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Abstract

We consider a one-parameter family of beam equations with Hamiltonian non-linearity in one space
dimension under periodic boundary conditions. In a unified functional framework we study the long time
evolution of initial data in two categories of differentiability: (i) a subspace of Sobolev regularity, (ii) a
subspace of infinitely many differentiable functions which is strictly contained in the Sobolev space but
which strictly contains the Gevrey one. In both cases we prove exponential type times of stability. The
result holds for almost all mass parameters and it is obtained by combining normal form techniques with
a suitable Diophantine condition weaker than the one proposed by Bourgain. This is the first result of this
kind in Sobolev regularity for a degenerate equation, where only one parameter is used to tune the linear
frequencies of oscillations.
© 2023 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper we consider the one dimensional beam equation

0V + Oxxxx ¥+ + f(¥) =0, (L.

where ¥ = ¥ (¢,x),x € T :=R/2nZ and m € [1, 2]. The nonlinearity f(yr) has the form

f@) =@y F)() (1.2)

for some function F'(y) which is real analytic in y in a neighborhood of y = 0. We shall assume
that F has a zero in y = 0 and, by analyticity, for some R > 0 we have

e.¢] o0
F(y)=Y FDy  |Flg:=> |FPR! < +oo. (1.3)
d=3 d=3

We are interested in stability times of initial data, belonging to some Hilbert subspaces E of
L*(T,R?). Let yo := ¥ (0) and vy := 0;¥ (t)=0 be the initial conditions of respectively po-
sition and velocity of i at time ¢ = 0, by classical local (in time) well-posedness theory we
know that given initial data |(, ¥1)|g <, the solution exists for a certain time 7 =T (§) > 0
depending only on §. At least in the case § < 1 we are interested in understanding the optimal
time of stability of solutions, i.e. we want to give a lower bound on 7'(§) which is the supre-
mum of times ¢ such that for any |(V¥o, ¥1)|r < < 1 one has (¥ (z, x), ;¥ (t,x)) € E with
[(¥(t,-), 0. (2, )|E <25. We refer to this time as stability time. Since the nonlinearity in (1.1)
is quadratic, local theory provides the trivial lower bound T'(8) > 8~!. Moreover, since we are
working on a compact domain, no dispersive effects can help to control the behavior of solutions
for longer times. A fruitful approach, in this case, is to reduce the “size” of the non linearity
through a convenient normal form analysis.

In this line of thoughts, a fundamental feature of equation (1.1) is that, under a convenient
variables’ change, we can write it as a Hamiltonian system whose corresponding Hamiltonian
has an elliptic fixed point at the origin. Passing to the Fourier side and in appropriate elliptic
coordinates u ; the Hamiltonian has the form

H=> wjlul*+ 0w, wj = wjm) =/j*+mn, (1.4)

JEZ

where O (1?) denotes a non linearity with a zero at the origin of order at least 3. In this Hamilto-
nian view point, through suitable symplectic change of coordinates, we shall pull the Hamiltonian
H back to Birkhoff Normal Form (BNF)
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ﬁ=zwjluj|2+3+9%,
JEZ

where 3 depends only on the “actions” |u j|2 (and does not affect the dynamics) while R has
an high degree of homogeneity ~ O (|u|N+?) for some natural N >> 1. Then, the natural time of
stability of the flow of H becomes T (8) ~ O(8™Y).

The crucial difficulties in this approach regard the regularity of the phase space of initial data
and interactions among linear frequencies of oscillations w;.

The problem of long time stability has been widely studied in particular for Sobolev ini-
tial data. For instance, we mention the seminal works [1] for the Klein-Gordon equation, and
Bambusi-Grébert [9], where polynomial bounds for a wide class of fame-modulus PDEs are
proved. More precisely, it is shown that for any N >> 1 there exists p(N) (tending to infinity as
N — oo) such that for all p > p(N) and all §-small initial data in H? one has T > C(N, p) ¥,
provided é < §o(N, p). Similar results were also proved for the Klein-Gordon equation on tori
and Zoll manifolds in [22],[23],[3]. More recently, similar results have been obtained also for
nonlinearities containing derivatives, see [39],[20],[21],[2],[27]. The above mentioned results
are deeply based on the requirement that N-waves interactions are non-resonant. In other words
one should impose some diophantine conditions on the vector w = (w;) jez of linear frequen-
cies of oscillations in order to ensure suitable lower bounds on the quantity w - £ with £ € 72,
|€] < N. Such quantities arise as the eigenvalues of an appropriate linear operator that must be in-
verted at each step of the Birkhoff procedure. These arithmetic conditions are typically achieved
by exploiting the presence of some “parameter” which modulates the linear frequencies, either
“internal”, such as the mass parameter m for the Klein-Gordon or Beam equations (see (1.4)), the
capillarity of the fluid in the case of water waves, or “external”, as convolutions and multiplica-
tive potentials for the Schrodinger equation for example. However, there are cases in which it is
not possible to get such a lower bound at any order |£| <N for any N € N, for instance equations
posed in high dimensional generic tori. Nevertheless normal form approach has been success-
fully applied also to obtain “partial results”, i.e. time of stability 7'(§) ~ O(8§™N) for some fixed
N > 1. We quote for instance [19], [26] on the Klein-Gordon equation, [32], [5] on the Beam
equation in high space dimension, [29] on the Schrédinger on generic tori, [31], [34], [33], [8],
[4] on the water waves equation (see also [28] on a different fluid model).

All the results mentioned above regard polynomial stability times in Sobolev spaces. Passing
from polynomial estimates to exponential-type ones is not trivial and it is related to the regularity
of initial data. Faou and Grébert in [25] made a first step forward in this direction, by considering
the case of analytic initial data, proving super-exponential bounds of the form 7' > eln(%)wj

y » P g sup p = )
b > 0, for classes of NLS equations in T¢. See also [18].

The “time-regularity” connection emerges also in finite dimension, where long time behavior
of initial data is carried out through Nekoroshev theory, which gives information over exponen-
tially or superexponentionally long times in the analytic category (see [36,35,6,30]). In contrast,
polynomial stability times are proven in finite differentiability settings, see [17] for C¥, k € N
quasi-convex Hamiltonians and the recent [10], where optimal polynomial stability times are
proved for the Holder steep ones. Also in finite dimension, a sharp BNF theory can be con-
structed near elliptic equilibria, to get exponential or super-exponential times of stability nearby
(see [7] and references therein).

For the 1-d NLS with convolution potential, a recent achievement is represented by [12] (see
also [11]), where Biasco, Massetti, and Procesi prove exponential-type times of stability, both
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in Sobolev and Gevrey category, by introducing a suitable functional setting allowing the opti-
mality of time also in finite regularity spaces. It is worth to mentioning that a key ingredient for
this result comes from their Diophantine condition, firstly introduced by Bourgain in [16], that
allows a control on small divisors which is uniform w.r.t. the dimension of the support of the
frequencies. The presence of a convolution potential V%, which provides an infinite sequence of
parameters (V;) jez € £ to modulate the frequencies, plays a fundamental role in guaranteeing
such arithmetic conditions, and this translates in optimal lower bounds in the divisors, indepen-
dently of the iterative step. Afterwards, the flexibility of the functional frame of [12], developed
for the stability study, turns out to be pivotal in the study of existence of almost-periodic tori
for the same model of NLS [14] in Gevrey regularity. We refer also to the recent result [15]
concerning weak and Sobolev almost periodic solutions (see also [13] for a simple case study).

Following this line of thoughts, in this paper we shall investigate whether it is possible to
adapt the functional setting introduced in [12] to the degenerate case of equation (1.1), where
only one physical parameter, the mass m, has to be used for frequency’s modulation.

The underlying motivation is to construct a degenerate KAM theory (in the sense of [38])
for infinite dimensional invariant tori on a model like equation (1.1). A milestone step in this
direction is to understand precisely the type of diophantine conditions one is able to impose by
moving just m in the frequencies (1.4).

Let us be more precise and introduce our main results. We introduce here the functions spaces
we are working on:

HP = {0 = Y yse € LAT,©) ¢ 12, = Y [ PLIP e < too

JEZ JEZ
(1.5)
for s > 0, p > 1/2 where the weight-function A : R — R is defined as'
A(y) =2+ {(yNT, 1<g=<2, (1.6)
(y=max(L,1jl},  Ljl:=max{2,|jl}, jeZ. '
Using the Fourier representation we can identify
. 1 .
V=Y w e 3T 0) = [pwe it (17
: T 2m
JEZ T
with its Fourier coefficients, i.e.>
LX(T,C)3¢(x) > ¥ = (¥)) jez € £(C). (1.8)

We are interested in understanding the stability times of initial data (1, ¥1) belonging to some
subspace of H2(T,R) x L?(T,R), which are small w.r.t. an appropriate norm.

' Note that the weight is sub-linear in the sense A(y| + y2) < A(y1) + A(yp) for any yi, y2 € R.
2 We denote by 22 (R) the subspace of (2((C) made of sequences (wj)jez such that ¥ = W,j.
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Remark 1.1. Note that, for s = 0, the space H 0.7 is the standard Sobolev space H? (T, C).
While for s > 0, the weight A in (1.6) being logarithmic, the space H*? is strictly larger than the
space of Gevrey functions. However, we are able to guarantee a lifespan for the solutions which
is sub-exponential (but super-polynomial) in 1/8, where § is the size of initial conditions, both in
the purely Sobolev and sub-exponential categories H” and H*? respectively, see Corollary 1.3
and Theorem 1.4.

In the following we denote by meas : [1,2] — R™ the Lebesgue probability measure.
Theorem 1.2. (Sobolev stability). Ler s =0, p > 1 +2°(36)? and fix any 0 < y < 1. There is a

positive measure set M,, C [1, 2] with meas([1,2]\ M, ) = O(y), an absolute constant c >0
such that for any m € N the following holds. For any

0<8<8gy°? s ':L 1.9
= T SIFlR '
and any initial datum (Yo, ¥) € H>PT1 x HOP=1 satisfying
8
1¥ollo.p+1 + 1¥1llo.p—1 < 1’ (1.10)
the solution (W (t), 9; (¢)) of (1.1) with (¥ (0), 9;v (0)) = (Yo, V1) exists and satisfies
¥ @llo, p+1 + 10: ¥ @) llo, p—1 = 85, Vit <To, (1.11)
with
2 1, 1y1/3
Ry CP Sa\ P D
To>—F (2 . (1.12)
2|F|gr8 \ &

As a consequence of the theorem above we get the following.

Corollary 1.3. (Sobolev stability: optimization). Let 8g, c > 0 be the constants of Theorem 1.2,
for any

§<8:=6sy",  b:=24c?[2°(36)*]"

and any (Yo, Y1) satisfying

5 ! 56\ 3/
1 <-, =pd):=1 — In(— 1.13
I¥ollo, p+1 + 1¥1llo, p—1 < 2 p=p() + (24czln(l/y) n( 5 )) (1.13)

the solution (Y (1), ;1 (¢)) of (1.1) with (¥ (0), 9;¥(0)) = (Yo, V1) exists and satisfies
1Y D lo.p+1 + 118 (Do, p—1 <86, V0t < To, (1.14)
with
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{can(l/y))—l/S)

(24¢2)6/5 (ln(8s/3))1+§ } . (1.15)

To > ex
2|F|Rré

Concerning initial data with sub-exponential decay, belonging to H*”s > 0, we prove the
following stability result.

Theorem 1.4. (Sub-exponential stability). Ler p > 14+1/2,s >0, 1 <g <2 andfixanyy > 0.
There is a positive measure set M, C [1, 2] such that meas([1,2]\ M, ) = O(y), an absolute
constant ¢ > 0 and constants C; = C;j(p, R) > 0, i = 1, 2, 3, such that for any m € 9 the fol-
lowing holds. For any

1

c L 1
0<8<6 ;=min{ expex <— < q—l),—}, (1.16)
- A A WA Rrexya

and any (Yo, Y1) € HSP x HSP~1 satisfying

8
IVolls.p+1 + 1¥1lls.p—1 <

R (1.17)
the solution (Y (t), 9,y (¢)) of (1.1) with (¥ (0), 9,y (0)) = (Yo, V1) exists and satisfies
I @Olls, p+1 + 110 (D5, p—1 <88, Vit|<To, (1.18)
with
dsE 1 4 -1 q771
Toz €35 exp | 5 In(6z /8)()/ s nIn(Ssz /5)) . (1.19)

Remarks on Theorem 1.2-1.4 and Corollary 1.3. Some remarks are in order.

a) The lack of parameters. As mentioned above, in order to put the Hamiltonian associated to
equation (1.1) in a suitable Birkhoff Normal Form, one must require arithmetic conditions on
the linear frequencies (w;) jez. The Diophantine condition a la Bourgain reads like’

14

D ZZ[QJERZZCU'€> —_—,
B lo-82 [ | Gy

neZ

VZeA:O<|£|<oo},

where (n) := max{1, |n|} foranyn € Z, y, T > 0, and A is a suitable non-resonant sub-lattice
of ZZ which, in the applications, depends on the frequencies w. In the case of w; ~ j 24 Vi
for an infinite sequence of (V;) ez € £ as in the model considered in [12], it has been
proved that, for a positive measure set of V;, the frequency vector w = (j Z4 Vj)jez belongs
to the Diophantine set D, g with the non-resonant sub-lattice A := ZZ\ {0}, y and T being
fixed positive absolute constants. In that case, this translates into uniformity of the scheme

3 Here as usual for integer vectors we denote |{| := ZieZ 1€;].
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b)

c)

d)

w.r.t. the number of frequencies w; that are lighted up, and sharp estimates on small divisors.

In contrast, in our degenerate case where the frequencies have the form w; = /j* +m, the
definition of the Diophantine set D), 5 is more delicate. The non-resonant sub-lattice A is
strictly contained in 7% \ {0} and consists of £ € ZZ such that the function - £ in not
identically zero as function of the mass m. We refer to Section 3 for more details on this,
see definition (3.2). In addition to this, the degeneracy of equation (1.1), involving only one
parameter for modulating any subset of frequencies, obliges v = t(d(¢)) to strongly depend
on the “dimension” d(¢) of £ and y ~~ ydw), d(£) being the number of non zero elements of
tez? (see Section 3 for the precise definitions). This of course reflects in worst estimates
on divisors, which are not uniform in the length |£|. Remarkably, we are able to control
these a priori bad estimates by taking full advantage of the flexibility of our norms, which
are extremely effective in keeping sharp track of the constants during the iteration of BNF
(see in particular Section 2.4 with Lemmata 2.8-2.9). Thus, despite the presence of only one
modulation-parameter, Theorem 1.2 entails the same qualitative estimates as the ones in [12].
As a byproduct a final optimization step can be performed as in [12], through which we get
optimal estimates of exponential type. This is the first result of this kind for a degenerate
equation, in Sobolev regularity.

Since the norm || - [|o, » is equivalent to the norm || - || gr := || - || ;2 + || ar. |;2 (with equivalence
constants independent of p), we can reformulate condition (1.10) as

8 )
Iollgrrs + 1Vl o1 = 2 Yol 2 + 1¥1ll2 =2 ”g-

We also remark that in [9] (see for instance Proposition 1.1 in [12]) the required smallness
condition w.r.t. the classical Sobolev norms reads |[¥oll g+t + W1l gr-1 <8 < 8sp~>P,
which is more restrictive with respect to our condition § < gy ”. In other words the con-
dition above allows us to work on a slightly bigger ball in H?, provided we impose a stronger
condition on the LZ-norm. However our condition is still more restrictive w.r.t. the one in
Theorem 1.2 of [12]. This is again a consequence of our small divisors estimates (see item
a)).

The function in (1.13) defining p = p(5) is explicitly invertible, so one can rephrase the
stability time in terms of the regularity, namely, fixing H%? with p sufficiently large, all the
initial data in the ball of radius § = §(p) remains in the ball of radius 8§ for times of order

)1+(p—1>1/3

Ty ~exp {e(p = D72 (14 (p = 1'P) In(1 /)| ~ <@

We stress the fact that dealing with functions belonging to the space H*:? with exp(In<(-))-
decay is more delicate than dealing with the classical sub-exponential Gevrey ones. In par-
ticular the monotonic character of the norm together with the estimates on the solution of
the Homological equation require a more refined analysis. See Lemmata A.1 and A.7 for
instance. We restrict here to this more difficult case. One can easily recover the Gevrey reg-
ularity case using the corresponding Lemmata in [12] and following verbatim our proof.
In this case we expect a time of stability like (1.19) with only one logarithm at the expo-
nent.
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2. Spaces of Hamiltonians and conjugacies
2.1. Hamiltonian structure of the beam equation
We shall deal with the stability problem through a Birkhoff Normal Form approach, taking

advantage of the Hamiltonian structure enjoyed by the beam equation. In fact, by introducing the
variable v = 9,1, solutions of equation (1.1) correspond to the flow of

Iy =v
XB = 5
v=—"y — f(¥),

where w is the Fourier multiplier defined by linearity as

wel " = wjell T wji=+/1jl*+m, VjieZ, mell,2]. (2.1)

Observe that

Xp=JVHR W, v)=J (%fgﬂf%j;) o I=[5]

where the Hamiltonian Hg : H*(T; R) x L?(T; R) — R is defined through

L, 15
Hy (y, v) = / (59 + 3 @Hw + Fp)d, 2.2)
T
and V := (dy, d,) denotes its Lz—gradient. Indeed we have
dHR (Y, v) - W = Qr(X g (¥, v), W) (2.3)

for any W € H*(T; R) x L*>(T; R), where Q is the non-degenerate symplectic form

Qr ::/dw Advdx, QR(Wl,Wz)zfdedv(Wl,Wz)dx=/(1/f1vz—v1wz)dx,
T T T

for any Wy = (Y1, v1), Wo = (Y2, 12) € Hz(T; R) x Lz(T; R). The Poisson brackets between
two Hamiltonian Hg, Gg : H*(T;R) x L%(T;R) — R are defined in the classical manner as

{Hr, GR} = QR (X 1R » XGR) - 2.4
Let now
R= |(u+, u")ye H(T:C) x H\(T,C) :u~ =ﬁ+] ,
and let us define the linear isomorphism
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C:H*(T;R) x L*(T;R) - H'(T; C) x H(T; C) N R,
1 (0 w2
¥ Y _Tu L w 1w
[VIeclvl=1a]. C~;§<% .%), (2.5)
where w is the Fourier multiplier defined in (2.1). The vector field X is then pushed forward to
the new Hamiltonian one

u+u

. i
CiXp=Xyg=(u,n), 0= —iou — —w 1/? (w_1/2<
BT V2 ! V2

)):4%Hw@ 2.6)

where 95 = (ORex +10tmu)/2, Oy = (OReu — 10myx)/2 and

—1/2 —
o pun [ - o/ (u+u)
H(u, i) = Hg (C [ﬁ])—/ua)u dx+/F(4ﬁ )dx. 2.7)
T T
The (complex) induced 2-form is
Q:=CH'Qr= f idu A diidx (2.8)
T
which yields, for any wy = (§,&), wy = (n,7) € H'(T; C) x H/(T; C)NR,
Q(wl,wz)zi/gﬁ—éndx eR (2.9)
T
and intrinsically defines the Hamiltonian through
QXgw),w)=dH (u) - w (2.10)

for any w. Accordingly, we set the (complex) Poisson brackets as

{H,G}:=Q(XHu, Xq)

where H = Hg o C™! (tesp G = Gr oC™") and Xy = Cs«Xpp (resp Xg = C4 Xy ) which
yields®

T
4 Note that the naturality of the Poisson brackets holds {HR, GR} oC™ !l = {H, G}.
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2.2. Fourier’s representation

The stability result will be a consequence of a normalization procedure that amounts in trans-
forming the Hamiltonian into a suitable normal form (the Birkhoff normal form). In order to set
the convenient functional setting, we shall rather work in the space of sequences that correspond
to the above functional spaces, by systematically identifying L?(T, C) with the Banach space
F(£>(C)) of 27 -periodic functions (recall (1.7)) u(x) = u(x,t) =Y jez €/~ such that their
Fourier’s coefficients () jez € 02(C).

Then, the Hamiltonian in (2.7) reads

o0
Hum=3 ojluP+3 3 Fuftul) =3 ol + s, 212)

JEZ p=3 jieZ,o;€{} JjeZ
Z,‘p=1 0; ji=0

where we used the analyticity in the neighborhood of the origin of F to expand the second

integral in (2.7) for some coefficients |FzI '”Uj”p| < CP for some C > 0, and, rearranging the sum

.....

in multi-index notation we set

Hos(u,i)=  » Hypu“idl.

a,ﬂeNZ
lee|+[B1=3
> Jej—Bj)=0

Accordingly, by defining

1 . , 1 .
dujZE(dxj'—Fldyj), d”jzﬁ(dxj_ldyj)7

d 1 <a ,a) 9 1 (a iy a)
— =\ 1), =/ =—7=\7T"*T1"—]),
duj  /2\dx; dy; dij  2\0x;  dy;

the corresponding 2-form and Hamiltonian vector field read

, 3
iy dujndiy, Xy =—i=—H). (2.13)
JEZ auj

Note that when some real analytic H admits a holomorphic extension H on some ball of radius
r > 0in £2(C) that is

(s, u_) € By(tX(C)) x B,(0*(C)) —> H(uy,u_) 1 H@w)=H(u, i),

then it admits a Taylor expansion

3
Huy,u_)= Z Ha,ﬁu‘j_ué,
o,peNZ
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where we denote by Y _* the sum restricted to those &, B : |a| + |B| < 0.
One can see that

9 OH (uy,u_
9y = ) .
8uj Bu_’j Uy=u_=u

From now on we shall pass to the Fourier side and work on spaces of weighted sequences.
Let w= (w;) jez be the real sequence (recall (1.6))

w=w(s, p) = (I_jjpe“(j)) 7’ (sE) Sub-exponential case, 2.14)
je

w=w(p):=w(p,0) = (ij”)jez, (S) Sobolev case, (2.15)

and let us set the Hilbert space

2
hy = [u = (”j)jeZ € *(C) : |u|i = Zw? |uj| < oo} , (2.16)
JEZ
endowed with the scalar product
U, v)n, ==Y wiu;v;,  u,veh,. (2.17)

JEZL
Moreover, given r > 0, we denote by B, (hy) the closed ball of radius r centered at the origin
of hy,.

In the following we shall systematically identify 2w -periodic functions with their Fourier
coefficients, writing hy, ) instead of H*?. In particular, with abuse of notation, we shall write
(recall (1.5))

||u||s,p = |u|w(s,p) , Yue HP ~ 1'lw(s,p) , (sE)
lullp = llullo,p = luluipy, Y€ H*P =hyp . (s)
2.3. Spaces of Hamiltonians
In this section we introduce a suitable graded Poisson algebra of Hamiltonians that we need

in order to prove our main abstract result.
Let w as in (2.14) or (2.15) and let » : hy, X hy, — hy, be the convolution operation defined as

(f. &)~ f*g:=< Z fjlgjz)

= jez’
J1+p=]j

The map * : (f, g) — f * g is continuous in the following sense:
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Lemma 2.1. For p > 1/2 we have

| f * g|w(p,s) = Calg(p)|f|w(p,s) |g|w(p,s) ’ Vf.g€ hW(S,p) ’ (2.18)
|f *glw(p) = Calg,M(p)|f|w(p)|g|w(p) s Vf: g€ hw(p) P (219)
where
S —py1/2 2p+1
Carg(p) =87 (D)7, Catgn(p) =224 3 (2.20)
ieZ

Proof. The proof works verbatim as the one in Lemma 5.5 of [12] where (j)7e*V/ Vo taljl o
Lj1Pe*D) for the |- lpso=I: |WN norm (just noticing that (j) < | j| and the sublinearity of 1).
The case of the Sobolev norm || - ||, is the same. O

By endowing the space hy in (2.16) with the symplectic structure induced by the symplectic
form €2 in (2.13), we introduce the following class of Hamiltonians.

Definition 2.2. (Admissible Hamiltonians). Let » > 0 and consider a Hamiltonian H :
B, (h,) — R such that there exists a pointwise absolutely convergent power series expansion’

Hwy= Y Hepu“a®,  u*:=]]u?. 2.21)
a,8eNZ | jez
2<lal+1Bl<o0

We say that H as in (2.21) is admissible if the following properties hold:

(1) Reality condition:

Hyp=Hpo. Va,peNZ; (2.22)
(2) Momentum conservation:
Hyp#0 = ma—p) =) jla;j—p;)=0. (2.23)
JEZ

Finally, given two admissible Hamiltonians H, G the Poisson brackets are given by

{H.GY=1)_ (3u;Ga; H — 0;,Gd,, H). (2.24)
JjezZ

Let A, (hy,) be the space of admissible Hamiltonians such that the majorant

H®u) = Z |Ho, g u®it? (2.25)
(@.peM

5 Asusual given a vector k € ZZ, k| := ZjeZ kjl.
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is point-wise absolutely convergent on B, (hy,), where we set
M::{(a,ﬁ)eNZXNZ:n(a—ﬁ)=0,|a|+|ﬂ|<oo}, (2.26)
and introduce the following class of Hamiltonians.

Definition 2.3. (Regular Hamiltonians). We denote by #,(h,) the subspace of A, (hy) of
Hamiltonians H such that

\Hl3g, = | H g 1= r—1< sup |Xﬂ|w) <00. (2.27)

luly,<r

Remark 2.4. We remark the following facts:
e Given two positive sequences w = (w j)je 7o W = (W) jez we write that w < w’ if the inequality
holds point wise, namely

/

w<w &= w;<w;,, VjeZ.

In this way if ¥’ <r and w < w’ then B, (hy/) C B, (hy).

e If a Hamiltonian H satisfies (2.22), it means that it is real analytic in the real and imaginary
part of u.

o If a Hamiltonian H satisfies (2.23) then it Poisson commutes with ) jez Jj |u j |2.
e The Hamiltonian functions being defined modulo a constant term, we shall assume without
loss of generality that H (0) =0.

Finally, let us consider a regular Hamiltonian S € H, (hy) and its flow ®g, which is well-
defined (see Lemma 2.15 for details), and let

D, = ij|uj|2, (2.28)
JEZL
and its flow ¢, ;, where w; = \/m.

Definition 2.5. (i) The Lie derivative of H along the flow of S is given by

d N _d
LsH=g: 93, Hw=10  H(@si). (2.29)

(ii) Given H € H,(hy) we define the adjoint action of the Hamiltonian D,, as the Lie derivative
operator

d

L,H:=—
¢ dt |1=0

ph H= > —i(w-(a—p)Hopui’ (2.30)
(a,B)eM

where M is the set of indexes defined in (2.26).
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Remark 2.6. (Change of variables). Along the paper we shall study how a Hamiltonian H
behaves along the flow of a given regular Hamiltonian S. In fact one has

d
EH(dJs,z(u)) =dH(¢s,:()) - Xs(¢s,:(u)) = QX g (¢s,: (), X5(bs,1(u)))

= (H, S}o s, ) 2" (LsH) o s, (1)

Then (2.29) corresponds to LsH = {H, S}. Moreover, from the formula above, one formally
deduces that the well-known “Lie expansion”

x_k
1

H(¢S,,(u))=eLSH=§ EL';H, LAH = (LY "H, S}, Vk>1, LY =1d.
k=0 "

In our work the crucial point is that all the dependence on the parameters r, w of the norm in
(2.27) can be encoded in the coefficients

2

cater )= Z et = [T @30
JEZ

defined for any «, B € NZ and J € Z. In view of our choices of the weights in (2.14) and (2.15)
we have that the coefficients in (2.31) have the following form:

, S12p
. ) _ L lal+IB1-2 L/ QM) ~Yrez (@+BDAD) .
SE) case: ¢ B)=r S N — iz . (232)
nw HiEZ LJJP(“/'Hgt)
. i 12p
s) case: . py=rletip2 L] (2.33)

l_[ieZ Li | Pleithi) ’

Remark 2.7. (Basic embeddings of spaces of Hamiltonians). Recalling Remark 2.4 one can
notice that if 7 < r and w < w’ then A, (hy) € A, (h,/). In the following (see Proposition 2.9)
we give conditions on the parameters that (r, w), (r*, w') (with r* < r) which ensure the (not
trivial) inclusion #H, (hy,) € H,=(h,). That condition will be given in terms of the ratio of the

coefficients c/) (. B), P (a, B).
2.4. Properties of regular Hamiltonians

We now collect some properties of the norm in (2.27). For any H € H, (h,,) we define a map

B > 2, y=(3));ez > (Y Girw)

JEZL
by setting

. (o; +Bj) e
Vi Girwyi= Y7 | Ha gl et )y P (2.34)

(a.8)eM
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where ¢; is the j-th basis vector in N Z, while the coefficient cf’v), (o, B) is defined right above

in (2.31). The following properties give a systematic way for computing the norm of a given
Hamiltonian and its relation w.r.t. another one.

By Lemma 3.1 in [12] (see also Lemmata 3.3, 3.4 and A.1 in [37]) we have the following.
Lemma 2.8. Let r,r’ >0, w,w € R%. The following properties hold.

(1) The norm of H can be expressed as

|Hl,w= sup [Yu(y;r,w)le . (2.35)

|y|(2§1

(2) Given HV ¢ H,  and H® ¢ Hyw, such that Va, B € NZ and JE€Z withaj+ B;#0
one has

\HD 1D (@, B) < clH jlela(e. p). (2.36)

,J,w/
for some ¢ > 0, then
1 2
|H( )|r’,w’ §C|H( )|r,w~

The following proposition gathers the immersion properties of the norm |- |, (p,s) With respect
to the parameters p, s.

Proposition 2.9. (Monotonicity). For any p > 1,s > 0 the norm ||, is monotone increasing
in r. Moreover, letting r > 0 the following holds.
SE) Consider w as in (2.14). For any o, s > 0 we have

|H|r,w(s+0,p) = |H|r,w(x,p) . (237)

S) Consider w as in (2.15). For any p’ > 0, p > 1, we have

|H|r,w(p+p’) = |H|r,w(p) . (2.38)

For the moment we omit the proof of the proposition above and we refer the reader to Ap-
pendix A.24.

By Proposition 2.1 in [12] and Lemma 3.5 in [37] we have that the scale {H,(hy)},~0 is a
Banach-Poisson algebra in the following sense.

Proposition 2.10. (Poisson brackets). For 0 < p <r we have

,
UF.Gllpaa < 4(14 = )IFlr 4l Glrp (2.39)
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2.5. Graded Poisson structure and conjugations

We start by defining a degree decomposition which endows H,(h,) with a graded Poisson
algebra structure.

Definition 2.11. (Scaling degree). Given d € N, let H@ be the vector space of homogeneous
polynomials of degree d + 2, that is admissible Hamiltonians of the form

Z Ha“guaﬁﬁ .

(a,p)eM
la|+]|Bl=d+2

We shall say that a Hamiltonian H has scaling degree > d = d(H) if

He 'H(Zd) — fH(d) Dn-qa 'H(h) .

Accordingly, we shall define projections associated with this direct sum decomposition and write

nN9H = Z Hy pu®ii? nc9yg = Z Hy pu®iiP . (2.40)
(a,)eM (o, B)eM
|o|+|B|=d+2 lo|+|B|>d+2

We say that d(0) = +oo.

Remark 2.12. With these definitions, quadratic Hamiltonians have scaling degree 0. Essentially
H has scaling degree d if and only if it has a zero of order d + 2 at zero.

Definition 2.11 produces a graded Poisson algebra structure. Moreover one has the following
result.

Lemma 2.13. The projection operators are continuous. In particular, the following hold.
@) If H € H,(hy,) with A(H) = d, then one has

n@n

<Hlpy.  [NCYH

<|Hlpy - (2.41)

rw r,w

(ii) If H € H, (hy) with A(H) > 4, then for all r' < r one has

7 d
|H|,,,ws(7) |Hl,, -

Proof. (i) We only prove the first in (2.41). The estimate for > follows similarly.

By absolute convergence of H, we can rearrange the terms and write H =) 4., n9H
where each term reads as in (2.40). In general, for any Hamiltonian H by definition of majorant
norm, we have that

X w=—i Y [Hoplpjual .
@BeM
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which trivially yields | X g ()| < [X g (4)|w, where u = (|u|) jez. Observing that when evalu-
ating the supremum of Xy over |ul, < r we can restrict to the case in which u = (u;) jcz has
positive real components, we get

-1
|H|r,w=r sup

lu|,<r

(Wh) |« Wi = 37 |Haup| Byl
/ w (o, p)eM

Then inequality (2.41) follows trivially from ng(d) " () < Wg (u).

(ii) By item (2) in Lemma 2.8, it suffices to observe that

J _ _
cr’,w(q,ﬂ) B (r_/>|0¢|+}3 2 - <r_/)d+2 2
clul@,p) \T C\r

This concludes the proof. O

Remark 2.14. If F and G are Hamiltonians in H, (h,) with scaling degree d1, dy respectively,
then the Poisson {F, G} has scaling degree equal to d; + d. In general, if the scaling degrees
are > dj, do, then the scaling degree of {F, G} is > dj + da.

The following Lemma guarantees that the flow of a regular Hamiltonian is well-posed on hy,.
Moreover it shows how regular Hamiltonians change under conjugation through flows.

Lemma 2.15. (Hamiltonian flow). Let 0 < p <, and S € H, 4, (hy) with

P

= 2.42
8e(r + p) (2:42)

|S|r+p,w S 5

Then the time 1-Hamiltonian flow <I>3q : By (hy) = Bryp(hy) is well defined, analytic, symplectic
with

P
sup [ @460 —u =0+ ISl s 243)
u€By (hy) hy 8e
Moreover, for any H € H, ,(hy) we have that H o @15 =elsH e, (hy) and
PS5 H| <21Hlpp (2.44)
rw
(eLS - id)H =8 Sl H g (2.45)
. I _
’(&S —id—{s, .})H =38R s (2.46)
More generally for any h € N and any sequence (cy)ieN with |cx| < 1/k!, we have
h
D eLS(H)| < 20H|rgpw(ISlr4p.0/26)" (2.47)

k=h r,w

204



R. Feola and J.E. Massetti Journal of Differential Equations 356 (2023) 188-242

Proof. Follows verbatim by Lemma 2.1 in [12] with n =0 and adg ~~ Lg. O

The following classical Lemma gives a priori estimates on the time of definition of flows
generated by a wider class of Hamiltonians.

Lemma 2.16. Let N € A, (w) and R € H, (hy) (recall Definition 2.3) for some r > 0. Assume
that

Re(Xar(v), v)n, =0, Yveh,. (2.48)
Consider the dynamical system
b= Xy 0) + Xp(0), 00 =00, Iuohy = o7
Then one has

.
[[v(®) | — lvolw| < REMUE

8IRlrw
Proof. See Lemma 5.4in[12]. O

Resonant Hamiltonians. We define the resonant subset of M (see (2.26)) as

R={(@,f)eM :a;=8; Va;=p_;VjeL}, (2.49)

and we denote by K, (hy,) the subset of resonant Hamiltonians, i.e.

Ky (hy) = {H €M) Y Ho,,,gu“ﬁﬁ}. (2.50)
(a,B)ER

Remark 2.17. Let (¢, ) € R and £ = o — B. The condition in (2.49) implies that
i+l _j=aj—Bj+a_j—B_;=0, VjeZ.
The following results regard fundamental properties of resonant Hamiltonians.
Lemma 2.18. (Flows of kernel Hamiltonians). Let
frhy—>hy, ur— £ =(uj)jez, f,=£f_;, VjieZ.

Then any H € K, (hy,) Poisson commutes with | £ (u) |3J.
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Proof. Let H € K, (hy) (see (2.50)). Using (2.24) one has that

{HY W3l = > Hoplu®al, Y " W’ £5u;l?)

JEZ a,BeR JEZ
= > Hup Yy (¢ —Bowpfuial.
o,BER el

Since £ is even in £ (as well as w) we have that the right hand side of the equation above reads

S Hap Y (e +ag — Boe — BOEO Ui =0,

o,BER >0

where in the last inequality we used Remark 2.17. This concludes the proof. O
Remark 2.19. Let \ € K, (h,). We have that
2Re(X v (v), V), = (N (@), [olg} =0,

by Lemma 2.18. Hence we deduce that the vector field X s satisfies the condition (2.48) in
Lemma 2.16.

Remark 2.20. Let H € K, (h,,) and assume H = I1‘¥ H for some d > 1. By using (2.49), (2.50)
one can check that H =0 if d is odd.

3. Small divisors
Recalling that
— ._ VA
w:=wm) = (0;)jcz € R”,

3.1)
wj=w;m):=/|j*+mu, JE€Z, me [1,2],

and the resonant set
R= {(Ol,,B) eM:aj=8j Va;=p_;Vj EZ},
we now give arithmetic conditions on non- resonant indexes belonging to the following set:
A={teZ? : t:=a—B, VY, B) er}. (3.2)

Finally, given a vector £ := ({;);cz € A consider the set A({) :={i € Z : ¢; # 0}. We define
the map

> d:=d()eN (3.3)

where d(£) := #A(£). We call d(£) the cardinality of ¢, i.e. the number of components of ¢
which are different from zero.
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Definition 3.1. (Diophantine frequencies). Given y > 0 we denote by D,, the set of diophantine
frequencies
y3©

oy = {weR? o 0= [ iapme

neZ

CT=d0)d) +2), Ve A}, (3.4)

where (n) := max{l, |n|} for any n € Z.

The key proposition of this section guarantees that, for “almost all” choices of the parameter
m the frequency vector w in (3.1) belongs to the diophantine set in (3.4). Our aim is to prove the
following result.

Proposition 3.2. (Measure estimates). There exists a positive measure set N C [1, 2] such that
Jor any m € I, the vector w(m) belongs to the diophantine set of frequencies D,, in (3.4). More-
over, there exists a positive constant C such that

meas([1,2]\9M) <Cy.

The proof of the proposition above involves several argument which will be discussed below.
First of all let us define the quantity (see (2.26))

Yy(ml)=w- L, Vee M, (3.5)

and recall that we shall provide lower bounds on v (w, £) only for £ belonging to the set A in
(3.2). Moreover, according to the notation (3.3), we can write the function in (3.5) as

d
Yy )= Lo,  ji€l. (3.6)

i=1
Estimates of a single ‘“bad set”. We have the following.
Lemma 3.3. For any € € A there exists 0 <k < d(£) — 1 such that

d

ESZCNOTER |

i=1

1
(L4 1€, [2(ji)»Ha®

3.7)

Proof. To lighten the notation we shall write d instead of d(£). B B
Given ¢ € A, after a reordering of the indexes we can write ¢ = (Z,Q), where ¢ =

(£, ..., €jy). Without loss of generality, we can always assume that the vector ¢ satisfies
Ji = —Jk» Vjik=1,...,d. (3.8)
Indeed, the d-pla (ji, ..., jq) can be written as
(ki,....kp.q1,—q1.92,—q2 ..., qr,—qr),  0=p=d
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forsome 0 < p <dand p+2r =d,where k;,i =1, ..., p satisfy (3.8). The small divisors have
the form

d P r
w-l= ijigji = wp; by + qui (g +E—g;).
i=1 i=1 i=1

Hence we can define

bo=0y, i=1,...p,

Z:(kl,...,fkp,fql,...,fqr), where

by =g+l g, i=1,...r.

Since £ € A itis not possible that at the same time p=0and {,, +{_,, =0foranyi=1,...,r.
Otherwise £ is a resonant vector (recall (2.49) and Remark 2.17). As a consequence up to reduc-
ing the length of ftod=d(¢) <d) (by eliminating the components for which £, +£_,, =0),
we have obtained a vector satisfying condition (3.8) with d < d.

Hence from now on we consider £ € A with d(¢) = d and satisfying (3.8). Notice that, for
any k > 1,

d d k+1
_ (=1)
R (m O =) ;000 =T®) Y €)' ™, Th)="——Ck =3 (9)
i=1 i=1
Let us define a := (a;);=,...a € RY as
dyme)=ary,  k=0,....dd—1. (3.10)

Our aim is to prove that there is at least one component of the vector a satisfying the bound (3.7).
In view of (3.9) we rewrite (3.10) as

Mot =a, 3.11)
where
1 0 wj 0
I 0 T'() ’ 0 0 wj ’
0 N F(d:—l) 0 Wi,
(3.12)
1 .. 1
o w;z a){TdZ
e T e

Notice that the matrix M is a Vandermonde matrix. Moreover using that £ € A and that (3.8)
holds, its determinant is given by
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det(M) = H(wj—f - w;kz) #£0,
i#k
so that the matrix M is invertible. It is also easy to check that
max (M~ ¥ <@ - 1)v]_[ 5% ~ <279 l_[a) ~2-dg! ﬁ| i)
ik=1,.0., i 2 / L1

Recalling (3.12) we note

max |7} =29, max |(0O7Hi|<1.
i=1,...,d

.....

Therefore

d d
—1\k —1 1—[ . 2\d -1 l_[ 1 —d
e (MO 5a (i:I )" 54 <i_1 1+ Iéj,-lz(ji)z)) (3.13)

Since by (3.11), we have £ = (TM0)~!a, we deduce

I=lbsa, max (M O) ™ H¥llalle,

,,,,,

which, together with (3.13), implies the bound (3.7). O
Now we need the following result (see for example Lemma B.1 [24]):
Lemma 3.4. Let g(x) be a C"'-smooth function on the segment [1, 2] such that
g/l =p and  max min |9*g(x)| =0 .
Then one has
meas((x | gl < ph) = Gy (Bo™! +1) (oo ™H!/".

Now, for any fixed £ € A and n > 0, we define the “bad set” of parameters

d

Y
B() = 1,2] 1 |w- £ < | | _
() {me[ ] |C() |<n€Z (1+|£n|2<n)2)r}

(3.14)
with T as in (3.4). Thanks to Lemma 3.3 we shall apply Lemma 3.4 withn =d — 1 and

1 d

d d
14
ox]— p=J—r ! + 125,120
E<1+w,-,-|2<ﬁ>2>d [ e mmey U s
= neZ =
Therefore we obtain
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L—d-1

d
d 1 Fi
i=1 !

Proof of Proposition 3.2. We define (see (3.4) and (3.14))

B:= UB(Z),

e

and we set 9 = 3°. Then the thesis follows by using the sub-additivity of the Lebesgue measure,
the bound (3.15) and by reasoning as in the proof of Lemma 4.1 in [12]. O

Remark 3.5. By Remark 2.17 for any (o, 8) € R and £ = o — 8 one has that w - £ =0 is identi-
cally zero for m € [1, 2]. On the other hand, by Proposition 3.2, for any w € D,, one has w - £ # 0
forany £ € A.

4. Homological equation

Given a diophantine vector w € Dy, in view of Remark 3.5 and by formula (2.30) we deduce
that

LoH=0 &  HekK (hy.

Hence the operator L,, is formally invertible when acting on the subspace

Ry (b)) =K () = {H e Mo : " Hopua}, @1

(a,B)E€RC

containing those Hamiltonians supported on monomials u%it? with («, B) € R°. We decompose
the space of regular Hamiltonians #, (h,,) as

Hr (hw) = ’Cr (hw) S Rr (hw) s

and we denote by ITx and Il the continuous projections on the subspaces K, (hy), R, (hy).
One can note

M H, . MR A, < |HI, - 4.2)

rwo
Obviously, for diophantine frequency, R, (hy) and K, (hy) represent the range and kernel of L,,
respectively.

Proposition 4.1. (Inverse of the adjoint action). Fix Ne N, r > 0, p > 1 and s > 0. Consider
w(s, p) (resp. w(p)) and a Hamiltonian function f € R,(hy) N HW® (see Definition 2.11 and
recall (4.1)). For any w € Dy, the following holds.

(Case (SE)) There exists an absolute constant C > 0 (independent of N) such that for any 0 <
o K 1 one has that

-1
|Lw f|r,w(p,s+o) =< J()SE|f|r,w(p,s) y
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where L, is in (2.30) and

N2\ 3
J§E = J§E (0, N) := y " Mexpexp (( C) - l) 4.3)

(Case (S)) Fix ¢t > (36N)2. There exists an absolute constant C > 0 such that

—1
1L, flrwpre) < IS Lrwp) »

where
J§ = U5, N) =y~ MeCE, (4.4)

Proof. Case (sE). Since, by hypothesis, f belongs to the range of the operator L,,, the Hamil-
tonian L;l f is well-defined with coefficients given by

fa,ﬂ

m, V(e B) €RC.

(L' flap=

Recall the coefficients in (2.32). In view of property (2.36) with w' = w(p, s +0) and w = w(p, s)
and formula (2.30), in order to get the result it is sufficient to estimate the quantity

oW
Jo:=  sup Crinis o) F) 4.5)
JEL. (a.p)eh e/ W(Y & Blo- (@ — Al
jﬂ|<jN+2

By an explicit computation using (2.32) we get

—o (X D) (@i+B)=21()))

Jo= sup

JeZ, (@.B)eh lw - (e — B)I
a;j+B;7#0
lo—B|<N+2

By Lemma A.7, we just have to study the case in which (A.17) holds true. Let w € D), (recall
(3.3)-(3.4)). Since L =a — B, |¢]| <N+ 2 we notice that d =d(¥) <4Nand t =t(¥) < 36N2.
Therefore we have

Jo<y “exp (—G<ZA(1)(061 + Bi) —21(1)) + Y tIn(l+ (a; — Bi)i) ))
i€Z

Yo exp (Z [~ 2% e — il 2/ | + 36810 (1 4+ (@i ﬁi)2<i>2))

1

<y Mexp(— 1448 Y Hi(ley — Bil)) ,

where for0 <o <1, i € Z, we defined
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(/) — I (14 Vx(0),

where x := |o; — ;| > 1. By definition of A (recall (1.6)), by denoting

Hi(x) =3 36N2

oK

- _ 4.6
¥ 63 x 36M2 (+6)
we observe that there exists X (o) such that the following inequalities hold:
xr (/i) —In (14 Va(0) 2 ar (/i) —In (14 Vx0) 20, if ()2 X2@).
By an explicit computation one can check that
2.63-36N%, L (;)ﬁ
X@=exp{ (57 | <@ @.7)
oK
Consequently
—4] 2.
Jo <y Mexp (— 144N gfl > HW). (4.8)
i:i)<X2(a)
Let us compute infy>; H;(x). We have
Hi(x) > H; (x) == axA(/(i)) = In (1 4+ v/X) —In (1 + ,/(i)) .
Then, since
A () = ar(y/(0)) - R (N S R
2f<1+f) 2 ar(/T) |
we deduce

2
- o « 2 2 i
Hz(x)Z)»(\/l_)<—§+5 1+m) —ln(1+ l-{-m)—ln(l—k,/(l))

/ 2
z—ln(l—i— 1+m>—ln(l+X(a)).

The latter bound, together with (4.8), implies

—4N 2

3 144N% X2 ()
sy4N((1+ 1+alnq2)(1+X(a))> :

212
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By (4.6) and (4.7) it follows the desired bound (4.3) choosing a suitable constant C > 0 large
enough.

Case (S). We proceed as in the case (sE). By definition of the coefficients in the Sobolev case
(2.33) we have

) ;
o Craap+8) (@ B) _ _u® [ JLig—octs
°T ez apen @ Blo-@—pl ez wper @@= Pl ieZ | |
ajtpj#0 TP oithi)
oo~ BI<N+2 loe=pI=<N+2

4.9)
By the diophantine condition (3.4) we have

B 1?2y 2y112)
Jo<y™  sup <—) A+l = BiIDH)7) -
jez, @.pren ez Li Jei+hi ,g( l l )
oj+B;7#0
lo— B <N+2

By Lemma A.7 we only have to consider the case in which (A.17) holds. Recalling that |o| +
|Bl=N+2,d <4N, ¢ > (36N)2, we can apply Lemma A.8. The bound (A.22) implies the
estimate (4.4). O

5. A Birkhoff normal form step

Notations. Let r > r' >0, 0,5 >0,¢,p>0,K> 1 and 1 <N <K — 1. In the following we
shall write

w=w(s, p) (resp. w=w(p)) and w=w(s+o,p) (esp. w=w(p+). 5.1

We consider an Hamiltonian function of the form

N—1 K
H=D,+Y Z@+) R®4RED, (5.2)
d=1 d=N
where D,, is in (2.28) and
ZO ek, () NHY, l1<d<n-1,
RYeH (hy)NHY, N<d<k,

REXD e H (hy) NHEETD,
In the case N = 1 we assume Z@ = 0. We set

€q:=|RY|y, NSA<K,  egys:=|REFD . (5.3)
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Lemma 5.1. (Birkhoff normal form step). Consider the Hamiltonian H in (5.2) and fix v € D,.
Assume that

K ’
r—r
5 ( )=s ith § := : 54
S eatexi) < Wi T6or (5.4
d=N
where J§ = J§% (0, N) in (4.3) (respectively J§ = J§ (¢, N) in (4.4)).
Then there exists a change of variables
® : By(hy) - Br(hy), (5.5)
such that
N K
Ho®o=D,+Y zO+ > RY+RF, (5.6)
d=1 d=N+1
where
ZP ek, ()nHP, 1<d<n,
R eH, (h)NHY, N+1<d<Kk,
R-(‘,-ZK+1) c Hr (hw) N H(ZK-‘FI) .
Moreover the following estimates hold
2Q:=79 1zasn-1, 120w <en, (5.7)
*\ Jj—1 *\ J
(p) en (endy 1 (endy @
Rl =ep+ D j!< %5 + 2 Tl ) 129 68
Jj=2 1<j.d<K
(j—DN4N=p jN+d=p
€q [exty J
— , N+1<d<K,
* Z J! ( 28 ) tl=d=
1<j<K
N<d<K
JN+d=p
K lend? [Kﬂid] enJ X\ K
(ZK+1) 7o 770
IRE 1w < € +2§< > ) €a +2< 25 ) (1Zlw+e). (59

Finally, for any o® >0, ¢% > 0, setting w' :=w(s + o + o, p) (resp. w' :=w(p + ¢ +¢%))
assume the further conditions

K
J~o*<dX=;]6d+€K+1)53, (5.10)
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where .Z)* = JOSE(Uﬁ, N) in (4.3) (respectively .70* = J(;C’ ({ﬁ, N) in (4.4)). Then

Pip,n ¢ Brhy) — Br(hy),

sup @) — uly, <rJo* 1R . oD
u€B,/(hy) .
Proof. Recalling (5.2) we define
N
=Y 79 7z9=79 1<asn-1, zZP:=1cRM. (5.12)
d=1

By (5.12), (5.3), (4.2) and (2.41) we deduce that Z € K. (hy) N H =N and satisfies the bound
(5.7). Let

S:=L,'(TIx RM) (5.13)

be the unique solution of the homological equation LS = {S, D,,} = IIx R™. By Proposi-
tion 4.1 we have that S € R, (hy) N H™ and satisfies the estimate

(5.3)
< Jrex, (5.14)

ISlrw < JGIR® |y
where J§ = JOSE(O', N) in (4.3) (respectively J} = Jos (¢,N) in (4.4)). We now apply Lemma 2.15
with (r, w) ~ (r’,w’) and p :=r — r’. Note that (5.4) and (5.14) imply (2.42). Setting ® := @g
we have that the conjugated Hamiltonian reads

N—1
Hod=D,+ Z ZD 4 M R™ + (D, S} + TrRM + (5 —id —{-, S}) D,
d=1
N—1 K
+ (eLs _ id)(z VA + R(N)) +eLs( Z R@ + R(2K+1))
d=1 d=N+1
(5.13),2(5.|2) Do+ Zs + Ry,

where

o i—1
(Lg)’
Ryi=—3) " —TgRY

=
N—1 K K
+ (" —id)(Y 2@+ Y RD + REHD) 4 N R 4 REKHD,
d=1 d=N d=N+1

Therefore we have
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K

Ry= Y RY +REY,
p=N+1
J (5.15)
(p) p) () (LS) (d) (Ls) @
R+R+Z HRJFZ].Z Z—j!R
j=>2 1<j,d<k 1<j<x
JN+N=p JN+d=p N=<d<K

JN+d=p

and R(EKH) defined by difference. Moreover by, the explicit formula (5.15), Lemma 2.15,
bounds (5.14), (2.41), the smallness assumption (5.4), Remark 2.14 and the monotonicity prop-
erty (see Proposition 2.9) we get Ry € R, (hy) N HEW which satisfies (5.8)-(5.9).

Finally, let us assume (5.10). By Proposition 4.1 let §% = L, Mz RY in R, (h,z) be the
solution of the homological equation L,,S* = IIx R™ on B, (hwn) C B, (hy) for any w* > w’.
Since S and S? solve the same linear equation on B, (h,:), we have that

Sﬁ = S‘Br(hwﬁ) .

By Proposition 4.1 we get
1], < Jo TR™ . (5.16)

We now apply Lemma 2.15 with (r, w) ~ (r, w?) and p :=r —r’. Note that (5.10) and (5.16)
imply (2.42). Then (5.11) follows by (2.43) and (5.16). O

6. The iterative scheme

Here we apply repeatedly Lemma 5.1. Let 7, 59, p > 0, 0 < y < 1, fix a natural number K > 1
and define wq := w(sg, p) (resp. wo := w(p)). Consider a Hamiltonian H such that H — D, €
Hi (hy,) satisfying

K
H:=D,+Ry. Ro=Y R +RZ,
d=1 6.1

RV € H(hu) NH@ . RETY € Hi(hy) N HERD

where D, is in (2.28), w € D,, (see (3.4)). Consider the constant C > 0 provided by Proposi-
tion 4.1 and define

e ARl 1

ry ;=min 7, (———————J32¢K) , * € {SE, S},
r 6.2)

K2

JEE =y K Kexp(e ), JE =y exp (0212K3) .

Remark 6.1. Without loss of generality we can always assume that |Rol7 w, < 1. Indeed if
|Rol7,w, > 1 one can choose ¥ < 7 such that (recall Lemma 2.13)
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’;.‘
|R0|7,w0 =< (?) |R0|f,w0 =< 1.
The main result of this section is the following.

Theorem 6.2. (Birkhoff normal form). Consider H in (6.1). Then, for any 0 < ro < ry with
* € {SE, S}, there exists a symplectic map

® : By (he,) — By (o))

* r Rol7 6.3
sup [OwW) —uly, <CiR<l o= RlEw g (63)
ueBrg (hy,) f 8 r

2

K .

where wy := w(%so, p) (resp. wy =w(p +¢) with § = 362 > i) such that the following
holds. The Hamiltonian

Hf:=Ho®:=D,+3+R,

6.4
3€Ky(hy ) NHED,  ReH,(hy,,) NHESD 4
2 2
satisfies
* 2 * 1
|3|’70’wf =Cyrp, |m|’70’wf = C3r(§<+ (6.5
with
. 16eK|Ro|; 45! o IRolp (16eKAFDT
2 72 K> 3= fK-‘rl ( K) :
The proof of Theorem 6.2 is based on the following iterative scheme.
Setting of parameters. For any 0 < k <K, let us recursively define:
k Tk = Tkt 1 k 2
= 1—— s =, = 1 -—), = (36k
rk =ro( 2K) k T6ert sk =so(1 + 2K) Sk == (36k)
L k (6.6)
oy 1= soﬁ, wy = w(sg, p), (resp. wi ::w(p+2{i)).
i=
Moreover, let us define
ro
e=(2).  Roi=IRolsum- 6.7)
By Lemma 2.13 and Remark 6.1 we have that
‘R(()d) <¢9Ry, 1<d<K, ‘RézKH) < eftlR,. (6.8)
r0,Wo r0,Wo

Let us introduce
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k
Jo:=J5%0r, k), (resp. Ji=J5() 6, k) 0<k<K,
i=1

(6.9)

where JOSE, J(;S are introduced in (4.3), (4.4) respectively, and assume the following smallness

condition:
Ro4XH3 Jre < 6.
We now prove the following.

Lemma 6.3. (Iteration lemma). The following holds true for any 0 <k <XK:

(S1), there are Hamiltonians Hy of the form

Hi =Dy + Zi + Ry,

K
Zi= Y.z, Re= Y RO +RETY,

1<d<k d=k+1
deven
where Zy =0, and
2V ek, () NHD,  1<d<k
RY eH, ) NH®,  k+1<d<K,

R]EZK-FU c Hrk (hwk) N H(ZK+1) :

(S2); one has, for 1 <k <K,

K
d K+1
Ji (E |R1({_)1|rk_1,wk_| + |R/§§1 )lrk_l,wk_l) <0k—1;
d=k

(S3); one has, for 1 <k <K,

’z,ﬁd) <eSRg@ Jeog )3 12971 1<d <k,
Tk, Wk
R®|  <efro@ragh 12 k+lsdsk,
Vi, Wk
Ve, Wk

(S4)y for any 1 < k < K there are maps ®y : By, (hy,) — By,_,(hy,) such that
Hy,=H;_10®.
Moreover, for any k <n <K, one has
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@y : By (hy,) = By (hy,) (6.18)
with
1
sup [ Pp(u) —uly, <rk-1Ro5z Jxe- (6.19)
ueBy, (huy) 2
Proof. We reason inductively and apply iteratively Lemma 5.1. Assume that (Si);,i=1,...,4,

hold for 0 < k < K — 2. We claim that
K
it ( >R o + |R,§ZK+”|rk,wk> <. (6.20)
d=k+1

which is condition (S2), (see (6.13) with k ~» k 4-1). First of all notice that (recall (4.3), (6.6))

Ji+1 < Jx, VO<k<K-1. (6.21)

By the inductive assumption (S3),-(6.15) (see (6.11)) one can note that

K

d K+1
SR e + IRV
d=k+1

K
< > Roet (@ sy HITI2E T Roe H (4F sy ¥ 2!

d=k+1
K—(k+1)
< 2K TRk (4 sy Z el (45 I8y 1 + X @k sy HER2
j=0
(6.10)
< R08k+1(4kJK80—1)k2k'

Recalling (6.9), (4.3), we deduce that

K
d 1 -
et (0 IR b+ 1RE ) = Roe ! @ g ) 2 e
d=k+1

(6.10)  (6.6)
< Ro(e4"Jidy 124780 <80 < &,
which proves the claim. Condition (6.20) implies the smallness assumption (5.4) by setting

d 1
€4 = |R]£ )|rk,wk s €K+1 = |R]£ZK+ )|rk,wk .
Therefore Lemma 5.1 applies with

N, o, rr' wow kLo, r it Wi iy, 2@, RO REFD oy Z(@) RID RIEKFD
(6.22)
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Then we obtain a map &4 satisfying (6.17) with k ~~ k + 1 (see (5.5)-(5.6)). In particular the
new hamiltonian Hj1 has the form (6.11) (with k ~~» k 4 1) for some Hamiltonians Zy 1, Ri+1.
This proves (S1);;. Let us check the (S3);,, i.e. the bounds (6.14)-(6.16) with k ~~ k + 1. By
(5.7) we have

k+1
da d d k+1 k+1
Zin=Y 23,z =z2. 1=as<k, z}V=merEY. (623
d=l1

For 1 <d < k one has

(6.14);

(623) < R.()Ed(4k.[ (S )d 12d 1<R Ed(4k+1J 5 )d 12d 1

|Z(d)

(@
k+1 |”k+1’Wk+l |Z |”k+1 Wk+1

where the last inequality is trivial. Moreover for d =k + 1 one has
el (6.23),(42) 4 (6.15); 1 —1\knk—1
|ZIE+1 )|rk+1,wk+l = |Rl(c )|rk+1,wk+1 = R08k+ (4k‘IK60 )kzk

< Roe T (@1 g8y k2t

This proves the bound (6.14) with k ~» k + 1 on the Hamiltonians Zk e withl <d<k+1. We
notice that Zy41 = 0 when k + 1 is odd (see Remark 2.20). We now prove the estimate (6.15)
with k ~» k + 1 on Rx41. By (5.8), (5.3), (6.22), (6.9), (6.21), (6.6), and using (6.14), (6.15) and
the fact that Ry < 1, we get, for any k +2 < p <K,

(p)
IRy

P 1k —1\p—1nk—1
+1|rk+|,wk+| <Rpe’ (4 JKSO ) 2

i—1

8k+1 (4kJK8()_1)k2k_l 8k+1(4kJK80_1)k2k_1JK J

+Ro Z i 28

Jj=2 J: 0
(—D*k+D+k+D=p

. Sd(4kJK50_1)d_12k_l <8k+1 (4kJK80_1)k2k_1JK>]
0 ;
|
1<j,d<K J 250
JN+d=p
32K Ty A2k [kt 0k s Rk g\
+ Ro I s
1<j<K J 0
N<d<K
JN+d=p

< RoeP @k Jysy P12kt
1 2k=D(G=1)

pak p 1~nk—1
+Roe? @ sy Hr12 Z 130G

1 2&k=1)j

pak p—1lrk—1
+Roe? @ sy Hr12 22 R

j=17
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1 2k=1\j-1 1, 2k \i
D (pk —1\p—1rk—1 i Il
< RoeP @k Jxsy Hr12 (1+;j!(2-4k> +) (2_4k))

m
j=1 J:
s (5 )
= K0 KO ]' 2k
j=0
5Roe”(4"]1«30—1)1742k71\/zS
< Roel’(4k]K80*1)p712k < ROSI)(4]C+1]K8071)I)—]2]¢’

which is the (6.15) with k ~ k + 1. The estimate for the term R{>; " follows similarly.

It remains to show the (S4);,, i.e. the bound (6.19) with k ~» k + 1. By estimate (5.11)
(recalling again (6.22)) and taking k <n < K we get
k
sup [Pkt () — uly, < it RV
MEBrkJrl (hwn)
(6.15)
< e’ Ro@ Iy D 2
which implies the thesis (6.19) using the smallness condition (6.10). O

Proof of Theorem 6.2. The condition (6.2) and the choice of ¢ in (6.7) imply the smallness
condition (6.10), so the iterative Lemma 6.3 applies. By (5.11) we have (recall (6.6))

Cpk . Brk(th) — Brk_](th)
with

1
sup [ Dp () — ut]yy ErkflRO—kJES‘
MEBrk (th) 2

Then, defining
P :=Pjo---0Dg,
we immediately get
P B%o (hwg) = Bry(hyy)
which, adding and subtracting id to each ®; withi =1, ... K entails
P —id=(P;—id)oPro---0Px+ (Py—id)oP30---0 Py +---+ P —id.

Hence we get the estimate

K—1
* rj *
sup | () —uly, <RoJge Y T <roRoJie,
ueB%o(th) =0
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which implies (6.3) by using the definitions of Jx, € and R, the smallness assumption (6.2) on
ro and setting wy = wg.

The new Hamiltonian H o ® is equal to Hy given in (6.11) with k ~ K. We then set 3 := Zx
and R := Rx. The (6.4) follows. The bounds (6.5) follow by (6.14)-(6.16) recalling (6.9), (6.8),
(6.7). O

7. Times of stability

In this section we provide the proof of our main stability results for the solutions of the equa-
tion (1.1).

The proof basically relies on a combination of the Birkhoff normal form result of Theorem 6.2
and Lemma 2.16. In view of section 2.1 we have that equation (1.1) is equivalent to (2.6). In
particular, recalling (2.5), for any (o, Y1) € H>P*! x HSP~! we define

"o = i(w%woﬁw—%x/fo). (7.1)
5

One can notice that condition (1.17) (resp. (1.10)) implies that the function uq in (7.1) satisfies

||u0||s,p <é. (7.2)

Assume now that u () is a solution of (2.6), with initial condition u(0) = uy, satisfying

sup lu@lls,p <20 for some To > 0. (7.3)
t€[0,Ty]

Hence the solution (¥ (¢), 9;¥(¢)) of (1.1) with initial conditions (Y, Y1) satisfies the a priori
bound

I Dls,p+1 + 100 (Dlls, p—1 < Hu@)l5,p < 85, Vit € [0, Tol,

which implies (1.18) (resp. (1.11)).

The discussion above implies that in order to proof Theorems 1.4, 1.2 we just have to prove
the claim (7.3) on solutions of (2.6) with initial conditions satisfying (7.2) and we shall provide
suitable lower bounds on the lifespan 7y > 0.

In order to apply our abstract Birkhoff normal form result we need some preliminary results.
More precisely we shall prove that the Hamiltonian function H in (2.7) (see also (2.12)) can be
written in the form (6.1) with

—-1/2 -
Ro = Has :=/F($) dx (7.4)

where F is the analytic function in (1.3). This is the content of the following lemma.
Lemma 7.1. Let R > 0 as in (1.3) and consider the Hamiltonian Ry in (7.4).
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Case (sSE). Fix s, p > 0 as in Theorem 1.4 and let (recall (1.6))

2
S0 = gs , W =w(sg, p) . (7.5)
For any r > 0 satisfying (see (2.20))
2Cae(p)r <R, (7.6)

one has that the Hamiltonian Ry in (7.4) belongs to the space Hr(hy,) of regular Hamiltonians
(see Definition 2.3), and

8Calg (p)

|R0|f,wofc(p3 R)|F|Rf<+OO, C(pv R) = R3

(7.7)
Case (S). Fix s =0 and let

wo :=w(po). (7.8)

For any po > 1 and for any r > 0 satisfying (recall (2.20))

Calg,M(pO)F <R,
one has that the Hamiltonian Ry in (7.4) belongs to the space Hr(hy,) of regular Hamiltonians

and

|F|gF < +00. (7.9)

calg,M(pO)
[Rol7wo < —r

Proof. Let us consider the case (sE). It follows using the analyticity of the function F' in (1.3)
and Lemma 2.1 and reasoning as in Proposition 5.2 in [12].
By analyticity we have that

RO:/}?(W) ZF(d)/( (u—l—u)) dx

T
F@

o0
=5 (i )/<w ff @ b Ha,
d=3 k=0
hence, passing to the Fourier basis, we get
X pd) d
d) . - . - _
S EED ) ID D T
k=0 Sy ii= Zp k1 Jp

where the coefficients C(d)(jl, ..., Jq) are symmetric in j;, i =1, ..., d, and have the form
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d
. . 1 2.1
COG.....jin=]]e 2(;»(—) =1 (7.10)
; |]l| +m

In view of (2.6) we now compute the first component of the vector field X g,. We have

U)o 5~ FO N (4 g et
Xjg) = —idg, Ro = 1zzmz L)@ —=0a (),
d=3

a(d,k)(j) = Z C(d)(jlw--»j)ujl """jkﬁjkﬂ “"’_tjd—l >
Z 1]’ Zp k+I]P J

where we used the symmetry of the coefficients C@(jy, ..., j). Notice that

Z ( )(d - k)|a(d’k)|w(s,p)

where u = (|u|) jez and forany 0 <k <d, d > 3 we set aldh .= (adh (J)) jez - Notice more-
over that

|X Ry (1) (s, p) < 1X Ry (W) lus. py < Z

@O < wx.uxiix...x)jl,  Vjel.
—— \,_/

k d—k—

Therefore, using estimate (2.18) in Lemma 2.1, we obtain

|F(d)|
|X@<u>|w<s,p)sz 72 Z (d = k) (Carg(p)*ully,) )
d=3

o
<Y a2t F D (Carg () 2luldy! ) <4Z|F<d>|(2ca19(p))d ulls -
d=3 d=3

Then
o0
[Roliwg < Y IF@12Ca15(p)F)* 2,
d=3

which implies the bound (7.7) using (7.6) and the hypothesis (1.3). This proves item (7).
The case (S) in item (ii) can be proved by following almost word by word the proof of item
(i) using the estimate (2.19) instead of (2.18) in Lemma 2.1. O

7.1. Sub-exponential stability and proof of Theorem 1.4

For future convenience we set

7 R , (7.11)
Calg(P)c(P’ R)|F|r
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where C(p, R) is givenin (7.7). Therefore by case sE in Lemma 7.1 we have that the Hamiltonian
H in (2.7) can be written, for any K > 1, in the form (6.1) with sg, wo as in (7.5). Our aim is to
apply Theorem 6.2 to the Hamiltonian H = D,, + Ry with Ry in (7.5). Recalling the parameters
in (6.6)-(6.7) we fix

ro =28, (7.12)

and

a

K = K(rg) 1= [(%)5(2—18 Inln :—O)Tl} , (7.13)

where [-] is the integer part and where C > 0 is the absolute constant given by Proposition 4.1.

We claim that (7.12) and (1.16) implies that ro satisfies the smallness condition (6.2) with
K(rp) in (7.13) and J; = J;E. In other words we prove that

4\% KZC, L
Co:= 32e43|R0|;,wOK<—4> expexp (( )q*l)rfo <l1.
Y 50 r

In fact, with that choice of K, we can easily check that conditions (7.12) and (1.16) actually imply
a much stronger bound:

24c 1 7
C0§216|R0|;,woexp{exp((K2 7 )ql)—lnL}
14

(7.13) - _
< 2" Rol7.ug exp{exp (2"InIn L) —lni}
ro 10
T 16 _ 7\ 7 7
< 2°%C(p,R)|F|grexp{ |In— —In_—
ro ro
16 — 1 r
<2°C(p,R)|F|grexp{—=In—¢ <1
2 1o
where the last bound holds provided that
514
ro/r <exp21-2™ (7.14)
and
r (7.11) Calg(P)

"= 22(c(p, R)IFIrP)? 28C(p, R)|F|rR 719

are satisfied. Since ro = 2§ and § < §5g, we have that condition (1.16) implies (7.15) if one
requires

2XC(p, R)R
Cr=Cap. R = SRR (7.16)
Calg(P)
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Using (7.12) we notice that (1.16) implies (7.14) if one requires

8Ca1g(P)C(P7 R)

Cr=Cy(p,R) >
2 2(p, R) > R

(7.17)

Theorem 6.2, together with Lemma 2.16 (recall also Remark 2.19), implies that the solution
u(t) of (2.6) evolving from initial data satisfying (7.2) remains in the ball of radius 2§ for time
t €10, Tp] (i.e. the bound (7.3) is satisfied) with (see the bound (6.5))

-\ K

R (6exkd™~% 1 7 (%)
- 1 _ K = N K K
8ryt [Rol7w, (v ~*expexpK3c/so)” — 8|Rol7w, 7o ((i—i) Kexpeprzc/S())

T :

We have to show that, thanks to (7.13) and (7.11) and the smallness of rg, the time Ty above
satisfies the bound (1.19). Actually we prove the slightly better bound

Indeed §sg <7 /2 using (7.11) and (1.16) and taking C2(p, R) as in (7.17). Let us observe that

2° TK 2° ‘
exp (Klnl;fo +K’In <F)) (Kexp{eKzC/A0}> <exp (Kln ’;TO) exp <K2 In (F) + KzeKZC/AO)

ro 210¢ )
<exp (K]n T) expexp | ——K° |,
r

Y50

hence
17 F ¢,
To> z—————exp(KlIn— —exp| —4—K
81Rol7 ) ro 1o Y70

(7.13) 1 7 4ot = ol = 1 -\ g-1
> 7iexp ()/ SO)2<—lnlnL) : lni—exp —lnlni
8|R0|,:’wf ro 210¢ 28 ro ro 28 ro

1 r
P
81Rol7 ., ro
17 (

Z e
81Rol7 ) ro
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where we required that

;
o< ————=%>
expexp28

rofrexpexp —<4_) .
V80

We have that conditions (1.16) and (7.11) imply (7.19) if one requires

2expexp{28}Cae (p)C(p, R)

Cr,=Cr(p,R) >
2 2(p, R) > R

The bound (7.20) is implied by the (1.16) setting ¢ =3 - 21°C and

Ci=C JRy>—m ———.
1=CP R = R

The bound (7.18), together with (7.7), implies the lower bound (1.19) by setting

C3=C3(p,R) = 16C(p, R).

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)

Theorem 1.4 follows by the discussion above choosing the constant Cp as in (7.22), C3 as in
(7.23), C, satisfying (7.16), (7.17), (7.21) where Cyg(p) is given in (2.20) and C(p, R) in (7.7).

7.2. Sobolev stability and proof of Theorem 1.2

In order to prove Theorem 1.2 we reason as done in Section 7.1 and we assume that the initial

condition 1 satisfies (see (1.5))
luollp == lluollo,p <46
Fix

1

K
K:=K(p):=|:(p_l>§:|—1, po:=p—§::p—24342i2.

2434

i=1
Recall that in Theorem 1.2 we required p > 2°(36)% + 1. Then one can check that

- 1

C:ZW’ p()>1

1<3(p—13 <K(p)<p'3,

For future convenience we set

_ R
Vom .
calg,M(P0)|F|R
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Therefore by item (i7) in Lemma 7.1 we have that the Hamiltonian H in (2.7) can be written,
for any K > 1, in the form (6.1) with wp as in (7.8). Here again we apply Theorem 6.2 to the
Hamiltonian H = D,, 4+ Ro with Ry in (7.5). Recalling the parameters in (6.6)-(6.7) we fix

}’0:25.

(7.28)

We claim that (7.28) and (1.16) imply that r satisfies the smallness condition (6.2) with K(p) in

(7.25) and J;f = JZ. That is, we show that

4\K
Co := 32643 | Rol7 .y K (—4) exp (22c’) 2 < 1.
Y r

First, we notice that

2po+1
po>1 = lfcalg,M(pO) ::ﬁ 2+p07§23'
2po —
Hence
19 3|70
Co = |Rolr.up exp {2°CIn(1 /K| 2
r
(7.9),(7.27),(1.25) | F
< —| R|R exp{22lcln(1/y)p}r0§ I,
provided that

ro < exp{ —221C1n(1/y)p}.

|F|r

The last inequality follows from (7.28) and (1.9), taking

c2221C.

(7.29)

(7.30)

In view of Theorem 6.2 and Lemma 2.16 we have that the solution u(t) of (2.6) evolving from
initial data satisfying (7.24) remains in the ball of radius 2§ for time ¢ € [0, Ty] with (recall the

estimate (6.5) and J¢ in (6.2))

it (16eK4*+2) K

0:= .
8o [Rolra, (y~*€exp(212cK?))"

Observe that
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S —
8|Rol7wro \ro/ [exp(214CIn(1/y)K3)]¥

(19727 R 1 (f)K 1
T 8Cug(po)lFlrro \ro/ [exp(24CIn(1/y)K3)]¥

_ R 1<f)K 1
T |Flrro \ro/ 20[exp (2'*ClIn(1/y)K3)]X’

since p > po and (7.29) holds. We also remark that condition (1.9) with (7.27)-(7.28) implies
that 6 < /4. Finally, by (7.26) one has

_ R 1(53)?@—”'“ 1
~|Flrro\ 8 2%[exp (p2'4CIn(1/y))1P

R 1 [55\~ D" 1
> (%) .
|[Flrro \ 8 [exp (p215CIn(1/y))1P
Setting ¢ = max{2(36)2/3, 221 C}, we get the thesis.
7.3. Sobolev stability optimization and proof of Corollary 1.3

Let us fix § such that

0<3§S:=55exp{—b1n(1/y)} (1.31)
where
L\
b := max {24c> (—) ,24c?[2536)°]"} (7.32)
48¢
and let us consider
) =1+ ! 1 (85) 7 (7.33)
= = —— In\— .
p=r 24c2In(1/y) Vs

where ¢ > 0 is the absolute constant given by Theorem 1.2 and §g given in (1.9).
In order to prove Corollary 1.3 we reason as above and we assume that

luollp == lluollo,p <6

Our aim is to apply Theorem 1.2. We shall verify that condition (1.9) holds for § small enough.
First notice that (7.33) implies

8=SSexp{—24c2(p— 1)%ln(1/y)}. (7.34)
Then smallness condition (1.9) translates in proving that

229



R. Feola and J.E. Massetti Journal of Differential Equations 356 (2023) 188-242

explcin(1/y)|p—24c(p =Dy <1 & p—24c(p— 1P <0,
recalling that 0 < y < 1, which is true as long as

3 1 8s\\" 1.2
r=1+ (s () 21 G

10

1 \°
In(8g/8) > 24c*(— ) In(1/y).
48c
This follows by (7.31)-(7.32). With similar computations we can check that (7.31)-(7.32), to-
gether with (7.33), yield p = p(8) > 1 + 29(36)2. Hence, Theorem 1.2 applies, guaranteeing
time of stability of the form

R /8\ =D
S c
Tz 3 (X) exp{ = pPcin(l/y)}

739 R 2 o
2 2|F|R8e>q){24c(p 1)2In(1/y) pcln(l/y)}

R o
> 5 exp{cln(l/y)(24(p— 12— p )}

2
= 21 FIxs exp{c(p = D?In(1/7)]
(733) R c(ln(l/y))—l/S) ol
= 2|F|Rré eXp{ (242)6/5 (In(3s/8)) 5},

which is the stated bound (1.15).
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Appendix A. Technical lemmata

We collect some technical lemmata.
Lemma A.1. Consider the function

Ax):=(log2+x)%, 1<g=<2, x>0. (A.1)
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Then, there exists a constant 1 < k < 5/4 such that for any integer N > 4 and xp > x3 > --+ >
xy =1,

N

N N
A@@zk(}:w)+c§:umL mm<n=1—%zn. (A2)
2

L= =2 =3

Proof. First of all we notice that the function A is sub-linear i.e.
AMx+y) <Ax)+A(y), Vx,y € Ny. (A3)
Recall (1.6) and that (x + y) < (x) + (y) and set
F(x,y):=(0n2+x + y)?— (In(2 + x))4, Vx,yeR, x,y>0.
To obtain (A.3) it is sufficient to show that, for any y € R, y > 1, one has
F(x,y) <(n2+y)%,  VxeR, x>1. (A4)

We claim that for fixed y > 1 the function [1, 400] > x = F(x, y) is decreasing. Then (A.4)
follows since F (0, y) < (In(2 + y))<. We have

In@+x+y)9"  (n@+x)! }

0, F(x,y) =
L F(x,y) q{ ity T x

hence 9, F (x, y) = 0 for some x > 1 if and only if

_ (In@2+x)*!

g(x,y) 2

(A.5)

where

(In2+x +y)!
glx,y):= 5 :
+x+y

The right hand side of the equation (A.5) does not depend in y € R. One can check (using also
that 1 < g < 2) that for fixed x, the function y — g(x, y) is decreasing if y > 1. Hence (A.5)
cannot be satisfied, and, on the other hand, one has

(In(2 4 x))a!
8(X,y)<2+—x, x,y>1,

which implies 9, F (x, ¥) < 0 and hence the claim. Then (A.4) holds true. We claim that there is
aconstant 1 <k < 5/4 such that
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xA(1) > kA(x), Vx>1, (A.6)
A(x) = kA (2x), Vx>1, (A7)
XAQ2) > krA(2x),  Vx>1. (A.8)

By using (A.1) one has that conditions (A.6), (A.7), (A.8) are equivalent to

« <, min, {;rzlflhl(X),;lzlﬁ ha(x), inf h3(x0)}, (A9)
setting
log(3) \a 24+ 2x / log(2 + x) \a-1 log4) \a
M) = (2 ) L = T (P ) ) = ()
0g(2+x) 2 +x \log(2+ 2x) log(2 + 2x)

Notice that

W =( log(3) )q[l gx 1 ]’

log(2 + x) C 2+4x log(2 + x)
W — ( log(4) )q[l o 2ax 1 ]
37 \log(2 + 2x) 2+ 2x log(2+2x)1°
;L 1 log2+x) \q-1[, 4+2x 242
hy= (24 x)2 (log(2 + 2x)) [2 @ 1)(111(2 +2x) In2+ x))] '

Consider the function /1 (x). One can note that

1 2
10)>0 & gr<QR+x)InR+x) & 1<—InQ+x)+-—1),
q 24+x

which is true for x > 1, since 1 < g < 2. Hence miny>1 21(x) > 1. With similar computations
one can check that the constant « in (A.9) can be fixed as k = 1. Then (A.6), (A.7), (A.8) hold.
We are now in position to prove (A.2). Let 1 < Ng < N such that

XNO_H:...:)CN:l, xN022.
Let N; := N — Ny > 0. Define
No No No
g2, X3, o) 1= M) = A (M D) = e Yot + (L= NiAD).
=2 =2 =3
In order to prove (A.2) we have to show that g > 0. If Ng = 1 we have that

g= AN —D+(1—)(N—DrD)' > [(1—c— %)(N ~ DA 2 0.

Assume now that Ny > 2. We have

232



R. Feola and J.E. Massetti Journal of Differential Equations 356 (2023) 188-242
No

05,8 = 1 (x2) —k’(Nl +x) 20, (A.10)
=2

since A’(x) is decreasing for x > 2. If Ny =2 we have that

g(x2) = g(2) =1(2) = f(N) + (A = c)(N = 2)A(1)

(A3) (A.6) 1
> AN -2)+(1—-—c)(N=2Ar() > (I1—-c— ;)(N —2)A(1)>0.

Assume now that Nog > 3. Then, since x, > x3, by (A.10) we get

8(x2,x3, ..., xNy) > 8(x3,X3,...,XN,)
No No
= 2= rx) = A(M +2x3+ ) xe) + (1= ) 3w + (1= ONIA(D)
=4 (=4
= g3()€3, . ,XNO).

Proceeding analogously, since A’ is decreasing and positive, we get

B 3(X3, - .., XNy) = 2((1 - %)x/m) - )\/<N1 +2x3 4 %x[))
pt (A.11)

>2 ((1 . %),v(xg) - x/(2x3)) X0 2(1 - % - %)X(m) >0.

Let us note that by (A.3) and (A.6) we have

N -5
)\(N—I-I)S)»(S)-i-(l—i-—))»(l), VN >4.
K

Then, if No = 3, and recalling that ¥ <5/4 we get

(A.11)
g3(x3) > g3(2)
=Q2—-—0)A2)—=AN+1D+ 1 —=c)(N-=3)A(1)
> (2= OAQ2) — A(5) — (1 n NT_S)A(U £ = )N =3)()

N -5
K

(Az'g)(z P %)x(z) + ((1 —ON=3)—1—

A6y 4 —2 5 N -5
(- S0 =3 —1- =) 20,
K2 K

),\(1)

K

by definition of c. Otherwise, for Ny > 4 we get, since x3 > x4,
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(A.11)

83(x3, X4, ..., XNy) = 83(X4, X4, ..., XNp)
No No
= (3 =202 (x) = A(M1 +3x + D _xe) + (1 =) Y Mae) + (1 = ONiA(D)
=5 =5
=:g4(x4, ..., XNp)

Proceeding in this way we obtain by induction, for 3 <n < Ny functions

8 =8n(Xn, ..., XNp)
No
= (=1 = (1= D)re) = A(M1 + (1= D+ Y xe)
{=n+1
No
+(=c) Y A0+ —NAD),
l=n+1
with
8n—1(Xn—1,..-,XNy) = 8n(Xp, .., XNg) VXxp—1=x,.
Indeed, since
8xngn(xn» B xNo)
No
= ((n=1) = (1 = 2)c)"(x) — (n — 1))J<N1 F- Dt Y x[)
{=n+1
n—2 , ,
>mn—=1|11- 1c A (xp) — A 2xy)
n [—
(A7) n—2 1\,
> m-D|1- c—— A (xn) >0,
n—1 K
we have that for every x, > x,4+1
&n(Xn, Xngt, oo, xNo) > &n(Xn+1, Xnt1, s XNO) = gn+1(Xn+1, ..., xN()) .

In conclusion we get

g(-x21 X300 xNo) = gNo(-xNo)
= ((No— 1) — (No — 2)c)A(xn,) — A(N — No + (No — Dxn,)
+ (1 —¢)(N — No)A(1)

with BXNO gn(xn,) > 0. Then, recalling that we are in the case Ny > 4, we get
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gN()(xN()) > gN()(Z)
= ((Nog — 1) = (Nog — 2)c)A(2) — A(N + No — 2) + (1 — ¢)(N — No)A(1)
"2 (Vo = DA@ = Vo = 2)4(2) = 22No —2) = AN = No) + (1 — YN — No)(1)
(A.8),(A.6) 1
> |:<1 - —) (No—1) —c(No — 2)] r(2) + (1 —c— —) (N — No)A(1)
K
=cA(2)=0.

This completes the proof of (A.2). O

Remark A.2. From the proof of Lemma A.1 actually we can deduce that, if A(x) is defined as in
(A.1), one can choose the constant x = 1 in (A.6)-(A.9). This means that the constant ¢ in (A.2)
can be chosen to be 0. However, we state it in this more general form to make it transparent also
for a different choice of A(x), provided it is sublinear and satisfies conditions (A.6)-(A.9).

Lemma A.3 (Lemma C.1 in [12]). For p, 8 > 0 and xo > 0 we have that

max xPe P¥ =
X=>Xx0

(p/B)re™? if xo=p/B,
xé’e*ﬂm if xo>p/B.

Lemma Ad. Let x; > x> ...>xy > 2. Then

ZI<Z<N Xe
Mooy v VY 7 v

Proof. By induction over N. The result is obvious for N = 1. Let assume it for N and show it
for N 4+ 1. We have

21<K<N+1 Xe (21<Z<Nx€)+xN+l

1_[1<Z<N+1 \/— (1_[1<£<N \/_)«/XNJr

() e

Since x1 > x2 > ... > xy > 2 implies ]_[1<,5<N Jxg > V2. 1t remains to prove that

(4 75) et S = e

Denoting ¢ := /x| and s := /Xy, the above inequality is equivalent to
f(t,s):=2t2s —2ts> + 85 —2t> —8>0
for +/2 < s <t. Since f is a concave function of s we have that
f(t,9) zmin{f (2, v2), £, 1)
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It is immediate to see that

min f(1,v/2)=7v2-9>0, min f(1,1)=12v/2—-16> 0,

124/2 1242
showing that f(¢,s) > 0 for v/2 < s <t and concluding the proof. O

In the following it will be convenient to use the following way of reordering of the indexes
J € Z appearing in the Hamiltonian (2.21).

Definition A.5. Consider a vector v = (v;);cz Vi € N, |v| < 00.

(i) We denote by =7 (v) the vector (1j);c; (where I C N is finite) which is the decreasing
rearrangement of

{N>h>1 repeated v, + v_p times} U {1 repeated v; + v_1 + vy times}
(i7) Define the vector m = m(v) as the reordering of the elements of the set
{j #0, repeated |vj| times},
where D < oo is its cardinality, such that |m| > |my| > --- > |mp| > 1.

Remark A.6. We observe that the number N := |a| + |B] is the cardinality of 7 and that, by
momentum conservation, there exists a choice of o; = %1, 0 such that

Z omn; =0, (A.12)
!
with o7 # 0 if n; # 1. Hence,
< ny . (A.13)
1>2

Indeed, if o] = +1, the inequality follows directly from (A.12); if oy = 0, then 7y = 1, hence
n =1Vl

Given o # B € NZ, with || + | 8| < oo we consider m = m(a — B) and 7 =7 (e + B). If we
denote by D the cardinality of m and N the one of 77 we have

D+ap+pPo<N, (A.14)
(m1l,....Impl, 1, ..., 1) < (m1,...7IN). (A.15)
&\f_d
N—D times

Set o7 = sign(a,,;, — B, ). For every function g defined on Z we have that
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> elai — Bil = g(O)lao — fol + Y glmy),

ieZ >1

(A.16)
> 8(@) (@i — Bi) = gO) (o — fo) + Y _o1g(my) .
ieZ >1
Lemma A.7. For all («, ) € M (see (2.26)) the following holds.
@) If
D (i = BIiIF <10) o — Bil, (A.17)

then we have
63
Dl — Bil(/(i) <63 ) a@m) < 7(2 (e + BA((i)) — 2A<<j>)) : (A.18)
i >3 i

where X is in (1.6) and

N
[T +1ei = gl iy <N T, (A.19)

=3

where N = |a| + |B|.
(ii) If on the contrary (A.17) does not hold then

lw- (=B =1, (A.20)
where w is given in (3.1).

Proof. Let us prove item (7). Inequality (A.19) is contained in [12, Lemma 7.1] so we send the
reader there for the related proof. For inequality (A.18) we proceed as follows. We claim that,
given g defined on Z and non negative, even and not decreasing on N, if & # 8 one has

> g)lei — il <280m) + Y g ). (A21)

ieZ >3

Indeed, by (A.16) we note that

> g@lei — Bil = g(O)leo — fol + Y _ gmy)

ieZ [>1

< g(1)(ao + Bo) +2g(m1) + Y _ glmy).
>3

Hence (A.21) follows by (A.14) and (A.15). Applying (A.21) with g(x) = f(4/x), we have
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Y o — Bilg (i) <2g(mp) + Y g() <2831y AP+ Y g()

>3 >3 =3
<62 g@)+ Y g <63) A(),
>3 >3 >3

which implies the first inequality in (A.18). The second one follows by (A.2).
We now show item (ii). Notice that

‘m—ﬂ‘fﬂ.flv me[l,2], iel.
2i2

Then, by triangular inequality, we have

Y (i = B = Y (i — B (Vit+m—i?)

i€eZ i€Z

>10) ey — Bil = Y _lei — Bil = 1,
i i

>

> (e = Vit +m

i€Z

whichis (A.20). O
Lemma A8. FixN> 1, § > (36N)2, 7 < 36N?% and d > 4N. Then one has
sim s (YT - BP0 =2 @ a2
jez, @prea Mlieg LilHH 7~

where A C A is the set of indexes (a, 8) such that (A.17) holds and

le| + B =N+2, oaj+Bj#0, lo—Bl<N+2.

Proof. By (A.19) (recall Definition A.5) together with |a| 4 || =N+ 2 and d < 4N we get
2
. N+2
L]J2 8 27t 61 2 B
J=< sup (4) (e (N +2) ) o
aj+B;#0 HieZ LlJa’—i_ﬂ‘ E},
lo—B|<N+2

with 7 =7 (a + B). We claim that

N+2 .
N+2<4]]la)m. (A.23)
1=3

Indeed if N = 0, the inequality is trivial. The case N > 1 follows by Lemma A.4. Recalling
Definition A.5 we have

[ L« =TTl (A24)

i =1
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Then

SR A O Y S 8 I =17 S D W/ 1
J.a.p Hi LiJa[+ﬂi B lelLﬁlJ szzLﬁlJ nlzanlJ n1>3LnlJ 1_[132L71\1J’

aj+pj=1

where the last inequality holds by momentum conservation. Recall that T < 36N% and § > (36N)2.
Then, by (A.23) and by the fact that (a + b)d <281 (aa +b%) fora,b>0,8 > 1, one has

_ 1 Qs 21T~
g <261 _ =3 46,27)72N 32
=< <H123Lnd5 + sl )( e”) ngJ

51,46 27,7282 sl
<27 (4% (1+L71\2J81_[123L71\1J5/2

< 201462772 (1 n (Lﬁﬂiﬂ +4)5> ’
[n2]%

where we used Lemma A 4. Then the thesis follows. O
Proof of Proposition 2.9. In all that follows we shall use systematically the fact that our Hamil-
tonians preserve the momentum and are zero at the origin. These facts imply that |«| + | 8] > 1.

Case sE) Let us start by proving the bound (2.37). It follows by (2.36) in Lemma 2.8 provided
that (recall Remark 2.7)

(J) ((X ﬂ)
Co:= sup rw— <00,
j€Z,a,BeNZ, Cr W(Oé B)
aj+B;#0,
> il —pi)=0

where w = w(p, s + o) and where w(p, s) is the weight defined in (2.14). We actually show that
Cy is equal to 1. By direct computation

) (@ p)

Dap =eXP(—0(2i:/\(<i))(ai + ) = 2((7)) ). (A25)

By momentum conservation, inequality (A.13) holds, which together with the sub-linearity of
A and the definition of 7 gives the following chain of inequalities, for all «, 8 in ), such that

aj+B; #0:

Zx( (i) (e + Bi) = 24((j) = Zx( (i) (e + Bi) — 21(1)

= D 0@ — ) = (Y _m)

>1 1>2
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>y @) - A A= ey A =0,

1>2 I1>2 >3

where the last inequality follows from (A.2). This concludes the proof.

Case S) In order to prove the bound (2.38) we follow the ideas in the proof of Proposition 6.3
in [12] where the norm | - |, w(p) (see Definition 2.3) with w(p) in (2.15) is denoted by || - ||, p.
Again in view of (2.36) in Lemma 2.8 we only have to prove that (recall (2.33))

) . !
¢, (e, B) 2 r
je€Z,a,peNZ, Cr,w(aa B) j€Z,a,peNZ, HiEZ Li Joirh
a;+p;#0, a;+B;#0,
> il —pi)=0 > il —pi)=0

where w' = w(p + p’) and where w(p) is the weight defined in (2.15).
We first show that the inequality holds in the case j =0, £1. Indeed we have

[Juiserth = [ Jouth = oXieithi > 4,
i i

since ) ; o + Bi = 2.
Consider now the case |j| = [j] > 2. Since «; + B; > 1, the inequality (A.26) follows by
showing that

ljl
sup

<1 A27
jup [ligj i thi = ( )

By momentum conservation we have

1< il + ) < Y _Lid(ei + Bi) -
i#] i#]
Then (A.27) follows by showing that

DizjLil(ai + Bi)
sup p— =1,
j.a.B H,‘#leJ’ '

where we can restrict the sum and the product to the indexes i such that «; + 8; > 1. The latter
bound follows by the fact that, given x; > 1,

Zzikgnkxk -
[heag<n b~

as one can prove by induction oven n and recalling that n* > nx forn >2,x > 1. O
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