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This paper presents a quasi-analytical framework for shear-thinning generalized Newtonian fluids flowing in
slightly tapered conical pipes. The nonlinear rheology is approximated through a Truncated Power-Law (TPL)
formulation, characterized by Newtonian plateaus at low and high shear rates connected by a finite power-law
region. Relying on lubrication theory and the slender approximation, a quasi-analytical solution is derived for
velocity, pressure gradient, and shear stress distributions. The solution strategy is validated against dedicated
numerical simulations, showing excellent agreement and confirming both consistency and predictive accuracy.

An application to extrusion-based bioprinting illustrates how the framework can be employed to evaluate
shear stresses in conical nozzles, identify critical operating conditions, and support process optimization, thus
reducing reliance on costly simulations and trial-and-error experiments. The MATLAB scripts used for the flow
solutions have been made available for the community use.

1. Introduction

Flows in tapered pipes (i.e., channels whose cross-sectional dimen-
sions vary gradually along the axial direction, such as conical ducts)
are encountered in a wide range of research and industrial applications,
including polymer processing [1,2], food engineering [3], and biomed-
ical systems [4-8]. The mathematical modeling of such flows has been
extensively investigated since the last century for both Newtonian and
non-Newtonian fluids.

Focusing on Newtonian fluids and aiming to analyze boundary-layer
separation mechanisms, Blasius [9] analyzed axisymmetric steady lam-
inar flows in channels with a radius varying slowly and exponentially
along the axial coordinate. Through an order-of-magnitude analysis and
the method of successive approximations, he derived closed-form solu-
tions for both the axial and radial velocity components. Later, Forrester
and Young [8] explored the boundary layer separation of blood in
vascular diseases, referring to slightly converging and diverging tubes
to model mild stenosis and dilation conditions, respectively. They ob-
tained a fourth-order polynomial solution for the axial velocity profile.

Langlois [10] investigated creeping flows in conical tubes, deriving a
closed-form solution via a power series expansion in the taper angle,
under the assumption that streamlines are straight lines radiating from
the cone vertex. In a similar context of viscous flows in mildly tapered
and axisymmetric ducts, Kotorynski [11] developed a solution for both
axial and radial velocity components using the recursive successive
approximation method, expressing results as functions of the axial
pressure gradient. Finally, adopting a perturbation analysis approach,
Sisavath et al. [12] extended the analysis of Forrester and Young [8] by
deriving an asymptotic solution of the Navier-Stokes equations at low
Reynolds numbers for flows through constricted tubes with different
values of constriction wavelength and amplitude.

However, in many advanced applications, the working fluids ex-
hibit complex non-Newtonian and nonlinear rheological behavior [1].
In particular, reference is made to the class of generalized Newto-
nian fluids (GNFs), also known as viscous inelastic fluids, which dis-
play shear-thinning and viscoplastic effects [1]. For these fluids, shear
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stress depends on the instantaneous shear rate and can be described
by a generalized constitutive equation analogous to that of Newto-
nian fluids, where the apparent (or effective) viscosity is a nonlin-
ear decreasing function of the shear rate. A wide range of empirical
constitutive models have been proposed in the literature, including
the power-law model [13,14], the Casson model [15], the Bingham
model [16], the Herschel-Bulkley model [17], the Carreau model [18],
and the Carreau-Yasuda model [1,19]. Among these, the Carreau—
Yasuda model is widely recognized as a robust and versatile framework
for describing the shear-thinning behavior of complex fluids. It captures
fluid responses characterized by weak apparent-viscosity variations
in both low- and high-shear-rate regimes (corresponding to quasi-
Newtonian behavior) while accurately representing the pronounced
nonlinear transition observed in the intermediate shear-rate range [1,
20]. This transition region is commonly referred to as the power-
law region, as it can be accurately approximated by the Ostwald-de
Waele power-law description [13,14]. Nevertheless, despite its exten-
sive application in various fields, such as polymer processing [21],
hemodynamics [22], bioprinting [23-25], lubricant engineering [26],
and food technology [27], the Carreau-Yasuda model presents intrinsic
challenges related to parameter identifiability, which may compromise
its predictive robustness and reliability [28,29]. To overcome these lim-
itations, a more consistent rheological formulation, referred to as the
shear rate-based rheological model (SRB), has recently been proposed
by Santesarti et al. [29].

Several studies have been conducted to investigate non-Newtonian
shear-thinning flows in tapered pipes. Sutterby [30] proposed a specific
rheological model and employed a numerical method to evaluate the
flow rate-pressure drop relationship. Oka and Murata [31] derived
general integral solutions for shear stress, velocity, and flow rate,
under the assumption of negligible inertial effects. A comparative anal-
ysis of the flow rate—pressure drop relationship for Casson fluids in
both conical and cylindrical vessels was presented by Walawender
and Prasassarakich [32]. Building on the work of Oka and Murata,
How et al. [33] applied their results to polyacrylamide solutions,
with viscosity data fitted using the power-law model, to study blood
pressure loss in arterial prostheses. More recently, Priyadharshini and
Ponalagusamy [34] extended the solution proposed by Forrester and
Young [8] in the context of vascular pathologies, modeling blood as a
Herschel-Bulkley fluid and providing a solution for the axial velocity
component. Panaseti et al. [35] analyzed the lubrication flow of a
Herschel-Bulkley fluid in a symmetric channel with varying width
using a semi-analytical approach, while Fusi et al. [36] proposed a
semi-analytical solution for Bingham-like flows in pipes with variable
cross-sections.

Specifically referring to the Carreau-Yasuda model, since the non-
linear nature of its rheological formulation [1], it does not allow
for analytical solutions even addressing simple geometries such as
cylindrical tubes or parallel plate channels [37,38]. Nevertheless, in
the cases of simple straight channels (i.e., cylindrical tubes or parallel
walls), alternative and accurate closed-form solutions have been suc-
cessfully developed, particularly in the context of hydraulic fracturing,
by describing the fluid behavior via a Truncated Power-Law (TPL)
model [37-39]. In this case, the effective viscosity follows a power-law
behavior within a finite shear-rate range, and is truncated to constant
values below and above defined threshold limits, resulting in ideal
Newtonian response for low and high shear rate levels.

Building on this strategy, that is by describing the nonlinear rhe-
ological behavior of shear-thinning GNFs through a TPL approxima-
tion, the present paper introduces a novel quasi-analytical solution
for Carreau-Yasuda-type flows in slightly tapered conical pipes. The
proposed approach relies on lubrication theory and exploits the slender
approximation [1,2], which neglects inertial convective terms in the
momentum balance equations. Comparisons with dedicated bench-
marking numerical simulations confirm the consistency and accuracy of
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Fig. 1. Sketch and notation of the tapered axisymmetric conical pipe geometry
addressed in the present study.

the proposed solution strategy in capturing shear-thinning flow features
in slightly tapered conical geometries.

Finally, an application study illustrates how the proposed quasi-
analytical framework can provide valuable insights to support opti-
mization protocols in extrusion-based bioprinting processes, which of-
ten employ slightly tapered conical nozzles [4,40-44]. In such applica-
tions, the extruded non-Newtonian polymeric fluid (commonly referred
to as bioink) contains living cells, whose viability is strongly influenced
by the shear-stress distribution and can be preserved by properly tuning
process parameters. The availability of an effective and accurate analyt-
ical tool thus has the potential to reduce time-consuming design phases
that currently rely on computationally expensive simulations and/or
trial-and-error experimental approaches.

2. Methods
2.1. Problem statement and general framework

Let a slightly tapered axisymmetric conical pipe be considered,
characterized by the length L, inlet and outlet radii R;, and R,
respectively, and the taper angle 0, assumed to be small. Accordingly,
with reference to the notation introduced in Fig. 1, the following
relationships hold:

R 1-

tané):ﬂ(—">=0+o(92), )
L X

R(z)=R;,—ztan0 ~ R;, — z0, (2)

where y = R, /R;, <1 is the tapering ratio.

An incompressible and homogeneous generalized Newtonian fluid,
characterized by the density p, is assumed to flow inside the pipe. Con-
sequently, the constitutive relationship between the deviatoric stress

tensor 7 and the strain-rate tensor E reads [1]
T()=2uE =u@) (Vo+V'v), 3

where v is the fluid velocity, V denotes the gradient operator, and
u () is the effective viscosity depending on the scalar measure y of the
strain-rate tensor

7 =12E| = \/2tl’ (ETE) =421, , e))

with I, being the second principal trace of the infinitesimal strain-rate
tensor [1,45,46].

Since the problem axisymmetry, the flow can be conveniently de-
scribed as bidimensional in the plane (r, z), with r € [0, R(z)] being
the radial coordinate and z € [0, L] the axial one. Thereby, velocity
and deviatoric stress fields can be represented as v = v,e, + v,e, and
T=1.,e0e¢+7,.(e.Qe +e, Qe)+1,.e e, +199e9 ey, wheree,
and e, are the radial and axial directions, respectively, and ey = e, Xxe,.

Consequently, by referring to a steady flow, the mass and momen-
tum conservation equations result respectively in:

0
o, )

10
Forrot 5,
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completed by the following boundary conditions
. v,
symmetry axis ? =v,=0 atr=0,
no-slip wall v,=v,=0 at r = R(z), (8)
outlet pressure p=0 atz=1L.

Addressing Carreau-Yasuda-type shear-thinning GNFs, the effective
viscosity u(y) introduced in Eq. (3) can be described by the SRB
rheological model proposed in [29]

(1-n)

1+ (2,7)"]

1+ (407)° ] ’
where: y, is the zero-shear rate viscosity, that is the viscosity value
attained for y — 0*; a is the dimensionless strictly-positive Yasuda pa-
rameter [19], generally greater than one and regulating the transition
between the Newtonian and power-law regions; n is a dimensionless
strictly-positive model parameter that well approximates the power-law
index regulating the rate of the viscosity change within the power-law
region [29]; 4, and A, are two time constants (having the dimension of
a time) delimiting the power-law region through the two characteristic
shear rate levels 7, = 1/4, and 7, = 1/4,. Thereby, when A, < 4,
and a > 1, a shear-thinning behavior is obtained if n € (0,1). The
corresponding infinity-shear rate viscosity, that is the viscosity value
attained for 7y — +oo, results in p,, = gy (Ao //10)1_". It is worth
observing that this description, when A1, — 0%, recovers the classical
Yasuda model [19], reproducing the rheological behavior of shear-
thinning fluids exhibiting a quasi-Newtonian regime characterized by
u =~ pg for small shear rates (i.e., for y < 1/4,), followed by an indefinite
shear-thinning behavior for any value of the shear rate greater than
1/ 4.

The rheological description in Eq. (9) can be conveniently approxi-
mated via a truncated power-law (TPL) approach [29,37], also referred
to as a power-law-based piecewise approximation [29,38]. Specifically,

H ()= mo [ ©

Ho for y <1/

U@ =Ky for 1/ig <7 <1/ > (10)
Heo for y > 1/4

where K = pugAi™" = ug, 425! is the so-called consistency index (with

K > 0) [1] of the classical power-law description [14]. Accordingly,
the norm 7 = ||z|| of the deviatoric stress tensor in Eq. (3) results in:

oy for 7 <1/4
TN =n@7=1Ky" for1/ig <7 <1/ > an
Heo? fory >1/4g

with 7 = 7y = gy for y <1/4y and © = 7o, = py 7 for y > 1/4,,, where
7, and 7., are denoted as the zero-shear stress and the infinity-shear
stress, respectively.

As illustrated in the exemplary case shown in Fig. 2, the adopted
TPL approach enables the approximation of the continuous viscosity
profile described by Eq. (9) through a piecewise linear representation
in the log-log (7, u) space. This results in the straight identification of
three distinct viscosity regimes: a low-shear Newtonian plateau with
u = py for y < y,, an intermediate power-law region for 7, < 7 < 7,
characterized by the parameters K and »n, and a high-shear Newtonian
plateau with u = u, for y > 7.

At the transition points (see Fig. 2)

Xo = (70- Ho) » Xoo = (Yoo Moo ) » (12)
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viscosity continuity is satisfied. Similarly, the piecewise linear repre-
sentation of the shear stress z(y) in the log-log (y,7) space ensures
continuity at the corresponding points

Y, = (}'/O,TO) s Y, = (}'/co,Tw) . 13)

To derive a quasi-analytical solution for a steady flow governed by
the truncated power-law model within a slightly tapered axisymmetric
conical channel, reference is made to the Newtonian and power-law
solutions reported in Appendix A and Appendix B, respectively. These
solutions are obtained from lubrication theory by order-of-magnitude
analyses [1,2]. In particular, under the assumption of a slightly tapered
channel (i.e., for small §) and a low Reynolds number flow, both
the inertial effects and radial component of the pressure gradient can
be neglected. This simplification allows the axial component of the
momentum balance equation in Eq. (7) to be expressed as follows (see
Egs. (A.4), (B.8))

ap(r, z) , 1 2 (rTzr) 10 aUZ
~ == = - = —= 14
0z P (Z) r or r or e or ’ ( )

so that the corresponding shear stress component z,, results in
r
= (n2) = p'()3, (15

where p/(z) = dp(z)/dz denotes the axial pressure gradient. As a result,
the scalar measures of the shear stress (z) and strain rate (y) can be
respectively computed as

Pl 2152 (16)

By integrating Egs. (14) and (15) with respect to the radial coordi-
nate r (that is, from the pipe axis at r = 0, to the wall at r = R(z)), the
axial velocity profile v (r,z) and the corresponding pressure gradient
p'(z) at each axial location z € [0, L] result in:

7(r, z) = |7,.(r, 2)|,

v(r,2) = =p'(2) [F(R(2), 2) = F(r, 2)], a7

4 R(2)
o A 7,.(r, z)dr, (18)

()=

where symmetry and no-slip boundary conditions are applied (see
Egs. (8)), and where

F(r,z) = r;dA. 19
2 /0 G a9

It is noteworthy that the expression of the axial velocity component
in Eq. (17), derived for generalized Newtonian fluids, is formally analo-
gous to the Darcy’s law for Newtonian flow through porous media [47],
given by g = oy,yqJ, where g is the specific flux, oy,yq the hydraulic
conductivity and J = —p/(z) the hydraulic gradient. In this analogy,
v, corresponds to ¢, and the term [F(R(z),z)— F(r, z)] plays the role
of a equivalent hydraulic conductivity, which depends not only on the
fluid viscosity and pipe geometry, but also on the operating conditions
(e.g., flow rate), due to its dependence on the shear rate.

Finally, the radial velocity component v,(r,z) is derived directly
from the mass conservation equation (5) as:

o,(r2) = -1 / 2% gy 1D (20)
r 0z r

where the function f(z) is determined by imposing the symmetry con-
dition at the pipe axis (see Egs. (8)), and the continuity of the velocity
field across the three viscosity regimes of the TPL approximation as
detailed in the following.

2.2. Quasi-analytical solution

In order to derive an analytical solution for the problem under
investigation, and referring to generalized Newtonian fluids described
by the truncated power-law model introduced in Eq. (10), the main
rationale can be summarized as follows.
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Fig. 2. Exemplary case of a shear-thinning response in GNFs. Viscosity u (black lines, left axis) and deviatoric stress tensor norm z (blue lines, right axis) vs.

the shear rate y. Comparison between the SRB description (dashed line) and the TPL model (continuous line). Values of model parameters: y, = 200 Pa s,
to=1/4 =025, y, =1/A, =200 s, n=0.5, a = 2. Consequently, K = pyA;~" =89.4 Pa s°, u,, =y, (/lm//l(])l_’1 =6.32 Pas, 7, =40 Pa, 7 = 1264 Pa.

Specifically, since the TPL model enables a clear distinction between
Newtonian and power-law regimes depending on the local flow condi-
tions, and since the flow regime is expected to vary smoothly within
the channel with respect to both the axial coordinate z and the radial
one r, it follows that, for a given cross-section (i.e., at a fixed value z €
[0, L]), either Newtonian or power-law behavior may arise depending
on the radial position r. Accordingly, starting from Eq. (15), and for
a given value of the axial pressure gradient p’(z), one can introduce
axially-dependent characteristic radii associated with the transitions
through different rheological regimes, identified by the viscosity states
in Eq. (12) (or equivalently by the stress states in Eq. (13)). These
characteristic radii are defined as:

T T,

Ry =205 Re(@) =278 1)
where, since p’(z) is expected negative for the problem under consid-
eration, it results 0 < Ry(z) < R (z) in the case of a shear-thinning
response. Therefore, R,(z) (respectively, R, (z)) is the radius at which
the magnitude of the shear stress is equal to the lower threshold 7, =
Uty (resp., the upper threshold 7, = u. 7). Accordingly, at a given
axial location z and depending on the operating conditions (i.e., the
flow rate Q and 4p = p(0) — p(L)), the pipe geometry (R;,, R,,, L and
), and the rheological properties of the fluid (x4, 4y, 4+, # and a), three
main flow configurations can develop, as schematically represented in
Fig. 3:

* R(z) < Ry(z) - The pipe cross-section is entirely characterized by a
low-shear-rate (LSR) flow, where the fluid behaves as Newtonian
with the high viscosity level y, and the shear stress being such
that z(r, z) < 7, for any r € [0, R(2)];

Ry(z) < R(z) £ R (z) - The pipe cross-section can be divided
into two concentric flow regions: a LSR region for r < Ry(z),
where the fluid behaves as Newtonian with the high viscosity
level u, and shear stress z(r, z) < 7); a medium-shear-rate (MSR)
region for R((z) < r < R(z), where a power-law flow occurs, with
sy > 1) > pg and 7y < 7(r, z) < 745

R, (z) < R(z) - The pipe cross-section can be divided into three
concentric flow regions: a LSR region for r < Ry(z), where the
fluid behaves as Newtonian with the high viscosity level y, and
shear stress z(r,z) < 7p; @ MSR region for Ry(z) < r < R (2),
where a power-law flow occurs, with p, > u(y) > u,, and 7, <
7(r, z) < 7,; a high-shear-rate (HSR) region for R (z) < r < R(z),
where the fluid behaves as Newtonian with the low viscosity level
Ho, and shear stress 7(r, z) > 7.

Specifically, as |p/(z)| (which is directly related to the pressure drop
Ap along the pipe axis) increases, the characteristic radii Ry(z) and
R (z) decrease, and the flow tends to exhibit a transition from the
regime illustrated in Fig. 3(a) to that depicted in Fig. 3(c).

Following the solution strategy described in Appendices A and B,
analytical relationships for velocity components (axial and radial),
shear rate, and flow rate can be obtained as depending on the pressure
gradient p’(z). In detail, referring to the cases previously introduced,
the following closed-form expressions result:

* R(z) £ Ry(z): one-region configuration (LSR regime; Fig. 3(a))

/( , Rz , 2
U, s (1 2) = —%O(Z) [1 - (ﬁ) , (22a)
0
Uppsr (1 2) = =0, sr (r,2) m’a (22b)
/
yzr,LSR (r,z) = [JZLZ)" s (22¢)
/ R4
Q:QLSR:_WQ (22d)
Ho
* Ry(2) < R(z) £ R, (z): two-region configuration (Fig. 3(b))
— For r < Ry(z) (LSR regime):
/
v, psr (r,2) = Ap(z) + M,Z , (23a)
: P
o en(rz) =L 4t 232 (23b)
rLSR (Fs o 81g ,
/
?zr,LSR (r,z) = ILZ)" s (230)
2p
) P (2)R3(2)
Orsr = 7R\ (2) [Ap(2) + | (23d)
Ho
- For Ry(z) < r < R(z) (MSR regime):
1
_[ P@]" R@)* =
Uz msr (5 2) = [ 7K ] — (24a)
1
__ | P@] P [R@) _
s [ 42 {1 02
a—1
_R (2)9}+ fo(Z), (24b)
2 r
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(2)

()

Fig. 3. Possible flow configurations in a channel cross-section under different flow regimes described by the TPL model, as defined through the characteristic
radii in Egs. (21). (@) R(z) < Ry(z): one-region configuration (LSR). (b) R(z) < R(z) < R, (z): two-region configuration (LSR, MSR). (¢) R, (z) < R(z): three-region
configuration (LSR, MSR, HSR). LSR: low-shear-rate regime (7 < 1/4,); MSR: medium-shear-rate regime (1/4, < 7 < 1/4,); HSR: high-shear-rate regime (y > 1/4,,).

1
1 4 n
posa 0 =-r [-52]" (240)
1
2 @] [ R*(2)
Oysr=" |~5¢ {T [R*(2) - Ri(2)]
RP(z)- R’
_ K@~ Ry } , 24d)
B
O0=0;5r+0Qumsr:S (25)
* R, (z) < R(z): three-region configuration (Fig. 3(c))
— For r < Ry(z) (LSR regime): as in Egs. (23);
— For Ry(z) < r < R (z) (MSR regime):
1
a / 1%
Uz msr (5 2) = —% [—%_ +A(2), (26a)
1
[ P e A@ @)
Upmsr (1 2) = o [—7 7o 2 r+ =
(26b)
1
1 '(z)] 7
Voratsw (7 2) = =1 [—%_ , (26¢)
Ousr = A (D)7 [RE (2) - R(z)(Z)]
1
22 [P ps oy R -
= 75% ] [RL@ - R)@) : 26d)
— For R (z) < r < R(z) (HSR regime):
/
U, usg(r2) = —6# [RZ(Z) - rz] ) (27a)

1! ’ R ( )
U, gsr(r.2) = —f@(jj [2R2(z) - r2] r— p—(:;im(Z) ro + _fer ,
(27b)
f/zr,HSR (r’ z) = I#r, (27C)

Koo
Onsr = —’% [R2) - RL ()] ; (27d)
O0=0;5r+0Omsr+Qusr: (28)

where (Y = d(-)/dz, a = (n+ 1)/n and p = (3n + 1)/n. The integration
functions Ay(z), A;(z), fy(z), and f,(z) are determined by prescribing
continuity conditions of the velocity field across the interfaces defining
the different flow subregions, that is at r = Ry(z) and r = R (z). More
details are reported in Appendix C.

It is worth noting that the solution provided by Egs. (22) to (28)
depends on the axial pressure gradient p/(z), which is not known

a priori. In contrast to the Newtonian and power-law flow cases in
slightly tapered conical channels (see Appendix A and Appendix B,
respectively), the constitutive model based on the TPL formulation
does not allow for a closed-form relationship between the flow rate O
and the pressure gradient p’(z). To overcome this limitation, a semi-
analytical iterative procedure has been developed and implemented
numerically in the MATLAB environment (R2024b, MathWorks, MA,
USA). For the sake of conciseness, further details are provided in
Appendix D.

Finally, it is worth emphasizing that, when 6 = 0, the proposed
approach reduces to the analytical solution for TPL-based flows in
cylindrical ducts, characterized by a constant axial pressure gradient
p'(z) = —Ap/ L. Further details are provided in Appendix E.

2.3. Model validation against numerical benchmarks

In order to assess soundness and accuracy of the proposed approach,
the quasi-analytical solution has been applied for the analysis of GNFs
characterized by rheological properties within the range of typical
non-Newtonian polymeric fluids employed in bioprinting applications.
The corresponding results have been compared with numerical CFD
simulations performed by considering both the SRB formulation in
Eq. (9) and the corresponding TPL approximation in Eq. (10). To this
aim, reference is made to a conical geometry defined by R;, = 1.5 mm,
R,,; = 0.25 mm, and L = 20 mm, corresponding to a taper angle of
0 ~ 3.58° (see Fig. 1) and a tapering ratio y = R,,,/R;, = 0.167. These
geometrical parameters are representative of conical nozzles commonly
used in extrusion-based bioprinting [4,40-44]. The mean outflow ve-
locity is set equal to V,,, = 20 mm/s, corresponding to a constant
flow rate condition (with O = 3.93 mm?3/s), which falls within the
typical range adopted in bioprinting, namely V,,, < 40 mm/s [4,43,48].
Two different sets of rheological parameters have been considered, as
summarized in Table 1. They can be considered representative of non-
Newtonian inelastic alginate-based bio-inks [49,50]. It is worth noting
that the parameter set denoted as GNF A corresponds to a Carreau—
Yasuda-type shear-thinning fluid, whereas GNF B is representative of a
classical Yasuda response. The latter can be recovered through the SRB
formulation (and thus through the TPL approximation) in the limiting
case A, — 0% (see Section 2.1). The flow is therefore characterized by
a slenderness (or conicity) parameter [1] R, (1 — y?)/L = 1.22- 1072,
together with a maximum Reynolds number Re ,, = pV>™"R. /K =
8.33-107* defined for a power-law fluid [51]. The small values of both
parameters confirm the validity of the lubrication approximation and
the associated slender-geometry assumptions adopted in the present
formulation (see Section 2.1 and Appendix A, B). It is worth noting
that inertial effects can, in principle, be incorporated into lubrication-
type models, as demonstrated in classical studies on inertia-modified
lubrication flows [52,53]. Nevertheless, under the extrusion bioprinting
conditions considered in this work, the very low Reynolds number
indicates that inertial contributions are negligible.
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Table 1
Values of primary (in agreement with the SRB model) and derived rheological
parameters, representative of two different GNFs and adopted in validation
analyses.

Primary Derived

Ho A As a n Heo 7o Yoo K

[Pas] [s] [s] [1 [ [Pas] [s'] [s'] [Pas"]
GNF A 200.0 1.0 005 20 0.5 44.7 1.0 20.0 200.0
GNF B 200.0 1.0 0.0 20 0.2 0.0 1.0 400 200.0

Regarding the numerical software used, the flow through conical
ducts is simulated using the commercial CFD ANSYS Fluent finite-
volume solver (Release 2023 R2, Ansys Inc., Canonsburg, PA, USA).
A steady, laminar, and axisymmetric flow problem is considered, gov-
erned by Egs. (5) to (7) and referred to the bidimensional domain
introduced in Fig. 1.

Convective fluxes are discretized through a second-order upwind
scheme, viscous terms are treated by central differencing, and spa-
tial gradients are evaluated using the least-squares cell-based method.
Pressure-velocity coupling is numerically faced through the “coupled
pressure-based” algorithm, which allows a robust and efficient single
phase implementation for steady-state flows [54]. Specifically, the
momentum and pressure correction equations are solved simultane-
ously within a single coupled system, ensuring an improved numerical
stability, particularly for flows characterized by strong nonlinearities or
high gradients. The shear-rate dependent viscosity laws (both SRB and
TPL) were implemented into the ANSYS Fluent environment through
user-defined functions (UDFs) using the “define_property” macro [55].
Within this framework, the apparent viscosity is locally evaluated at
the cell level as a function of the instantaneous shear rate computed
from the velocity-gradient tensor. The viscosity field is then updated
at each global iteration and treated as a spatially varying material
property during the solution of the momentum equations, consistently
with the pressure-based solver formulation. The adopted computational
mesh is defined by considering a structured topology and, as the result
of a preliminary convergence analysis (herein omitted for the sake of
brevity), consists of 37,500 quadrilateral cells (750 axial x 50 radial).

In agreement with Egs. (8), a uniform pressure is prescribed at the
outlet cross-section, while symmetry and no-slip boundary conditions
are imposed at the nozzle axis and wall, respectively. At the inlet,
starting from the assigned value of the flow rate Q, a power-law
velocity profile defined via Eqs. (B.11) and (B.12) is imposed, such that
the resulting mean velocity at the outlet V,,, = O/ (nRgm) falls within
the corresponding assigned value.

In order to reduce possible numerical artefacts induced by the im-
posed inlet and outlet boundary conditions, the computational domain
was extended upstream and downstream of the conical nozzle depicted
in Fig. 1 through the introduction of fictitious conical sections. A
sensitivity analysis, omitted here for brevity, indicated that inlet and
outlet axial extensions equal to L/10 provide an effective compromise
between numerical accuracy and computational efficiency.

Numerical convergence was monitored by requiring the residuals
of both the mass and momentum conservation equations to fall below
107%. Under these criteria, convergence was generally attained within
approximately thirty iterations.

3. Results and discussions
3.1. Validation results: reference cases

By addressing to the reference geometry introduced in Section 2.3,
results obtained through the proposed quasi-analytical (QA) solution
based on the TPL formulation are compared in Figs. 4 (for rheological
parameter set GNF A) and 5 (for GNF B) against the corresponding
numerical results, computed using both the SRB and TPL models. The
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shear-thinning behaviors associated with the two parameter sets re-
ported in Table 1 are shown in Figs. 4(a) and 5(a), where the TPL-based
approximations closely match the SRB descriptions, with minor discrep-
ancies occurring in the transition regions between quasi-Newtonian and
power-law regions. Both cases analyzed are characterized by a mixed
quasi-Newtonian and power-law flow regime along the nozzle axis as
shown in Figs. 4(b) and 5(b), where the characteristic radii R, and
R, defined in Egs. (21), are plotted versus the axial coordinate z and
normalized with respect to local radius R(z). Then, Figs. 4(c)-(f) and
5(c)-(f) report comparisons for the pressure distribution along the pipe
axis (panels (c)) and the velocity fields (panels (d)—(f)).

As clearly shown, the TPL-based QA solution overlaps almost per-
fectly with the numerical CFD solution obtained via the TPL approx-
imation, while also remaining very close to the SRB-based CFD re-
sults. This evidence confirms both the accuracy and robustness of the
adopted strategy, as well as the soundness of the modeling assumptions
underlying the lubrication theory.

More specifically, considering the solution for p(z), the maximum
percentage error (with respect to the SRB-based CFD results and ob-
served at the inlet cross-section) is below 2.8% for GNF A and below
1% for GNF B. These very small discrepancies (fully negligible when
the comparison is performed against the TPL-based CFD results) arise
from the small differences between the two rheological descriptions
(see Figs. 4(a) and 5(a)), in full agreement with previous findings on
cylindrical Carreau-Yasuda flows [37,56,57].

Similar considerations hold for the velocity field. In detail, Figs.
4(d)—(f) and Figs. 5(d)—(f) show a very good agreement between quasi-
analytical and numerical solutions, with the maximum discrepancy of
about 4.4%, experienced for the outlet axial velocity component v, (r =
0,z = L) and for GNF B.

It is worth to highlight that the GNF B exhibits a more pronounced
shear-thinning response than the GNF A (see Figs. 4(a) and 5(a)). As a
consequence, the response predicted for the GNF B, compared against
the GNF A case, results in:

« a pressure drop of about 6.5 times lower (see Figs. 4(c) and 5(c));

+ an axial velocity component v, characterized by smaller values at
the duct axis and by a more uniform radial distribution (see Figs.
4(d)-(e) and 5(d)-(e));

« cross-sectional regions exhibiting a not-negligible radial velocity
component v, more shifted towards the pipe wall (see Figs. 4(f)
and 5(f)).

Correspondingly, solutions associated to the GNF A and GNF B cases
are expected to be characterized by different spatial distributions of
the shear rate and therefore of the flow regime. To highlight how the
flow regime evolves across each pipe cross-section, Figs. 4(a) and 5(a)
report the working shear-rate window computed at the outlet section
(z = L). This window is defined as the shear-rate range [y o5, 7,1, where
7005 (respectively, y,) is the shear rate attained at the outlet radial
coordinate r such that r/R,,, = 0.05 (resp., r/R,,, = 1). In detail, at z =
L, the flow response of GNF A (resp., GNF B) shows a radial transition
from a power-law regime near the nozzle axis (resp., Newtonian at
u = py) to a Newtonian response at y = u, close to the nozzle wall
(resp., power-law). As a direct consequence of the axial variability
of the pressure gradient p’(z) (see Figs. 4(c) and 5(c)), this transition
mechanism is strongly dependent on the axial position z. Such an effect
is clearly displayed in Figs. 4(b) and 5(b). In the GNF A case and for
0 < z/L < 0.65, the pipe cross-section exhibits two shear-rate-based
flow subregions: the LSR and the MSR, with the LSR progressively
shrinking as z increases. For z/L > 0.65, an additional HSR annular
subregion emerges, which rapidly expands with z. Conversely, for GNF
B, since R, - + (as y,, — +0), only the LSR and MSR subregions
are present, with the MSR expanding as z increases.
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Fig. 4. Validation results for the reference geometry and GNF A (see Table 1). Comparison between quasi-analytical (QA) and numerical (CFD) solutions. (a)
Viscosity u vs. the shear rate y. (b) Normalized characteristic radii R, and R vs. the axial coordinate z. (c) Pressure p vs. the axial coordinate z. (d) Axial
velocity component v, at r = 0 vs. the axial coordinate z. (e) Axial velocity component v, at the outlet (z = L) vs. the radial coordinate r. (f) Radial velocity
component v, at the outlet (z = L) vs. the radial coordinate r. SRB: shear rate-based rheological model. TPL: truncated power-law approximation.

3.2. Validation results: parametric analyses

To assess the accuracy limits of the proposed quasi-analytical ap-
proach, a campaign of parametric analyses was performed by varying,
with respect to the reference cases previously discussed, the taper angle
0, the mean extrusion velocity V,,, (i.e., the flow rate Q), and the fluid
rheological properties.

3.2.1. Variation of the taper angle

Focusing on GNF A (see Table 1), the taper angle § was varied in
the range [0, 10°]. For consistency, the values of L, R,,, and O were
kept constant and equal to those adopted in the reference cases of
Section 3.1. Quasi-analytical and numerical results are compared in Fig.
6, showing the distributions of the pressure p(z) (panel (a)) and of the
axial velocity at the nozzle centerline, v,(r = 0, z) (panel (b)). As clearly
observed, although the discrepancies between the QA solution and

the numerical results increase with 6, the proposed approach provides
accurate predictions of both quantities even for almost non-negligible
values of the taper angle. In particular, for § = 10°, the maximum
percentage error remains below 8% with respect to the SRB-based CFD
solution (6% with respect to the TPL-based CFD solution) for both
pressure and velocity distributions. This finding is further confirmed
in Fig. 6(c), where the percentage error ey, in the predicted pressure
drop 4p is reported as a function of 6.

Results for conical pipes also highlight a markedly different pressure—
velocity coupling compared with the cylindrical case (6 = 0), even for
small taper angles. For instance, Fig. 6 shows that the inlet pressure
decreases by more than 70% (and the inlet axial velocity by more than
80%) when 6 increases from 0 to 1°. This demonstrates that, even
for very small taper angles, cylindrical-pipe solutions are no longer
accurate. This point is further supported by Fig. 6(d), where benchmark
numerical solutions (for both rheological descriptions) are compared,
under the same flow rate Q, with the TPL-based analytical solution
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Fig. 5. Validation results for the reference geometry and GNF B (see Table 1). Comparison between quasi-analytical (QA) and numerical (CFD) solutions. (a)
Viscosity yu vs. the shear rate y. (b) Normalized characteristic radius R, vs. the axial coordinate z. (c) Pressure p vs. the axial coordinate z. (d) Axial velocity
component v, at r =0 vs. the axial coordinate z. (e) Axial velocity component v, at the outlet (z = L) vs. the radial coordinate r. (f) Radial velocity component
v, at the outlet (z = L) vs. the radial coordinate r. SRB: shear rate-based rheological model. TPL: truncated power-law approximation.

valid for cylindrical flows [38,58,59]. The corresponding percentage
error ey, computed with respect to an equivalent cylindrical pipe (EQ-
CYL) of length L and mean radius R = (R;, + R,,)/2, is already about
45% for 0 = 1° and rapidly approaches 90% for 6 = 6°.

These results confirm that, even for very small taper angles, cyli-
ndrical-flow solutions cannot be applied reliably. Conversely, the pro-
posed quasi-analytical approach remains consistent and accurate even
for relatively large values of 6.

3.2.2. Variation of flow rate and fluid rheological properties

The analysis refers to the pipe geometry adopted in the reference
cases (see Section 3.1) and to a Carreau-Yasuda-type shear-thinning
fluid modeled through a TPL formulation. The flow rate Q was varied
within the range (0, 3.93] mm3/s (corresponding to 0 < 170”, < 20 mm/s),
while the rheological properties of the fluid, with respect to GNF A in
Table 1, were varied by +30%.

For the sake of brevity, the TPL-based quasi-analytical results are
compared with the numerical ones only in the worst-case scenario,

namely against the SRB-based CFD solutions. In this case, the discrep-
ancies reflect the combined effect of both the lubrication assumptions
and the TPL approximation strategy.

The comparison is carried out on the axial velocity component at
the outlet cross-section, by introducing the following error measure:

100 2z [ (0@, L) = P, D)) rdr
v, % 0

which quantifies the mean percentage error associated with the outlet
axial velocity profile. Its computation was performed through a ded-
icated post-processing routine developed in MATLAB (R2024b, Math-
Works, Natick, MA, USA).

The corresponding results are summarized in Fig. 7. Specifically,
the error measure remains below 3% in all cases (about 2.7% when
varying n, and about 1.9% in the other cases). It is worth noting that,
for all sets of rheological parameters, the maximum value of e is
attained at V,, ~ 1.2 mm/s (i.e., Q ~ 0.24 mm?3/s). This behavior ca;n be

out —

s (29)
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Fig. 6. Variation of the taper angle 6. Comparisons between quasi-analytical (QA) and numerical (CFD) solutions: (a) pressure p vs. the axial coordinate z; (b)
axial velocity component v, at r = 0 vs. the axial coordinate z; (c) pressure drop error e, vs. 6. (d) Pressure drop error e,,, between equivalent cylindrical
solution (EQ-CYL) and CFD solutions vs. 6. SRB: shear rate-based rheological model. TPL: truncated power-law approximation.

attributed to the approximation of the fluid response through the trun-
cated power-law model. As previously discussed, the TPL model shows
some discrepancies with respect to the SRB rheological description in
correspondence with the characteristic shear rates y, and y,, where
the constitutive transitions between quasi-Newtonian and power-law
regimes occur (see Figs. 2 and 4(a)).

As a consequence, when Q increases, the flow regime at the outlet
cross-section evolves from a two-region configuration (namely, LSR and
MSR, Fig. 3(b)) to a three-region one (LSR, MSR, and HSR, Fig. 3(c)).
In this case, the HSR subregion tends to extend at the expense of the
other two, with the outlet shear-rate window (defined in Section 3.1)
progressively covering the quasi-Newtonian regime at 4 = pu,, and
thus becoming less sensitive to discrepancies at the transition shear
rates. Accordingly, the maximum error occurs at a flow rate that
induces an outlet shear-rate window encompassing both constitutive
transitions and corresponds to an outlet cross-section characterized by a
three-region regime with a significant extension of the MSR subregion.

3.3. An application to extrusion-based bioprinting

In practical extrusion-based bioprinting applications, the optimal
setting of process variables is crucial to ensure compliance with spe-
cific functional requirements. However, this task is complicated by
nonlinear couplings among the governing parameters [4,60] and often
involves conflicting demands. For instance, a high mass flow rate is
desirable to accelerate the printing process, but it typically induces
high stress levels that may compromise cell viability [61,62]. Similarly,
small-diameter nozzles enable high printing resolution but require
higher extrusion pressures, which can negatively affect printability and
increase the risk of cell damage [44,63,64].

To mitigate and control these effects, conical nozzles are often
adopted. As also confirmed by the present results (Fig. 6(a)), for
a given flow rate Q and outlet radius R,, (i.e., at fixed printing

resolution and extrusion velocity V,,,), conical nozzles exhibit lower
pressure drops compared to cylindrical ones [40-44]. Nevertheless, the
identification of optimal process conditions in laboratory practice still
relies predominantly on heuristic approaches, leading to demanding
and time-consuming trial-and-error procedures, sometimes supported
by complex computational modeling and numerical simulations [4,24,
25]. These latter are also employed to quantify the stress distributions
within the nozzle, with the aim of predicting and controlling potential
cell damage. In particular, as in vascular flow studies [65,66], reference
is generally made to shear stress distributions (expected to be maximum
at the nozzle wall, see Eq. (15)), considered directly related to the onset
and progression of cell damage [64,67,68].

Within this framework, the availability of an accurate and con-
sistent analytical tool can provide valuable guidance for identifying
and controlling optimal operating conditions. To demonstrate the po-
tential impact of the proposed quasi-analytical solution, an exemplary
application is presented in the following.

The case study concerns an extrusion process through a conical
nozzle with the reference geometry introduced in Section 2.3. The bio-
ink is modeled as a Carreau-Yasuda-like generalized Newtonian fluid
with the following rheological properties: y, = 200.0 Pa s, 4, = 5.0 s,
A =0.01s, a=2.0, n=0.5 (corresponding to ., =8.94 Pa s, 7, = 0.2
s71, 7, = 100.0 s71, K = 89.4 Pa s%9).

The direct application of the proposed quasi-analytical strategy, and
in particular of Egs. (22)-(28), enables a straightforward evaluation
of the relationship between the mean extrusion velocity V,,, and the
pressure drop 4p, as shown in Fig. 8 (black curve). Furthermore,
the approach makes it possible to monitor the shear-rate-based flow
regimes within the nozzle, governed by the process variables 4p and
V,.«» and directly linked to the corresponding shear stress distributions,
which in turn play a crucial role in determining cell viability.

As an illustrative result, Fig. 8 shows (red curves) the variation of
the characteristic radii R, and R, (introduced in Egs. (21)) at the



G. Santesarti et al.

out
0. %

Journal of Non-Newtonian Fluid Mechanics 349 (2026) 105569

out
0. %

=

10
Vour [mm/s]

(c)

out [mm/s}
(b)
ey
15
1
0.5

Fig. 7. Variation of flow rate and rheological properties. Comparisons between TPL-based quasi-analytical and SRB-based numerical solutions in terms of the

error measure introduced in Eq. (29). Combined variation of V,,, and (a) Hos (B) 79 =1/%g, (@ n, (d) 7, =

outlet cross-section as functions of Ap. At very low pressure drops,
the flow rapidly exits the LSR regime, resulting in a dominant MSR
up to V,,, ~ 5 mm/s (4p =~ 17 kPa). For higher pressure drops
(and thus larger mean extrusion velocities), an HSR regime emerges
at the outlet in a near-wall annular subregion. This region quickly
expands and becomes dominant (i.e., R, /R,,; < 50%) when Ap exceeds
approximately 30 kPa. In this regime, the flow tends toward a quasi-
Newtonian behavior with y ~ u_,, and the 4p-V,,, relationship becomes
nearly linear (see Fig. 8), consistent with Eq. (A.11). Conversely, for
Ap < 30 kPa, the flow is mainly governed by a power-law response,
leading to a nonlinear 4p-V,,, coupling (see Fig. 8). Given the adopted
rheological parameters (specifically, n = 0.5), this results in an almost
quadratic 4p-V,,, relationship, in agreement with Eq. (B.15).

The present approach also enables the direct evaluation of shear
stresses within the nozzle and allows a parametric analysis of the
influence of process variables (4p and Q), nozzle geometry, and bio-
ink rheology. In particular, it provides a means to control the process
parameters so that shear stress levels remain below a critical threshold
7* associated with cell damage onset. Specifically, cell viability requires
that the maximum shear stress z,,,, satisfies the inequality

R(z), , _Rout
{ > Ip(Z)I}— 5

where, due to the slightly tapered conical geometry and the shear-
thinning fluid response (see Fig. 2), the maximum shear stress occurs
at the nozzle outlet (i.e., at z = L). Consequently, the safety condition
can be rewritten as

T,

max = max

z€[0,L]

1P | < T° (30)

21‘ * * = > Q’k

/ —_ / j—

|17 |out < R_ = |p | = Vout < V;;t = B (31)
out ”Rout

where Q* is the critical flow rate corresponding to |p'|,,, = [p'|*

Thus, for a given nozzle geometry and cell type, the critical oper-
ating variables (in particular V* ) depend on the bio-ink rheological

V*
out
properties, which can therefore be considered as control parameters.
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Fig. 8. Exemplary application to extrusion-based bioprinting. Mean extrusion
velocity V,,, vs. the nozzle pressure drop 4p (black line, left y-axis). Normalized
characteristic radii R, and R, at the outlet cross-section (red lines, right y-
axis). Primary (and derived) rheological parameters: y, = 200.0 Pa s, 4, = 5.0
S, Ao =001, a=20,n=05 (u, =894 Pas, j, =025}, y, =100.0 s,
K = 89.4 Pa s°9).

For example, referring to the adopted nozzle geometry and allowing
rheological properties to vary by +75% with respect to those used in
Fig. 8, Fig. 9 reports the critical extrusion velocity V*, for two values
of the critical shear stress z*. Specifically, * = 100 Pa and * = 500 Pa
are considered, which can be regarded as representative lower-bound
thresholds for Schwann cells (RSC96) and myoblasts (L8) [44], and for
rat adrenal medulla endothelial (RAMEC) cells [64], respectively, in
alginate solutions. Notably, decreasing the zero-shear viscosity y, the
characteristic shear rate y,, and the power-law index », or increasing
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the infinite-shear-rate y, shifts the critical extrusion velocity 170’; , to
higher values. This behavior can be directly explained by the fact that
these rheological variations promote the persistence of MSR regimes,
delaying the onset of HSR. Finally, the results in Fig. 9 show that a
fivefold increase in the critical shear stress r* can lead to up to a tenfold
increase in V.

4. Conclusions

In this work, a novel quasi-analytical solution based on lubrication
theory has been presented for shear-thinning fluids with Carreau-
Yasuda-like behavior flowing in slightly tapered conical pipes. The
nonlinear constitutive relationship between viscosity and shear rate has
been conveniently approximated through a truncated power-law (TPL)
model, characterized by two Newtonian plateaus at low and high shear
rates connected by a power-law region at intermediate shear rates.
The proposed solution has been thoroughly validated against dedicated
CFD-based numerical simulations, including a parametric analysis of
the influence of geometrical and rheological variations. Results confirm
the soundness and accuracy of the proposed analytical framework,
showing that it remains reliable even for moderately large taper angles
(e.g., the maximum error is below 8% for a taper angle of 10°).
Additionally, a preliminary application to extrusion-based bioprinting
demonstrates the potential of the approach to provide useful insights
for the optimal setting of process parameters, as well as for identifying
and controlling critical operating conditions affecting cell viability.

From an application standpoint, the developed quasi-analytical so-
lution provides an effective and accurate tool that can reduce reliance
on computationally expensive simulations or time-consuming experi-
mental trial-and-error procedures, while offering quantitative guidance
for process analysis and optimization across multiple fields. Poten-
tial applications include industrial polymer processing and biomedical
systems involving shear-sensitive materials, with particular relevance
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to bioprinting technologies [4,24,25] and the modeling of cell-laden
hydrogels [69,70], where predicting shear-thinning flows analytically
can support the development and optimization of protocols to preserve
cell viability and achieve precise deposition mechanisms. Moreover, the
proposed solution strategy opens opportunities for advanced hemody-
namic applications, such as establishing consistent analytical formula-
tions to describe blood-vessel interactions in health and pathological
tissue remodeling [71]. In addition, this framework could support the
verification of new numerical approaches for GNFs.

Nevertheless, the proposed approach is subject to some inherent
limitations. The main constraints are associated with the assump-
tions underlying the lubrication framework, whose validity depends
on the magnitude of the relevant dimensionless parameters (namely
the tapering ratio, the geometric slenderness of the nozzle, and the
Reynolds number) and with the truncated power-law (TPL) approx-
imation, which may not fully capture the transitions between quasi-
Newtonian and strongly shear-thinning regimes, potentially underesti-
mating extreme shear-rate-dependent behaviors outside the prescribed
range. Furthermore, the truncated power-law approximation presents
a continuous but non-differentiable behavior, which could affect the
stability of the flow solutions. Future works may include the stability
analysis of the flow solutions here presented, similarly as carried out
in studies concerning the laminar-turbulent transition of Couette and
Poiseuille plane flows with power-law fluids [72,73]. In addition,
the validation of the solution here presented against fluid rheological
parameters could be improved by performing the uncertainty quantifi-
cation analysis as presented by Kim et al. [74] for flow predictions
of other GNFs. Future extensions could also focus on incorporating
more general constitutive models, addressing more complex geometries
(e.g., tapered ducts with non-conical or non-axisymmetric shapes, pos-
sibly including branching), and considering transient flow conditions.
These enhancements would further broaden the applicability of such
a framework to complex bioprinting processes, industrial extrusion
systems, and cardiovascular flows.
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Appendix A. Newtonian flow in a slightly tapered conical channel

In lubrication theory, it is common practice to estimate the rela-
tive magnitudes of the velocity components by introducing reference
velocities, namely representative values of the velocity fields, in order
to perform an order-of-magnitude analysis of the governing equa-
tions. This approach enables the identification of dominant terms and
facilitates the simplification of the problem under specific physical
assumptions.

For a Newtonian fluid with constant viscosity x flowing in an
axisymmetric tapered conical channel, the application of lubrication
theory, combined with an order-of-magnitude analysis of the mass
conservation equation [1,2], yields the following relationship between
the reference axial velocity V, and the radial one V,:

Rout

2 (1-27),

where (see Fig. 1) R,, and R,, are the outlet and inlet radii of the
duct, respectively, and y = R,,,/R;, denotes the corresponding tapering
ratio.

Next, by considering the momentum conservation Egs. (6) and (7)
and performing an order-of-magnitude comparison between inertial
and viscous terms, the following relationship is obtained:

O (inertial terms) R,
e Y Re

2
O (viscous terms) L (1-2).
where the Reynolds number is defined as Re = pV,R,,, /u. Accordingly,
for flows characterized by a low Reynolds number (i.e., creeping or
Stokes flows), the above expression indicates that inertial terms are
negligible compared to viscous terms. Moreover, the geometric factor
R, (1 = y»/L related to the taper angle # further ensures the neg-
ligibility of inertial effects even in the presence of a slightly tapered
channel geometry (i.e., for small #) even when the Reynolds number
is not strictly small. Hence, in these cases, the flow can be effectively
treated as a fully laminar Stokes flow.

V.=V,

(A1)

(A.2)
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Similarly, comparing the components of the pressure gradient leads
to:

o2
or Ry

0z

indicating that, in the case of a slightly tapered pipe, the radial com-
ponent of the pressure gradient can also be neglected.

(A.3)

Consequently, the axial component of the momentum balance in
op

Eq. (7) reduces to:

=~ ’(Z)Nli r 0& =ﬁi rdﬁ

0z P =T\ ror\ or )’

which formally corresponds to the momentum balance equation for
Newtonian flows in a cylindrical tube [1].

Integrating Eq. (A.4) along the radial direction r and applying
symmetry and no-slip boundary conditions (see Egs. (8)) the flow rate
Q is obtained as:

”RA(Z) ’
— 7
8u

(A.4)

0=- (2) (A.5)

which is formally equivalent to the Hagen-Poiseuille law for cylin-
drical flow, but incorporates the axial variation of the cross-sectional
radius. This variation implies, in order to satisfy mass conservation, a
corresponding axial variation in the pressure gradient.

Therefore, for a given flow rate Q, and considering the radius
function R(z) as defined in Eq. (1), the pressure distribution along the
pipe axis is obtained as:

p(z):p. —i%
"3z 0

1 1
[(R,-n -0z R_.3]
" (A.6)
20

80 o -3\ =D (o \"!
=Pin_;€2[1+RinZ+”;<m>(3) <R—mZ> :|,
with p;, being the pressure value at the pipe inlet (i.e., at z = 0), and
where the Taylor expansion around 6z/R;, = 0 allows to highlight the
effect induced by the tapered geometry with respect to the cylindrical
case (the latter being recovered by setting 6 = 0).
Finally, by combining Egs. (20), (A.4), and (A.5), the analytical
expressions of the velocity components, shear rate, shear stress, and
flow rate are obtained as follows:

20 N r )
r. = =2 [1 - (R(Z)> ] = 27(2) [1 - (R(Z)> ] . AN
0,(r,2) = -”;ZQ(Z) [1 - <R:Z)>2] RG" = DR A8
o2 = == = —‘gé;) r, a.9)
nro = -, N, (*10)

4 3 g3

0 S T R 77

4 2 3

_ % n;:n (1 B 1+1;(++;(+ ;23;( ) (A11)

where V(z) is the average axial velocity at the cross-section correspond-
ing to a given z € [0, L], and 4p = p(0) — p(L) denotes the total pressure
drop along the pipe.

It is worth noting that the radial velocity component given in
Eq. (A.8) is derived from the mass conservation condition in Eq. (20),
by applying the symmetry condition at the pipe axis, v,(0,z) = O.
Moreover, the distribution v, (r, z) vanishes in the case of a cylindrical
pipe geometry, that is for 6 = 0.
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Appendix B. Power-law flow in a slightly tapered conical channel

A strategy similar to that traced in Appendix A is adopted in the
following, taking advantage from the lubrication theory and performing
an order-of-magnitude analysis. The fluid response is assumed non-
Newtonian and described by a power-law model [13,14], so that u(y) =
Kj"! (see notation introduced in Eq. (10)).

Recalling that, for the problem under consideration (see Fig. 1 and
Section 2.1) the strain rate tensor E results in

1auau ®e. te. ®¢)
A (e, e, +e,Qe,

Ju,
E :;er ® €. +

v, ov,
+ e,g ®ep+ e ®e,, (B.1)

an order—of—magnltude analys1s leads to:
0 0 V,(1 - x*

o % =0<&>=0 90 Lo (=2 (B.2)
oar r 0z L
7} (3 0 v,

o(Zr+Zz)=0(Z2)=0( == (B.3)
dz “or or R,

Accordingly, since Eq. (4), the components of the deviatoric stress
tensor 7 satisfy the following order-of-magnitude conditions:

v, " R, (1 - 2)
0(z,,) = O(zyy) = O(z,,) = O <K < Rm> T)() , (B.4)

oy =o(k () (B.5)
(Tzr)_ < <R0ut> > ’

Thus, for slightly tapered conical geometries (that is, y — 17) the
strain rate tensor norm in Eq. (4) can be approximated as

ov,

ar

and the dominant deviatoric stress component is represented by z,,.

By considering the momentum conservation balance in Egs. (6) and
(7) and performing an order-of-magnitude comparison between inertial
and viscous terms, the following relationship is obtained:

v~ (B.6)

O (inertial terms) R, 5
S = Re (1-x°).
O (viscous terms) L

(B.7)

where Re( ) = pV>™"R",/K is the Reynolds number specified for a
power-law fluid, as reported in [51]. The comparison of the pressure
gradient components yields a relationship formally equivalent to that
given in Eq. (A.3). Taking advantage of the same considerations stated
in Appendix A for the case of Newtonian fluids, also for a power-law
flow in a slightly tapered channel, the momentum balance equations
can be recast by neglecting both the inertial terms and the radial
pressure gradient. Accordingly, the axial component of the momentum
balance in Eq. (7) reduces to:
%:p/(z)_i;r<1<"l"ar>. (B.8)
Integrating Eq. (B.8) along the radial direction r and applying
symmetry and no-slip boundary conditions (see Egs. (8)) the flow rate
Q is obtained as:

+ TRA(2)
o

0= [—p’(z)i] (B.9)

where § = Gn + 1)/n.

Therefore, for a given flow rate Q and considering the radius
function R(z) as defined in Eq. (1), the pressure distribution along the
pipe axis is obtained as:

@ =p — (2L S S
PE=Pn =\ 3n0 (R, — 62" R

_ o (98\" 2K GneDO_ =30\ D" (8 \"
= Pin <”> R?:Hz[1+ 7K. z+,§§<’"> o (R z) ]

(B.10)
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where the Taylor expansion around 6z/R;, = 0 allows to highlight the
effect induced by the tapered geometry with respect to the cylindrical
case (the latter being recovered by setting 6 = 0).

Finally, by combining Egs. (20), (B.8), and (B.9), the analytical
expressions of the velocity components, shear rate, shear stress, and
flow rate are obtained as follows:

_ po _ r ﬁ
va(r2) = arR%(z) [1 <R(Z)> ] Z)[ <R(Z)> ] @10
___po _ r B 6
v.(r,z) = arR2(2) [1 <R(z)>] (z)r_ uz(r,z)R(z)r, (B.12)
1
; P " r |
Par(r,2) = ﬂ[mﬁwj ﬂwmhﬁmj : (B.13)
__ (PN _K K
7,(r,2) = <”> e [BV ()] Ik (B.14)
1 1 "
[ | R 3ndp "z Ri,y — Rous
Q_[ AT ] ﬂR()_<2LK> pl L
Ry Ry
1 s
_( 4p \" "R}, 1— 2" =3n(l - px™
(i) 5 -] o1

where @ = (n+1)/n, p = 3n+1)/n, V(z) is the average axial velocity at
the cross-section corresponding to a given z € [0, L], and 4p = p(0)—p(L)
denotes the total pressure drop along the pipe.

As in the previous case (see Appendix A), the radial velocity com-
ponent given in Eq. (B.12) is derived from the mass conservation
condition in Eq. (20), by applying the symmetry condition at the pipe
axis, v,(0, z) = 0. Moreover, the distribution v,(r, z) vanishes in the case
of a cylindrical pipe geometry, that is for 6 = 0.

Finally, it is interesting to note that the shear rate expression in
Eq. (B.13), when evaluated at the pipe wall (i.e., for r = R(z)), coincides
with the classical expression for the wall shear rate in a cylindrical duct,
as reported in [75].

Appendix C. Integration functions Ay(z), A;(z), fy(z), and f;(z)

With reference to the notation and analytical solution provided in
Section 2.2, the integration functions occurring in Egs. (22) to (28) are
determined by prescribing continuity conditions of the velocity field
across the interfaces defining the different shear-rate dependent flow
subregions, that is at r = Ry(z) and r = R (z). Specifically, they read
as follows.

* Ry(2) < R(z) £ R, (2): two-region configuration (LSR, MSR; Fig.
3(b)

— For r < Ry(z) (LSR regime):

1
[ P@] [R@-Ri@)] PR
%@—sz p T T, 0 @D
1
v _[LP@] [ 2@ R |, ] pant
Ay(z) = [ 7K {p’(z)a [ P + RO(Z)] O R
"'(2)R2(z)
+ 1% : (C.2)
0
— For Ry(z) < r < R(z) (MSR regime):
fo2) = R3(2) [ re)
P’ [R'(z Ri@] R(») © .
{p’(z)na [ 2 a+2]_ 2 9}+RO(Z)U"L5R(Z)’
(C.3)

* R, (z) < R(z): three-region configuration (LSR, MSR, HSR; Fig.
3(e)
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- For r < Ry(z) (LSR regime):

1
[ P@]" [Re@ - R3]
Ao(2) = [_ 2K P
@ [R‘Z)(Z) + R2(Z)_R§°(Z)] , 4
4 Ho Heo
1
v P P@] R -RG]  Re@p )
Ap(2) = P (2) [ ZK] a + 2o, 0
4 Hoo Ho

- For Ry(z) < r < R, (z) (MSR regime):

P@ P2 R
M@ === [R*(z) - RL(2)] + [‘W] -,
(C.6)
) 7@ R@) P (2)
Al(2) = e [Reo(2)* + R2(2)] + T 0
Y@ [ P@]r R
) [—7] o €7
P'e) [ P@]r RPE
fo(2) = Ro(2) 0} g (2) = F@ | 2K Za—ﬁ
Al (2)R3(2)
B b i .8
2
— For R (z) < r < R(z) (HSR regime):
. " (2)RZ (2)
F12) = R (2) %) g (2) = % 2R z2) - R2(2)]
R2(2)R
+ ﬂ(z)# 0: (€9)
Heo

where 0!%) 1 (2) = v, 1 sr(Ro(2), 2) and o) < (2) = 0, yrsR(Reo(2), 2)-

Appendix D. Iterative procedure for determining the axial pres-
sure gradient

As highlighted in Section 2.2, the TPL-based solution provided by
Egs. (22) to (28), despite the Newtonian and power-law flow cases, does
not allow for a closed-form relationship between the flow rate Q and
the axial pressure gradient p’(z). Accordingly, a semi-analytical itera-
tive procedure has been developed, based on the proposed Algorithm
1 and implemented numerically in the MATLAB environment (R2024b,
MathWorks, MA, USA).

Let the conical pipe geometry, the flow rate Q, and the TPL-
based rheological properties of the fluid be assigned, and let P;m(z)’

(z) (computed via Eq. (A.5) by considering y = uy and y = pug,
respectlvely) and p( K ")(z) (computed via Eq. (B.9)) be the axial pressure
gradients associated to Newtonian and power-law cases, respectively.
Moreover, let the pipe conical domain be axially discretized into N
conical subdomains, where the ith subdomain (i = 1, ..., N) has an axial
length Az; = z;,; — z;, with z; = 0 (inlet cross section) and zy,; = L
(outlet cross section). As a notation rule, the pipe cross-section at z; is
denoted by X,.

For each cross-section X;, the value of the pressure gradient p] =
P'(z;) is computed by solving numerically the flow-rate conservation
equation Qi(p;) = Q, where Qi denotes the flow rate through X;
associated to the solution provided by Egs. (22) to (28). It depends on p,'.
itself, that in turn depends in a coupled way by the specific partition of
X, associated to the occurrence of different shear-rate regimes (namely,
LSR, MSR, and HSR). Consequently, an iterative root-finding procedure
is necessary. To this aim, the built-in MATLAB function fzero, based on
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Fig. D.10. Exemplary case of the shear stress z(y) associated to the TPL model
(continuous line). The corresponding Newtonian and power-law sub-cases
(dashed and dotted lines) are also reported, highlighting the corresponding
shear-rate regimes (LSR, MSR and HSR). Values of model parameters: y, = 200
Pas, y,=1/4y =025, 7, =40 Pa, 7, = 1/4, =200 s7, n =05, K = 89.4
Pa s*°, u, =6.32 Pas, 7, = 1264 Pa.

a combination of bisection, secant, and inverse quadratic interpolation
methods, is employed.

In the framework of the adopted TPL constitutive model, the iden-
tification of cross-sectional regions characterized by different flow
regimes is carried out based on the characteristic radii R, and R,
defined in Egs. (21). Consistent with the considerations introduced in
Section 2.2, this procedure is equivalent to comparing, for each cross
section X, the wall shear stress 7,,(z;) = |p}| R(z;)/2 with the reference
values 7, = pgyy and 7, = Hy V- Specifically, according to Eq. (18)
and referring to the illustrative case depicted in Fig. D.10, the following
relationships hold

> 0;,=0;5r(z)

= 0, =0.5r(z) + Qusr(z) (D.1)
= 0, =01 5r(z) + Oysr(z) + Qpsr(z)

P}l R(z)/2 < 7y
7 < IpjI R(z))/2 < 7oy
1P}l R(z)/2 > 7o

Since |p/(z)| is expected monotonically increasing with z, when a
suitably fine axial discretization is considered (namely, for a suitable
choice of N), it is possible to assume that 1 < ngg(Z;) < ngp(Z;,_)) +
1 < 3, where ngg(Z;) is the number of the shear-rate regimes at
;. Moreover, the converged solution p/_ at X;_, is assigned as the
first guess value p/, for the iteration procedure at X;, except for the
inlet section X;. For this latter, the first guess value pj, is assigned

ot}

out by assuming N =

as depending on the quantity | p’llm'_n =
Analyses herein presented have been carried
3-10%.

min {

Appendix E. TPL-based flow in a cylindrical channel

For a cylindrical pipe (i.e., when § = 0, R,, = R;, = R, and
x =1, see Fig. 1) the comparison of the pressure gradient components
in Eq. (A.3) leads to identify the radial term as identically null, so
that p = p(z). Moreover, due to Egs. (A.5) and (B.9), it straightforward
results that p’(z) is a constant quantity, such that p’(z) = —4p/L. As a
consequence, the characteristic radii R, and R, defined in Egs. (21)
are constant along the pipe axis, the axial velocity component v, is
constant with z, and the radial velocity component v, is identically null.
Accordingly, the analytical solution in Egs. (22)-(28) reduces to

* R < R, one-region configuration (LSR; Fig. 3(a))

-]

Ap R?

o bl E.1
4L g (E-12)

Uz Lsr(N) =
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Algorithm 1: Computation of the axial pressure gradient p/(z) as-
sociated to the TPL-based solution provided by Egs. (22) to (28) at
discrete axial positions z;, starting from i = 1 (z; = 0: inlet cross
section) up to i = N + 1 (zy,; = L: outlet cross section). As a

notation rule, p/ = p'(z

i)

 i=1(inlet, z; = 0); |p] |y, = min{‘p;o
if P yin Rin/2 < 7y then

‘ Py =P, (z1)

else if 7 < |p|l,, Rin/2 < 7, then
‘ P,l Orsr(z)) + Qpysr(z)) =0 with Pl*
else if |p}l,, Ris/2 > 7, then

Py, =-1p,_(z0)l
end

o i#1(e,0=2z<z<zy,=1L)
if |p)_,| R(z;_1)/2 < 7, then

P =10, (z)

end

o

if |p| R(z;)/2 > 7o

end

if |p}| R(z;)/2 > 7, then
17; : Qrsr(z)+Opsr(z) =0 with P,{* = P:-_]

then

Ise if 7) < [p/_,| R(z;_,)/2 < 7, then
P,{ D Qrsr(z)+Qpysr(z) =0 with P,/v* = P,’-_

else if |p/_,| R(z;_,)/2 > 7., then

| ¢ Qusr(z) + Quisr() + Qpsr(z) = With g, =4l

end

| b Qusa(z)+ Owsr(z) + Qnsa(z) = Q withp),

f : (Zl)l}

=1} i

Py ¢ Qrsr(z)+Quysr(z) + Qpsr(z) = Q with

— n!
=P

. Ap

Vzr.Lsr () = —m’,
ApzR*

Q - QLSR - 8Lﬂ0

(E.1b)

(E.1c)

* Ry < R < R_: two-region configuration (LSR, MSR; Fig. 3(b))

- For r < R, (LSR regime):

U, psr () = Ay —

VerLsr(r) =—

n=1 (52

Ap

2LK

Ap

.
2Lug

1
)" (R* - R

2
Ap R0 '
8Luy )’

Orsr = ”R(z) <A0 -

4p
4Ly,

>

re,

3
0

) +

— For Ry < r < R (MSR regime):

Uz msr () = (

7zr,M SR (r

Opmsr =

)=-r

2z
a

(

Ap

2LK

1

Ap

2LK

1
n RY — p@
o

2
Ap Ry

1
Ap \ "
2LK ’

R*
2

)%

(R*-R?

4Lyy’

(E.2a)

(E.2b)

(E.2¢)

(E.2d)

(E.3a)

(E.3b)
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O0=0rsr+OQusr> (E4)
* R, < R: three-region configuration (LSR, MSR, HSR; Fig. 3(c))

- For r < R (LSR regime):

A
U psr ()= Ay — 4Lp0 . (E.5a)
A
3./zr,LSR r) = 2Li)4 5 (E.5b)
H 2 2 p2
1( 4p \" 4p ( Ry R*-RZ
A, = — [ =2 R — R ap | o .
0 a<2LK> (RS 0)+4L</40+ Heo
(E.5¢)
Ap R?
Opsg=7R2 <A0 -3 Lu;)) ; (E.5d)

- For Ry < r < R,, (MSR regime):

1

P [ Ap \"
U, msr () = - (m) +A, (E.6a)

1

. 1 Ap \ 7
Varmsr () = —rn <ﬂ> , (E.6b)

l
4p 2 2 RS, ( 4p
A= R°-R . E.6

1 4Ly, ( cx:) + o K ( c)

Oysr=A7 (Ri _R(z)) - _Z <

(E.6d)

- For R < r < R (HSR regime):
U, asr () = 4LA_II:°° (R2 - rz) , (E.7a)
Vo Hsr (D) =— 2LA::°° r, (E.7b)
Qusr = SAL””: (R~ RY)": (E.7¢)
0=0rsp+0Oumsr+Qnsr> (E.8)

where a = (n+ 1)/n, and g = 3n+ 1)/n.

Appendix F. Supplementary material

The home-made MATLAB scripts used for the flow solution are
available at https://github.com/SantesartiGEng/nonNewtoFlows.

Data availability

Data will be made available on request.
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