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Transcritical CO, heat pumps equipped with vapor injection in the cylinder of a reciprocating compressor
(Voorhees cycle) are a promising low-carbon heating technology, but their off-design behavior and optimal
control have not been investigated so far. This paper presents a dynamic model of a CO, heat pump based on a
Flash-Tank Vapor Injection Voorhees cycle, developed in the Simulink/Simscape environment. The reciprocating
compressor, equipped with a solenoid injection valve, is represented by a customized Simscape component in
which the volumetric efficiencies, the discharge enthalpy, and the mechanical power are evaluated by an Arti-
ficial Neural Network (ANN) trained on a detailed lumped-parameter compressor model; this decouples the fast
compressor cycle from the slower thermodynamic cycle and enables stable coupled simulation. An Extremum
Seeking Control (ESC) algorithm is implemented to track the gas cooler pressure that maximizes the Coefficient
of Performance in real time, without a plant model. Across six off-design boundary conditions spanning both
directions of variation of each external variable, the ESC identifies the optimum within 0.5 % of the brute-force
maximum, and the resulting trends of intermediate pressure, COP, and flash-tank vapor quality agree with pre-
viously published steady-state results, confirming the internal consistency of the model and its suitability for

optimal control of transcritical Voorhees heat pumps.

1. Introduction

Over the past decades, CO, has emerged as a prominent refrigerant
due to its low Global Warming Potential (GWP) and zero Ozone De-
pletion Potential (ODP) (Wu et al., 2021). In particular, the thermody-
namic properties of CO, make it highly attractive for transcritical cycles
(Kauf, 1999; Liao et al., 2000); this natural refrigerant was reintroduced
by Lorentzen and Pettersen (1993) and has since been adopted in many
applications, including hot water production and residential space heat-
ing (Banks et al., 2022; Stene, 2005). Many modifications of the stan-
dard transcritical cycle have been proposed to improve its performance
(Adamson et al., 2022), including optimization of the cycle for simulta-
neous heating and cooling duties (Sarkar et al., 2004). One of these is
the Voorhees cycle, which features vapor injection into the cylinder of a
reciprocating compressor and was introduced by Voorhees (1927). His-
torically, this modification has been applied mainly to scroll compres-
sors or to reciprocating compressors equipped with a passive admission
port. Lambers et al. (2007) optimized the admission port geometry of a
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Voorhees-modified reciprocating CO, compressor via indicator-diagram
analysis, reporting a theoretical COP improvement potential of about
17 % (10 % demonstrated experimentally) and identifying the admission
clearance as the key trade-off between backflow and throttling losses.
At the system level, Zha et al. (2008) showed experimentally that a
Voorhees economizer can increase R-744 heat pump heating capacity
by 1.3 to 2 times at low evaporating temperatures, and is advantageous
in both capacity and COP below -20 °C evaporating temperature or at
low compressor rotational speed, despite an approximately 5 % reduc-
tion in suction volume caused by the modification. Recent developments
in solenoid valve technology, however, make it possible to replace the
admission port with an electronically actuated valve, thereby provid-
ing direct control of the injection phase duration and, consequently, of
the mass of vapor introduced into the cylinder. In this context, previ-
ous work by Fusco et al. (2025) assessed the performance of the corre-
sponding thermodynamic cycle and compared it with the standard tran-
scritical cycle under design (nominal) operating conditions; that study,
however, was limited to steady-state analysis.
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The present work proposes a dynamic model of the thermody-
namic cycle aimed at assessing its performance under off-design condi-
tions and, specifically, at testing suitable optimal control strategies. Dy-
namic modeling of CO, and transcritical refrigeration systems has been
pursued since the early 2000s, using a variety of formulations (Pfaf-
ferott and Schmitz, 2004; Rasmussen and Alleyne, 2004). Bendapudi
et al. (2008) compared moving-boundary and finite-volume heat ex-
changer formulations in a centrifugal chiller model, finding that moving-
boundary method executed about three times faster while maintain-
ing nearly identical accuracy, though finite-volume was more robust
through start-up and load-change transients and gave more accurate re-
frigerant charge predictions. Building on this, Li and Alleyne (2010)
developed a switched moving-boundary modeling approach capable of
handling compressor shut-down and start-up transients, using pseudo-
state variables to track inactive refrigerant zones and validating the
model against experimental stop-start cycles. Haberschill et al. (2007)
developed and experimentally validated a dynamic model of a CO, air-
to-water heat pump spanning both subcritical and transcritical oper-
ation, finding good agreement in steady state but a faster simulated
transient response than measured, attributed mainly to an oversimpli-
fied representation of compressor thermal inertia. This line of work has
recently been extended to large-scale industrial heat pumps (Wolscht
et al.,, 2024). This study focuses on the Flash-Tank Vapor Injection
(FTVI) layout. To analyze off-design operating conditions, the model
relies on a lumped-parameter model of the reciprocating compressor
developed by the authors in a companion work (Fusco et al., 2026) and
used there to evaluate the main performance indicators of the machine
over a wide range of operating conditions (Yang et al., 2013; Tanveer
and Bradshaw, 2022). In the dynamic simulation framework presented
here, however, the characteristic time scale of the compressor working
cycle differs significantly from that of the overall thermodynamic cycle.
For this reason, an Artificial Neural Network (ANN) was trained using
the results of the detailed compressor model and embedded within the
dynamic simulation environment. The ANN enables a fast and reliable
estimation of the compressor performance indicators, substantially re-
ducing the computational effort and, most importantly, allowing an ef-
fective coupling between the compressor and the remaining components
of the thermodynamic cycle.

Within this dynamic modeling framework, particular attention is de-
voted to the control of the operating variables that most strongly influ-
ence the performance of transcritical systems, such as the gas cooler
pressure (Liu et al., 2019). The determination of the optimal high-side
pressure has been the subject of extensive research. Early studies de-
veloped empirical correlations relating the optimal discharge pressure
to the gas cooler outlet temperature and evaporating conditions (Kauf,
1999; Liao et al., 2000), although later comparative assessments showed
that such correlations can deviate significantly from experimental op-
tima across different systems, with COP penalties of up to 30 % reported
for heat pump water heaters under variable water flow rate control,
leading the authors to advocate for real-time optimization algorithms
as a more robust alternative (Cecchinato et al., 2010). To overcome this
limitation, real-time model-based algorithms were subsequently pro-
posed to track the optimal pressure without relying on a fixed correla-
tion (Cecchinato et al., 2012; Liu et al., 2019). The dynamic model pro-
posed in this paper therefore incorporates an adaptive control algorithm
aimed at continuously maximizing the cycle performance, expressed in
terms of the Coefficient of Performance (COP), through the real-time ad-
justment of the cycle high-side pressure. The adopted control strategy is
Extremum Seeking Control (ESC), a model-free, real-time optimization
technique particularly suited to systems characterized by nonlinear be-
havior and time-varying operating conditions (Cui et al., 2022). ESC has
been successfully applied to vapor compression systems for subcooling
optimization: Koeln and Alleyne (2014) used a receiver and additional
expansion valve to enable independent control of condenser subcooling,
with ESC tracking the optimum under changing conditions and achiev-
ing a 9% experimental COP increase over zero-subcooling operation.
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Burns et al. (2020) proposed a faster proportional-integral ESC variant,
converging at the same timescale as the plant dynamics, and demon-
strated a power reduction from 710 W to 440 W on a production room
air conditioner despite coarse sensor resolution and discrete actuator
steps on the production hardware. ESC has also been applied to trans-
critical CO, heat pump water heaters for COP maximization, converging
to within 1% of the true optimum under varying ambient and water-
outlet temperature conditions and avoiding COP losses of up to 33%
compared to fixed-pressure operation (Hu et al., 2015), with reported
COP improvements of up to 9 % in experimental tests (Cui et al., 2022).
More recently, ESC has been employed for intermediate pressure opti-
mization in two-stage flash-tank heat pumps, achieving convergence to
within 1 % of the optimum identified by sequential quadratic program-
ming under both staircase and realistic time-varying ambient temper-
ature profiles (Wang and Li, 2019), and cascade refrigeration systems
(Wang et al., 2020), as well as for multi-variable optimization of vapor-
injection transcritical CO, heat pump water heaters, achieving simulta-
neous power-consumption reductions and a COP improvement of about
5% (Cui et al., 2021). Alternative data-driven and model-based strate-
gies, such as Model Predictive Control (MPC), have also been explored
for transcritical CO, systems (Wang et al., 2021; Zhang et al., 2023;
Yin et al., 2024), as well as for related vapor compression applications
(Elliott and Rasmussen, 2013). Hybrid approaches combining ESC and
MPC have also been proposed (Weiss et al., 2018). ESC is preferred here
because it requires no plant model and is therefore directly applicable
to the prototype compressor under development, whose dynamic char-
acteristics are not yet fully characterized experimentally.

The original contributions of this paper can be summarized as fol-
lows:

1. A dynamic model of a transcritical CO, heat pump combining
the FTVI cycle topology with a Voorhees reciprocating compressor
equipped with an electronically actuated solenoid injection valve is
developed in the Simulink/Simscape environment. Dynamic mod-
els of FTVI cycles with scroll or screw compressors have been re-
ported (Wang and Li, 2019), but no dynamic model is available for
the Voorhees variant, in which the in-cylinder vapor injection cou-
ples the compressor working cycle to the system dynamics in a way
that scroll-based FTVI models cannot represent.

2. A customized Simscape component of the reciprocating compres-
sor with solenoid injection valve is implemented, in which the
compressor performance is evaluated by an ANN surrogate of the
detailed lumped-parameter working-cycle model of Fusco et al.
(2026); this decouples the fast compressor dynamics from the slower
thermodynamic-cycle dynamics while preserving the physical con-
sistency of the working-cycle model.

3. An Extremum Seeking Control algorithm is designed to track the gas
cooler pressure that maximizes the COP in real time. ESC has been
previously applied to transcritical CO, heat pumps with scroll com-
pressors and either separate or sub-cooler vapor injection (Hu et al.,
2015; Cui et al., 2021, 2022); its application to a Voorhees cycle,
in which the steady-state coupling between intermediate pressure,
injection-valve opening angle, and flash-tank vapor quality is im-
posed by Eq. (13), has not been investigated. The performance of
the controller is quantitatively assessed against brute-force optima
across a sequence of step changes in the external boundary condi-
tions (water inlet temperature, water temperature rise in the gas
cooler, ambient air temperature).

4. Together with the ESC algorithm, the dynamic model enables the op-
timal control system of the prototype heat pump described in Fusco
et al. (2026), currently under construction, to be designed and tested
by simulation before the prototype becomes operational for experi-
mental validation. The internal consistency of the proposed frame-
work is verified by comparing the predicted trends of COP, inter-
mediate pressure, and flash-tank vapor quality with the steady-state
results of Fusco et al. (2025).
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Table 1
Design operating conditions of evap-
orator and gas cooler.

Evaporator ~ Gas cooler
Fluid Air Water
T,/°C -6 25
AT /K -3 40
p/MPa 0.12 0.4
AT,,/K 3 3

Table 2
Pressure levels and injection valve open-
ing angle at design operating conditions.

Pa/MPa py;/MPa  p /MPa  Aby;/°

11.00 3.400 2.501 40.0

2. Methods

The dynamic model of the FTVI Voorhees cycle implemented in the
Simulink/Simscape environment is depicted in Fig. 1. As described in
Section 1, the main characteristic of this cycle is the use of a solenoid
valve to introduce vapor into the compression chamber. Since the
Simulink/Simscape library does not include a component representing
a reciprocating compressor equipped with a solenoid injection valve, it
was necessary to develop this component to achieve the objective of the
paper; the details of its implementation are presented in Section 2.1.
The first step in the implementation of the model concerned the main
assumptions regarding the external fluids, which are summarized in Ta-
ble 1.

To avoid unnecessarily lengthening the manuscript, the procedure
used to evaluate the thermodynamic states is not reported here, as it
has been described in detail in a previous paper (Fusco et al., 2025).
After selecting the properties of the external fluids, the thermodynamic
states of the cycle were evaluated and used for the design of each com-
ponent. In an FTVI cycle the gas cooler pressure and the intermediate
pressure are design parameters (Fusco et al., 2025), whereas the evapo-
rating pressure depends on the temperature profile of the external fluid
and on the selected minimum temperature difference (ATpp) in the evap-
orator. Moreover, an initial value of the opening angle of the injection
valve must be selected, bearing in mind that this parameter can be var-
ied at any time during operation. The initial values of the three pressure
levels and of the injection valve opening angle are reported in Table 2;
the degree of superheating is provided by the Internal Heat Exchanger
(IHX) and was set to 10 K.

The authors developed a lumped-parameter model of the recipro-
cating compressor equipped with a solenoid injection valve. Due to
the different time scales of the compressor working cycle and of the
overall thermodynamic cycle, an ANN was trained on the results of
the lumped-parameter model and incorporated into a customized Sim-
scape component, as described in Section 2.1. Because the compressor
completes a working cycle in a few tens of milliseconds, whereas the
thermodynamic-cycle dynamics evolve over hundreds of seconds, the
compressor operates in a quasi-steady, cycle-averaged regime at every
instant of the system-level simulation; the ANN consequently returns the
cycle-averaged compressor performance corresponding to the instanta-
neous boundary conditions, consistently with the quasi-steady repre-
sentation of positive-displacement components adopted in standard dy-
namic simulation libraries. The details of the lumped-parameter model
and of the ANN training procedure are reported in a companion paper
(Fusco et al., 2026). This paper focuses on the final stage of the cus-
tomization of the Simscape component, on its integration in the dynamic
cycle model, and on the adaptive control strategy.

In the heat pump model represented in Fig. 1, four parameters are
actively controlled. The first is the water temperature increase in the
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Fig. 1. FTVI Voorhees cycle-based heat pump: schematic layout (left) and dynamic model implementation in Simulink/Simscape (right).

gas cooler, which is regulated by adjusting the water mass flow rate
supplied to the gas cooler. The PI controller output is a dimensionless
coefficient that is multiplied by the nominal mass flow rate to determine
the actual water mass flow rate as follows:

iy, = Cwmw,nam (€Y

where ¢, is the controller output. The second is the air temperature de-
crease in the evaporator, controlled by adjusting the air mass flow rate
in the same way, through a dimensionless coefficient c,. The third is the
discharge (gas cooler) pressure, which is set by the adaptive control sys-
tem described in Section 2.2 and imposed by means of a back-pressure
valve downstream of the gas cooler. Finally, the superheat degree is
controlled to maintain a constant value under all operating conditions,
using a bypass valve on the cold side of the IHX. Proportional-Integral
(PI) controllers were implemented for these four variables, using the
parallel form:

1
u(t) = Kpe(t)+ K; / e(z)dz, 2
0

where e(r) is the control error and u(¢) is the controller output; PI con-
troller gains are reported in Table 3. For completeness, Fig. 2 illustrates
the control strategies described above as implemented in the simulation
environment. The thermostatic expansion valve upstream of the evapo-
rator controls the CO, outlet temperature from the evaporator; the cor-
responding Simscape component incorporates an intrinsic control strat-
egy, which ensures that the evaporator outlet state remains either dry
saturated vapor or slightly superheated. To keep the outlet condition as
close as possible to dry saturated vapor, the maximum allowable degree
of superheating is set to 0.2K. The intermediate pressure level is left
free to adjust dynamically in response to the prevailing operating con-
ditions, among which are the CO, outlet pressure and temperature from
the gas cooler and the injection valve opening angle.

The components of the thermodynamic cycle were modeled using
standard blocks from the Simscape Fluids library, whose governing
equations and constitutive relations are documented in the library ref-
erence. The gas cooler and the evaporator were represented by System-
Level Condenser Evaporator blocks, in the two-phase/thermal-liquid
(2P-TL) and two-phase/moist-air (2P-MA) configurations respectively;

Table 3

PI controller gains.
Controlled parameter K, K,
Pee 0.1MPa™'  0.1MPa~'s™!
AT, 1.OK™! 0.01K~!'s7!
AT, 0.1K! 0.01K~'s7!
ATy, 0.1K"! 0.01K~! 57!

the internal heat exchanger by a System-Level Heat Exchanger (2P-2P)
block; and the flash tank by a Receiver Accumulator (2P) block. In these
blocks, the internal volume is the only parameter governing the dynamic
response of the model, since it determines the mass and energy accumu-
lation in the component. The internal volume of each component was
estimated as:

V = (m7)/p @)

where i is the nominal mass flow rate, g is the mean fluid density,
and 7 is an assumed fluid residence time. Residence times of 10s, 10s,
2s, and 60s were selected for the gas cooler, evaporator, internal heat
exchanger, and flash tank, respectively, as a trade-off between simula-
tion speed and numerical stability, and to reflect the buffering role of
the flash tank in the cycle. The expansion from the gas cooler pressure
to the injection pressure was modeled by an Orifice (2P) block, and
the expansion from the injection pressure to the evaporating pressure
by a Thermostatic Expansion Valve (2P) block. The reciprocating com-
pressor with injection valve is the customized component described in
Section 2.1. The refrigerant thermophysical properties were evaluated
from the built-in Simscape CO, property tables. Because the component
network is acausal, the solution sequence is generated automatically by
Simscape from the assembled system of differential-algebraic equations
rather than being defined procedurally; this system was integrated with
the variable-step ode23t solver, with relative and absolute tolerances of
1073 and 10~°, respectively.

The level of detail of the component models was deliberately kept to
the minimum required by the objective of this work, namely the assess-
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Fig. 2. Control strategy implemented in the simulation environment: the four PI controllers and the ESC loop acting on the plant.
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Fig. 3. Operating maps of the Voorhees compressor at the cycle design conditions: ratio of injected to discharged mass flow rate (left) and specific work (right).
Yellow curves identify the valve opening angles that satisfy Eq. (13) for different gas cooler outlet temperatures.

COMPRESSOR SYSTEM the FTVI Voorhees cycle rather than the reproduction of a specific phys-

ical installation. Consistently with this general scope, the System-Level

®7‘SUS£" — heat-exchanger blocks describe the heat exchangers through an over-

sucT DISCHARGE % all energy balance rather than a spatially distributed formulation. The
D IN JCEHUN [ DISCH quantitative results are therefore a reasonable approximation of those

INJ o o that would be obtained with more detailed component models; in partic-

ular, the System-Level representation of the gas cooler does not resolve
the strong variation of the CO, properties across the pseudocritical re-
gion, so that the absolute values of the optimal gas cooler pressure and
of the maximum COP are affected by this approximation. This does not
affect the conclusions of the present study: the purpose of the model is to
reproduce the qualitative dynamic behavior of the cycle and to demon-
ELECTRIC MOTOR strate that the ESC reliably tracks the COP optimum, and neither the
qualitative response of the system nor the ability of the controller to lo-
cate the optimum depends on the fidelity of the heat-exchanger model.
Keeping the component models as simple as the objective allows also
keeps the focus on the two elements that constitute the contribution of
this work: the ANN-based model of the vapor-injection compressor and
the ESC algorithm.

Fig. 4. Customized Simscape component of the reciprocating compressor with
injection valve.

ment of the dynamic response and of the model-free optimal control of
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Fig. 5. Block diagram of the Extremum Seeking Control (ESC) algorithm implemented in the Simulink environment.
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Table 4
Geometric and kinematic parameters of the
CD8-3000-150H compressor.

Parameter ~ Value Parameter ~ Value
L/mm 65 SR, 153%
D/mm 65 SR, 9.28%
Ny 8 R 6.36
n/rpm 1450 Py /kW 186.4

2.1. Implementation of the reciprocating compressor model with injection
valve

The reciprocating compressor model refers to a real machine cur-
rently under development. The main technical data of the compressor
CD8-3000-150H, manufactured by Officine Mario Dorin spa, are sum-
marized in Table 4. In the table, SR is the ratio of the valve flow area to
the cross-sectional area of the cylinder S, and R is the ratio between
the connecting rod length and the crank radius.

The ANN was developed in the MATLAB environment and imple-
mented in Simulink/Simscape through a dedicated component. Follow-
ing Fusco et al. (2026), the network takes four input variables:

¢ Discharge pressure p, in the range 8 MPa to 15MPa;

* Injection pressure ratio fiyy; = pjy;/p, in the range 1.05 to 1.7;

¢ Evaporating temperature 7, in the range -20-5°C (which sets the
suction pressure through the saturation relation);

* Injection valve opening angle Afy,; in the range 25° to 40°.

This parameterization resulted in a total of 1920 operating points,
which were randomly partitioned into training (70 %), validation (15 %),
and test (15 %) subsets. The network architecture comprises a single hid-
den layer of 15 neurons with hyperbolic-tangent sigmoid activation, and
was trained with the Levenberg—Marquardt back-propagation algorithm
using early stopping on the validation set to prevent over-fitting. The
training converged in 586 epochs to a best validation mean squared
error of 3.95 x 107%, and achieved an overall coefficient of determina-
tion R =0.99994 and a root-mean-squared error of 1.99 x 10~3 on the
independent test set; further details of the training procedure and the
full accuracy statistics are reported in Fusco et al. (2026). It is worth
noting that the design value Af;,; =40° (Table 2) corresponds to the
upper boundary of the Af;; training range, which is set by the onset of
back-flow through the injection valve; this boundary is sampled by the
parametric sweep generating the 1920 operating points and is therefore
covered by the test statistics reported above.

The outputs of the ANN are the suction volumetric efficiency 7, ,
the injection volumetric efficiency #, ;;, the discharge enthalpy h,, and
the mechanical power P:

Nos = S10 4> Binj> Teps DOy, (€3]
Ny inj = J2(Pa> Binj» Teps AOinp)s )
hy = f3(pgs Pinjs> Tevs AOiny), (6)
P = 14(Pg: Binj> Tev» Abys)- @]

The ANN outputs are a subset of the broader set of compressor key per-
formance indicators defined in Fusco et al. (2026); here we retain only
those required to couple the compressor with the thermodynamic cy-
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Fig. 8. Dynamic simulation results: evolution of the intermediate (injection) pressure p;; (left) and of the vapor quality in the flash tank gy (right).

cle dynamics. Exposing the mechanical power P directly as an ANN
output, rather than reconstructing it from an isentropic efficiency and
the enthalpy difference, avoids the loss of information associated with
the constant-volume mixing approximation previously used by Fusco
et al. (2025): that approximation is known to overestimate the spe-
cific work by approximately 7% to 10.5% across the operating enve-
lope, with respect to the full working-cycle model (Fusco et al., 2026),
so predicting P from the trained ANN yields a physically more con-
sistent coupling between the compressor and the thermodynamic cy-
cle.

The suction and injection volumetric efficiencies are defined as:
P ®)
o Ps Vdi.s |

minj
(Pinj = P5) Vaiis

Noinj = )]
The definition of 7, ;,; has been introduced in Fusco et al. (2026) as a
more practical and more selective descriptor of the injection process,
and is used here in addition to the conventional suction volumetric ef-

ficiency. The customized Simscape component, shown in Fig. 4, con-
nects to the system through the suction, injection, and discharge ports.
Based on the ANN outputs, the component evaluates the mass flow rates
through the following constitutive equations:

ms =Mys Ps Vdis n, (10)
Minj = Ny inj Pinj — Ps) Vis 1» 11
ty = 1t + Ty, 12

while the discharge enthalpy 4, and the mechanical power P are read
directly from Egs. (6) and (7). While the compressor can in principle be
operated with the intermediate pressure and the injection valve open-
ing angle as independent variables, at the steady-state operation of the
entire heat pump these two variables become coupled, because the mass
of vapor that can be injected depends on the amount of vapor produced
by the expansion in the flash tank. This is expressed by the following
steady-state constraint:

Mip,

y
T Sy, ﬁinj, T, Aemj) = qer(Pa> Tges Pinj)- 13)
d
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Fig. 9. Dynamic simulation results of the PI controllers: water temperature difference and mass flow rate (top); air temperature difference and mass flow rate

(middle); superheat degree and bypass valve opening (bottom).

Eq. (13) effectively defines the relationship between intermediate pres-
sure and injection valve opening angle at steady state for given gas
cooler and evaporator operating conditions. To illustrate this behavior,
Fig. 3 shows the output of the lumped-parameter compressor model of
Fusco et al. (2026) at the cycle design conditions of Tables 1 and 2
(T,, = —12°C, p; = 11 MPa), corresponding to an overall pressure ra-
tio of approximately 4.4. The ratio of injected to discharged mass flow
rate and the specific work are represented as functions of the intermedi-
ate pressure ratio p;;/p, and of the injection valve opening angle Af;;.

When the constraint imposed by Eq. (13) is not considered, increasing

either the intermediate pressure or the valve opening angle leads to a
higher injected mass flow rate and a corresponding reduction in specific
work. However, the yellow curves identify the valve opening angles that
satisfy Eq. (13) for different gas cooler outlet temperatures, showing that
higher intermediate pressures require a rapid reduction of the opening
angle, due to the limited vapor availability from the flash tank, which
ultimately leads to an increase in specific work. Therefore, to maximize
the COP of the Voorhees cycle the injection valve should remain open
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for as long as possible, even though this results in a lower intermediate
pressure; the upper limit for the injection valve opening angle is essen-
tially set by the onset of back-flow through the valve.

With respect to the rotational subsystem of the compressor, the driv-
ing unit was modeled as an idealized electric motor: for the sake of sim-
plicity, its dynamic behavior was represented by an imposed angular
velocity source, neglecting electrical transients and control dynamics.
This modeling choice allows the analysis to focus on the mechanical
and thermodynamic response of the compressor while preserving the
essential characteristics of the rotational input.

2.2. Extremum seeking control

As discussed in Section 1, an ESC algorithm has been implemented
to maximize the COP. ESC is an adaptive, model-free optimization ap-
proach designed to handle scenarios in which the system’s optimal op-
erating point is either unknown or changes over time (Mamur et al.,
2022). The algorithm operates through four distinct stages to fine-tune
a parameter (Ariyur and Krstic, 2004), as represented in Fig. 5. The pro-
cess begins with a demodulation stage, in which the objective function
signal is multiplied by a sinusoid of the same frequency as the excitation
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Table 5

ESC design parameters.
Parameter Value
Central (modulation) frequency w/rads™’ 0.1
High-pass filter cut-off frequency w), /rads™! 1.1
Low-pass filter cut-off frequency w, /rads™! 0.085
Demodulation amplitude a/MPa — phase ®, /rad 07-0
Modulation amplitude 5/MPa — phase ®, /rad 0.1-0

Learning rate k
Initial condition p,,/MPa 11

signal (Hu et al., 2015). This operation extracts the component of the
objective function that is correlated with the parameter perturbation
(Zhang and Ordoéiiez, 2012). Prior to or in conjunction with demodula-
tion, an optional high-pass filter can be applied to remove any DC bias
in the objective function signal, ensuring that only the relevant oscil-
latory components contribute to the optimization process (Zhang and
Ordéiiez, 2012). Subsequently, an optional low-pass filter is employed
to attenuate high-frequency components and noise arising from external
disturbances in the demodulated signal, thereby improving the stability
and accuracy of the estimation process (Hu et al., 2015; Zhang and Or-
doénez, 2012); the low-pass filter is also highly effective in preventing
spurious parameter updates (Krsti¢ and Wang, 2000). Following the fil-
tering stages, the parameter update is carried out by integrating the fil-
tered demodulated signal: the integrator state represents the current es-
timate of the optimized parameter and evolves in a direction that steers
the system toward the extremum of the objective function. This integral
adaptation mechanism provides a smooth and continuous adjustment
of the parameter, contributing to closed-loop stability and convergence
properties. Finally, the modulation stage injects a low-amplitude sinu-
soidal perturbation into the parameter under optimization (Ariyur and
Krstic, 2004): this excitation is essential to probe the local sensitivity of
the objective function with respect to the parameter, thereby enabling
the system to generate informative response variations. The interaction
between the injected perturbation and the system dynamics produces
measurable oscillations in the objective function, which are then ex-
ploited by the demodulation and filtering stages to drive the optimiza-
tion toward the optimum (Krsti¢ and Wang, 2000).

In principle, the ESC algorithm could be used to control simultane-
ously the gas cooler pressure and the injection valve opening angle, but
in this study it is applied only to the gas cooler pressure, while the injec-
tion valve opening angle is kept at the maximum value that avoids the
onset of back-flow through the valve. Previous work (Fusco et al., 2025)
has indeed shown that, for given operating conditions, the performance
is optimal when the amount of vapor injected into the cylinder is maxi-
mum: the injection valve opening angle can therefore be set to a constant
value, simplifying the operation of the control system. The architecture
of the ESC algorithm implemented in Simulink is illustrated in Fig. 5,
while the values of the design parameters are reported in Table 5.

The values of the design parameters have been chosen following the
tuning guidelines proposed by Ariyur and Krstic (2004) and Krsti¢ and
Wang (2000), adapted to the dynamics of the thermodynamic cycle con-
sidered in this study, as well as the guidelines provided by MathWorks
(The MathWorks, Inc., 2024). In addition, it is important to note that
the tuning of both the ESC and the inner PI controllers accounted for the
coupling between the two control layers, which are dynamically inter-
connected through the plant. The modulation (perturbation) frequency
 has been set well below the dominant time constant of the heat pump
dynamics to ensure a clear separation of time scales between the per-
turbation and the slower evolution of the cycle variables: a perturba-
tion period of approximately 63s (corresponding to w = 0.1rads™!) is
shorter than the typical settling time observed in the simulation, which
is of the order of several hundred seconds, and is at the same time
long enough for the thermodynamic cycle to reach a quasi-stationary
response to each perturbation cycle (Hu et al., 2015). The high-pass
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filter, with cut-off frequency w;,, removes the DC bias from the per-
turbed objective function signal, while the low-pass filter, with cut-off
frequency w,, attenuates the high-frequency components of the demod-
ulated signal (The MathWorks, Inc., 2024). The modulation amplitude
b has been kept small (0.1 MPa, that is about 0.9 % of the gas cooler pres-
sure) to avoid a significant perturbation of the plant operation, while
the demodulation amplitude a (0.7 MPa) has been chosen large enough
to produce a demodulated signal clearly above the numerical noise floor
observed in the objective function, consistent with the recommendation
a > b. The demodulation and modulation phases ®, and ®, have both
been set to zero, satisfying the condition cos(®, — ®,) > 0. Finally, the
learning rate k governs the convergence speed of the integrator in the
parameter-update stage: the value adopted here provides a satisfactory
compromise between the convergence speed and damping of the oscil-
lations around the optimum, as demonstrated by the simulation results
reported in Section 3.

The authors verified in preliminary simulations that varying o within
a factor of two around the adopted value does not change the identified
optimum but affects the settling time proportionally, and that increasing
k beyond approximately 1.7 resulted in the emergence of a secondary
low-frequency oscillation superimposed on the perturbation cycle, con-
sistent with a violation of the time-scale separation assumption underly-
ing the averaging analysis of the ESC loop (Krsti¢ and Wang, 2000), and
was therefore avoided. To provide a complete overview of the learning
rate value, Fig. 6 shows the convergence time, representing the time
elapsed between the activation of the ESC controller and the achieve-
ment of convergence, as a function of the learning rate parameter, to-
gether with the maximum acceptable value, once the other parameters
are fixed. The choice of k = 1.1 has been made taking into account a
satisfactory convergence speed while at the same time keeping a rea-
sonable margin from the instability threshold.

3. Results and discussion

The heat pump model was simulated starting from the design operat-
ing conditions reported in Table 2. During the first 700 s of simulation the
ESC controller is kept inactive and the gas cooler pressure is maintained
at the design value of 11 MPa, as shown in Fig. 7. The ESC controller is
then activated, and the gas cooler pressure is modulated to attain the
maximum achievable COP while maintaining all other boundary condi-
tions constant. When the gas cooler pressure is held fixed at 11 MPa the
COP is 2.996; under ESC control, the COP rises slightly to 3.06, with the
optimal gas cooler pressure identified at 10.55 MPa.

After 3500 s the inlet water temperature to the gas cooler is increased
by 10K, reaching 35°C. As shown in Fig. 7, this produces an expected
decrease in COP, as reported in the literature: an increase in the gas
cooler outlet temperature leads to a reduction in cycle performance.
The ESC controller reacts by increasing the gas cooler pressure up to
12.085 MPa, for which the COP settles at 2.591. As a consequence of the
new operating point, the intermediate pressure and the vapor quality in
the flash tank both increase (Fig. 8); the steady-state analysis of Fusco
et al. (2025) predicts the same direction of change when the gas cooler
outlet temperature rises, which supports the consistency of the dynamic
model. It is worth recalling that, when stationary conditions are reached,
the ratio of injected to discharged mass flow rates must equal the va-
por quality produced by the flash expansion, which means that, for a
given injection valve opening angle, the intermediate pressure is auto-
matically determined by the matching between compressor performance
and flash-tank expansion represented by Eq. (13).

The system was then subjected to a further change in boundary con-
ditions: with the gas cooler water inlet temperature kept at 35°C, the
water temperature increase imposed by the PI controller is reduced from
40K to 35K at t = 7000s. The ESC controller adjusts the gas cooler pres-
sure to optimize the COP, which reaches a value of 2.664 at a gas cooler
pressure of 11.56 MPa (Fig. 7), significantly lower than in the previous
condition. In contrast, the intermediate pressure and vapor quality ex-
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hibit only minor variations in this new configuration (Fig. 8), a behavior
that the steady-state results of Fusco et al. (2025) also display when only
the water temperature rise is changed.

The final variation in boundary conditions is imposed after 9500s
of simulation: while maintaining the previously imposed water inlet
temperature and temperature increase, the air inlet temperature is de-
creased by 3K, resulting in an increase of the compressor suction pres-
sure and, consequently, a reduction of the COP. In this case, the ESC con-
troller slightly drops the gas cooler pressure to 11.35 MPa, corresponding
to a COP of 2.576 (Fig. 7). The resulting intermediate pressure decreases
significantly because it is directly influenced by the evaporation pres-
sure, while the vapor quality increases slightly (Fig. 8); both trends re-
produce those of the published steady-state analysis of FTVI Voorhees
cycles (Fusco et al., 2025).

Regarding the other implemented PI controllers, which regulate the
air and water temperatures as well as the superheat degree, the cor-
responding results are reported in Fig. 9. The figure presents, on the
left, the reference temperature profiles and the actual dynamic response,
and, on the right, the corresponding controller outputs (i.e., water and
air mass flow rates and valve opening). The reference signals are accu-
rately tracked under all operating conditions, demonstrating the capa-
bility of the implemented control strategies to ensure stable and reliable
system operation, with only negligible deviations between reference and
measured values.

To further assess the robustness of the ESC controller, an additional
off-design scenario was simulated, again starting from the design op-
erating condition (condition A) reported in Table 2 and applying a se-
quence of step changes in the boundary conditions in the opposite di-
rection with respect to those discussed above: the gas cooler water in-
let temperature is first decreased, followed by an increase in the wa-
ter temperature difference, and finally by an increase in the air inlet
temperature. For brevity, only the COP and gas cooler pressure trends
are reported for this scenario. Condition A is not described again here,
as it coincides with the previous scenario. As shown in Fig. 10, af-
ter 3500s the inlet water temperature to the gas cooler is decreased
to 20°C, and the COP increases consistently with the expected trend,
reaching a value of 3.337 at a gas cooler pressure of 9.75 MPa. After
70005, starting from the previous off-design condition, the gas cooler
water temperature difference is increased, reaching 45 K. The gas cooler
pressure rises to 10.45MPa, with the corresponding COP settling at
3.205. After 9500s, the air inlet temperature is increased by 3 K, reach-
ing -3°C. The COP increases to 3.329, while the gas cooler pressure
also increases, reaching 10.53 MPa. It is worth noting that, also in this
scenario, the results obtained are consistent with those presented in
Fusco et al. (2025).

To provide a comprehensive overview of the ESC performance, the
system was simulated with the ESC deactivated at several fixed values of
the gas cooler pressure, under each of the seven sets of boundary condi-
tions considered above. The resulting COP-versus-p, curves are shown
in Fig. 11, where the asterisks mark the gas cooler pressures selected
by the ESC algorithm (Fig. 7). The ESC algorithm performs optimally
for the first set of boundary conditions reaching the optimum value of
COP. Regarding the other sets of boundary conditions, the algorithm still
performs very well, although it does not perfectly capture the absolute
maximum. However, the corresponding deviations in COP, reported in
Table 6, are negligible: they are insignificant compared to the overall
COP range and have no practical impact on the operation of the system
or on the identification of the optimal operating point.

4. Conclusions

This paper has presented a dynamic model of a transcritical CO,
Voorhees cycle, based on a Flash-Tank Vapor Injection layout, devel-
oped in the Simulink/Simscape environment to investigate the behavior
of a transcritical heat pump system under off-design operating condi-
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Table 6
COP deviations.
Condition Deviation Condition Deviation
A 0.026 %
B 0.365 % B’ 0.320 %
C 0.221% c 0.070 %
D 0.227 % D’ 0419 %

tions and to test a model-free optimal control strategy. The main con-
clusions of the study are the following:

1. The reciprocating compressor with solenoid injection valve has been
represented by a customized Simscape component in which an Arti-
ficial Neural Network, trained on the results of a previously devel-
oped lumped-parameter working-cycle model (Fusco et al., 2026),
provides the volumetric efficiencies, the discharge enthalpy, and the
mechanical power. Because the ANN returns the cycle-averaged per-
formance of a compressor whose working cycle is about four orders
of magnitude faster than the thermodynamic-cycle dynamics, this
approach decouples the two time scales and enables a stable and
computationally efficient dynamic simulation of the whole system.

2. An adaptive control system based on an Extremum Seeking Control
algorithm has been implemented to track the gas cooler pressure that
maximizes the COP without requiring a plant model. Across seven
sets of boundary conditions—the design condition and six off-design
conditions, obtained by varying the water inlet temperature, the wa-
ter temperature rise in the gas cooler, and the air inlet temperature
to the evaporator, each in both directions—the controller achieves a
COP within 0.5 % of the brute-force optimum in every case.

3. The shape of the COP characteristic as a function of the gas cooler
pressure ranges from relatively flat to somewhat more pronounced
across the operating envelope, yet remains moderately flat in all
cases, as can be seen in Fig. 11. The ESC locates the optimum accu-
rately in both regimes, confirming that the controller approaches the
true optimum closely under qualitatively different response shapes.

4. The trends of intermediate pressure, COP, and flash-tank vapor qual-
ity obtained from the dynamic simulations reproduce those of the
steady-state analysis previously published for the same class of cy-
cles, confirming the internal consistency of the dynamic model.

The selected boundary conditions are representative of realistic op-
eration of CO, heat pumps: water inlet temperatures of 20-35°C and
water temperature rises of 35K to 45K cover both domestic hot water
production and space-heating supply, while air inlet temperatures down
to -9 °C correspond to cold-climate winter operation, making the cases
relevant to both commercial/residential and low-temperature industrial
heat pumps.

Some limitations of the present work indicate directions for future
research. First, the proposed model has not yet been validated experi-
mentally; experimental validation is planned once the prototype recip-
rocating compressor described in Fusco et al. (2026) becomes opera-
tional. Second, the control strategy regulates only the gas cooler pres-
sure, with the injection valve opening angle kept at its maximum ad-
missible value, as suggested by previous results (Fusco et al., 2026); a
natural extension is a multi-variable ESC that simultaneously optimizes
the gas cooler pressure and the injection valve opening angle. Third, the
ANN surrogate represents the cycle-averaged behavior of the compres-
sor and therefore does not resolve transient intra-cycle phenomena; a
time-resolved compressor model would be required to relax the quasi-
steady assumption and to extend the framework to substantially faster
control loops. Finally, the driving electric motor has been modeled as an
ideal angular-velocity source, neglecting electrical transients and motor-
control dynamics, whose interaction with the ESC loop at short time
scales could be assessed with a more detailed representation.

Overall, the proposed modeling and control framework represents an
effective tool for the analysis and the optimization of transcritical heat
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pump systems based on a Voorhees cycle, and lays the foundation for the
experimental validation of the prototype currently under development.
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