore, neither primordial VTs, temporary co-orbital
asteroids, nor migrating dust clouds are adequate to explain the
dust ring around the orbit of Venus. Either there are some other
sources that we do not know yet, or the dust ring itself is only a
temporary phenomenon. The origin of the dust ring associated
with Venus is still an open question.
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