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Abstract

The paper compares the multiplicative system LKm for classical propositional logic
with its fully additive variant LKa. As is well-known, the latter is obtained from the
former by absorbing the structural rules through the joint adoption of the general-
ized axiom and the context-sharing formulation of the logical rules. We show that
the very absorption of the structural rules may have the effect of turning LKa into a
merely semantic device. We further argue that this, very simple, case-study may be
of some interest when considered in the context of the current debate on semantic
pollution. As a matter of fact, LKm and LKa are two proof systems that share not
only theorems, but also the very syntactic structures they use, though LKa can be
collapsed into an appropriate algebraic setting. The subtext to this observation is
twofold: (i) to support and further clarify Avron’s notorious position on the topic,
and (ii) to point out a language-independent form of semantic pollution that we
call ‘deep’.

1 Introduction

The problem of ‘semantic pollution’ has been gaining increasing attention among
philosophers of logic in recent years. As reported in Read (2015), the term seems to
have been used for the first time by Rajeev Goré in a conversation. In brief; it refers to
formal proof systems which turn out to be syntactically ‘impure’, in that they need to
incorporate—more or less explicitly—some ‘extraneous’ model-theoretic/algebraic
information to be properly formulated and implemented. The incessant flourishing
of proof systems for non-classical logics based on extensions and variants of the
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standard structure of Gentzen sequents made it necessary to devise a criterion able to
detect incursions into semantics (Avron, 1996; Poggiolesi, 2011; Baaz et al., 1993).

Concern about semantic pollution primarily arises in the philosophical areas of
inferentialism and proof-theoretic semantics. Any undue overlap between syntax and
semantics is in fact regarded as a potential threat to the capability of internally con-
veying meaning to connectives through an appropriate formulation of the logical
rules (Negri, 2005; Read, 2008; Fellin & Negri, 2023).

In Avron (1996), Arnon Avron famously enumerated a series of general features
that a well-behaved proof system should be expected to possess. More specifically,
he frames the quest for syntactic purity as follows:

Avron's Criterion (AC): Because of the proof-theoretical nature and expected
generality, the framework should be independent of any particular semantics.
One should not be able to guess, just from the form of the structures which are
used, the intended semantics of a given proof-system (recent frameworks for
many-valued logics and for modal logics violate this principle [...])

The passage is very important, because the entire debate on the subject has in fact
stemmed from it. On the one hand, Avron’s criterion overtly targets labelled sequent
calculi for modal and intuitionistic logic, in which the system of attached decora-
tions constraining the application of the rules explicitly refers to possible worlds and
accessibility relations in Kripke structures (Negri, 2005; Read, 2008; Fellin & Negri,
2023; Ceragioli 2025). On the other hand, AC denounces, with equal force, calculi
that have no explicit occurrences of semantic terms, but in which semantic proper-
ties of the logic are nonetheless somehow implicitly mirrored by the very structure
of the syntactic expressions manipulated by the proof system. On this point, a good
example is the use of n-ary sequences of sequents (or sets of formulas) to treat n-
ary logics (Carnielli, 1991; Zach, 1993; Baaz et al., 1993). Even though in this case
no model-theoretic element occurs explicitly in the linguistic structures at issue, the
number of sequents that constitute each sequence is clearly semantically inspired,
since each sequent contains exactly those formulas that receive the same truth value.
Other examples of controversial syntactic structures include display calculi (Belnap,
1982; Wansing, 2000) as well as Poggiolesi’s tree-hypersequents (Poggiolesi, 2009).

AC has been challenged on various grounds, especially by attempts to show that
an inferentialist approach can be secured within allegedly polluted calculi for modal
logic (Poggiolesi & Restall, 2012; Read, 2015; De Martin Polo, 2024). Here, how-
ever, we are specifically interested in what Poggiolesi says in Poggiolesi (2011),
centering her argument on the sequent calculus that we refer to as LKa (cf. Fig. 1)
(Kleene, 1967).

In LKa, the logical rules syntactically ‘paraphrase’ the semantic bicondition-
als defining the logical connectives. The best way to highlight the correspondence
between logical rules and semantic definitions of connectives is perhaps to mention
the well-known isomorphism between LKa-proofs and ‘block’ tableaux @ la Smul-
lyan (1995, Ch.IX, §1) and D’Agostino (1999). Any LKa-proof can be converted
into a tableau by simply inverting the sequent derivation and then rewriting sequents
according to their refutational reading, as indicated below:
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Fig. 1 The LKm and LKa sequent calculi LKm LKa
Fop FToop
F0A FDLB FT,A B
FT,AvB ~° FT,AvB “ FT,AV B
F0LA  FAB FI,A  FI,B
FT,AAAB FT,AAB
FT FT,AA
FT,A Fr.a ¢

Ay,..., A, - B1,....B,, ~ t:A...,t:A,f:By,...,f: B,

By applying the conversion in the opposite direction, it is of course possible to obtain
a sequent derivation from any given ‘finished’ and closed tableau. For instance, the
rules of right-conjunction and disjunction are immediately transformed into the fol-
lowing tableau-rules for false conjunction and disjunction (and vice versa).'

r-AA THAB 60, £ A £ ANB
T'AAANB t:Df:A £ A | t:T,f: A f:B

I'HFA A B - t:I,f:Af:AVEB
A AV B t: T f:Af: A f:B

Poggiolesi argues against AC as follows. Based on the previously noted isomor-
phism, LKa seems to be precisely the kind of “given proof system” from which one
is “able to guess, just from the form of the structures which are used, the intended
semantics [...]” (Avron’s words). Since LKa is clearly non-polluted, AC appears to
set a too severe a test to be actually applicable and informative. The author does not
explain the reasons why LKa should be considered as syntactically pure beyond any
reasonable doubt. Presumably, she considers LKa as unpolluted because it, like its
multiplicative counterpart LKm, deals with the ordinary language of classical propo-
sitional logic and formulas are arranged in standard Gentzen-style sequents. Such a
consideration is particularly interesting for it gives a strictly linguistic connotation to
the phenomenon of semantic pollution. After all, this is what Avron himself suggests
when he explains that “recent frameworks for many-valued logics and for modal log-
ics violate this principle”.

'This very close proximity between syntax and semantics can also be appreciated from another point
of view, by observing how semantic completeness for LKa can be achieved with minimal effort. Let us
observe the following two preliminary facts. For any instance of the logical rules: (i) if the conclusion is
valid, then each premise is valid as well; and (i7) the linguistic complexity of the premises (measured as
the number of occurrences of logical connectives in the sequent) is always strictly smaller than that of the
conclusion. Given these two facts, we can associate an LKa-proof with any valid sequent simply by repeat-
edly applying the logical rules upwards until the leaves of the derivation-tree are all made of literals, i.e.,
no longer decomposable sequents. Since the end-sequent is valid by fact (i), each top-sequent will also be
valid and therefore it qualifies as a proper instance of the ax-rule. Fact (ii) guarantees termination of the
decomposition procedure under consideration (Pulcini & Varzi, 2021 ; Piazza 2023).
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In order to overcome the difficulties she sees in adopting AC while saving the
basic intuition about the linguistic source of semantic pollution, Poggiolesi proposes
the following alternative test:

Poggiolesi’s Criterion (PC): We say that a sequent (or a set of sequents) does
not contain a semantic element if every element that serves to define the sequent
(or set of sequents) may be translated in such a way that it forms, together with
the translation of the other elements, a formula equivalent to the sequent.

If we regard pollution as a linguistic phenomenon, the first point to notice about PC
is that it seems to suffer from the same kind of excessive severity with which AC
has been charged. A counterexample can be given by considering Pynko’s sequent-
calculus for Belnap’s logic FDE (Pynko, 1995; Omori & Wansing, 2017) which is
based on precisely the same language and structure of sequents as LKa and LKm.
Yet, FDE has no theorems, only inferential forms that may or may not be valid (Bel-
nap, 1977; Belnap, 2019); therefore, there is no hope of encoding any sequent into a
single provable formula.

It seems that we have run into a predicament, and this could be a sign that we are
asking the wrong question. Indeed, asking for a discrete yes/no criterion capable of
certifying once and for all the purity of a given proof system does not seem to be
the best philosophical question one can pose in this kind of situation. This in fact
presupposes the ability to certify 0-polluted calculi, a task that seems quite hard to
tackle, especially when multiconclusion sequent-systems are under consideration.’
Conversely, what would be a completely semantic decision method? For example,
nothing prevents one from considering truth tables as highly polluted proofs by cases.
Owing to this conceptual complications, we find it much more interesting to adopt
a comparative reading of the same question, namely: given two proof systems shar-
ing the same set of theorems, is it possible to determine whether one is purer than
the other?® Following this methodological take, we shall be focusing attention on
the simplest case involving the two sequent-systems for classical propositional logic
LKa and LKm (cf. Fig. 1). In particular, we will argue that LKa is more polluted than
its multiplicative counterpart LKm. To this end, we will show how one can “guess
just from the form of the structures which are used” in LKa an alternative semantics
for classical propositional logic that we call flipped (cf. Definiton 1). Flipped seman-
tics provides a new framing for standard Boolean semantics, in which conjunctions
and disjunctions are interpreted as sum and product, respectively, while ‘0’ becomes

2 By taking contexts as multisets of formulas rather than sequences, it is possible to streamline the cal-
culus by making the Exchange-rule dispensable. However, this means that commas are no longer merely
placeholders for conjunctions/disjunctions, since they must also be regarded as shorthand for the multiset
union ‘W’. We can then attain further simplification by allowing logical contexts to be interpreted directly
as sets and, thus, commas as instances of the standard set union ‘U’. In this way, we can dispense with the
Contraction-rule at the cost of balancing this relaxation of the syntactic structure with a more pronounced
semantic commitment.

3This kind of methodological slip has some kinship with the idea that semantic pollution may occur in
varying degrees, an approach that has already been advanced by Martinot (2022, 2024) and Martinot and
Poggiolesi (2025).
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the designated value for the truth (cf. Theorem 2). When read against the background
of this flipped semantic format, the deductive structure of an LKa-proof ending in
the sequent - A turns out to be a notational variant for the algebraic transforma-
tions needed to compute the flipped value of 4 (cf. Theorems 7 and 8). The observed
effect is that the calculus LKa fades into the semantic reading of proofs suggested
by its own deductive structures. Soundness and completeness for LKm can thus be
achieved through the intertranslability of proofs between the two systems (cf. Lemma
10 and Theorem 11). In the final section, we shall be drawing some general conclu-
sions about the nature of deductive invertibility and offer a revised version of AC
fitting the comparative approach here propounded.

2 From Gentzen'’s LK to Kleene’s LKa

In Fig. 1, we present, side by side, the rules of the propositional fragment of LKm—
the fully multiplicative version of the original sequent-system LK designed by Gent-
zen in 1935 (Gentzen, 1935)—together with Kleene’s variant LKa (Kleene, 1967).
For the sake of compactness, we prefer to consider both systems in their one-sided
formulation a la Tait (Tait, 1968; Piazza & Pulcini, 2020), but clearly each of the
results and observations discussed in these pages straightforwardly extends to the
standard two-sided version of both calculi.

In Tait’s languages, negation is primitive on atomic sentences, and it extends
metatheoretically to compound formulas by stressing De Morgan duality:

AVB=AAB ANB= AV B.

In the present case, Tait’s language consists of a set % of well-formed for-
mulas built up from a denumerable set of (positive and negative) atomic
sentences AT = {p,q,r,...} U{p,q,7,...}, according to the grammar:
F o= AT|(F NF)|(F V F). As usual, outermost parenthesis are simply omit-
ted. Capital Greek letters I', A, ... are employed to denote finite multisets of logical
formulas from .. Following customary notation, we indicate with I"; A the multiset-
union I' W A. For our purposes, it is also convenient to consider instances of the
axiom rules as displaying only (negative and positive) atomic sentences.

Kleene’s sequent system LKa differs from LKm in that in LKa the structural rules
Weakening (W) and Contraction (C) do not appear explicitly in the inferential palette
of the calculus, but are, in a sense, ‘absorbed’ by the other rules. In particular, the
Weakening-rule fades into the ‘generalized’ version of the axiom, whereas Contrac-
tion is embedded within the context-sharing (additive) formulation of the conjunction
rule (cf. Fig. 2).

Albeit LKm and LKa are both sound and complete with respect to the set of clas-
sically valid sequents,* the advantages of switching from LKm to LKa are numerous

4Commas on the right-hand side of the sequent symbol are customarily interpreted as disjunctions; there-
fore, a one-side sequent - A1, ..., Ay, is classically valid iff the formula Ay V -+ -V A,, is a classical
tautology.

@ Springer



G. Pulcini

Fig. 2 Unpacking the structural rules in LKa ar

azx Fp,D

T o~ 2y
o “Top
FT,A FT,B
’ FT,AAB
FTLAB
FrAB FL.AVBB "v
FI,AVDB FI,AVB,AVD CE
FTO,AVB

and stem from to the fact that each of the logical rules of LKa is invertible, i.c., the
provability of the conclusion always entails provability of each premise. This specific
feature makes proof-search in LKa completely deterministic: starting from a valid
sequent, any proof-search strategy proves to be successful. This, in turn, significantly
simplifies the proofs of completeness and cut-elimination (Pulcini, 2021, 2023).

On the one hand, the V-rule, as expressed in LKa, directly establishes the inter-
changeability between commas and the disjunction connective. On the other, once
the conjunction-rule is formulated additively, we can immediately observe that the
formula corresponding to the conclusion is always logically equivalent to the con-
junction of the formulas corresponding to the premises,” that is:

FILA k0B (VIVAA(VIVB)
TrnAsB T viviass M W

This is clearly not the case for LKm in which any application of the multiplica-
tive conjunction results in the loss of key information about how to split the context
during the proof-search when rules are applied bottom-up. In other words, the con-
junction of the two premises entails the conclusion but not necessarily the other way
around.

kA FAB (VT VA A(VAVB)
TFOAAND CVEVVAV A B

This same phenomenon becomes even clearer when one considers the formulation
of the V-rule in LKm. In other words, while LKm’s logical rules involve some sort
of ‘information entropy’, LKa’s proofs can be read equally well from top to bottom
as from bottom to top.

We argue that, precisely because of the invertibility of its logical rules, any LKa-
proof can be very easily converted into a series of algebraic transformations that
ultimately witness the validity of the end-sequent. The next section is devoted to
developing the complete semantic framework within which such algebraic transfor-
mations take place.

5 As observed in Negri and Plato (2001), this is precisely the reason why the bottom-up application of the rules
canberead as an algorithm for rewriting any formula in the language into one of its conjunctive normal forms.
For instance, the proof shown on the left-side of Fig. 3, converts the formula (p AqQ) AT) V (pV (g V 1))
into the equivalent expression (p VDV gV ) A(@VDVqgVT)AN(TFVDVqVr),ie.,the conjunction
of all three top-sequents once the comma has been replaced by disjunction.
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3 Flipped Semantics
3.1 Heuristics

Let us examine more closely the consequences of the invertibility of the logical rules
in LKa. If we consider commas and disjunctions, indistinctly, as products and con-
junctions as sums, it is easy to see that, in their bottom-up reading, disjunction-appli-
cations become transparent while an application of the conjunction-rule qualifies as a
step of distribution of multiplication over sum.

[Ir-a+B=][r-Aa+][r B (1)

Following this correspondence, we can see that LKa-proofs, in their bottom-up
reading, amount to a series of arithmetical conversions that turn an initial algebraic
expression representing the end-sequent into a polynomial that lists, in the form of
monomials, the set of top-sequents displayed in the proof. The key point to note here
is that the logical equivalence between premises and conclusion at the level of the
sequent calculus () becomes an equality (1) when transposed into the algebraic set-
ting just outlined. This paves the way for a direct and fully algebraic interpretation
of LKa-proofs.

A concrete example is shown in Fig. 3. Once the formula ((p Aq) AT)
V(P V (q V r)) is converted into the algebraic expression (p + g + 7)pgr, the LKa-
proof displayed on the left-hand side of the figure can easily be read as a series of
transformations resulting in the polynomial ppqr + gpgr + 7pgr. Assuming that,
for any atomic sentence p, pp = 0, provability of - (p AGQ) AT)V (DV (gV 1))
in LKa amounts simply to showing that ppgr + gpqr 4+ 7pqr = 0. Put dif-
ferently, the sequent-proof in Fig. 3 displays three top-sequents + p,p,q,r,
F4,p,q,7, and F 7, p, q,  that become the three monomials forming the polyno-
mial ppqr + qpqr + 7pgr. The very fact that each top-clause is axiomatic ensures
that each of these displays a pair of opposite literals and, therefore, reduces to 0,
once the comma is replaced by the product. Finally, since conjunction is inter-
preted as the sum, the entire polynomial reduces to 0.

3.2 Flipped Evaluations

The informal insight provided in the previous section must now be worked out with
mathematical precision. We already explained the reason why polynomials com-

— axr — axr
Fp,p,gr Fq,p,q,7 N a
I pA Q7p7£7(7‘ /\7) = T"* rp,q,T A ( p—|—§+?)ﬁqr : (/\)
PO LRLT_ ~ = (p+aq)par+Tpgr =
FAQAT,B,qVr el LT (A)

= ppqr + qpqr +Tpgr =0

FAg AT,PV(qVr)
F({AAT)V(EVI(gVr))

Fig. 3 An LKa-proof and its algebraic interpretation
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((pAng)AT )V PV (gVvr))

((1 4+0)+ 0) (0 (1 1)) =20
((1 4+0)+ 1) (0 (1 0)) =020
((1 4+ 1)+ 0) (0 (0 1)) =20
((1 4+1)+ 1) (0 (0 0)) =20
(0 +0)+ 0) (1 (1 1)) =20
(o0 +0)+ 1) (1 (1 0)) =20
((0+ 1)+ 0) (1 (o0 1)) =20
((0+ 1) + 1) (1 (0 0)) =020

Fig. 4 Flipped evaluation of a classical tautology

posed of monomials and containing at least one pair of opposite atoms reduce to 0.
But, why should the reverse hold? To answer this question, we need to reintroduce
Boolean assignments and evaluate compound formulas as indicated below.

Definition 1 (Assignments, Flipped Evaluations) As in standard Boolean semantics,
an assignment v is a function v : AT — {0, 1} that sends each atomic sentence from
AT to a Boolean value {0, 1}, with the additional constraint that v(A) = 1 — v(A),
for all A € AT. Given an assignment v, the flipped evaluation function e’ : .% — N

is recursively defined as follows:

o ¢”(A) =v(A), whenever A € AT
o "(BAC)=¢€"(B)+e"(C)
o ¢’(BVC(C)=e"(B)e"(C0)

In Fig. 4, we show that the tautological formula ((p AG) AT) V (D V (g V r)) receives
the value 0 for all possible evaluations. More generally, we take ‘0’ as the designated
value representing fruth while other non-zero natural numbers stand for falsehood.
For instance, the formula (p A ¢) A p takes the value 3 when p and ¢ both have value
1. In this way, a conjunction (interpreted non-canonically as a sum) is true if and only
if the two conjuncts are both true, and a disjunction (interpreted non-canonically as a
product) is true just in case at least one of its components is true. Such a reverse inter-
pretation is the reason why we call the evaluation function e”( - ) “flipped’, meaning
flipped with respect to standard Boolean semantics.

In the proof of the next theorem, we show that the evaluation function proposed in
Definition 1 faithfully characterizes the set of classical tautologies.

Theorem 2 The formula A is a tautology if and only if €"(A) = 0, for all possible
assignments v.

Proof Given an assignment v, its "opposite" v is defined as follows: v(A4) = 0 iff
v(A) = 1, for all A € AT .Moreover, let b’ (A) be the standard Boolean evaluation of
A based on v and obtained, for example, by applying the method of truth tables.We
prove that bY(A) = 1 iff e?(A) = 0, for any formula in the language. The proof is
led by induction on the linguistic complexity C(A) of A, measured as the number of
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occurrences of logical connectives in the formula itself. The base case is immediate.
As for the inductive step, we need to distinguish the following two cases:

e A=DBAC. We have that b*(BAC) =1 iff b*(B) = b*(C) = 1. By induc-
tive hypothesis, we get €’ (B) = €V (C) = 0; therefore, “(B A C) = 0. This is a
chain of logical equivalences that can also be read in the opposite direction.

e A=DBVC.We have that *(BV C) =1 iff b*(B) =1 or b*(C) = 1. By in-
ductive hypothesis, we get €”(B) = 0 or €”(C) = 0; therefore, e’ (B V C) = 0.
Again, this is a chain of equivalences.

Now, we argue by contraposition. If A is not a tautology, there will be an assign-
ment v such that b”(A4) = 0, and, therefore,e”(A) > 0. In a similar way, if there is an
assignment v such that e’ (A) > 0, we also get b*(A) # 1, namely b*(A) = 0; hence,
A cannot be tautological. O

We need to enrich our notation before proceeding further. Let A denote the algebraic
expression obtained from 4 by uniformly substituting conjunctions with sums and
disjunctions with products. As customary, by emphasizing the associativity of sum
and product, irrelevant parentheses are omitted. If, in addition, we consider algebraic
expressions modulo commutativity of sum and product, it is easy to see that any for-
mula 4 admits a unique algebraic counterpart 4. Moreover, we denote by P(A) the
(unique) polynomial obtained from A by maximally distributing product over sum.
A polynomial P(A) is said to be axiomatic whenever each of its monomials displays
a pair of opposite atoms.

The next result provides a semantic rendering of the kind of completeness we
targeted at the beginning of this section.

Corollary 3 4 formula A is a tautology if and only if P(A) is axiomatic.

Proof (=) Suppose, for contradiction, that P(A) contains a monomial A; A5 --- A,
such that, forall A; andall A;, with1 < 7,5 <n, A; # A;.Since Ay, ..., A, € AT,
it suffices to consider a valuation v assigning the value 1 to each letter occurring in
the monomial to obtain e’(P(A)) > 0and so e (A) > 1. Therefore, by Theorem 2, A
cannot be a tautology.

(<) Note first that ¥ (p)e?(p) = 0, for any p € AT and any assignment v; then
apply Theorem 2 again. O

Example 4 Referring again to the example presented in Fig. 3, if
A=((pANGYAT)V(DV(gVr)), then A= (p+qg+7)pgr and, therefore,
P(A) = ppgr +qpqr + Tpgr. Indeed, the latter is an axiomatic polynomial.

3.3 Digression on Contradictions

To complete the semantic picture presented above, let us now prove some comple-
mentary results concerning truth-functional contradictions. In particular, we show
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that rigid Boolean two-valuedness can easily be recovered once the set N is parti-
tioned into the two classes {0} and N \{0}.

Theorem 5 A formula A is a contradiction iff e*(A) > 0 for every assignment v.
Proof This is a consequence of Theorem 2. O

In Fig. 5, we show that the contradictory formula (p A ¢) A (D V §) receives values
strictly grater than 0 for all possible flipped evaluations.

4 From Proofs to Polynomials and Back

We now need to introduce some additional notation and preliminary definitions. We

use the simple single-headed arrow A/—>A’ to indicate that A’ is obtained from A
after exactly one step of outermost distribution of product over sum, meaning a dis-

tributive step having one of the following two forms:
BC+D)5BC+BD £+ B(C+D)Lhe + BC + BD

. /+ o
Additionally, we employ the double-headed arrow and write .7 : A; — A, to indi-
cate that .7 is a series of steps of outermost distribution carrying the expression .A;

) ) . . -+ -+

into A,,. Given two series of transformations 77 : A1 — Ay and % : A, — A,,, we
. .. . . /+ /+ .

write 71 * 5 to indicate their concatenation .4; - A — A,,. Furthermore, given

T A QfAn, we define .7 @ C as the chain A; 4+ C gAn + C obtained from .7 by
replacing each algebraic expression .4; displayed in .7 with the expression A; + C.
Keeping in mind that in Gentzen-style sequents commas and disjunctions are always
freely interchangeable, for any multiset I' = Ay, Ao, ..., A, we indicate with T" the
product A1 Ay - - - A,.

We are now ready to provide a demonstration for the following key properties:

Theorem 7 Any LKa-proof ending in &= I' can be converted into a series of algebraic
transformations turning I into the axiomatic polynomial P(T").

Proof (=) We proceed by induction on the height i (7) of the LKa-proof 7 ending in
F T, where k() is defined as the number of sequents occurring along one of its lon-
gest branches. The base case is straightforward: if h(7) = 1, then the proof 7 simply

Fig.5 Flipped evaluation of a classical contradiction (p AN gqg)N (DV Q)
(1 +1)+ (0 -0) =2
(140)+ (0 -1)=1
(0 4+ 1)+ (1 0) =1
(0 +0) + (1 1) =1

@ Springer



Deep Semantic Pollution

consists in a single application of the ax-rule. In this case, we already have T' = P(T).
Since - I is an instance of the ax-rule, P(I') must be axiomatic. For the inductive step,
we distinguish two cases according to 7’s last rule:

o (V-rule)LetT' =T", AV B. In this case, the proof 7 has the following form, with
m indicating 7’s immediate sub-proof delivering the premise - I/, A, B.
B!

FILAB
FI,AVD

By inductive hypothesis, we know there is a chain .7 () : I'BC AN P(I'BC) with
P(I'BC) axiomatic. In this case, it suffices to set .7 (1) = .7 (7).

e (A-rule) In the second case, let ' =T”, A A B. The proof 7 has the following
form, with 71 and 75 denoting 7’s immediate sub-proofs delivering the premises
F I, Aand - IV, B, respectively.

B! T2

FIMA R A
FT,AAB

By inductive hypothe§is, we can assume the exis/tence of two chains of trans-
~ . ~ ~ S+ ~
formations 7 (m) : I"A —» P(I"A) and 7 (m):1'B — P(I'"B). Moreover, let .7’

be the single-step chain T (A+ B)i@f’AJr T'B. It is now easy to check that

T(r): T' % (T (m) ® U'B) * (7 (m2) @ P(I"A))is exactly a chain turning the algebraic
expression 1" (A + B) into the polynomial P(I"A) + P(I"B). The two polynomials
P(I"A) and P(I"B) are both axiomatic and so is their sum. O

Before proceeding further, it is necessary to set out the following. We will denote
by A the algebraic reading of the logical formula 4. Clearly, the function that trans-
forms 4 into A is not bijective. This ‘diffraction effect’ arises from the fact that, when
transposed in algebraic terms, formulas are considered modulo associativity and
commutativity of the logical connectives. For instance, pV (¢ Vt) and (¢ V t) V ¢
are both sent into the same monomial pgt¢ (considered modulo permutations in the
product). To overcome this mismatch between logical and algebraic language and
to restore bijectivity, we shall consider logical formulas modulo associativity and
commutativity of the logical connectives. This move sets no limits to the results we
are going to present. As a matter of fact, if a formula B is attainable from a formula
A by applying the associativity and commutativity of connectives, then any proof of
A can be turned into a proof of B simply by appropriately permuting the application
of the rules within the derivation. This is an immediate consequence of the fact that
any LKa-proof m of - I, A @ B, with ¢ € {A, V}, can be turned into a proof 7’ end-
ing in the same sequent whose last inference step is precisely an application of the e
-rule delivering the compound A e B (cf., for instance, Lemma 3 in Pulcini (2021)).
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Given a formula 4, we define the multiset A 4 as the set containing exactly those
formulas obtained from 4 by maximally applying, bottom-up, the VV-rule. For exam-
ple,if A=pV ((pAq) Vi), then Ay = p,pAg,t. Trivially, when conjunction is
the principal connective in 4, A4 = A.

Theorem 8 IfP(A) is axiomatic, then there is an LKa-proof ending in - A.

Proof We prove that any chain 7 : A A P(A) can be recursively converted into
an LKa-proof 7(.7) of - A 4. A proof of - A can then be obtained by extending the
derivation 7(.7) through a series of V-applications. The proof proceeds by induction
on the number #, (A) of sums in the algebraic expression .A.

(Base) If #4(A) = 0, then A4 C AT and the proof 7 (7)) will simply consist in
the application of the ax-rule introducing the clause - A 4.
(Step) We need to distinguish two cases:

e Assume that A = B + C. If P(B + C) is axiomatic, then both P(B) and P(C) must
be axiomatic. By inductive hypothesis, there exist two LKa-proofs 7 and 75
ending respectively in - Ag and - A¢. A proof w of = B A C' can then be im-
mediately obtained by combining 7 and m» in the way indicated below.

™ Uy
FA FA
B v < v
FB FC ,
FBAC

e Now assume that A = D(B + C). Since P(D(B + C))is axiomatic, both P(DB) and
P(DC) must also be axiomatic. By inductive hypothesis, there are two LKa-proofs
m and 5 ending in - Ap, Ag and - Ap, Ac. A proof 7’ of - Ap, B A C can
be obtained by connecting 71 and 75 as indicated below.

T o
FApAs o FApAc
FAp. B FAp.C
FAL BAC O

The collapse of the LKa sequent-calculus into the flipped semantic framework
described in Sect. 3.2 occurs precisely through Theorems 7 and 8. More precisely,
the preceding theorems are proven by demonstrating that LKa-proofs can be read as
notational variants of the algebraic computation that yields the flipped evaluation of
the final sequent. Given this perfect fit between syntax and semantics, completeness
can be presented as a trivial property.
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Corollary 9 A formula A is a tautology if and only if there exists an LKa-proof ending
int A

Proof (=) If A4 is a tautology, then, by Corollary 3, P(A) is axiomatic. By Theorem &,
there exists an LKa-proof ending in - A.

(<=) By Theorem 7, the very fact that there is a LKa-proof ending - A ensures that
the expression .A reduces to an axiomatic polynomial P(.A). Again by Corollary 3, we
can conclude that 4 is a tautology and, therefore - A is valid. O

We continue to apply the perfect synonymy between LKa’s deductive machinery and
its semantic counterpart to extend the results obtained for LKa to LKm. In particular,
soundness and completeness for LKm are both achieved by stressing the intertrans-
lability of the proofs in LKa and LKm. What we are keen to emphasize here is that,
once LKa is collapsed into its semantic reading, it can serve as a faithful semantics
for LKm.

Lemma 10 Any LKm-proof can be turned into an LKa-proof ending in the same
sequent and vice versa.

Proof (=) We need to show that the rules of LKm are all admissible in LKa. We
recall the well-known result that the structural rules # and C are both derivable in
LKa (cf., for instance, (cf., for instance, (Troelstra and Schwichtenberg 2000, Ch.3,
§3.5)). The ax-rule of LKm can be read as a limiting case of the same rule in LKa
when I' = & (cf. Fig. 2).

(<=) It follows immediately by applying the conversions shown in Fig. 2. O

Theorem 11 The proof system LKm proves the sequent = A if and only if A is a clas-
sical tautology.

Proof (Soundness.) Assume that LKm proves the sequent - A. By Lemma 10, there
also exists an LKa-proof ending in = A. By Theorem 7, we can infer that P(A) is
axiomatic; hence, by Corollary 3, 4 is a tautology.

(Completeness.) Assume now that A4 is a tautology. By Corollary 3, P(A) is axiom-
atic. We then apply the procedure developed in the proof of Theorem 7, to convert

the series of algebraic transformations .A A P(A) into an LKa-proof ending in - A.
Finally, Lemma 10, guarantees the existence of an LKm-proof ending in the same
sequent - A. O

In Fig. 6, the reader can find a concrete example of the back-and-forth semantic inter-
pretation illustrated in Lemma 10 and Theorem 11.
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axr axr
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Fig. 6 Soundness and completeness for LKm via LKa-proofs

5 Concluding Thoughts

We have pointed out a deep, language-independent form of semantic pollution whose
nature is purely deductive, rooted in the specific formulation of the logical rules. We
were able to identify this deeper kind of contamination by adopting a comparative
perspective on the problem. If LKa is indeed more semantically polluted than LKm,
then AC proves to be substantially correct in detecting this fact, and the criticisms
levelled against it thereby loss much of their force.

However, certain aspects of vagueness remain in AC, especially when reference
is made to the cognitive act of “guessing [...] the intended semantics”. In order to
rule out these extra-mathematical elements, we propose to reaffirm the propounded
comparative approach and to restate AC in the following form:

AC’: Given two proof systems X and Y, proving the same set of theorems—or,

in cases where there are no theorems available, as with FDE, the same set of
valid sequents—we say that Y is more semantically polluted than X if Y -proofs

can play the role of a non-trivial semantics for X .

The reference to non-triviality is crucial here, as it excludes limiting cases in which
we would merely restate the deductive equivalence between the two calculi. In the
specific case considered here, LKa can indeed serve as a semantics for LKm passing
through the the flipped interpretation of proofs, whereas the reverse is not a viable
option. Needless to say, AC’ would need to be tested on more complex logics, espe-
cially in cases where Y is a system with invertible rules and X is not.

The collapse of LKa-proofs into the flipped algebraic setting is essentially due to
the invertibility of the logical rules, which is, in fact, the distinguishing feature that
sets LKa apart from its multiplicative counterpart LKm. In general, working with
invertible rules offers several advantages, though the price to pay appears to be an
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increase in the level of semantic contamination. Invertible inferences do not yield
informational entropy; this means that, in systems such as LKa, derivations can be
read equivalently top-down or bottom-up, without any significant loss of informa-
tion. Following the analogy with physical systems, this means that the past (prem-
ises) cannot be distinguished from the future (conclusion) with the consequence that
a genuine temporal dimension vanishes from derivations. A-temporality is a feature
that typically pertains to deduction-independent model-theoretic settings.

As a final remark, it seems rather implausible to think that Gentzen did not envis-
age the possibility of formulating his sequent calculus LK in its fully additive format
LKa—as proposed some years later by his student Oiva Ketonen (Ketonen, 2022)
and subsequently revisited in the mid-Fifties by Kleene (1967)—thus reaping the
benefits associated with to invertibility of the logical rules.® Certainly, Gentzen aimed
to structure the system so that it could be readily switched into its intuitionistic frag-
ment by means of a very natural restriction on the number of formulas on the right-
hand side of the turnstile symbol. However, it is our conviction that the German
mathematician deliberately avoided this kind of formulation with implicit structural
rules, partly out of concern for the risk of semantic contamination. Unfortunately, as
far as we know, there is no textual evidence to support this conclusion.
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