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Abstract

We characterize the permutative automorphisms of the Cuntz algebra
O,, (namely, stable permutations) in terms of two sequences of graphs that
we associate to any permutation of a discrete hypercube [n]'. As applica-
tions we show that in the limit of large ¢ (resp. n) almost all permutations
are not stable, thus proving Conj. 12.5 in [3], characterize (and enumer-
ate) stable quadratic 4 and 5-cycles, as well as a notable class of stable
quadratic r-cycles, i.e. those admitting a compatible cyclic factorization
by stable transpositions. Some of our results use new combinatorial con-
cepts that may be of independent interest.
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1 Introduction

C*-algebras where first introduced for providing a suitable environment for a
rigorous approach to quantum theories [14], and more recently have found ap-
plications in many areas of mathematics [5]. Symmetries of C*-algebras, in the
most classical sense, are provided by (unital and *-preserving) automorphisms.
Despite the fact that many general results and constructions exist about au-
tomorphisms of C*-algebras [16] and that they are used extensively, not very
much is known about the automorphisms group of most C*-algebras. Indeed,
investigating the fine structure of the automorphism group and constructing au-
tomorphisms with specific properties are often challenging tasks [20], 2], 22} [13].
The Cuntz algebra O,, [10], namely the universal C*-algebra generated by n
isometries with mutually ortogonal range projections summing up to one, is no
exception. Although this definition looks simple, somewhat (not too) unexpect-
edly, the study of automorphisms of the Cuntz algebras soon appeared quite
intriguing and revealed many interesting facets. Notably, following the deep
insight by Cuntz, in a series of papers (see e.g. [9, 8, 6, [7]) a general theory
of reduced Weyl groups for Aut(O,) has been studied both from a theoreti-
cal viewpoint as well as from the perspective of constructing explicit examples.



Later, in [3, 4], these reduced Weyl groups were further investigated from a
combinatorial point of view. This approach has proved fruitful and has yielded,
in particular, the first exact enumerative formulas for the cardinalities of certain
families of elements inside these groups. Such numbers were previously known
only in special cases through direct computer calculations. In this paper we
deepen these combinatorial investigations and focus on the explicit construction
of reduced Weyl group elements using combinatorial techniques, as foreseen by
Cuntz [11], p. 195].

More precisely, it was shown in [9] that there is a bijection between the el-
ements of the reduced Weyl group of Aut(O,,) [6] and certain permutations of
[n] (t € N) which are called stable [3], defined by a complicated recursive pro-
cedure. In this work we associate to any permutation of [n]! a sequence of finite
graphs, and characterize the stable permutations in terms of these graphs (The-
orem . While this is not the first time that stable permutations have been
characterized in terms of suitable graphs ([9, Corollary 4.12], [2]), our treatment
is different, and more efficient. In particular, it can be easily implemented on
a computer (see, e.g., the proof of Theorem and allows the stability for
permutations that previously would have needed massive computer calculations
to be decided either by inspection or with a bare minimum of computations. As
applications of our characterization we prove that in the limit of large ¢ (resp.
n) almost all permutations in [n]’ are not stable (Theorems and thus
proving Conjecture 12.5 in [3], and obtain upper and lower bounds on the rank
(|3, Def. 4.3]) of stable permutations in [n]t. As further applications we explic-
itly characterize a notable subclass of the stable r-cycles in S([n]?) in terms of
an associated subset of [r]?, and we characterize and enumerate stable 4-cycles
and stable 5-cycles in S([n]?) (Corollaries [9.3| and Theorem and Propo-
sitions and . Some of these characterizations depend on combinatorial
concepts that are new, and could be of independent interest, such as trees with
angles (see Section [8)) and the connectivity set of a permutation (see Theorem

B.7).

The paper is organized as follows. After collecting some background mate-
rial in the next section, in Section [3] we discuss the main results: we characterize
the stability of a permutation u € S([n]’) in terms of two non-negative integers
N(u) and N#(u), and provide lower and upper bounds for the rank of u; then
we introduce the sequences of graphs I'y(u) and Ff(u) and characterize the
stability of u in terms of these sequences. In Section 4] we show that almost
all permutations are not stable. In Section [5| we provide new bounds on the
rank of stable permutations in S([n]?). In Section |§| we identify certain subsets
R(u),C(u) (resp. R°(u),C°(u)) of [n], for u € S([n]"), as useful invariants and



present some evidence for the conjecture (cf. Conjecture that the stability
of an 7-cycle u only depends on a suitable subset S(u) of [r]?; thereby we intro-
duce notions of left/right equivalence of two permutations and prove that, for
cycles, equality of the S-invariants captures both left and right equivalence. In
Section [7| we characterize when two cycles of S([n]?) are compatible (generaliz-
ing Theorem 3.1 of [4]). Section [§is devoted to the study of a notable subclass
of stable cycles that we call strongly stable; they are defined by the existence
of a compatible cyclic factorization by stable transpositions, and can be further
characterized in several other equivalent ways (Theorem , including one in
terms of the S-invariant. In Section [0 we apply the results in the previous one
to obtain explicit characterizations of stable r-cycles u € S([n)?) for r < 5 and
enumerate the stable 4 and 5-cycles. The last section collects some conjectures
and a list of topics for further studies.

2 Background

Forn € N, n > 2, u € S([n]"), and v € S([n]") (where [n]’ denotes the cartesian
product of t copies of [n] := {1,...,n}) we let the tensor product of u and v be
the permutation v ® v € S([n]**") defined by

(u®v)(a, B) := (u(a),v(B))

for all a € [n]* and B € [n]*. We denote by 1 the identity of S, := S([n]). We
refer the reader to [3, Sec. 2] for further information about the tensor product
of permutations.

Given a permutation u € S([n]*), define a sequence of permutations ¢ (u) €
S([n]t**), k > 0 by setting ¢g(u) := u~! and, for k € N,

k k
=][a®.. . olev'wle..a)]]lel...01 1®...01).

drw)=J[1®.. . ®leuv'ele.. . o) ][[lel. . . 2leuel®...®1)

i=0 k—i i i=1 i k—i
(1)

Then u as above is said to be stable if there exists some integer k£ > 1 such that

Upan(u) =Yp1(u) @1®@---®@1, h>0, (2)
h+1

and then rk(u), the rank of u, is the least such value of k. So, for example, if
t =1 then all permutations u € S([n]) are stable of rank 1.
In the sequel, it will be convenient to write, for £ > 0,
k
Sc(w)=l0®..9leouv'ele.. .ol 3
) =J[0l®.. . ®leu'ele..0l), (3)

=0 k—i i



(0 (1®...®1®u"1t) is the leftmost factor) and S_1(u) := 1, so that
k

i) = Sp(u) (1® Sp-1(w) 1), (4)
for all k > 0. Then, for all K > h > 0, it is not difficult to check that one has

Ui(u) = (1 ®...® 1®Sk_h_1(u)> (zph(u)®1 ®...® 1) (1 ®...® 1®Sk_h_1(u)>_1

()

h+1 k—h h+1

For u € S([n]") we write

(w1 (x1yeeoymy),y ooy ug(xe, oo my)) == w(ee, ..., x¢)
for all (x1,...,2¢) € [n]’, and let ‘u € S([n]*) be the transposed permutation
defined by

buzy, .. x) = (g, .o 1), un (2, .o, 1), (6)

for all (z1,...,2;) € [n]t. We then let u? := ‘(u™!)(= (*fu)~!) € S([n]}).
We recall the following properties of these operations, which can be proved
in exactly the same way as Propositions 7.1 and 7.2 of [4].

Proposition 2.1. Let t,r € N. Then:

i) Y(uv) =tlv for all u,v € S([n]");

i) Y(u®@v) ="' @t for allu € S([n]') and v € S([n]").
Proposition 2.2. Let u,v € S([n]"), then:

i) (w)? = vFut;

i) (u®v)?* = v @u’.

It turns out that u € S([n]') is stable of rank k if and only if u* is stable of
rank k [4, Theorem 7.3].

Definition 2.3. Given u,v € S([n)?) we say that u is compatible with v (or
that u is compatible with v in this order, for emphasis) if

ve)(1leu)=(1u)(vel) (7)

in S([n]?). In this case we also say that uv is a compatible product of u and v
and write u e v.

All directed graphs in this paper are without multiple edges, but can have
loops.



3 Stability of permutations and some associated graphs

We introduce integers N(u) and N7 (u) as follows.
Definition 3.1. Let u € S([n]!), t > 1. Then

e N(u) is the least integer such that, for all k > N(u) and all (a1,...,ak¢) €
[n)F+t, the last t — 1 elements of ¢y (u)(ay,. .., arp) and of (ay,. .., aprs)
coincide, i.e.

Yr(u)(a, ... apte) = (b1, bpt1, Gkg2, - - -, Qhogr)

for some by,...,bx41 € [n] (which may depend on ay,...,ars¢). If there
is no such integer, we set N(u) = 4o0.

e N7 (u) is the least integer such that, for all k > N#(u) and all (by, ..., bgy¢) €
[n)*+, the first ¢ — 1 elements of Sg(u) "1 (by,. .., bry¢) and of (Sp_1(u) "' ®
1)(b1,...,bry¢) coincide. If there is no such integer, we set N7 (u) = +o0.

We first note the following simple but useful property.

Lemma 3.2. Let u € S([n]'), and k > 0. Then
Sp(u)# = Sp(u¥).

Proof. We have from our definition that

Sk(u)# = [(1®"‘®1®u71)-~-(u*1®1®...®1)]#
k k
= Wwlele -ol)# (1o - 0leouh)?
k *

= u®l® @) (1e - 01w
——— ————

k k
= (1@...®1®tu)...(tu®1@...@1)
—_———— —_——
k k
= Sp(u®)
where we have used Propositions [2.1] and O

Proposition 3.3. Letu € S([n]*), t > 1. Then N#(u) = N(u*) in NgU{+o0}.



Proof. Assume first that N7 (u) is finite. Let a1,...,a;_1,dy,...,dsx € [n] and
k € N be such that k > N#(u). Let

(bl, ey bt-l—k) = (Sk_l(u) & 1)(0,1, ey Qi 1,dpy .. dt+k)-

Then
(Sk_l(u)_l ® 1)(61, ceey bt+k) = (al, ey i1, dt, e 7dt+k)

and hence, since k > N7 (u),
Sk(w) by, .. bgk) = (a1, ... a1, ¢, .., Copr)
for some ¢, ..., ¢tk € [n]. This means that
{Sp1 () P @ 1) (bpgty -, 01) = (dipgs - - -y deyag1, ..., ay)

and
tSk(u)il(kart, e bl) = (Ct+k; ey C A1y e, al)

and therefore, by Proposition and Lemma that

(1® Sp1 (W) (bhrts -, 01) = (dighs - - iy a1,y a1)
and
Sk-(u#)(bk+t, e ,bl) = (Ct+k7 ey Gty Qp—1, - .. ,al)

SO
¢k(u#)(dt+k7 s 7dt)at—1) cee 7a1) = (Ct-i-k) e Gy A1, - - 7a1)‘

This shows that N (u?) is finite and that N(u#) < N7 (u).
Conversely, assume that N(u#) is finite and let by, ..., by € [n] and k € N
be such that k > N(u”). Let

(destos -y ey a1, ... a1) = (1@ Sp_1(u¥)) (bpe, - .. b1)

and
(Ct+k7 ) ft—17 ey fl) = Sk(u#)(kartv o 7b1)'

Then

¢k(u#)(dt+k7 o 7dt7at717 cee 7a1) — (Ct+k7 <.y Cty ftflv sy fl)

and so, since k > N(u?), f; = a; fori =1,...,t — 1. By Proposition and
Lemma [3.2] this means that

Skt (W) @ 1) (Bt b1) = (dis - i, - 1)



and
tSk(u)_l(bk-‘rta s 7b1) = (Ct-‘rk‘7 sy Gy A1, - - - aal)-

Therefore

(Sk—1 (W)@ 1) (b1, .y bre) = (a1, a1, dy, - dig)

and
Sk(u)_l(bla s 7bk‘+t) = (ala sy At—1,Cty - - -y Ct-‘rk)a

which shows that N# (u) is finite and N7 (u) < N(u?).
This proves that N(u#) is finite if and only if N#(u) is finite, and in this
case N7 (u) = N(u®). The result follows. O

Proposition 3.4. Let u € S([n]!), t > 1, be a stable permutation. Then
(i) N(u) <rk(u)+t—2;
(ii) N#(u) < rk(u) +t — 2.

Proof. Let, for brevity k = rk(u). To prove (i) note that, by the definition of
k of a stabl tati _ = Yp— 1®---®1forallh >0
rank of a stable permutation, ¥gpi¢—o(u) = Yp_1(u) @1 ® ® 1 tor a >0,

htt—1
and (i) follows.

To prove (ii) note first that, by Theorem 7.3 of [4], u* is also stable of rank
k. Therefore, by the definition of rank, ¢y, (u#) = Yp_1(v#) ®1® --- @ 1 for all
—_—

h—k+1
h > k. Let, for brevity, v := ¢y_1 (u®)# € S([n]***~1). Then
bhRl1®-- @1 #) =1
(v@1®---@1)Yp(u™)
h—k+1
so, by , . , .,
1®---®1 =1 -
(fv® ®k® ) Sh(u™) ® Sp—1(u™)
h—k+1

which, by Proposition [2.1] is equivalent to
t #y _ tt #
1®---®1 S = "(*Sp_ 1
(1®--@1eov)S(u") = "("Sh_1(u") @ 1)
h—k+1

and then to
18- - 01ev) 'Syu?) = 'S (u#) @1
h—k+1



and therefore, by Lemma to

12 01R0)Syu) =S 1(u) e 1.
h—k+1

Hence, if h > k+t — 2, Sp(u)™' and S,_1(u)~! ® 1 agree on the first ¢ — 1
coordinates, which proves (ii). ]

Theorem 3.5. Let u € S([n]!), t > 1, then u is stable if and only if both N(u)
and N7 (u) are finite, and in this case

max{N(u) —t + 2, N¥(u) —t + 2} <rk(u) < N(u) + N¥(u) +t — 1.

Proof. We write, for simplicity, N and N# in place of N(u) and N#(u). By
the previous proposition, it is enough to show that if both N and N# are finite,
then u is stable with rank bounded by N + N# +¢ — 1. We will prove that, for
all h > N# +t—1,

Un+n(w) = Pnin-1(u) @ 1€ S([n] V).
By formula we can write

Ynn(u) =

(1@...®1®Sh_1(u)>(1/}N(u)®1®...®1)(1@...®1®Sh_1(u))71
N+1 h N+1

and, similarly,

YNth—1(u) ® 1 =
(1@...®1®Sh_2(u)®1>(1/1N(u)®1®...®1)(1@...®1®Sh_2(u)®1)71.

N+1 h N+1
Let (a1,...,an11,b1,...,0i-1,¢1,...,cx) € [n]NFTH Since h—1 > N# we have
from the definition of N# that there are b,...,b,_;,c},...,c,,¢1,..., ¢ € 0]
such that
Sh_l(u)il(bl,. cobi—1,e1, 00 0n) = ( /1,..., 271,0/1,...,02)
and
(Sh_g(u)_l (9 1)(b1, yoi1,c1, ... 7Ch) = ( /1,.. . ;_1,51,.. . ,5h).



Similarly, by the definition of N we have that there are a},...,ay,; € [n] such

that
¢N(U)(a1,...,(1N+1,b,1,..., :ﬁ—l):(allw"aalN—s—la ,17'--7 2—1)‘
Therefore
Ynyn(u)(at,...,ans1,b1,. . bi—1,¢1,- .., cn)
:(a'l,...,a’N+1,b1,...,bt_l,cl,...,ch)

and analogously

(UNth-1(u) ® 1)(a,...,an+1,b1,- - b1, €15 .-, Cp)

/ /
:(al,...,aN+1,b1,...,bt_l,cl,...,ch),

as claimed. |

We introduce two sequences Fk(u),Fk#(u), kE > 0 of simple directed graphs
(we often write simply I'y, instead of I'y(u) when there is no danger of confusion,
and similarly for the other quantities).

Definition 3.6. For a permutation u € S([n]!), and k > 0 we define simple

directed graphs I'y(u) and FZE (u), as follows:

V() = V() =o'

given two vertices (ai,as,...,as_1),(b1,b2,...,b—1) € [n]!=1 there is a
directed edge (a1, az,...,a;—1) — (b1, ba,...,bs—1) in Iy if
Yp(u)(cty ..oy Cpr1, 01,02, ..o ai—1) = (di, ...y dg11,b1,b2, ..., b—1)
for some (cy,. .., cpp1), (di, ..., drye1) € [n]FH
given two vertices (ay,ag,...,as 1), (b1,b2,...,b;_1) € [n]*~! there is a

directed edge (a1, asg,...,a;.—1) — (b1,b2,...,b4—1) in Fk# if there is x €
[n]** such that
Si(w) N (z) = (a1, a2,...,a1-1,¢1, ..., Crp1)
and
(Sk‘—l(u)_l ® 1)(33) = (blv b2a cee btflv dla sy dk‘-}—l)
for some (ci,...,cpi1), (d1,. .., dps1) € [n]FFL. Equivalently if
(Sk—1(u) " @ 1)Sk(u)(ar, ag, ..., a-1,¢1,. .., Cry1)
- (b17 b27 ey btfla dlv cee )dk-i-l)

for some (Cl, e Ck:—i—l)a (dl, e dk+1) S [n]kJrl.

10



Remark 3.7. All graphs have the same vertex set. Note that if a permutation u
is stable, then 'y (u) and F#(u) consist only of loops if @ > N (u) and b > N7 (u).
Actually, N(u) is the least integer such that I'y(u) consists only of loops for all
k > N(u), and similarly for N#(u). We may sometimes say, for brevity, that a
graph is “empty” to mean that it has no edges between different vertices, and
denote this by “0”.

Proposition 3.8. Given u € S([n]') and k > 0. If the graph Tx(u) (resp.,
Fk#(u)) has a path from (a1,as9,...,a;—1) to (bi,ba, ..., by_1), then T'x(u) (resp.,
Fk#(u)) has also a path from (by,ba, ..., bi—1) to (a1,as2,...,a¢—1). Le., strongly
connected components and connected components are the same notions for I'y(u)

(resp., Fk#(u))

Proof. 1t is enough to check that if there is an edge (a1, a2, ...,a;—1) — (b1, ba,. ..
bi—1) ((a1,a9,...,at—1),(b1,ba,...,bi—1) distinct) in T’y then there is a path from

(b1,b2,...,b4—1) to (a1,az,...,a,—1). Indeed, if there are (c1,...,ckv1), (d1, ...,
dpy1) € [n)*+! such that g (u)(cy,. .., cur1,a1,a2,...,ai-1) = (di,. .., dgs1, b1,
ba,...,bi—1) then, since ¥ (u) # id is a permutation of a finite set, there is some

h > 2 such that v (u)" = id. But then

(ClyevesChp1, 01,02, - -y ap—1) = Yp(w) " (u)(c1y .. Chy1, a1, a2, ..., a—1)
= wk(u)h_l(dla cee 7dk2+1a bla b27 ceey btfl)

provides such a path. The argument for I‘k# is similar, after replacing 1 (u)
with (Sg_1(u) ™! ® 1)Sk(u). O

We define two “actions” of a permutation on oriented graphs that are useful
for our purposes (Strictly speaking, these are not actions!).

Definition 3.9. Given a directed graph G on vertex set [n]'~! and u € S([n]?),
by Ru.(G) and £, (G) we mean the directed graphs with the same set of vertices
V(Ru(G)) = V(L,(G)) = [n]=! and edges given by the following rules:

e there is a directed edge (z1,...,2-1) — (2],...,2;_1) in Ry(G) if there
are z € [n] and a directed edge (y1,...,y—-1) — @¥,...,y;_;) in G
such that (w,z1,...,2¢—1) = w(yr,...,¥—1,2) and (W', 2,...,2}_;) =
w(yls ..., Y;_q,2), for some w,w’ € [n];

e there is a directed edge (z1,...,21-1) — (2},...,2;_1) in £,(G) if there
are z € [n] and a directed edge (y1,...,v—-1) — @W,...,y;_;) in G
such that (z1,...,2—1,w) = w(z,y1,...,%—1) and (2},...,2,_;,0') =
uw(z,y), ..., y;_q) for some w,w’ € [n].

11



Theorem 3.10. Given u € S([n]'), then
Fiy1(u) =Ry-1Tk(u) and I’k#+1(u) = Cqu#(u) for any k > 0.

Proof. Let (ay,as2,...,a;_1),(b1,b2,...,bs_1) € [n]'"L. Then (a1, as,...,a;_1) —
(b1,bo,...,bi—1) in Ty yq(w) if and only if there are ¢y, ..., cgt1,d1, . . ., dgy1, W, 0 €
[n] such that

191 —1)( 1)(1 @1 ) e Chad Wy @, e ey B
( ® - Q1l®u Y(u) ® - R1u)(c Chil, W, a1 ai—1)
k+1 k+1

= (db' . 'adk-i-l?U?bl’"'abt—l) )

where we have used . This happens if and only if there are ¢y, . .., cpr1,d1, ...,

digt1,ay, ... a,_,0, ..., b,_1,w,v, z € [n] such that
w(w,at,...,a;—1) = (aj,...,a;_1,2)
r(u)(cry .oy Chr1, @ty adi_q) = (d1y .oy dgr1, by, ..o b q)
and
w LB, b, 2) = (v, by, b))
But this means that there are af,...,a;_1,0,...,b,_1,w,v,z € [n] such that
there is a directed edge (a},...,a,_;) — (b),...,b,_1) in T'x(u),
-1/ 7 / _
u(ay, .. a5_1,2) = (w,a1,...,a;-1)
and
uil( llﬂ"'v ;57172) = <U7b17~--7bt—1)

and this exactly means that there is a directed edge
(al,ag, cay atfl) — (bl, bg, e ,btfl)

in R-1(Tx(w)).
The other statement can be proved by a similar argument, using the fact
that

(Sk(u) ' @1)Spy1(u) = (uRL® ... ® D)(18Se—1(u) " '@1) (108K (u)) (v '®l® ... 0 1).
k+1 k+1

O

12



For a directed graph G = ([n]t, A) we denote by G" = ([n], A”) the edge
reverse graph where A™ := {(b,a) : (a,b) € A} and by G™ = ([n], A™) the vertex
reverse graph where (ai,...,a;) — (b1,...b;) in G7 if and only if (a¢,...,a1) —
(bt,...b1) in G. Note that these two operations commute.

Proposition 3.11. Let G be a directed graph on vertex set [n]'™! and u €
S([n]t). Then
Lu(G7) = (R (@)

and

Lu(G") = (Lu(G))"

PT‘OOf. Let (al, ceey at_l), (bl, ce ,bt_l) € [n]til. Then (al, ceey at_l) — (bl, R ,bt_l)
in £,(G7) if and only if there are w,v, z € [n] and (a},...,a;_4), (V),...,b,_1) €

[n]t=1 such that (af,...,a}_1) — (b),...,b,_1) in G7,

u(z,ay,...,a,_1) = (ay,...,a4_1,w), (8)
and

w(z, b, ... 1) = (b1,...,b_1,v). 9)
Similarly, (a¢—1,...,a1) = (bi—1,...,b1) in Re,(G) if and only if there are
w,v,z € [n] and (a,_1,...,a}), (b,_1,...,b)) € [n]'! such that (a}_4,...,a}) =

(b,_q,...,b)) in G,

bu(a,_q,...,d4, 2) = (w,ai_1,...,a1),

and
tu( 1y b, 2) = (v, b1, ..., b1).

The first equality follows.

The second equality follows immediately from the definitions. Indeed, there
is an edge (a1,...,a4—1) — (b1,...,b—1) in L,(G") if and only if there is an
edge (b1,...,bi—1) = (a1,...,a;—1) in Ly(G). O

Corollary 3.12. Let u € S([n]!). Then
TF ()" = Ty(u#)”
for all k > 0.

Proof. We proceed by induction on k > 0. Let (ai,...,a;-1),(b1,...b—1) €
[n]t=1. From our definitions we have that there is a directed edge (b;_1,...,b1) —
(at—1,...,a1)in F#(u) if and only if there are ¢, d € [n] such that u=!(b;_1,...,b1,d) =
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(at-1,...,a1,c¢), and there is a directed edge (ai,...,at—1) — (b1,...,bi—1)
in [o(u?) if and only if there are c¢,d € [n] such that *u(c,a1,...,a;-1) =
(d,b1,...,bi—1). Therefore F#(u)r = To(u)T.
Suppose now k > 1. Then we have that, by Theorem and Proposition
B.17]
TF ()" = Lu(Tf_y ()" = Lu(TF, (w)")

while
Tj(u#)7 = Ry (Tpo1 (u#))" = Lo(Tpor (u¥)7)

so the result follows by induction. O
We can now prove what is probably the main result of this work.

Theorem 3.13. Given a permutation u € S([n]'), then u is stable if and only
if there is M € N such that RM ,(T¢) and CQ/I(I‘#) consist only of loops.

Proof. Suppose first that u is stable. Then by Theorem we have that both
N(u) and N#(u) are finite. Therefore, by our definitions (see also Remark
both I'ps(u) and F]\#Au) consist only of loops if M > max{N(u), N¥(u)}, so,
by Theorem (Ry-1)M () and (L£,)M (I‘z)#'é ) both consist only of loops, as
claimed.

Conversely, assume that there is M € N such that RM ,(I'g) and £} (Fz)éé )
consist only of loops. It is then easy to check from our definitions that Rﬁ,l (To)
and L’ﬁ(F# ) consist only of loops for all £ > M. This, by Theorem implies
that I'y(u) and Fk#(u) consist only of loops for all £ > M. By the definitions of
the graphs I'y(u) and Fk# (u) this means that both N(u) and N7 (u) are finite
so, by Theorem u is stable. O

This is a very good criterion for checking stability. We will discuss bounds
for M in Section [Bl

Example 3.14. Let u := ((1,3),(1,2),(3,4)) € S([4]?) (note that, by Theorem
5.12 in [4], w is stable of rank 2). Then the vertex set of all the graphs Ty, Fk#, k>
0 is [4].

The graph I'y has directed edges Ey = {(1,1),(2,2),(3,3), (4,4), (4,2),(2,3),
(3,4)}. Consider the edge (2, 3) in Tg. Then the graph I'y has edges (ma(u=1(2, 2)),
ma(u=1(3,2))) for all z € [4] (where 7 is the projection on the second coordi-
nate). Given that «=1(2,1) = (2,1), v 1(3,1) = (3,1), v 1(2,2) = (2,2),
u=1(3,2) = (3,2), u1(2,3) = (2,3), u=1(3,3) = (3,3), u1(2,4) = (2,4), and
u~1(3,4) = (1,2), we obtain that T'; has edges (1,1),(2,2),(3,3) and (4,2).
Similarly, for the edge (4,2) we obtain edges, (1,1),(2,2),(3,3) and (4,4), and
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i

\i/(g

Figure 1: The directed graph FO# (u)

for the edge (3,4) we obtain (1,1),(2,2),(3,3) and (2,4). Note that any loop
(z, z) only gives rise to other loops, so we don’t need to compute them explicitly.
Thus I'1 has edge set By = {(1,1),(2,2),(3,3),(4,4), (2,4),(4,2)}. Repeating
this process on the non-loop edges of I'; (note that we have already performed
most of the computations) we obtain that I's consists only of loops, and hence
that I'y = 'y = () for all £ > 2. In particular, N(u) =

ThegraphF# has directed edges{(l 1),(2,2), (3, 3) ( 4),(1,3),(3,1)}. Con-
sidering the edge (1, 3) we have that F has directed edges (71 (u(z, 1)), m1(u(z, 3)))
for all z € [4]. Since u(1,1) = (1,1), u(1,3) = (1,2), u(2,1) = (2,1), u(2, )
(2,3), u(3,1) = (3,1), u(3,3) = (3.3), u(d,1) = (4,1), and u(4,3) = (4,3) w
obtain that Ff has edges (1,1),(2,2),(3,3) and (4,4). Performing the same
computation for the edge (3,1) we only obtain loops. Hence Ff consists only of
loops and therefore I‘f& = Ffé = () for all k > 1. In particular N#(u) = 1.

The next example shows that in Theorem both sequences of graphs
need to be considered.

Example 3.15. Let us consider the product of three 3-cycles

u:=((1,1),(3,1),(5,1))((2.3),(4,3),(6,3)) ((1,5), (3,5), (5,5)) € S([6]*) -

Then one can check that T'g = 0 (so that 'y = 0, for all £ > 0), while F# is

shown in Figure |1, Also, Fk# is the union of F# and its reverse edge graph, for
all £ > 1. In particular, u is not stable.

The next example shows that the graphs I'y(u) do not necessarily stabilize
as k — +o0.
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Example 3.16. Let u := ((1,2), (1, 5)) ((5,
can check that I'g(u) has directed edges {(1 2), (2,

has directed edges {(1,2),(2,1),(2,5),(5,1),(5,2)
edges {(1,2),(2,1),(2,5),(1,5),(5,2)} for all k > 1

1)) € ()[ ]2). Then one

2),
1) ( 5),(5,1)}, while Py (u)
} and T'g;_1(u) has directed

We want to single out one important property, which we use in Sections
and 5l Recall that the transitive closure T'(G) of a directed graph G is the graph
which contains an edge a — b if and only if G has a directed path from a to b.

Lemma 3.17. Let u € S([n]'), and two directed graphs G1,G2 on vertex set
[n]*=1 be such that T(G1) = T(G2). Then T(R,1G1) = T(R,-1Gs) and
T(L,G1) = T(L,G2).

Proof. Tt is clearly enough to prove the statement in the case where T'(G1) =
G2. So let G be a directed graph on vertex set [n]'~1. We will show that if
(a1,...,ai-1) = (b1,...,b4—1) — (c1,...,¢1-1) is a directed path in G then
T(Ry—1G) =T(Ry—1(GU{((a1,...,at—1) = (c1,...,¢-1))})) and T(L,G1) =
T(GUu{((ai,...,at—1) — (c1,...,¢-1))})) and the result will follow. We will
check only R,-1, the second statement is similar.

Note that

Ry-1(GU{((a1,...,at-1) = (c1,...,¢-1))})
= Ru—1GURu_1{((a1, . ,at,l) — (Cl, ce ,thl))}.

The second set is the set of all edges (af,...,a;_;) — (c},...,c,_;) such that
there are z,w,v € [n] such that uil(al,.. sag—1,2) = (w,ay,...,a;_;) and
utery . em1,2) = (v,¢), ..., ¢,_). Hence,

(alla"'aag—l) - ( ,17“" 2—1) - (Clla-~~aC:€—1)
is a directed path in R,-1G where (bj,b),...,b,_;) = (bl,...,bt,l,z).
Therefore, T(R,-1G) 2 T(R,-1(G U {((a1,...,at-1) — ( ..y¢t—1))}). The
opposite inclusion is clear. O

Lemma 3.18. Let u € S([n]!) and G be a directed graph on vertex set [n]'~!.
If T(G) = T(R,—G) (resp., T(G) = T(L,G)) then T(R]“1G) = T(G) (resp.,
T(LG) =T(G)) for any m € N.

Proof. This follows by repeated application of Lemma [3.17 O

Corollary 3.19. Givenu € S([n]!). If T(Tx(u)) = T(Tgr1(u)) # 0 or T(Fk#(u))
= T(I‘k#+1(u)) # 0 for some k > 0, then u is not stable.
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Proof. If T(T'k(u)) = T(Tk+1(w)) then, by Theorem and Lemma
T(Tr(u)) =TT (u)) for all m > k so T(Ty,(u)) # 0 for all m > k so Ty (u) # 0
for all m > k and hence, by Theorem u is not stable. The other statement
is exactly analogous. O

4 Almost all permutations are not stable

In this section, using the results in the previous one, we prove Conjecture 12.5
in [3]. Namely that, if we choose a permutation in S([n]*), ¢ > 2, uniformly at
random, the probability that this is stable goes to zero as either n or ¢ go to
infinity.

For n,t € N let Xo(n,t) (resp., X1(n,t)) be the number of permutations
u € S([n]') such that T'g(u) is disconnected (resp., ['g(u) is connected but I'y (u) is
disconnected). Recall that by Proposition [3.8] for any k € N, I'y(u) is connected
if and only if it is strongly connected.

Proposition 4.1. Let n,t € N, n,t > 1, then

Holnt) gn L
Proof. Let u € S([n]!) be such that T'g(u) is disconnected. Then there are
A, B C [n]*"! such that ANB =0, AUB = [n]'"!, A,B # () and there
are no directed edges between A and B in I'g(u). Therefore, by definition of
To(u), u([n] x A) = [n] x A, and similarly for [n| x B. Since there are (n - |A])!
permutations of [n] x A and (n - |B])! permutations of [n] x B, we have that

e
Xo(n,t) < ( i >(nk)!(n(nt_1 — k).

k=1
Hence,
12 |2 )
Xo(n,t) < 2 (nt_1> (nk)!(n(n't — k) < (t_1> 1
(Ot a3 VR (nf)! = N EJG
ntfl nt—l
R nt=1 1 2 1
= k nt—nt—1\ rmt=1 Z nt—nt=1y"
ot (lne) e ) = (i)
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Proposition 4.2. Let n,t € N, n,t > 1, then

L3]
Xl(n,t) 1
(nt>l < Z nt—nt—1l-n

k=1 ((nt—lfnt—Qfl)k)

Proof. Let u € S([n]!) be such that T'g(u) is connected but I'y (u) is disconnected.
Since T'y(u) is not connected there are A, B C [n]'"! such that AN B = 0,
AUB = [n]'"!, A, B # 0 and there are no directed edges between A and B in
I'y(u). For z € [n] we let

A(z) :={x € [n]"" ' u Nz, 2) € [n] x A}

and
B(z):={x € [n]""': v (x,2) € [n] x B}.

Then either A(z) = () or B(z) = 0. Indeed, if A(z), B(z) are not empty, then,
as I'o(u) is connected, there is an edge from = € A(z) to y € B(z) in I'y(u) so,
by Theorem there would be a directed edge from A to B in I't (u).

Let A':={z€[n]: B(z ) =0}. If z € A’ then A(z) = [n]"! so u=([n]~! x
{2}) C [n] x A. Therefore u=!([n]'~1x A") C [n]x A. Similarly u~!([n]!=t x B") C
[n] x B where B' := {z € [n] : A(z) =0} = [n]\A". Sou ™ ([n]""1xA4") = [n]x A
and similarly for B’ and B. Hence n'=2|A’| = | A|, so the following bound follows

Xi(n,t) < > (Z) (g_;) (L) (0 (n — k)

k

,_
3
ity

(if |A'] < |B’|, the first binomial coefficient is an upper bound for the number
of possibilities for A’, the second binomial coefficient is an upper bound for the
number of possibilities for A, and factorials are upper bounds for the number of
bijections [n]f~! x A" — [n] x A and [n]*"! x B’ — [n] x B, resp.). Hence,

1N () (nt Y (n — ! 2] n nt=1
B O RO

k=1

o 1@ @t-;k)( TN TATN _Z mn )

nt—lk—nt—2k—k nt—2k nt 1-nt=2-1)k

O

We need the following lemma.
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Lemma 4.3 (Folklore). We have

. 1 1 1 1 -
n}gnoo<(ml)+@)+(rg)+...+w>—o.

Proof. This immediately follows from the below inequality

RIS N RS USSRVt
@) T T

(5) ()

<

3le

O

We get two simple corollaries from Propositions and Lemma
Corollary 4.4. Given 1 <t €N, then
XO(nat) . Xl(nvt) _

n—oo  (nt)! T nsoo (nt)!
Corollary 4.5. Given 1 <n € N, then
XO(na t) . X1 (na t)

t—o00 (nt)' t—o0 (nt)'

We are now ready to prove Conjecture 12.5 of [3], the proofs of the two
statements are exactly the same.

Theorem 4.6. Given1 <t € N. Then almost all permutations from S([n]!), n €
N are not stable, i.e.,
. HueS(n]"): wis stable}|

i3 (n1)! -0

Theorem 4.7. Given1 < n € N. Then almost all permutations from S([n]'), t €
N are not stable, i.e.,
Y. o
lim {u € S([n]") : w is stable}| _0
t—+00 (nt)!

Proof of Theorems[{.0] and[4.7, By Corollary we get that [{u € S([n]?) :
u is stable}| < Xo(n,t) + X1(n,t). Hence

A
lim {u € S([n]") : w is stable}| < lim Xo(n,t) + lim Xi(n,t)

=0

n—00 (nh)! nsoo (nh)l | nooo (nd)!

and

By . i
lim {u € S([n]") : w is stable}| < lim Xo(n,t) + lim X1(n,t)
t—00 (nt)! t—oo  (nt)! t—oo  (nt)!

where the last equalities follow from Corollaries and O
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The previous results show that the number of stable permutations of [n]* is
a little o of the total number of permutations for either n or ¢ going to infinity.
We now show, however, that the number of stable permutations is not so small
in absolute terms.

Recall first that if u € S([n]*~!) then (v ® 1)(1 @ u~!) € S([n]') is a stable
permutation (these permutations correspond to the inner automorphisms of Oy,).
Hence the number of stable permutations in S([n]?) is at least n'~!l. We now
show that this bound can be improved.

Let n,t € N, n>3,t>2 and v € S([n — 1]'"1). We define a permutation
v € S([n]') by letting

3a a) = (n,v(ag,...,ar)), if (a1,...,a;) € {n} x [n — 1)1,
b S (ai,...,at), otherwise.

Note that (v)~! = (v—1).
Proposition 4.8. Letn,t € N, n >3,t>2, andv € S([n —1]*"1). Then
V(D) =711 ®1
for all k > 0. In particular, U is stable of rank 1.
Proof. Let (a1,...,assx) € 0] and let
{it, ... i)} ={i€[k+1]: (ai...,ai1t-1) € {n} x [n —1]*71}.

Note that i; —i;_1 > ¢ for all j =2,...,7. If i1 > 1 then by and what was
just observed

k(@) (a1, apye) = (a1, apgy) = (0 @ 1@ @ 1)(a1, ., argp)-
If i1 = 1 then we obtain similarly that
r(0)(ar, . ak) = (0T @1@ - @ 1)(a1, ..., argr)-
[l

The previous proposition shows that there are at least (n — 1)!=1! stable
permutations of rank 1. One might wonder whether the corresponding permu-
tative automorphisms of O,, are outer. We now show that this is the case and
that, in fact, all these automorphisms are inequivalent under the action of inner
automorphisms.
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Proposition 4.9. Letn,t € N, n >3, t>2 and v #w € S([n —1]*"1). Then
there is no u € S([n]'~!) such that

T=(uwe)w(leu?).

In particular, for non-identical v € S([n — 1]*~1), ¥ is an outer permutative
automorphism.

Proof. Let’s proof by contrapositive. Assume that there is such u. We proof by
induction that u does not change the last k € [0,¢ — 1] coordinates. The base
case k = 0 is trivial.

Assume that u does not change the last (k — 1). By induction hypothesis
the last k coordinates of (u ® 1)w(1 ® u~')(1,¢1,¢0,...,¢1) coincide with the
last k£ coordinates of

wl@u (1 e, e, 1) =0(Lu e, ) = (Lu e em)).

In another hand (u ® 1)w(1 ® u=1)(1,e1,¢2,...,¢c-1) = v(1,¢1,¢0, ... ¢0-1) =
(1,¢1,¢2,...,¢1-1). Hence, u does not change the last k coordinates.
Therefore u is the identical permutation, which contradicts to v # w. O

Proposition shows that there are at least (n — 1)!~!! distinct classes
of inner-equivalent automorphisms of O,, and that there are at least (n —
1)! 1 nt=11 stable permutations in S([n]?).

5 Upper bound for rank

In this section, using the graphs introduced in Section 3| we obtain an explicit
upper bound for the ranks of stable permutations of S([n]?) which is at worst
linear in n.

We need to consider two more graphs

IN(u) =To(u) UT1(u) UT(u) UTs(u) U...;
I#(u) = T¥ (u) UTH (w) UTH () UTT (u) U . ..

on the vertex set [n]~1.

Lemma 5.1. Given u € S([n]*), t € N. Then
T(u) D Ry1T(u) DRET(u) DR3_\T(u) D...

and
7% (u) D L,0#(u) D L2T#(u) D L3T# (u) D ...
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Proof. This follows immediately from Theorem and the fact that for any
graphs G, G on the vertex set [n]'~!, R,-1(G1UG2) = Ry-1(G1) UR,-1(G2).
O

Let supp(G) and ¢(G) be the number of non-isolated vertices and the number
of connected components, respectively, of the graph G. Note that, since the
number of isolated vertices of G is at most ¢(G), we have that |V| < supp(G) +
¢(G), with strict inequality if G is non-empty:.

We have the following bound

Theorem 5.2. Given u € S([n]'), t €N, then
o N(u) < max{supp(T(w)) — 1,0} or N(u) = +o0;
o N*(u) < max{supp(T*#(u)) — 1,0} o N#(u) = +o0.

Proof. We prove the result only for N(u), the second statement being similar

(cf. Proposition and Corollary [3.12)).
Assume that N(u) is finite, then (cf. Remark for any m > N(u),

Cp(u) = 0 so R\ T'(u) = 0. If supp(I'(u)) = 0 then N(u) = 0 and the result
follows.

So assume that supp(I'(u)) > 0. Note that we have I'(u) O R,-1T'(u) 2
R2_T(u) 2 R3_,T(u) 2 ... by Lemma Hence there is k € Ny such that
C(Rﬁfllf(u)) = ¢(RF_,T'(u)), and furthermore T(Rﬁﬂf(u)) = T(RF_,T(u)).
Hence, by Lemma we get T(R™,T'(u)) = T(RF_,T'(u)) for any m > k.
Therefore we have R*_,T'(u) = @ (otherwise T(Riv_(?HkF(u)) =T(RE_\T(u)) #
0). So k> N(u) (for if R!_,To(u) = 0 for some i € Ny then, by definition of
Ru-1, Ri_lfo(u) = for all j > i so N(u) <i). So we get

n'=1 — supp(T'(u)) + 1 < ¢(T'(u)) < ¢(R,-1T(u)) <
< ARYOTID () < o RYSIT () = nt

Hence, N(u) < nt~! — (n~! — supp(I'(u)) + 1) = supp(I'(u)) — 1. O

Recall (see [3, Def. 11.4]) that for u € S([n]?) we let C(u) := {j € [n] : Ji €
[n] such that u(i,j) # (7,7)} and define R(u) similarly.

Corollary 5.3. Given a non-identical permutation u € S([n]?), then
e N(u) < |C(u)| or N(u) = +4o0;

e N#(u) < |R(u)| or N#(u) = +oo.
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In particular, if a non-identical permutation u € S([n]?) is stable, then rk(u) <

|C(u)| + [R(u)] - 1.

Proof. Note that [n] \ C(u) are isolated vertices of I'(u). Hence, supp(I'(u)) <
|C(u)|. Similarly, supp(I'#(u)) < |R(u)|. The conclusion follows at once from
Theorem [3.5 O

The above result implies that, if u € S([n]?) is stable, then rk(u) < 2n — 1.
This bound improves, for permutative automorphisms, the one of n? which
can be obtained from a similar estimate in [9, Cor. 3.3] for general unitaries

S u(]:z)

Remark 5.4. C(u) and non-isolated vertices of I'(u) are not always the same
sets. For example, if u = ((1,1),(2,1))((1,2),(2,2)) € S([2]?), then C(u) =
{1,2}, but supp(I'(u)) = 0.

We have the following generalization of Lemma [5.1] for ¢ = 2.

Proposition 5.5. Let u € S([n]?). Then
T(T(u)) =T (To(w) 2 T(T1(u) 2 T(T2(u)) 2

and
T(T#(u)) = T(TY (u) 2 T(TF (u)) 2 T(CF (u) D - -

Proof. We first show that T(I‘l( )) € T(To(u)). Let x — y be a directed
edge in ' (u). By Theorem and our definitions this means that there is a
directed edge ' — 3/ in Ty(u ) and z € [n] such that u=1(2/,2) = (w,x) and
u=H(y', 2) = (v,y) for some v, w € [n]. Therefore there are directed edges z — x
and z — y in ['g(u). Hence z,z and y belong to the same connected component
of I'y(u) and so, by Proposition x — y is a directed edge in T'(Tp(u)).

Suppose now that T(T'y_1) 2 T'(T'x) for some k > 1. Then T(R,,-1 (T (T'x—1)))
O T(Ry-1(T(T'x))). But, by Lemma (applied to T’y and T'(I'y)) we have
T(Ry-1(T(Tk))) = T(Ry-1(T'k)) = T(Tky1) and similarly for T'(R,-1(T'(T'k-1))),
SO T(Fk) D) T(Fk+1).

Since T (Tp(u)) 2 T(T'1(u)) 2 T(T2(w)) 2 -+ and I'(u) = To(u) UT(u) U
Fo(u) UTg(u) U..., we have T(I'(u)) = T'(To(u)).

The second chain of set inclusions follows from the first one and Corollary
3. 12 O

The previous result implies that, if u € S([n]?), then u is stable if and
only if Tp(u) = T (u) = 0. Indeed, if there is an h € [0,n — 1] such that
T(Th(u)) = T(The1(u)) # 0 then, by Lemma and Theorem Ti(u) =
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I'y(u) for all & > h so w is not stable. Similarly for I‘k#(u) Conversely, if
T(To(u)) > T(Ti(w)) D T(Ty(u)) D -+ D T(Iy(u)) then this means that
I'k+1(u) has at least one more connected component compared to I'y(u) for all
ke [0,n—1], so Ty(u) = 0. Similarly for T} (u).

6 What makes a cycle stable?

In this section we present evidence in favor of the conjecture that stability of an
r-cycle u in S([n]?) depends only on a certain subset S(u) of [r]? (see equation
(16))). More precisely, for u € S([n]*) we introduce invariants R(u), C(u), R°(u),
C°(u) as suitable subsets of [n], and then use them to define some equivalence
relations on permutations (see Definition . We then show that if two cycles
u,v € S([n]?) are such that S(u) = S(v) then they are (left and right) equivalent.
We also give evidence for the stronger conjecture that this equivalence relation
is stability invariant.

For a permutation u € S([n]'), we define supp(u) C [n]® as the set of elements
x such that u(z) # z. Let R(u) C [n] (resp. C(u) C [n]) be the elements that
appear somewhere in the first (resp., last) ¢ — 1 places in supp(u), i.e.,

R(u) :={a € [n]| 3z € supp(u) and i € [t — 1] s.t. z; = a},

C(u) :={a € [n]| dx € supp(u) and i € [t — 1] s.t. x;41 = a}.

Note that, for t = 2, these sets coincide with the ones defined in [3, Def. 11.4],
and denoted there by the same notation. Let C°(u) C [n] (resp., R°(u) C [n])
be the set of elements in [n] that appear in the last (resp., first) position, and u
can change it, i.e.,

C°(u) :={a € [n]| 3z € supp(u) s.t. z = a and (u(x)); # a}
={a€[n]| 3z € [n]' s.t. zy = a and (u(x)); # a},

R°(u) :={a € [n]| 3z € supp(u) s.t. x1 = a and (u(z))1 # a}
={ac[n]| 3z € [n]' s.t. 21 = a and (u(z)); # a}.

In particular, C°(u) C C(u) and R°(u) C R(u). Observe that if u # 1 then
C(u) # 0 and R(u) # 0, but this is not true for C°(u) and R°(u) in general.
For example, if v € S([n]'~2) then C°(1®@v® 1) = R°(1 ® v ® 1) = (), while
Clovel)=R1®ve®l)=I[n]ifv# 1.

Note that if u € S([n]*) then supp(u~!) = supp(u) and hence supp(u?) =

w(()t)(supp(u)) where w(()t)(:vl,...,xt) = (v4,...,21) for all (z1,...,3¢) € [n]’.
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Therefore R(u”) = C(u~!) = C(u) and so C(u”) = R(u). Furthermore, note
that R°(u?) = C°(u~') = C°(u) and so also C°(u®) = R°(u).

Note that if u € S([n]*) and 'y (u) consists only of loops for some k € N then
C°(r(u)) = 0. Furthermore, if C°(¢(u)) = 0 for some k € N and ¢ = 2 then
I't(u) consists only of loops. Also, note that C°(1g(u)) C C°(¢p_1(u)) C --- C
C°(¢1(u)) C C°(u~t) for any k € N.

Definition 6.1. For u,v € S([n]') we say that u and v are left-equivalent if
there are o € S,, and m € S([n]?) such that

o U= 7T_1mr;

e o(R°(u)NC(u)) = R°(v)NC(v);
e For any z € [n]' and i € [t] such that x; € R°(u) N C(u), (7(x)); = o(x;).

Similarly define right-equivalence by replacing R°(u) N C(u) with C°(u) N R(u),
and the same for v.

Proposition 6.2. Left and right equivalence are equivalence relations.

Proof. This is easy to check. The only property that requires a little bit of
care is symmetry which follows from the fact that if w is left equivalent to v
and y € [n]' and i € [n] are such that y; € R°(v) N C(v) then (77 1(y)); €
o 1 (R°(v) N C(v)) = R°(u) N C(u), s0 y; = o((7(y))s). 0

Proposition 6.3. Let u,v € S([n]'). Then u is left (resp., right) equivalent to
v if and only if u” is right (resp., left) equivalent to v .

Proof. It is enough to show that if u is left-equivalent to v then u* is right-
equivalent to v#, the other implication being analogous. So suppose that
(o,m) € S, x S([n]") is a pair satisfying the properties as in the definition
of left-equivalence for v and v. Then it is routine to check that the pair
(o,'7) € S, x S([n]!) satisfies the properties as in the definition of right-

equivalence for u# and v#. O

The sets R°(u) and C°(u) allow for a more precise understanding of what
makes a permutation stable. The next result is a refinement, and generalization,
of Proposition 5.15 in [3]. Note that, if t = 2, then [n]\ R°(u) (resp., [n]\ C°(u))
is the set of first (resp., second) coordinates that are not changed by u (so, the
indices of the rows (resp., columns) that are left invariant by u).

Proposition 6.4. Let u,v € S([n]?) be such that R(u)NC°(v) = () and R°(u)N
C(v) =0. Then u is compatible with v, that is (v 1)(1®u) = (1@ u)(v® 1).
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Proof. Let z,y,z € [n]. We will show that
(eI eu)(r,y,2) = (1Qu)(vel)(zy,z2). (10)

If v(z,y) = (x,y) and u(y, z) = (y, z) then is clear. So assume that either

v(z,y) # (x,y) or u(y,z) # (y,2). Assume first that v(x,y) # (x,y). Then
y € C(v) so by our hypotheses y ¢ R°(u) which means that

u1(y, U)) =Y (11)

for all w € [n]. If vo(x,y) = y then, by , we have that

(U ® 1)(1 ®u)($,y, Z) = (U ® 1)(13,3/,2@(1/,2)) = (m(x,y),y,uQ(y,z))

and

(1 ® U)('U ® 1)(m,y,z) - (1 ® u)(vl(x,y),y, Z) = (Ul(%,y>,y,UQ(y, Z)),

and follows.

If va(z,y) # y then y € C°(v) and hence also va(z,y) € C°(v). By our
hypotheses, this implies that y ¢ R(u) and vo(z,y) ¢ (u) and hence that
u(y,w) = (y,w) and u(ve(z,y),w) = (ve(x,y),w) for all w € [n]. Therefore

(Ieou)(v®l)(z,y,2) = (1@ u)(vi(z,y), v2(z,Y), 2) = (vi(2,9),v2(2, ), 2)
and
(v @u)(z,y,2) = (v@1)(2,y,2) = (v1(z, ), v2(7,9), 2)

and again follows.
If v(z,y) = (x,y) and u(y, z) # (y,z) the reasoning is similar, and easier,

and we therefore omit it. O

It is easy to see that if u € S([n]?) is such that C°(u) N R(u) = () then the
graphs I'y (u) are empty (i.e., consist only of loops) for all £ > 1. The next result
examines the case that |C°(u) N R(u)| = 1.

Proposition 6.5. Let u € S([n]?) be such that C°(u) N R(u) = {zo} for some
20 € [n].Then T (u) # O for all k € N if and only if either

u (20, 2)2 = 20 (12)

or
uil(zo,zo)g =z (13)

for some z € [n]\ {z0}.
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Proof. Assume first that holds for some z € [n] \ {z0}. Then, by our
definitions, z — zg in To(u). Therefore, since z # 29, 2 € C°(u) and hence
z ¢ R(u). Hence u=!(z, 2) = (z, z) while u=!(z20, 2)2 = 20 by , S0 z — zp in
I'1(u), and therefore z — zp in I'y(u) for all k£ € N.

Assume now that holds for some z € [n] \ {20}. Then zp — z in
[o(u), so, as above, z € C°(u) \ R(u). Hence u~1(z,2) = (z, 20) and, by ,
u"1(20,20)2 = 2, 80 z = 20 in I';(u). By exactly this same reasoning, zp — z in
Ia(u), ete..., so again T'y(u) # 0 for all k € N.

Conversely, assume that T'y(u) # () for all k € N. Then there are 1, ..., z;,
Yly- ey Yr, W1, ..., wy € [n] and h € N such that

Ty — Yi
in Tpyi(u), z5 # v,
u” (g, wg)o = wiga, (14)
and
u” N yi, wi)2 = Yig1, (15)

for all ¢ € [r] (where indices are modulo 7). Since, z; # y; we have from our
definitions that z;,y; € C°(¢Yp1i(u)) and so z;,y; € C°(u). Furthermore, since
either w; # mj41 or w; # yi+1 we have that w; € C°(u). Hence zy,...,z,,
Ylye ey Yr, Wi, ..., wp € C°(w). This, in turn, implies that zg € {z;,y;} for all
i € [r] (for if m; # 2z and y; # 2o then x;,y; & R(u) so u™!(x;, w;) = (x5, w;) and
u™ (yi, w;) = (yi, w;) which, by and , implies that z;11 = w; = yit1,
which is a contradiction).

Assume now that zp = x; = x9. Then y1,y2 # 20 so y1,y2 ¢ R(u). Hence,
by (15), y2 = v (y1,w1)2 = w1 so wy # zy and therefore follows from
. Similarly if zg = y1 = y2. So assume that x1 = zg = y2, and y1, 2 # 2p.
Then v '(z0,w1)2 = 2, u  (y1,w1)2 = 20 and 31 € C°(u) \ R(u). Hence
u” (y1,w1) = (y1,w1) s0 w1 = 2o and therefore u~!(z9, 20)2 = 2 which proves
. Similarly if i3 = 29 = x2, and x1, y2 # 20. O
Remark 6.6. Note that conditions and imply that {zp} is not a

connected component of I'g(u).

Remark 6.7. We note that if u,v € S([n]?) are right equivalent and |C°(u) N
R(u)| =1 then u satisfies condition if and only if v does, and similarly for
condition . Indeed, let C°(u) N R(u) = {20}, and 7 € S([n]?), 0 € S,, be as
in the definition of right equivalence. Then

u=mntor
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o({z0}) = {wo}

where wg := 0(z0), and for all z,y € [n] we have that

7(20,¥)1 = o(20)

and
m(z,20)2 = o(20).

Then the above conditions imply that there are 7, p € 5, such that
(20, y) = (wo,7(y)) and 7(x, 20) = (p(2), wo).

In particular m(zo,20) = (wo, 7(20)) = (p(20),wo) = (wo,wp). Since holds
for u we have that u=1(29, z) = (U, 2g) for some z € [n]\ {20} and U € [n]. Then
we have that

’U_l(w(],T(Z)) = 7Tu_17r_1<’w0,7'(2)) = Wu_l(zo,z) =m(U, z0) = (p(U), wo)

and 7(2) # 7(20) = wo, so holds for v. Similarly, if holds for u then
u™ (20, 20) = (U, 2) for some z € [n] \ {z0} and U € [n] and we have that

v_l(wo,wo) = Wu_lw_l(wo,wo) = 7ru_1(zo, 20) = 7(U, 2)

so v~ (wo, wo)2 = 7(U,2)2 # wp since T maps column zy into column wg. So

holds for v.

One can hope that by similar methods it will be possible to deal with any
cardinality x = |C°(u) N R(u)|.

We have started the investigation of the case k = 2, so when u € S([n]?) is
such that C°(u) N R(u) = {20, 21} with 20,21 € [n] and zp # 21. In this case,
one can check that each of the following conditions implies that T'y(u) # 0 for
all k:

1

u™ (2, 2)2 = 2; for some z ¢ R(u),i € {0,1};

ii 20,2)2 = 21, u (21, 2")2 = 2o for some 2,2’ ¢ R(u);

u—l

v

(

(
Y2, 2)2 = 2 for some z ¢ R(u),i € {0,1};

u™

Y20,21)2 = 2, u= (21, 20)2 = 2’ for some z, 2" ¢ R(u) ;

)

)
iii) u
)

)

u"(a,b)o, u"t(b,b)2} = {a, b} for some a,b € [n],a # b
(i.e., either u=*(a,b)s = a,u=1(b,b)2 = b or u='(a,b)s = b,u"1(b,b)s = a);

\
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vi) U71(2/07w)2 = z1, Ufl(yl,wh = Y2, U71(2’172’0)2 = 20, Uil(yzazob =,
for some y1,y2 € [n], y1 # 20,y2 # 21 and w € C°(u);

vil) w2, w)e = ziv1, uH(zig1, 2i)2 = z for some z ¢ R(u),i € {0,1},w #
Zi415

viil) =z, w1)2 = 25, u Nz, w1)2 = Yo, U_l(Zj,Zi+1)2 = z; , for some
wy € [n], y2 € [n] \ R(u), i,j € {0,1};

ix) u Nz, wi)e = ziv1, u N (zir1, w1)e = y2, u (zit1,2i)2 # 2 for some
wy,y2 € [n]\ R(u), and i € {0,1} such that (z;, z;4+1) is a directed edge in
either T'g(u) or 'y (u).

It remains to be seen whether these conditions, maybe with the addition of
a few similar ones, characterize the fact that T'y(u) # () for all k.

We note the following simple consequence of Corollary 5.8 of [3] and Lemma 5.4
of [4].

Proposition 6.8. Let u = ((a,b1),...,(a,b.)) € S([n)?) be an r-cycle. Then u
is stable if and only if a & {by,...,b.}.

Let (ay,b1),...,(a,,b,) € [n]?, distinct, and u := ((ay,b1),...,(ar, b)) €

S([n]?). Define
S(u) :={(i,7) € [r]*: a; = bi}. (16)

Strictly speaking, this definition of S(u) depends on the choice of an element
in the cycle. So, to be precise, we should associate to any r-cycle an r-tuple
of subsets of [r]?>. However, any two of these subsets differ by an element of
the diagonal of [r]?, so for notational convenience we consider only one of them.
In particular, in all our statements, we use this simplification and write, for
example, S(u) € {(1,2),(2,4)} to mean that there is a choice of element in
the cycle that makes this inclusion true. Equivalently, we might also write
S(u) € {(1,2),(2,4)} + (i,1), for some ¢ € [r] (numbers modulo r). More in
detail, the notation S(u) = {(1,2), (2,4)} means that there is a j € [r] such that
a; = bj41 and a;41 = bj43 (indices modulo 7).

Keeping in mind what was just stated, we note that

Sw?)={(r+1—jr+1—-14):(i,j) € Su)}. (17)

The next result provides some evidence that the stability of cycles u € S([n]?)
might depend only on S(u). Note that, for quadratic cycles (i.e., for t = 2), by
[4, Theorem 3.1], u is stable of rank 1 if and only if S(u) = ), which in turn
happens if and only if R(u) N C(u) = (). This last condition (since u is a cycle)
is equivalent to R°(u) N C(u) = 0 and R(u) N C°(u) = 0.
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Theorem 6.9. Let u,v € S([n]?) be r-cycles such that S(u) = S(v). Then u
and v are left and right equivalent.

Proof. Say w = ((a1,b1),...,(ar, b)) and v = ((¢1,d1), ..., (¢r,dy)). Note that
R(u) N C(u) = {a; : ¢ € [r] and there is j € [r] such that (i,5) € S(u)} and
similarly for v. Since S(u) = S(v) we have that if a;,a; € R(u) N C(u) then
¢,c; € R(v)NC(v) and a; = a; if and only if ¢; = ¢j. Therefore there is
o € S, such that o(¢;) = a; for any (7,j) € S(v). Consider the permutation
u = ((a},b)),...,(a., b)) = (67! ® o u(o @ o), clearly u and u are left and
right equivalent. It remains to show that u and v are left and right equivalent.

Note that by construction of o if ¢; = d; then ¢; = a} = V; = d;. Similarly if
a; = b In particular, R(u)NC(u) = R(v)NC(v), R°(u)NC(a) = R°(v)NC(v),
and R(u) N C°(u) = R(v) N C°(v). Consider any permutation © € S([n]?) such
that

o w(al,b) = (c;,d;) for i € [r];

o (z); =z for x € (R(u) NC(w)) x [n];
o 7(y)s = p» for y € [n] x (R(3) N C(@)).

Such a permutation m € S([n]?) exists since if (a’,b) € (R(u)NC(w)) x [n] then
there is j € [r] such that a] = b’ and so, by what was observed above, a; = ¢;,
and similarly if (a},b,) € [n] x (R(z) N C(w)) then b, = d;. Hence w and v are

left and right equivalent (the pair of permutations are 7 € S([n]?) and 1 € S,
for both left and right equivalences). O

The next statement is the main motivation for the approach presented in
this section.

Conjecture 6.10. Given two right and left equivalent permutations u,v €
S([n]?). Then u is stable if and only if v is stable.

Especially, one would like to see that if there exists some kg > 0 such that
Tk (u) (resp. Fk#(u)) is empty for all k > kg then there should exist some hg > 0
such that T'y(v) (resp. F#(v)) is empty for all h > hg. While this looks very
difficult to prove in general, it becomes quite immediate for kg = 0.

To see this, note first that if u € S([n]?) and k € Ny have the property
that all directed edges © — y in I'y(u) that are not loops are such that z,y €
C°(u) \ R(u) (note that, since & # y, it is clear that z,y € C°(¢(u)) and so,
by the remarks preceding Definition x,y € C°(u™1) = C°(u)) then, for any
z € [n], ui(z,2) = (x,2) and u(y,2) = (y,2) so, by Theorem Tt (u)
consists only of loops.
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Assume now that I'g(u) has only loops, then, by the definition of T'y(u),
C°(u) = 0. This, since u is right equivalent to v, implies that C°(v) N R(v) = (.
Therefore, if x — y in T'y(v) is not a loop, by what was just observed, we have
that z,y € C°(v) and so z,y € C°(v)\ R(v). Hence, by the above remark, I'; (v)
has only loops.

Similarly, assume that F# (u) has only loops, then, by Corollary@, Lo(u®),
has only loops, i.e. C°(u#) = (). By Proposition u? and v¥ are left and
right equivalent, so that C°(v#) N R(v#) = () and again, as above, I'; (v¥) has
only loops, i.e. I‘f(v) has only loops.

Also, a notable special case of Conjecture holds if u, v are r-cycles and
r < b, see Corollary The proof requires the concept of strong stability that
will be introduced and studied in Sections [§ and [0l

Finally, it is worth to stress that the analogue of Conjecture [6.10| most likely
fails when u,v € S([n]), t > 3. It would be quite instructive to examine in
detail the following situation. Pick a permutation v = 1 ® ug ® 1 € S([n]?),
where ug is a nontrivial element in S,. Then u is stable of rank one and,
moreover, R°(u) = () = C°(u). Also, consider another permutation 7 € S([n]?)
such that m(a,b,c) = (a,04.(b), c), where oo, € S, for all a,c € [n]. Now, the
permutation v := wur ! € S([n]3) also satisfies R°(v) = ) = C°(v) and is thus
left and right equivalent to w. In particular, it would follow from the previous
conjecture, somewhat surprisingly, that v is stable as well.

7 Quadratic cycles and compatibility

Given the importance of compatibility in the study of stable permutations (see
[3, Theorem 5.2]), in this section we study the compatibility of cycles with other
permutations. In particular we obtain an explicit characterization of pairs of
compatible cycles. This analysis is used in the next section for our study of
strongly stable cycles.

Recall from Definition [2.3] that we denote by e a compatible product. So, if
u,v,w € S([n]?) we write w = u e v to mean that w = uv and (v ® 1)(1 ® u) =
(1®wu)(v®1) holds.

Compatibility with 2-cycles (transpositions) is discussed in [3, Propositions
5.6 and 5.7]. We now examine compatibility with general cycles.

Proposition 7.1. Let u = ((a1,b1),..., (ar, b)) € S([n]?) be an r-cycle and
v e S([n]?). Then (v@1)(1®u) = (1Q@u)(v®1) if and only if there exist o € S,
and s : [n] — [r] such that

(’U(.%', aj)7 b]) = (0’(.%), As(x)—144> bs(a:)—l-l—j) (18)

31



forall j=1,...,r and all x € [n] (indices modulo r).

Proof. We have that

1 RQu = H((xaalabl)a RN (x7a7"7b7'))
x=1
and so
welleww 'el) =[]k a)b),. .., (v(za)b)).
=1

Therefore 1 ®u = (v®1)(1®u)(v"'®1) if and only if there is o € S,, such that

((o(x),a1,b1),...,(c(x),ar, b)) = (v(x,a1),b1),..., (v(z,a.),b))
(as r-cycles) for all « € [n]. The result follows. O

Remark 7.2. Let ¢ = ged(r,s(1) — 1,...,8(n) — 1) be the greatest common
divisor. Then, since ¢ is a linear combination of r, s(1)—1,...,s(n)—1, bj4+q = b;
for any j € [r]. Therefore, if ¢ < r, ajiq # a; for any j € [r], [{b1,...,b,}| < g,
and hence [{a1,...,a,}| > 1/q.

If there exists © € [n] such that s(z) # 1, then (¢ < r and) {a1,...,a,} C
C(v) (indeed, if a; ¢ C(v) for some j € [r] then v(z,a;) = (x,a;) for all
x € [n] so by we have that (v,a;,b;) = (0(2), Gg(z)—14> bs(z)—14;) for all
x which implies that s(z) = 1 for all x € [n]). Suppose now that (s(z) # 1
for some = € [n] and) v = ((c1,d1), ..., (ce,dg)) € S([n]?) is a cycle. Then,
since {ai,...,a,} € C(v), there is ¢ € [¢] such that d; = a;. Therefore, we
conclude from (18) that (v(c;,a1),b1) = (0(ci), as(e;)s bs(e;)) Which implies that
o(c;) = cip1 and dip1 = ag,) € R(u). Continuing in this way we therefore
conclude that C'(v) € R(u) and hence that R(u) = C(v). With some more
work, see also the proof of Lemma below, one can also show that pg = r,
where p := |{a1,...,a,}|.

Proposition 7.3. Let v = ((a1,b1),...,(ar, b)) € S([n]?) be an r-cycle and
v € S([n]?). Then (u®1)(1®v) = (1®v)(u®1) if and only if there exist o € S,
and s : [n] — [r] such that

(aja U(bj’ LB)) = (as(x)—l—i-ja bs(z)—l-l—ja O'(LE)) (19)
forallj=1,...,7 and all x € [n] (indices modulo r).
Proof. This follows from the definition of u#, Proposition 7.2 of [4], and Propo-
sition [Z.1] O
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Lemma 7.4. Let u := ((a1,b1),...,(ar, b)) and v := ((c1,d1),. .., (ce,dy)) be
an r-cycle and an £-cycle, such that u is compatible with v and R(u)NC(v) # (.
Then R(u) = C(v),r = |R(u)||C(u)|, and £ = |R(v)||C(v)|. Furthermore, u acts
on the second coordinate as a cycle of length |C(u)| (i.e., b1,... b)) are all
distinct and by () = bi for all i, where indices are modulo r) and v acts on
the first coordinate as a cycle of length |R(v)|.

Proof. By Proposition we have that u is compatible with v if and only if
there are o € S, and s : [n] — [r] such that

(’U(l‘, aj)7 b]) = (J(:E)> As(z)—1+5> bs(ac)—l-l—j) (20)

for all j € [r] and all x € [n] (where indices are modulo 7).

Since R(u) N C(v) # (), then, arguing similarly as in Remark one can
show that C'(v) C R(u) and then that R(u) C C(v).

If there are 4, j such that v(c;, a;) = (¢i,a5), then (v(c;,a5),b;5) = (¢, a4, b;).
Therefore, o(c;) = ¢ and s(¢;) = 1, i.e., v(¢,ar) = (¢,ar) for any k. We
get that d; ¢ R(u), however C(v) = R(u). Therefore v(c;, a;) # (ci,a;) for all
i,j. The number of such pairs is |R(u)||R(v)| = |C(v)||R(v)|. We immediately
have two inequalities for ¢, then ¢ = |C(v)||R(v)|. Furthermore, we see that
(cit1,dit1) = v(ci,d;) = (o(ci),+), hence, v acts on the first coordinate as a
cycle of length |R(v)|. Similarly, r = |C'(u)||R(u)| and uw acts on the second
coordinate as a cycle of length |C(u)|. O

The previous lemma easily implies the following characterization of compat-
ible pairs of cycles u,v € S([n]?) such that R(u) N C(v) # 0. By [3, Proposition
5.15] this completely characterizes the pairs of cycles in S([n]?) that are com-
patible since any permutations u,v € S([n]?) such that R(u) N C(v) = @ are
compatible in this order.

Theorem 7.5. Given an r-cycle u and an {-cycle v such that R(u) N C(v) # (.

Then u and v are compatible in this order if and only if there are t|ged(r, £), three

sequences (x1,x2,...,%¢), (Y1,Y2,-- -, yg), (21,22, ...,2¢) of distinct elements in
t

[n] and two sequences of numbers (pl,pg,...,p%) €0,r— 1]%, (q1,q2, - -- ,qg) €

[0,£—1]7 such that:

1. R(u) = C(v) = {z1,22,...,2¢}, Clu) = {yl,yg,...,yg}, and R(v) =
{Z17Z27"'7Zﬁ};
t

2. w(@i,yj) = (Titq;, Yj+1) for all i € [t] and j € [7];

3. v(2i,7j) = (2i41, Tjtp;) for alli € [£] and j € [t].
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(where the indexes of x,y, z are taken mod t, mod 7 and mod ¢ respectively).

t’

Remark 7.6. Note that conditions 2. and 3. in Theorem define cycles if
and only if

ged(pr+p2+...+pet) =gedlar + g2+ ... +qp, ) = 1.

Indeed, if k := ged(p1 + p2 + ... + pe,t) then by 3. we have that vg(zi,mj) =
t

(zi—l—%’xj-&-%(pl—f—-..—&-p%)) for all i € [%] and j € [t]. But % = 0 (mod %) and

%(pl +...4+pe) =0 (mod t), so v¥ is the identity which implies that k = 1.
t
Similarly for w.

Lemma 7.7. Let u be an r-cycle such that r = |R(u)||C(u)| and u acts on the
first coordinate as a cycle of length |R(u)| (on the second coordinate as a cycle
of length |C(u)|). If R(u) N C(u) # 0 and R(u) # C(u), then u is not a stable

permutation.

Proof. Let u = ((a1,b1),-..,(ar, b)) € S([n]?). Write, for brevity, 'y rather
than I'y(u), and similarly for F,’f. Consider first the case R(u) € C(u). Let i be
an index such that a; € C(u) and a;4+1 ¢ C(u). Then u(ai,ait1) = (ai, ait1).
Also, since u acts as a cycle on the first coordinate, u(z,y) # (z,y) for all
(z,y) € R(u) x C(u), and a; € C(u), u(a;,a;) = (aj4+1,-). This implies that
aj+1 — a; in F# and that, if a; — a;+1 (resp. a;+1 — @;) in G, then a;11 — a;
(resp. a; — a;41) in £,(G). Hence, by Theorems|[3.10/and u is not a stable
permutation.

Suppose now that R(u) C C(u). Since u is a cycle, the transitive closure of
Iy, T(I'y), is a complete graph on C(u). We claim that T'(I'y) = T'(T'g) for all
k > 0. We prove this claim by induction on k > 0. Indeed, let =z € C(u) \ R(u)
and ¢ € [r]. Since a; — x in T(I'y), then by — b; in R,—1(T(I'x)) but, by
Lemma T(R,-1(T(Ty))) = T(R,-1(Tk)), so by Theorem bi-1 — b;
in T(T'k41). Hence T(T'k41) is a complete graph on C(u). But |C(u)| > 1 so
['x # 0 for all k& > 0 hence u is not stable.

The statement in parenthesis follows by applying what we have just proved
to v and using the facts that R(u) = C(u?) and R(u#) = C(u) (see the
remarks made before Definition and Theorem 7.3 of []. O

Note that, by [3, Proposition 5.15], if u,v € S([n]?) are such that R(u) N
C(v) = 0 then u is compatible with v. The converse is false even if v and v are
stable cycles. For example, if u = ((1,2),(1,3),(1,4)) and v = ((2,1),(3,1), (4,1))
then u and v are stable of rank 1 and u is compatible with v (see also [4, Theorem
3.1] and Theorem [7.5). However, the following statement holds.
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Corollary 7.8. Let u and v be a stable r-cycle and a stable £-cycle such that
ged(r, £) = 1. Then uv is a compatible product if and only if either

1. R(u)nC(v) =10;
2. R(u) = C(v) = {a} for some a € [n];
Furthermore, u e v is a stable permutation in this case.

Proof. Let u := ((a1,b1),...,(ar,b.)) and v := ((¢1,d1), ..., (co,dg)). We have
already observed that if 1. holds then u is compatible with v. Assume that

2. holds. Then R(u) NC(v) # @ and a3 = -+ = a, = dy = --- = dy so
bi,...,b. are all distinct and ¢y, ..., cs are all distinct. Therefore, taking ¢ = 1,
pr=--=p =1, and ¢ = --- = ¢ = 1 we see that all the conditions in

Theorem are satisfied so u is compatible with v.

Conversely, suppose that u is compatible with v and that R(u) N C(v) # 0.
Then by Theorem and our hypotheses we conclude that 2. holds.

The last statement follows from [3, Theorem 5.2]. O

Remark 7.9. Note that uv is not necessarily a cycle.
Some consequences of the analysis carried out so far are the following ones.

Corollary 7.10. Let u and v be a stable r-cycle and a stable (-cycle and (a,b) €
[n]? be such that (a,b) # u(a,b),v(a,b). If uv is a compatible product then either
R(u)NC(v) =0 or R(u) = C(u) = R(v) = C(v).

Proof. Assume that R(u) N C(v) # (. Then, by Lemma R(u) = C(v),
r = |R(u)||C(u)], £ = |R(v)||C(v)|, u acts on the second coordinate as a cycle of
length |C(u)|, and v acts on the first coordinate as a cycle of length |R(v)|. This,
by Lemma implies that either R(u) N C(u) = 0 or R(u) = C(u), and that
either R(v)NC(v) = 0 or R(v) = C(v). But, by our hypothesis, a € R(u)NR(v)
and b € C(u) N C(v). Since R(u) = C(v), the result follows. O

Corollary 7.11. Let u,v € S([n)?) be a stable r-cycle and a stable {-cycle such
that u and v are not of rank 1 and either r = £ is not a square or r # £. Then
wv is a compatible product if and only if R(u) N C(v) = 0.

Proof. As observed before Corollary [7.8| we already know that if R(u)NC(v) = 0
then u is compatible with v. So assume that u is compatible with v and that
R(u) N C(v) # 0. Then, by Lemma [7.4] R(u) = C(v),r = |R(u)||C(u)|, £ =
|R(v)||C(v)], u acts on the second coordinate as a cycle of length |C(u)], and v
acts on the first coordinate as a cycle of length |R(v)|. Since u and v are not of
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rank 1 we have from [4, Theorem 3.1] that R(u)NC(u) # 0 and R(v)NC(v) # 0.
Therefore, by Lemma [7.7, we conclude that R(u) = C(u) and R(v) = C(v), so
r = { = |R(u)|? which contradicts our hypotheses. O

Corollary 7.12. Let u,v € S([n]?) be a stable r-cycle and a stable {-cycle such
that ezactly one of u, v has rank 1, and ged(r,¢) = 1. Then uv is a compatible
product if and only if R(u) N C(v) = 0.

Proof. The proof follows the lines of that of Corollary Suppose that u is
compatible with v and R(u) N C(v) # (). Then by Corollary we have that
R(u) = C(v) and |R(u)| = |C(v)| = 1. Also, by Lemma [7.4 r = |R(u)||C(v)],
¢ = |R(v)||C(v)|, u acts on the second coordinate as a cycle of length |C(u)l,
and v acts on the first coordinate as a cycle of length |R(v)|. If v is not of
rank 1 we have from [4, Theorem 3.1] that R(v) N C(v) # @ so, by Lemma [7.7]
R(v) = C(v) so ¢ = 1 which is a contradiction. Similarly, if v is not of rank 1
then R(u) N C(u) # 0 so, by Lemma[7.7, R(u) = C(u) so r = 1. O

Corollary 7.13. Let (a1,b1),. .., (ar,b,) € [n]?, be distinct pairs such that v :=
((a1,b1),..., (ar—1,br—1)) is stable, and consider the r-cycle w := ((a1,b1),...,
(ar,by)). Then u = ((a1,b1), (ar, b)) is stable and w = wv is a compatible

product if and only if
{a1,a,} NC(w) = 0. (21)

Proof. If {a1,a,} NC(w) = 0 then by [3, Proposition 5.15] and [3, Theorem 8.1],
the transposition w is stable and u is compatible with v.

Conversely, assume that u is stable and u is compatible with v. Then by [3|
Theorem 8.1] we have that {a1,a,} N{b1,b.} = 0 and thus {a1,a,} N C(w) =
{a1,a,} N C(v). If {a1,a,} N C(v) # 0, then, by Theorem [7.5] {a1,a,} = C(v),
so by € {a1,a,}, which is a contradiction . O

This last result should be useful for some reduction/inductive step. Related
statements, in a slightly more specific context, are [4, Theorem 5.2] and [4]
Theorem 6.2].

The following is a quite explicit special case of Theorem

Corollary 7.14. Let u:= ((a1,b1),...,(ar,by)) and v := ((c1,dy1),..., (¢, dy))
be two r-cycles, with v prime. Then w is compatible with v if and only if either:

1. R(u)nC(v) =10;

2.a1=-=a,=dy=---=d;;
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3. by=---=bp,c1 = =c¢, and there are k € [r] and p € [r — 1] such that
di = apy(i—1)p for alli=1,...,7.

Proof. Assume first that u is compatible with v. Suppose that R(u) NC(v) # (.
We can apply Theorem for some t. Since t|ged(r, ) and r is a prime, ¢ equals
either 1 or r.
The first case: t = 1. Hence, R(u) = C(v) = {x} for some x € [n]. Therefore,
ap=---=a, =dy =---=d, holds.
The second case: ¢t = r. Hence, C(u) = {y}, R(v) = {z} for some y,z € [n].
Therefore, by = --- = b, and ¢4 = --- = ¢ hold. There is ¢ such that
w(zi,y) = (®itq,y), where {x1,22,...,2,} is R(u). Since ¢ and r are coprime,
we can assume without loss of generality that a; = 1 and ¢ = 1 in Theo-
rem Therefore x; = a; for any i. Let j € [r] be such that di = z;.
Then (z,d2) = v(z,d1) = v(z,25) = (2,Zj4p) 50 d2 = Tj4p = j4p. Similarly
(2,d3) = v(z,d2) = v(z,2j1p) = (2,2j42p) SO d3 = Tj12p = ajy2p, €tc., 50 3.
holds.

Conversely. If 1. holds then, as already observed before Corollary
u is compatible with v. Assume that 2. holds. Then R(u) N C(v) #
and (b1, be,...,b,) and (c1,co,...,¢.) are distinct elements of [n] such that
R(u) = C(v) = {a1}, C(u) = {b1,b2,...,b.}, R(v) = {c1,¢ca,..., ¢}, u(ar, bj) =
(a1,bj41) for all j € [r], and v(c;, a1) = (¢iy1,a1) for all ¢ € [r]. So, by Theorem

(withpy =+ =p, =q1 =--- = ¢ = 0) u is compatible with v. Finally,
if 3. holds then (aj,as,...,a,) are distinct elements in [n|, and b1,c; € [n]

and p € [r — 1] are such that R(u) = C(v) = {a1,a2,...,a,}, C(u) = {b1},
R(v) = {c1} and u(a;,b1) = (ait+1,b1) for all i € [r]. Furthermore, let j € [r]
then, since r is prime, there is ¢ € [r] such that j = £+ (i — 1)p (mod r).
Therefore v(c1,a;) = v(c1,d;) = (¢1,div1) = (c1,a54p). So, again by Theorem
m (with p; = p and ¢; = 1) u is compatible with v. O

Note that, for » = 3, condition 3. in the previous result can be stated more
simply as by = by = b3, c1 = c2 = c3 and {ay, a2, a3} = {d1,dz,d3}.

8 Strongly stable quadratic cycles

In this section we define and study a notable class of stable cycles, which we call
strongly stable, whose definition relies on the concept of a cyclic factorization.
Although this concept seems to be new, it is in fact closely related to many
well studied combinatorial objects including non-crossing partitions and Fuss-
Catalan numbers. We give several explicit characterizations of strongly stable
cycles (Theorem including in terms of the subset S(u) C [r]? defined in .
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Some of these characterizations depend on new combinatorial concepts, such as
the connectivity set of a permutation, which may be of independent interest.

Let t1,...,t. € S([n]?) be transpositions. By an ordered product of (t1,. .. ,t,),
we mean a total order on the r — 1 products in the expression ¢1 ---t,. We de-

note this by t; - ta - -+ - t, where {a1,a2, -+ ,a,_1} is a subset of Z, and
ai az QAr—1

interpret this in the obvious way. So, for example, t; étg ; tg : t4 means that
we multiply first ¢3 and ¢4 (in this order), then ¢; and t9, and finally (¢1t2) and
(tst4). Note that this notation contains more information than a bracketing. If

u==t -ty - --- - t.then we also say that ¢; - t5 - --- - ¢, is an ordered
a1 a2 ar—1 a1~ az Qr—1

factorization of u. If all the involved products are compatible then we write

u==t; ety e--- e t.and call this a compatible ordered factorization of w.
al az Ar—1

Let u € S([n]?) be an r-cycle. Let t1,...,t,_1 be transpositions and t1 -
al

to - -+ - t._1 be an ordered factorization of u. We say that such an ordered
a2 ar—2

factorization is a cyclic factorization of u if, after performing the first £ of these
products (1 < k < r—2), the resulting permutations are all cycles. For example,
the factorization (Pl,PQ,Pg,P4,P5) = (Pl,PQ) 2 (PQ,Pg) 3 (Pg,P4) 1 (P4,P5) is
cyclic, while the factorization (P;, P2, Ps, Py, Ps) = (Py, P3) ; (Py, P5) ; (P, P») :
(Ps, Ps) is not. Note that, in a cyclic factorization of an r-cycle (Py,...,P.) =

ty - tg - --- - t._1 all transpositions ¢; necessarily only involve elements in
al a2 Ar—2

{P1,..., P}, as can be easily seen by induction on r.

For r > 2 let C, denote the number of cyclic factorizations of an r-cycle. So,
for example, Cy = 1 and C3 = 3 (corresponding to (Py, Pa, P3) = (P1, P2) (P2, Ps)
= (Py, P3)(P3, P1) = (P3, P1)(P1, P»)). Note that, ifr > 3and u := (Py,...,P,) =

t1 - ta - -+ - t,_1 is a cyclic factorization then the shift P; — P;;; for all
ai az QAr—2

j € [r] (indices modulo r) produces a different cyclic factorization of u since
t1,...,t,—1 are all transpositions and r > 3. Thus r | C,. if r > 3.

Although the concept of cyclic factorization seems to be new, it is in fact
closely related to many combinatorial objects that have been widely studied in
the literature, as we now show.

Consider r points on a circle, labeled clockwise from 1 to r. Let T be a
tree, embedded in the plane, having these points as vertices, and rectilinear
edges. Recall (see, e.g., [I5], and the references cited there) that such a tree
is non-crossing (or, an nc-tree, for short) if its edges do not cross. Note that,
for any such tree T and any vertex = of T of degree d(x), there are d(x) angles
in the vertex z, so 2r — 2 such angles in total. Now assign a total order (i.e.,
a number in [r — 2]) to all the angles of the tree except the exterior ones (so
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(2r —2) —r = r — 2 angles in total). We call such a decorated tree a tree with
angles.

Proposition 8.1. There is a bijection between cyclic factorizations of an r-cycle
and trees with angles on r vertices. In particular,

- G ()

for all r € N.

Proof. We associate to any cyclic factorization of the cycle u = (Py,..., P,) a
non-crossing tree with angles 7', on the vertex set { Py, ..., P, }, embedded in the
plane so that the vertices Pi,..., P, appear clockwise on a circle. We make the
association inductively. If r = 2 there is only one cyclic factorization of a 2-cycle
and we associate to this the only tree with angles on 2 vertices. Suppose now that
we have a cyclic factorization of an r-cycle u. Consider the last (i.e., the (r —2)-
nd) multiplication in the factorization. By definition of cyclic factorization, the
permutations on the left and right of this last multiplication are cycles, they have
exactly one element P; in common, and we have a cyclic factorization of each one
of them. Since the product of these two cycles is u = (P, ..., P;) we conclude
that either the left one is (Pjy1, Pjy2,...,Pr, P1, P, ..., Pi_1, P;) and the right
oneis (P, Piy1,...,P;) for some j € [i+1,r] (if P; is in the left cycle) or the left
one is (Pj, Pj+1, ey R) and the I'ight one is (PZ, Pi+17 ce ,PT, Pl, Pg, cee 7Pj—1)
for some j € [i — 1] (if P; is in the right cycle). Now take the trees with angles
T; and T, associated to the left and right cyclic factorizations, respectively, glue
them together at the vertex corresponding to P; so that the two exterior (i.e,
unnumbered) angles are joined and number with r — 2, among the two new
angles just formed in vertex P;, the one so that 7} is on the left when entering
the angle numbered with »—2. Note that there is a canonical way to embed such
a tree with angles so that the vertices Py, ..., P. appear clockwise on a circle.
It is easy to see that this is a bijection: to any non-crossing tree with angles we
can associate a cyclic factorization. Therefore, C, = (r — 2)!t,, where ¢, is the
number of nc-trees with r vertices. But it is well known (see, e.g., [15, Theorem
1.1], or [12]) that t,11 = (3:)/(27“ + 1) for all » € N, so the result follows. O

We illustrate the bijection just described on a couple of examples. Consider
the cyclic factorization

(Py,Ps) i (P2, P3) ; (P3, Ps) ; (P1, Ps) : (P1, Ps)
= (Py, P5) - ((P27P3)' ((P37P5) - ((P1, Ps) - (P17P5))))
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Figure 2: The tree with angles corresponding to the cyclic factorization (Py, Ps)

(P2, P3)  (Bs, P5) ; (P1, o) - (P1, B5).

4

of the 6-cycle (Py, Py, P3, Py, P5, Ps). Then the corresponding tree with angles
is shown in Figure
Conversely, the cyclic factorization corresponding to the tree with angles

depicted in Figure [3] is:
(P1, P2) - (P, P3) - (P35, FR) - (Py, P5) - (P35, Ps)

(Ps, Ps) - (Ps, Pr).

4 3 6 1 5 2

The sequence {t,},—12 . appears often in enumerative combinatorics and
has a large number of combinatorial interpretations including in terms of trees,
lattice paths and noncrossing partitions (see, e.g., [I7], sequence A001764, and
the references cited there). In particular, ¢.,1 is also the 2nd Fuss-Catalan
number Cat(®(S,) of the symmetric group S,, so the number of 2-divisible
noncrossing partitions of S, (see, e.g., [I, Section 3.5]). Finally it may be worth
noting that the sequence C) satisfies the recursion C, = r 22;21 (::3) CiCr_it1
for all » > 3, as can be deduced directly from the definition of these numbers,

but not easily from .

Given a cyclic factorization u = t1 -t - --- - t,_1 of acycle u € S([n]?) we
ar “az  ar—2

let u), and u} be the left and right cycles, respectively, that are being multiplied
when performing the k-th product in the factorization. So, for example, for
u = (P, Py, P3, Py, P5) = (P, P) 5 (P, P3) 5 (Ps, Py) ; (P4, Ps) we have that

uy = (P, Py), v = (Py,Ps), ubh = (P1, P), ufj = (P2, P3), uy = (P1, P2, P3),
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Figure 3: Another tree with angles

and uj = (Ps, Py, P5). Let u € S([n]?) be an r-cycle. The following is the main
definition of this section. We say that u is a strongly stable cycle if there is a

compatible cyclic factorization u = t; ets @ --- e t. 1 suchthatty,...,t._1 are
al ag ar—2

stable transpositions. Note that, in this case, uj, and u} are strongly stable cycles
forall k =1,...,r—2. By [3, Theorem 5.2] we have that a strongly stable cycle
is stable. Conversely, by [4, Theorem 5.12], a stable 3-cycle is strongly stable.
Recall the definitions of the sets R(u) and C(u) appearing at the beginning of
Sect.6 (see also [3, Def. 11.4]).

Lemma 8.2. Let u € S([n]?) be a strongly stable cycle. Then C(u) € R(u). In
particular, R(u) # C(u).

Proof. Suppose u is an r-cycle. We proceed by induction on r, the result being
true by [3, Theorem 8.1] for 7 = 2. So assume that » > 3. Let u =t o ty ®

al as

- e t,._1 beacompatible cyclic factorization of u where t¢1,...,t._1 are stable
Ar—2

transpositions. Let, for brevity, v’ :=
and, by induction, C(u’) € R(u’) and
and v are all cycles there is (a b) €
Hence, by Corollary [7.10} R C(u") = (. Therefore C'(u") € R(u') U R(u")
so the result follows since C( ) Cu)uC(u") and R(u) = R(v') U R(v"). O

u,._o and v’ :=u/_ 5. Then u =u' o "
( Z "Y€ R(u ) Furthermore, since u, v/,
)2

n)* such that u/(a,b) # (a,b) # u”"(a,b).

Lemma 8.3. Letu =1t - to - --- - t,._1 be a cyclic factorization by stable
a1 a2 ar_2

transpositions of an r-cycle u € S([n)?). Then the factorization is compatible if
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and only if R(uj,) NC(u}l) =0 for all 1 <k <r —2.

Proof. If the factorization is compatible then the same reasoning used to prove
Lemma shows that R(uj) N C(u}) = 0 for all 1 < k < r — 2. Conversely,
if R(uj) N C(uy) =0 for all 1 <k <r — 2 then, by [3, Proposition 5.15], u}, is
compatible with u}, for all 1 <k <7 — 2 so the factorization is compatible. [

Theorem 8.4. Given two r-cycles u,v € S([n]?) such that S(v) C S(u). If u
1s strongly stable then v is strongly stable.

Proof. Let u= ((a1,b1),...,(ar, b)) andu =1t @ty ®--- e t,._; beacompat-
o1 Taz opa

ible cyclic factorization with t1,...,t._1 stable transpositions. Then each trans-
position t; only involves elements of {(a1,b1), ..., (ar,b)}. Furthermore, by
Lemma the fact that this cyclic factorization is compatible depends on cer-
tain a;’s being different from certain b;’s, so on S(u). If v = ((¢1,d1), ..., (¢, dr))
then, since S(v) C S(u), if a; # b; for some i,j € [r] then ¢; # d;, so substitut-
ing a; with ¢; and b; with d; in the cyclic factorization for u yields a compatible
cyclic factorization of v by stable transpositions. O

Note that the previous result does not hold if we replace “strongly stable”
by “stable”. For example, any 5-cycle v such that S(v) = {(4,1),(1,4)} is not
stable but any 5-cycle u such that S(u) = {(1,3),(1,4),(2,3),(2,4),(4,1)} is
stable. Indeed, let v = ((a1,b1),..., (as, bs)) be such that S(v) = {(1,4), (4,1)}.
Then I'g(v) contains the directed edge by — bs. Therefore, by Theorem
I'1(v) contains the directed edge v='(by,bs)a — v~ (b5, bs)2 namely by — by.
But then T'y(v) contains the directed edge v='(bs,b1)s — v~ 1(by, by)2 namely
by — bs. Therefore none of the graphs I'y(v) (k € N) is empty so, by Theorem
v is not stable. Similarly, let u = ((a1,b1),..., (a5, bs)) be such that S(u) =
{(17 3)? (1’ 4)a (27 3)7 (2’ 4)a (47 1)} Thenu = ((l’, y)a ($7 bZ)’ (a?n x)v (yv l’), (CL5, b5))
for some x,y, as, as, ba, bs € [n] where possibly as = a5 and by = bs. Then I'g(u)
has directed edges b5 — x,x — ba,ba — y,y — bs. So proceeding as above we
see that I'1(u) has directed edges b5 — y,y — b5,y — bz, ba — y, and then that
['y(u) is empty. Since S(u*) = S(u) we have that the computation for I'y,(u#) is
exactly the same and thus by Corollary also F# (u) is empty so we conclude
from Theorem [B.13] that u is stable.

Let w = ((a1,b1),- .., (ar, b)) € S([n]?) be an r-cycle. We define a directed
graph St (w) := ([r], E) by letting E := {(i,) | a; = b; or a;j+1 = b;} (where in-
dices are modulo r). So, for example, if w = ((1,4), (6,2), (7,2), (1,3),(2,4),(2,5))
€ S([7)?) then S+ (w) is the directed graph shown in Figure |4l Note that a com-
ment similar to that made for S(w) must be made here. Namely, ST (w) is
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Figure 4: The directed graph S*(((1,4), (6,2),(7,2),(1,3),(2,4),(2,5)))

defined for a “rooted” cycle (one in which an element is distinguished). How-
ever, all the graphs obtained from a cycle w for different choices of the root
differ only by a cyclic shift of the vertex set [r]. Since the properties that we
are interested in do not change with such cyclic shifts we omit to write the de-
pendence of S*(w) from the choice of root. We say that ST (w) is acyclic if it
has no directed cycles (in particular, it has no loops and no antiparallel edges).
Note that this property does not depend on the choice of root. For an r-cycle
u € S([n]?) we find it convenient to let £(u) := 7.

Theorem 8.5. Given cycles u,v,w € S([n]?) such that w = uv, R(u) N C(v) =
0, and f(w) = L(u) + £(v) — 1. Then ST (w) is acyclic if and only if both ST (u)
and ST (v) are acyclic.

Proof. Let u = ((a1,b1),...,(ag, b)), v = ((ag,bk),...,(ar,b)), and w =
((a1,b1),...,(ar,b;)) (1 < k < r). Note that, since R(u) N C(v) = 0, there
are no edges in ST (w) from [k —1] to [k, 7] and there are no edges in ST (u) from
[k — 1] to k. Therefore, ST (w) has a cycle if and only if it has a cycle on [k — 1]
or on [k,r]. We consider both cases.

It is easy to see that (i,7),7,7 € [k — 1] is an edge in ST (w) if and only if
(i,7) is an edge in S*(u). Hence, ST(w) has a cycle on vertex set [k — 1] if and
only if S*(u) has a cycle (both graphs do not have edges from [k — 1] to k).

Since {a1,ar} N{bg,..., b} =0, (i,7),4,j € [k, 7] is an edge in ST (w) if and
only if (4, 7) is an edge in ST (v). Hence, ST(w) has a cycle on vertex set [k, r]
if and only if S*(v) has a cycle. O

Corollary 8.6. Given a cycle w € S([n)?). If w is strongly stable then ST (w)
s acyclic.

Proof. This is easily proved by induction on ¢(w). If /(w) = 2 then, by Theorem
8.1 of [3], ST (w) is empty. If /(w) > 2 then this follows immediately by induction
from our definition of strong stability, Lemma and Theorem O
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For w € S, we let

CS(m) = {(i,5) € [r*| max(m(i),n(i — 1)) < (j)}

and
CS#(m) :={(i,5) € [r]*| 7(i) > max(x(j),7(j + 1))}

(where w(0) := 7(r) and w(r + 1) := 7(1)).

Theorem 8.7. For an r-cycle u € S([n]?) the following conditions are equiva-
lent:

(1) u is strongly stable;
(2) u is strongly stable of rank <r —1;
(3) ST (u) is acyclic;

(4) w is a compatible product of a stable transposition and a strongly stable
(r —1)-cycle, in this order;

(5) uw has a compatible cyclic factorization of the form u = t,_; ., tr—o .
T— T—

. -:tl (=tr—10(t,_oe...0(tz0(tyet1))...)) wherety,... t,_1 are stable

transpositions;
(6) there exists m € Sy such that S(u) C CS(m).
(1% ) u? is strongly stable;
(2% ) u* is strongly stable of rank < r — 1;
(3% ) ST(u™) is acyclic;

(47 ) u is a compatible product of a strongly stable (r — 1)-cycle and a stable
transposition, in this order;

(5% ) u has a compatible cyclic factorization of the form u = t; :tg SRR
e
tr—1 (= (... ((t1@ty) @t3)®...0t,_o)@t._1) wherety,... t,—1 are stable
transpositions;

(67 ) there exists m € S, such that S(u) C CS#(x).

44



Proof. From the definition of strong stability and [3, Theorem 5.2 and Theorem
8.1] we immediately get (1) < (2). By Corollary we have (1) = (3). Also,
it is clear that (4) = (1), and it is easy to see by induction on r that (4) < (5).

We now prove (3) = (4). We proceed by induction on r. It is easy to
check that if » = 2 and ST (u) is acyclic then ST (u) = 0 so, by [3, Theorem
8.1], u is a stable transposition. Let u = ((a1,b1), ..., (ar,b;)) be an r-cycle
such that S*(u) is acyclic, r > 3. Then we can find a sink ig € [r], i.e.,
C(u) N {aiy, aig+1} = 0. Hence, by [3, Proposition 5.15],

U= ((aim bi0)7 (aioJrlv bi0+1)).((aio+1a bi0+1)7 (ai0+2a bi0+2)a SRR (ai0+1”*1’ bioJrT*l))'

Therefore, by Theorem we get that ST ((aiy, biy)s (@ig+1, big+1)) and ST (u’)
are acyclic, where v’ := ((@jy+1, big+1), (@ig+2, big+2)s - - - » (@ig+r—1, big+r—1)). Hence,
by the induction hypothesis, (4) holds for ((a;,, bi,), (@ig+1,big+1)) and u’ so they
are both strongly stable, so u is a compatible product of a stable transposition
and a strongly stable (r — 1)-cycle, in this order.

This shows the equivalence of (1), (2),(3),(4), and (5).

We prove (5) < (6) now. Let uw = ((a1,b1),...,(ar, b)) = (P1,...,P,) be an
r-cycle in S([n]?) and assume that there exist stable transpositions 1, ...,#_1
such that w =t,_1(... (t3 (t2t1))...) is a compatible cyclic factorization. Define
inductively a permutation 7 € S, associated to this factorization by

t] = (Pﬂ.—l(]_), Pﬂ.—l(z)), to = (Pﬂ.—l(g),Pﬂ.—l(kQ)), eyt = (Pﬂ.—l(r), Pﬂ'_l(k'r—l))7

for uniquely determined k; € [i], i = 2,...,7 — 1. Of course, Pr-1(;) and
Pr-1(9) are only defined up to a switch. Note also that 7 depends on the

rooted cycle (Py,..., P,) (i.e., on the writing of the cycle with P; as the first
element). If we write the cycle in a different way (e.g., as (P,..., P, P1))
then we obtain a different permutation /. However, it is easy to see that then
7' =7(r)m(1)...7(r — 1) in one-line notation. Setting k; := 1 we can write the
above equations more compactly as

ti = (owl(i—&-l)a Pﬂ'*l(ki)) (23)

for all i € [r — 1]. Since the factorization is a compatible cyclic factorization by
stable transpositions we have by [3, Theorem 8.1] that

{arx—1(i11)s @r=1(k)} NV {br=1(i11)s b1k} = 0
(stability of ¢;) for all i € [r — 1] and by Lemma [8.3| that

{aﬂ-*l(i—o—l)? awfl(ki)} N {bﬂ.—l(l), e ,bﬂfl(i)} = @
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(compatibility of t; with ¢;_1(...t3(t2t1)...)) for all i € [2,r — 1]. These condi-
tions can be rewritten as

{ar=1(i41), Gr=1(k) } N {br-1(1)s br-1(2)5 -+ - bp=1(ig) } = 0 (24)

for all i € [r — 1]. We now show that (24) implies (6). Let (i,5) € [r]?. Suppose
that a; = b;. Then, by (24)), w(j) > 7 (). It remains to show that 7(j) > m(i—1)
as well. Assume first that ¢ > 1. Let, for brevity, h:=mn(i—1). If h =1 then
m(i—1) =1<m(i) < n(j). If h > 1 then, by (2 , th—1 = (Pim1, Pr-1(,_1))-
Since u(P;—1) = P; there is some s € [h — 1,r — 1] such that ¢ contains P;. If
ts = (Pr=1(s41), i), then i = m~ (k). Since az—1(4,) = a; = bj then, by ,
(j) >s+1> h—ﬂ'(i—l) Ifts = (Pi, Pr—1(k,)) then i = 77 !(s 4 1). Since
i = bj then, by (24), n(j) > n(i) = s+1 > h = n(i —1). If i = 1 then the
reasonmg is exactly the same except that “¢ — 1” should be replaced by “r”.
Conversely, assume that (6) holds. Let

ti = (Pr-1(it1)> Pr-1(ky))
for i € [r — 1], where
7 k) =min{ce v G+ 1)+ 1,7 i+ 1) +r—1]:7(c) <i+1} (25)
for ¢ € [r — 1] (where 7(j) := w(j +r) for all j € Z). Note that this implies that
m(c) >i+1 (26)

for m=1(i+1) <e< 7w k) and k; € [1] (i € [r — 1]).
We first prove that ¢,_1 (... (t3(t2t1)) . . .) is a cyclic factorization of (P, ..., Pr).
More precisely, we claim that

tioa (oo (ta(tat)) o) = (Pry ooy Payyevos Par vy B, (27)
for all 2 < j < r where {a1,...,a,—j}< == {77 1(j +1),. ~1(r)}. We prove
this claim by induction on j > 2, . bemg clear if j = 2 So 1et 3<j<r—-1
and assume that . 27) holds. Let ag := 7 (j+1) (so £ € [r—j]). Then, by (25)),

7Y (k;) = min{c € [ag+ 1,ap+7r —1] : 7w(c) <j+1}
= m{ln([r] \{a1,...,ar—;})

where the second minimum is taken with respect to the order ay < ay + 1 <
-<r=<1<---<ay—1. Therefore,

ti(... (t3(t2t1)) ...) = (Pay, Pa-1(a;) (Po-v Paysevey Pay v Pr)

—_—

:(Pl,...’Pal,...,P

ap_13* ">
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which proves our claim since {a1, ... a1, ap1, ..., ar—j}< = {71 (j+2),..., 71 (r)}.
Note that up to this point we have not used our hypothesis (6) but only that
T e S,.

Now, observe that (6) is equivalent to

a; =b; = m(i) <m(j) and w(i—1)<7(j) (28)

for all (i, 7) € [r]?.
Finally, we claim that implies that

{ar—1341), Gr1() } N {br1(1)s Or=1(2)5 - 5 br13i41)} = 0

for all ¢ € [r —1]. Indeed, if a r1(i41) = br—1(;) for some j € [i + 1] then by (28 28
we have that ¢ +1 < j, which is a contradiction. Similarly, if a;-1(4,) = br-1(5
for some j € [i + 1] then by we have that 7(7~!(k;) — 1) > i + 1 while,
by (28), we conclude that 7(7~!(k;) — 1) < j, also a contradiction. This, by [3|
Theorem 8.1] and Lemma shows that is a compatible factorization by
stable transpositions.

Using [4, Proposition7.2] and [3, Theorem 8.1], it is easy to see that (1) =
(17), so (1) < (1%). The statements (2% — 67) correspond, using [4, Proposi-
tion7.2] and (17), to (2 — 6) for u*, hence they are also equivalent. O

We illustrate the previous theorem and proof with some examples.
Example 8.8. Let r = 9 and consider 7 = 392175846. Then one can easily
compute k1 = 1, kg = 2, ks = 3, ky = 4, ks = 3, k¢ = 5, ky = 4 and
ks = 2. Therefore, t1 = (P53, Py), to = (P1,P3), t3 = (Ps, P1), ta = (Ps, Py),
ts = (Py, P1), t¢ = (P5, Ps), t7 = (Pr, P3) and tg = (P, P3), and we obtain

ta(tr(te(ts(ta(ts(tatr)))))) = ts(tr(te(ts(ta(ts(Ps, Py, P1))))))
= ts(t7(t6(t5(ta(Pr, P3, Pa, 13)))))
= ts(t7(ts(ts (1, 3, Pu, s, I3))))
= ts(t7(t¢( Py, P3, Py, Ps, P, Py)))
= ts(t7(P1, P3, Py, Ps, Ps, Py, Py))
= ts(P1, P3, Py, Ps, Ps, Pr, Ps, Py)
= (P1, Py, P3, Py, P5, Ps, Pr, %, Py) .

Example 8.9. Let » = 6 and consider the factorization

(P, o) = (P, P5)((P2, P3)((Ps, P5)(Ps, P1)(P1, P5))))-

It is easy to check that this is a cyclic factorization and one obtains either
1 =156324 or 7~ = 516324.
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Example 8.10. If w = ((1,4),(6,2),(7,2),(1,3),(2,4),(2,5)) € S([7]?) then
(see Figure [4)) S*(w) is acyclic so, by Theorem w is strongly stable. In
particular, w is stable.

For m € S, there are at most %' sets of the form CS(w) and at most %’

of the form C'S# () (because m and (1,2)7 give the same sets). Note that, if
r > 4, the sets obtained (for all 7 € S,.) in conditions (6) and (67) are not the
same (see also below) so conditions (6) and (67) are not identical. However, if
one considers only the maximal sets under inclusion (for m € S,) then the two
families of sets obtained in (6) and (67) do coincide, as we now show.

Let R C [r]2. We say that R is acceptable if there is a a cyclic factorization
of the cycle (Py,...,P,) = tla- ty - --+ + t._1 such that:

1 az Ar—2

1. if at some point in the multiplication sequence P; is in the left cycle and
P; is in the right one then (7, j) ¢ R;

2. if (P, Pj) = ty, for some k € [r — 1] then (7, 7), (j,7) ¢ R.
Then reasoning exactly as in the proof of Theorem we have the following.
Lemma 8.11. Let R C [r]?. Then the following are equivalent:

1. R is acceptable;

2. there is m € Sy such that R C CS(m);

3. there is ™ € S, such that R C CS¥ (7).

Proof. The proof of (1) < (2) is exactly the same as the proof of (5) < (6) in
Theorem because we used there only properties 1. and 2. above. The proof
of (1) < (3) corresponds to (1) < (2) under the action of #. O

Corollary 8.12. For anyr, the set of maximal sets in (6) and the set of maximal
sets in (67) coincide.

For example, let r = 4. Then the 12 sets C'S(m) are

(G +1),0,0+2), 0+ 1L7+2)}, (29)

(where j € [4] and numbers are modulo 4), and
{(1,2),(4,2)},{(1,3),(2,3)},{(2,4), 3, 4)}, {3, 1), (4, 1)}
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while the 12 sets C'S# () are the ones in , , and

{(17 2)7 (17 3)}7 {(27 3)7 (27 4)}7 {(37 1)7 (37 4)}7 {(47 1)7 (47 2)}
The maximal ones are, in both cases, the ones in and .

Given its ubiquitous appearance in the previous results we feel that, given
a permutation 7 € S,, the set C'S(w) could be worthy of further investigation.
We propose calling C'S(7) the connectivity set of the permutation . The reason
for this terminology lies in the fact that

CS(m)| = |{i € [r] : max(n(i), m(i — 1)) < a}]
o= (31)
= <;) — Z |{connected components of 71 ([a — 1])}|
a=2

where the numbers from 1 to r are arranged in order around a circle, and
conncected component has the obvious meaning.

We note the following simple property of the connectivity set of a permuta-
tion that follows easily from . Recall that a valley of a permutation w € S,
is an index ¢ € [r] such that (i — 1) > 7(i) < w(i + 1), where 7(0) := 7(r) and
w(r+1):=mx(1).

Proposition 8.13. If 7 € S, then

esmi< ("5 ).

Furthermore, equality holds if and only if m has exactly one valley.

We point out an interesting consequence of Theorems and [8.7]

Corollary 8.14. Given cycles u,v,w € S([n]?) such that w = uv, R(u)NC(v) =
0, and l(w) = £(u) + £(v) — 1. Then w is strongly stable if and only if u and v
are both strongly stable.

9 Stable quadratic r-cycles, » < 5

Using the results of the previous section and [3], 4], we are able to present a very
clear picture for the stability of r-cycles in S([n]?), up to r = 5.

As corollaries of Theorem[8.7] we get explicit characterizations of the strongly
stable 2, 3, 4, and 5-cycles. The proofs are a straightforward check.
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Corollary 9.1. A transposition u € S([n]?) is strongly stable if and only if
S(u) = 0.

Proof. This follows immediately from Theorem since C'S(m) = ( for all
T € Sy. |

Corollary 9.2. Let u € S([n]?) be a 3-cycle. Then u is strongly stable if and
only if S(u) is {(1,2)}, {(2,3)}, {(3, 1)}, or empty.

Proof. Again, this follows immediately from Theorem [8.7| by computing C'S(7)
for all (even) permutations m € Ss. O

The next corollary follows in the same way using the example computed
after Corollary

Corollary 9.3. Let u € S([n]?) be a 4-cycle. Then u is strongly stable if and
only if S(u) is contained in any one of the following sets for some j € [4]:

(1) {(G,j+1),(6,+2),[0 + 1,7 +2)};
(2) {(G,j+1),(6,+2),(0 - 1,7+ 1}
where numbers are modulo 4.

Carrying out a similar computation (preferably with the aid of a computer)
for the (even) permutations of S5 one obtains the following characterization.

Corollary 9.4. Let u € S([n]?) be a 5-cycle. Then u is strongly stable if and
only if S(u) is contained in any one of the following sets for some j € [5]:

(D) {G+27+3),0G+2,5+4),0+27).(G+3.7+4),0G+3,7),0 +4,5)};

(2) {G+3.7+4),0G+3,7+1),0+27),(G+47+1),0G+3,5),0 +4,5)};
(J ), (G+4,7+1),(j (J ), (G +3,4), (G +4,5)}
( ) ( ) ( ( ) ( ) ( )

G +30+1),(+3,7),(G+4,9)};

+3,7+1), +4,5+2

) )

+2,7),
(4) {G+2,5+4),(G+3,5+4),( +2,5)
where numbers are modulo 5.

Remark 9.5. Note that these sets S(u), for u a strongly stable cycle, are
usually proper subsets. For example, there is no 4-cycle u € S([n]?) such that

S(u) ={0,7+1),(,J+2),(j+1,j+2)} (otherwise aji1 = bj2 = a; = bj41,
which implies (j + 1,5 + 1) € S(u)).
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So, the 20 sets in the previous corollary are the maximal ones among the 50
sets of the form C'S(7) for all the (even) permutations m € S5, they are also the
only ones of cardinality 6 (the other 30 all have size either 4 or 5).

Remark 9.6. One can check that the - 2773 sets C'S(7) corresponding to the
7-2"~3 even permutations m € S, that have exactly one valley are all distinct (and
they are all maximal). For r < 5, there are no other maximal sets. However,
this is not true in general. For r > 6, there are at least 7 - 2"~3 maximal sets of
size (Tgl) but also maximal sets of smaller sizes.

Remark 9.7. If an r-cycle u = (Py,..., P.) € S([n]?), where P; := (a;, b;) for
all ¢ € [r], is such that S(u) C CS(w) for some w € S, that has exactly one valley
then uw can be written as a compatible product of two strongly stable cycles of
lengths a and r —a+1, for any 2 < a < r—1. In fact, since both u and 7 can be
rotated cyclically (see also the comments preceding equation above) we may
assume that 7 has exactly one valley and {w(r —a+1),...,7(r)} = [a]. This
implies that CS(m)N([r—a+1] x [r—a+1,r]) = 0. Hence, since S(u) C CS(r),
a; #bjifi € [r—a+1] and j € [r —a+1,r] and this, by [3| Proposition 5.15],
implies that (Py,...,P,) = (P1,...,Pr—qt1)(Pr—g41,..., P) is a compatible
product. Furthermore, the two cycles on the right of this equation are strongly
stable by Corollary One can check that this one-valley condition holds, by
Corollaries and for any strongly stable r-cycle if 3 < r <5 (cf. also

Proposition below).

Corollaries[9.1]and [9.2) show, by [3, Theorem 8.1] and [4, Theorem 5.12], that
transpositions and 3-cycles are stable if and only if they are strongly stable. This
is also true for 4-cycles, but not for 5-cycles.

Theorem 9.8. For an r-cycle u € S([n]?), r <5, the following conditions are
equivalent:

(1) w is stable;
(2) w is stable of rank <r —1;
(3) w is a compatible product of r — 1 stable transpositions, in some order;

(4) w is a compatible product of r — 1 stable transpositions t; (i € [r—1]) of the
formu =t,_4 . tr_o e t1 (=tr—10(tr_oe...0(tz3e(taet]))...));

(5) either u is strongly stable or
r=>5and S(u) = {(4,j+2), (45, +3), (G +1,7+2), G+1,7+3), G +3,7)}

for some j € [5], where numbers are modulo 5.
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Proof. We have checked (5) < (1) by a program written in C++ using Theorem
and Corollary The main idea is based on the fact that the property of
stability of r-cycle ((a1,b1), (az,b2),..., (ar, b)) depends only on the set parti-
tion of {ay, b1, az,b2,as...,a,, b} induced by equalities, as follows immediately
from the definition of stability.

The implications (4) = (3) and (2) = (1) are obvious. The implication
(3) = (2) holds by [3| Theorem 5.2].

It remains to check (5) = (4). By Theorem we know that (5) = (4)
for all strongly stable cycles. Let u be an exceptional case from (5). Therefore
u = ((a,¢),(a,d),(b,a),(c,a), (e, f)), where a,b,c,d,e, f € [n] are all distinct,
except possibly b = e and d = f. Then

((b,a), (e, 1)) » (((a,€), (@) o (((b,0), (c,0) » (0, (e, 1)) ) (32)

is a compatible product of stable transpositions, as a consequence of [3, Propo-
sitions 5.6, 5.7 and Theorem 8.1]. O

The careful reader will have noticed that the factorization in is not
cyclic (see also Figure [5| for a special case). Indeed, u is not strongly stable
since it does not satisfy any of the conditions in Corollary

As a consequence of Theorem we can prove a special case of Conjecture

for short cycles.

Corollary 9.9. Let u,v € S([n]?) be two r-cycles such that S(u) = S(v) and
r < 5. Then u is stable if and only if v is stable.

Proof. By Theorem u is strongly stable if and only if v is strongly stable.
This, in turn, by Theorem implies that if » < 5, then wu is stable if and only
if v is stable. U

We have one more interesting property of short strongly stable cycles.

Proposition 9.10. Let w be an r-cycle, 3 < r <5 and a € [2,7 — 1]. Then
w is strongly stable if and only if w is a compatible product of a strongly stable
a-cycle and a strongly stable (r + 1 — a)-cycle, in this order.

Proof. One direction is immediate by definition (for any r > 3). Conversely,
assume that w := ((a1,b1),..., (ar, b)) € S([n]?) is strongly stable. By The-
orem we know the result for @ = 2 or a = r — 1. It remains the case
r = 5 and a = 3. Then, by Corollary we have that {ak,axi1, agy2} N
{bk+2,bp+3,bpra} = 0 where k = j in cases (2) and (3), and k = j — 1 in cases
(1) and (4). Hence, by [3, Proposition 5.15], w is a compatible product of two
3-cycles. The conclusion now follows from Corollary O
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v t3 ta

Figure 5: An example of a stable, but not strongly stable, 5-cycle u € S([4]?)
written as a compatible product of 4 stable transpositions, u = t; e (to e (t3ety4)).
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Remark 9.11. The previous proposition does not hold for large cycles. For ex-
ample, consider a 6k-cycle u = (P, ..., Pg) such that S(u) = {(k, 4k), (3k, 6k),
(5k,2k)}. Tt is easy to see that, for k > 2, ST (u) is acyclic, so u is strongly sta-
ble by Theorem Suppose now that w = v e w where v = (P;_3g41,-.., ),
w = (P;,...,Pi13r), v and w are strongly stable, and the product is com-
patible (i € [6k], and the indices are modulo 6k). Then, by Corollary
R(v)NC(w) = (), which implies that Py, Psk, and Ps, must be in the right cycle
w, which contradicts the fact that w is a (3k + 1)-cycle.

It is known that the number of stable transpositions in S([ 12) is 2(n)a(n —
1)(n — 2) and the number of stable 3-cycles is 1(n)s(n® — 3n? — 2n + 9) see [3)
Corollary 8.3] and [4] Corollary 5.13]. Theorem [9.§| gives a method to count the
number of stable cycles of length 4 and 5.

Proposition 9.12. The number of stable 4-cycles in S([n]?) is

1
Z(H)A‘ (n* — 2n® — 13n? 4 40n — 18).

Proof. By [4, Proposition 4.5], the number of stable 4-cycles of rank one is

03, 2, 100

(aly 7az GC

(D)) G) (60
n<:3€%2<”;<i><> 60

—4)4+3(n—2)(n—3)/4

where C;(4) denotes the set of all compositions of 4 in 4 parts. Also, by [4,
Theorems 3.1 and 6.2, and Proposition 6.3], the number of stable 4-cycles of
rank at least 2, which are compatible products of a stable transposition and a
stable 3-cycle, in this order, is 2(n)4(n® — 7Tn? 4+ 17n — 13). By Theorems
and (see also Proposition , the number of stable 4-cycles is the sum of
these two figures. O

So, for example, the number of stable 4-cycles in S([n]?), for 4 < n < 7, is
372,6960, 55620, and 281400, respectively.
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It is easy to see that the number of exceptional 5-cycles in S([n]?) described
in Theorem is given by

(n)s +2(n)s + (n)s = (n)4 [n® — Tn+ 13] .

Using Corollary one can count the number of strongly stable 5-cycles in
S([n)?), and thus obtain the number of stable 5-cycles in S([n]?). This com-
putation, however, involves a considerably higher number of sets, and hence is
quite long. We therefore proceed in a different way with the help of a computer.

Proposition 9.13. The number of stable 5-cycles in S([n]?) is

29(n)4 + 318(n)s + (595 + %) (n)e + 354(n)7 + 80(n)s + 7(n)y + %(n)lo'

Proof. The idea is to split the stable cycles ((a1,b1), ..., (as,bs)) € S([n]?) ac-
cording to the cardinality of {a1,...,as,b1,...,bs5} and then reduce the compu-
tation to a finite number of cases. For any k € [10], the number of stable 5-cycles
in S([n]?) such that |{a1,...,as,b1,...,b5}| = k is given by Ci(}) where Cy, is
the number of stable 5-cycles in S([n]?) such that {as,...,as,b1,...,b5} = [K].
By Theorem 7.8 of [3] C equals the number of stable 5-cycles in S([k]?) such
that {a1,...,as,b1,...,b5} = [k], i.e., C} does not depend on n (this also follows
from Theorem . So the total number of stable 5-cycles in S([n]?) is

n n n\ Ci Coy Cho
C1<1> +...+09<9) + Cho <10> = f(”)l +...t g(nﬁ) + To!(n)l&

The result then follows by a brute force C++ calculation using Theorem [3.13] [

Remark 9.14. Note that, for all k # 6,10, C} is divisible by k!. On the other
hand, %(n)e corresponds to permutations of the following two types

((a,b1), (a,bs), (a,b3), (a,bs), (a,bs)) € S([n]*), where |{a,b1,bs,b3,by,bs}| =6
and

((a1,b), (az,b), (a3, b), (a4,b), (a5,0)) € S([n]*), where [{a1, a2, a3, as, a5, b}| = 6;
and %(n)lo corresponds to permutations of the following type

((ala bl)v ((Ig, b2)7 (a3> b3)7 (a4> b4)7 (CL5, b5)) € S([”P))

where |{G,1,a2,a3,a4,a5,bl,b2,b3,b4,b5}’ = 10.
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We close this section by recording the following simple albeit interesting
observation.

Corollary 9.15. For all integers t and ay,...,ar (k € N) larger than 1, the
number of stable permutations u € S([n]') with cycle-type (a1,..., a5, 1,...,1)
———

nt=>"qa;
18 a polynomaial in n.

The proof follows the same lines as that of Proposition [9.13] mutatis mutan-
dis.

10 What’s next and conjectures

In this section we discuss some conjectures arising from this work and some
possible directions of further research.

We know that the rank of any stable r-cycle in S([n]?) is bounded from
above by 2r — 1, see Corollary We think that the sharp bound should be

twice smaller.

Conjecture 10.1. The rank of any stable r-cycle in S([n)?) is bounded from
above by r — 1.

By definition a strongly stable cycle in S([n]?) has a cyclic compatible fac-
torization in stable transpositions. While this is not true for stable cycles (see
Theorem we do feel that the following holds.

Conjecture 10.2. Every stable r-cycle in S([n]?) is a compatible product of
r — 1 stable transpositions in some order.

By [3, Theorem 5.2], a proof of the second conjecture would settle the first
one as well. By Theorem these conjectures hold for r» < 5.

There are a number of natural possible directions for further work on the
problems addressed in this paper. Among these, we mention

e Continue the investigation of stable r-cycles for r > 6.

e Decide Conjecture and/or whether the stability of a cycle u € S([n]?)
depends only on S(u).

e Examine the stability of cycles in S([n]*) for ¢ > 2.

e Examine the stability of permutations that are not cycles. The first cases
to consider could be the product of two disjoint transpositions and the
product of a transposition with a 3-cycle.
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e Examine the case of stable involutions.
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