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In general relativity, the picture of space-time assigns an ideal
clock to each world line. Being ideal, gravitational effects due
to these clocks are ignored and the flow of time according to
one clock is not affected by the presence of clocks along nearby
world lines. However, if time is defined operationally, as a pointer
position of a physical clock that obeys the principles of general
relativity and quantum mechanics, such a picture is, at most, a
convenient fiction. Specifically, we show that the general rela-
tivistic mass—-energy equivalence implies gravitational interaction
between the clocks, whereas the quantum mechanical superpo-
sition of energy eigenstates leads to a nonfixed metric back-
ground. Based only on the assumption that both principles hold
in this situation, we show that the clocks necessarily get entan-
gled through time dilation effect, which eventually leads to a loss
of coherence of a single clock. Hence, the time as measured by a
single clock is not well defined. However, the general relativistic
notion of time is recovered in the classical limit of clocks.
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A crucial aspect of any physical theory is to describe the behav-
ior of systems with respect to the passage of time. Opera-
tionally, this means establishing a correlation between the sys-
tem itself and another physical entity, which acts as a clock. In
the context of general relativity, time is specified locally in terms
of the proper time along world lines. It is believed that clocks
along these world lines correlate to the metric field in such a way
that their readings coincide with the proper time predicted by the
theory—the so-called “clock hypothesis” (1). A common picture
of a reference frame uses a latticework of clocks to locate events
in space-time (2). An observer, with a particular split of space—
time into space and time, places clocks locally, over a region of
space. These clocks record the events and label them with the
spatial coordinate of the clock nearest to the event and the time
read by this clock when the event occurred. The observer then
reads out the data recorded by the clocks at his/her location.
Importantly, the observer does not need to be sitting next to
the clock to do so. We will call an observer who measures time
according to a given clock, but not located next to it, a far-away
observer.

In the clock latticework picture, it is conventionally considered
that the clocks are external objects that do not interact with the
rest of the universe. This assumption does not treat clocks and
the rest of physical systems on equal footing and therefore is arti-
ficial. In the words of Einstein: “One is struck [by the fact] that
the theory [of special relativity]... introduces two kinds of physi-
cal things, i.e., (1) measuring rods and clocks, (2) all other things,
e.g., the electromagnetic field, the material point, etc. This, in a
certain sense, is inconsistent...” (3). For the sake of consistency,
it is natural to assume that the clocks, being physical, behave
according to the principles of our most fundamental physical the-
ories: quantum mechanics and general relativity.

In general, the study of clocks as quantum systems in a rela-
tivistic context provides an important framework for investigat-
ing the limits of the measurability of space-time intervals (4).
Limitations to the measurability of time are also relevant in mod-
els of quantum gravity (5, 6). It is an open question how quantum
mechanical effects modify our conception of space and time and
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how the usual conception is obtained in the limit where quantum
mechanical effects can be neglected.

In this work, we show that quantum mechanical and gravita-
tional properties of the clocks put fundamental limits to the joint
measurability of time as given by clocks along nearby world lines.
As a general feature, a quantum clock is a system in a super-
position of energy eigenstates. Its precision, understood as the
minimal time in which the state evolves into an orthogonal one,
is inversely proportional to the energy difference between the
eigenstates (7-11). Due to the mass—energy equivalence, gravita-
tional effects arise from the energies corresponding to the state
of the clock. These effects become nonnegligible in the limit of
high precision of time measurement. In fact, each energy eigen-
state of the clock corresponds to a different gravitational field.
Because the clock runs in a superposition of energy eigenstates,
the gravitational field in its vicinity, and therefore the space-time
metric, is in a superposition. We prove that, as a consequence of
this fact, the time dilation of clocks evolving along nearby world
lines is ill-defined.We show that this effect is already present in
the weak gravity and slow velocities limit, in which the number
of particles is conserved. Moreover, the effect leads to entangle-
ment between nearby clocks, implying that there are fundamen-
tal limitations to the measurability of time as recorded by the
clocks.

The limitation, stemming from quantum mechanical and gen-
eral relativistic considerations, is of a different nature than the
ones in which the space-time metric is assumed to be fixed (4).
Other works regarding the lack of measurability of time due to
the effects the clock itself has on space-time (5, 6) argue that
the limitation arises from the creation of black holes. We will
show that our effect is independent of this effect, too. Moreover,
it is significant in a regime orders of magnitude before a black
hole is created. Finally, we recover the classical notion of time
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measurement in the limit where the clocks are increasingly
large quantum systems and the measurement precision is coarse
enough not to reveal the quantum features of the system. In this
way, we show how the (classical) general relativistic notion of
time dilation emerges from our model in terms of the average
mass—energy of a gravitating quantum system.

From a methodological point of view, we propose a gedanken
experiment where both general relativistic time dilation effects
and quantum superpositions of space-times play significant
roles. Our intention, as is the case for gedanken experiments, is
to take distinctive features from known physical theories (quan-
tum mechanics and general relativity, in this case) and explore
their mutual consistency in a particular physical scenario. We
believe, based on the role gedanken experiments played in the
early days of quantum mechanics and relativity, that such consid-
erations can shed light on regimes for which there is no complete
physical theory and can provide useful insights into the physical
effects to be expected at regimes that are not within the reach of
current experimental capabilities.

Clock Model

Any system that is in a superposition of energy eigenstates can be
used as a reference clock with respect to which one defines time
evolution. The simplest possible case is that in which the clock is
a particle with an internal degree of freedom that forms a two-
level system. In the following, we assume the clock to follow a
semiclassical trajectory that is approximately static, that is, it has
(approximately) zero velocity with respect to the observer who
uses the clock to define operationally his/her reference frame, in
the sense stated in the Introduction. In this way, special relativis-
tic effects can be ignored. We stress the fact that the observer
does not need to be located next to the clock. He/she can per-
form measurements on it by sending a probe quantum system to
interact with the clock and then measuring the probe in his/her
location. In the following, we focus only on the clock’s inter-
nal degrees of freedom, which are the only ones relevant to our
model. The internal Hamiltonian of the particle in its rest refer-
ence frame,

Hint = Eo|0X0| + E1|1)(1], (1]

generates the evolution of the clock. For convenience, we choose
the origin of the energy scale so that Ep =0, and we define
AE=EFE: — Ey=EFx.

An operational meaning of the “passage of a unit of time,” in
which, by definition, the system goes through a noticeable change
from an initial state to a final state, can be given in terms of the
“orthogonalization time” of the clock, that is, the time it takes
for the initial state to become orthogonal to itself. For a two-
level system, the orthogonalization time is equal to t;, = Ain/AE
(12). Note that ¢, quantifies the precision of the clock, and it is,
in this sense, a measure of time uncertainty. The optimal initial
state of the clock is one with an equal superposition of energies,
which we choose to be

1

For this state, the optimal measurement to determine the pas-
sage of time is given by projectors in the |+£) = (|0) £ |1))/v2
basis. It is important to stress that the relation between orthogo-
nalization time and energy difference is fundamental: Any clock
model has a precision limited by the difference of energies
involved in the time measuring process. This fact was already
noticed in earlier works (4, 10). It is this feature, also shared by
more-detailed clock models (13), that plays a fundamental role
in this work. The fact that the clock can return periodically to its
initial state and therefore give ambiguous time readings can be
dealt with by choosing a more elaborate clock model, e.g., a sys-
tem with more energy levels. This fact is irrelevant for the result

(10) + [1)). [2]
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of this section, and hence we will treat here only the two-level
case. This two-level clock model does not aim to describe all of
the features involved in time measurements, like, for example,
the reconstruction of the “flow of time” from repetitions of mea-
surements (4, 14). Our intention in this section is to point out
the minimal requirements for a system to be a clock, i.e., that
the system must be in a superposition of energy eigenstates. It
follows from these requirements that the orthogonalization time
is inversely proportional to the energy gap of the clock. A more
elaborate model of a clock, that addresses the issue of repetitive
measurements, will be considered in Clocks in the Classical Limit,
when studying how the general relativistic notion of time dilation
emerges in the classical limit.

The gravitational effects due to the energies involved are to
be expected at a fundamental level. In particular, for a given
energy of the clock, there is a time dilation effect in its surround-
ings, due to the mass—energy equivalence. However, because
the mass—energy corresponding to the amplitude of |0) is dif-
ferent than that corresponding to |1), the time dilation in the
vicinity of the clock in the state given by Eq. 2 is uncertain
(Fig. 1). Consider a second clock localized at a coordinate dis-
tance z from the first clock (in the reference frame of the before-
mentioned observer). Due to time dilation, this clock would run
as in flat space-time for the amplitude corresponding to |0),
and it would run (to second-order approximation in ¢~?) as
t—t+At=t[1+ GAE/(c*z)], for the amplitude correspond-
ing to the excited state |1). Here, G denotes the gravitational
constant, and ¢ can be operationally defined as the proper time
of the observer, who is sufficiently far away from the mass-energy
distribution so that the effects of the different gravitational fields
originating from the two states of the clocks are indistinguish-
able at his/her location. This observer ensures that the coordi-
nate distance = between the first observer and the clocks is kept
fixed. In SI Appendix, Analysis of the Coordinate t, we quantify
the minimum distance between the observer and the clocks such
that he/she cannot operationally distinguish between the differ-
ent gravitational fields.
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Fig. 1. Pictorial representation of the fundamental trade-off between
uncertainty of time measurement by a given clock and uncertainty of time
measurement by nearby clocks. The clock at the frontal plane of the picture
has a relatively high accuracy, depicted by its sharply defined hands. The
uncertainty of time reading for this clock is inversely proportional to the
energy gap AE of the internal degree of freedom that constitutes the clock
(Clock Model). By the mass—energy equivalence, the energy of the clock will
produce gravitational time dilation effects on nearby clocks. Because the
energy is not well defined but has an uncertainty AE, nearby clocks will
have an uncertainty in their time dilation with respect to the main clock, as
depicted by the “fuzzy” hands in a superposition. There exists, therefore,
a limitation to the possibility of defining time accurately at nearby points,
given by the joint effects of quantum mechanics (superposition principle)
and general relativity (gravitational time dilation). This effect is fundamen-
tal and independent of the energy gap AE of the clock, as stated in Eq. 3.
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As a consequence of these considerations, there is a funda-
mental trade-off between the accuracy of measuring time at the
location of the clock and the uncertainty of time dilation at
nearby points. This trade-off can be succinctly described by the
relation

ThGt

tL At =
+ ctz

) [3]

which is an uncertainty relation that arises due to both quan-
tum mechanical and general relativistic effects. It holds indepen-
dently of the energy gap of the clock or its particular constitution.

So far, our treatment of time dilation in the vicinity of the clock
has been classical and nonoperational. In Two Clocks, we explain
the above effect in terms of gravitational interaction between
quantum clocks.

Two Clocks

Consider two gravitationally interacting clocks, labeled by A and
B, separated by a coordinate distance z (in the frame of the far-
away observer). To a lowest approximation to the solution of the
Einstein equations, the gravitational interaction is described by
the Newtonian gravitational energy U(z) = —Gmamg/z. In this
work, we focus only on the first-order approximation to the solu-
tion for the metric. However, post-Newtonian corrections can be
analyzed in the same manner. The labels m4 and mp refer to the
masses of particles A and B, respectively. By these masses, we
mean the whole mass—energy contribution to the gravitational
field, including both static rest mass m and the dynamical mass,
corresponding to the energy of the internal degrees of freedom

Hine. This notion of dynamical mass is of a purely relativistic
nature, and arises from the interaction of the constituents of
our composite particle. In fact, from a relativistic point of view,
there is conceptually no difference between mass and interaction
energy, and their distinction is, effectively, a matter of the energy
scale with which the system is probed. The interaction can be
described in quantum mechanical terms by promoting the masses
of each particle to operators and using the mass—energy equiva-
lence: m—sm~+ Hy,: / ¢2. For reasons of simplicity, we assume that
the static mass is negligibly small compared with the dynamical
one and focus only on the effect due to the internal degrees of
freedom. Thus, the Hamiltonian for the two-clock system is

. . G . .
H:HA-Q-HB—EHAHB- [4]

A full derivation regarding how the internal degree of freedom
of a quantum particle evolves in perturbative general relativity is
given in refs. 12 and 15. For a heuristic discussion of Eq. 4 based
on the superposition principle and the mass—energy equivalence,
see SI Appendix, Heuristic Derivation of the Two-Clock Hamilto-
nian. The same Hamiltonian can be obtained from a field the-
ory perspective by the restriction to the two-particle sector of
the field (16) and the use of the mass—energy equivalence, as
we sketch in ST Appendix, Two-Clock Hamiltonian from Quantum
Field Theory Approach. Although the methods presented here
suffice to describe the entanglement of clocks arising from gravi-
tational interaction, a full description of the physics with no back-
ground space—time would require a fundamental quantum the-
ory of gravity. In the works of Rovelli (17) and Isham (18), for
example, it is suggested that time itself emerges from the dynam-
ics of more fundamental degrees of freedom.

Let us assume that the energies of both Hamiltonians H, and

Hp are equal and that the initial state of the clocks is uncorre-
lated: [¢in) = [(0) + [1))/V2] ®? The state at time ¢ according
to the far-away observer is

1

9= 5 (10)p0) + e~ F2" 1)), [51
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where  |@o) = (|0) +e % 2F[1))/v/2, and
e—i ’AhE (1—GAE/C4z) |1>]/\/§

We see from Eq. 5 that the clocks get entangled through
gravitational interaction: The rate at which time runs in one clock
iscorrelated to the value of the energy of the other clock. The state
gets maximally entangled for the time ¢, = whic*z/[G(AE)?].
Using dimensionless variables in Planck units, 7=1%/tp, e =
AE/Ep,and £ =z/lp,where Ip = \/hG/c? is the Planck length,
tp = lp/cis the Planck time, and Ep = /i/tp is the Planck energy,
this time is expressed as Ty, = 7€ /2, in Planck time units. As we
approach ¢, the reduced state of any of the clocks approaches
the maximally mixed state and the clock is no longer able to func-
tion as a proper clock, because, when we “ask the clock for the
time,” we get only random answers. Note that the presence of a
static mass in the Hamiltonian would not alter the value of ¢,,;;, as
it would not enter in any part of the Hamiltonian that contributes
to the entanglement between clocks. Specifically, the terms ma1®
I:IB, Hi® mpl, and ma1l ® mpl do not create any entangle-
ment between A and B, and do not change ¢,,i, whereas the term
Ha ® Hp does.

It is important to point out that, for this effect to arise, it is
crucial that we consider the internal energy of the clocks as a
quantum operator, instead of just taking into account the expec-
tation value of the energy, as is done in semiclassical gravity. To
explain this point, let us describe the evolution of clock B under
the influence of clock A, but with H4 replaced by its expecta-
tion value. We assume that the initial state of both clocks is
[Yin) =|Yin) 4 ® |in) 5. Following refs. 12 and 15, the evolu-
tion equation for clock B is i0:|y) 5 =7 Hp|) 5, where 7 is
the derivative of the proper time 7 with respect to t. By tak-
ing the expectation value of Hy4, we have =1 4 (Ha)/(c"z),
to first order in ¢~ 2. Therefore, the state of B at time ¢ is
1) p =exp (=it [1 4+ (Ha)/(c*z)]/Ah) |[tin) 5. Because the situ-
ation is symmetric between A and B, we can apply the same
argument for A and obtain, after evolution, a joint state of the
form |¢) =) , ® |¢) 5, where |¢)) , has the same form of |¢) ,
but with the labels A and B interchanged. Then we have shown
that, in the semiclassical approach, the clocks do not get entan-
gled, and the only result is an overall time dilation of one clock
due to the mean energy of the other clock. We will see in Clocks
in the Classical Limit that this situation is effectively recovered in
the classical limit of clocks.

Note that, after ¢, the purity of the reduced system will
increase again. This fact is a consequence of the unitarity of the
evolution of the composite system.

The effect presented here has a fundamental influence on the
measurement of time that follows only from quantum mechanics
and general relativity in the weak-field limit. It is independent of
the usual argument concerning limitations of the measurability
of space—time intervals due to black hole formation (5, 6). As we
will see in N + 1 Clocks, the effect is significant in a parameter
regime that occurs long before formation of black holes becomes
relevant. To strengthen the effect, we next consider N + 1 gravi-
tationally interacting clocks, for N > 1.

N + 1 Clocks

Now suppose there are N + 1 clocks contained in a region of
space characterized by the coordinate distance z. This array of
clocks constitutes a reference frame in the sense discussed in the
Introduction. We ask the question of how the functioning of a
single clock is affected by the presence of the other N clocks. To
give a lower bound on the effect, we can consider z to be the
largest coordinate distance between any pair of clocks and write
a generalization of the interacting Hamiltonian of Two Clocks,

N
H=Y A S h, (61
a=0

a<b

lp1) =110) +
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where the indices a and b label each of the individual clocks.
In this part, we concentrate only on the interacting part of the
Hamiltonian, because we wish to analyze the loss of coherence of
the reduced state of a single clock. We therefore analyze the evo-
Iution in the interaction picture. For an initial state of the form

|zlbml)(: [(10) +[1))/v2] @M the reduced state of the zeroth
clock is

cre2 N
1 1 1+e“T>]

1
po=73 AN R
[% (l—f—elT)] 1

Interestingly, the time for maximal mixing is independent of N
and is equal to T, from the two-clock case. However, coherence
can be significantly reduced for times earlier than 7,,;;. To quan-
tify this, we use the visibility V, defined by (twice) the absolute
value of the nondiagonal element of the density operator.

In our case,

N
V=2l = [5 (14 ™)

(ﬁmz ) (=)
~1- e
2¢
for 7 <« 26/(v/Ne?). From here, we identify a decoherence time
that is, back in the initial units,
4
by = 2hc z y 8]
VN G(AE)
This characterizes the fundamental limit on the time after which
quantum clocks lose their ability to measure time when their
gravitational effects are taken into account.

We now give an estimate of the parameter regime where deco-
herence is significant. The calculations are done ignoring all
effects external to our model and should be understood in terms
of a gedanken experiment. The intention is to contrast the pre-
dictions given by our model with the usual predictions given by
quantum gravity models, which do not expect limitations due to
the combined effects of quantum mechanics and general relativ-
ity before the Planck scale. (For a discussion of the role of the

[7]

I

Planck scale in the possibility of defining time, see refs. 5, 19,
and 20). Fig. 2 shows the decoherence time ¢; as a function of
the energy gap AE and the distance z for a macroscopic num-
ber of particles N = 10?3, Despite the fact that the effect is very
small with respect to the regimes of current atomic clocks, it is
important to analyze the order of magnitude of the limitations
from a conceptual point of view. For instance, for a distance
271073 cm (the order of magnitude of the charge radius of
a proton), an energy gap of AE ~ 10 GeV, which is compara-
ble to, for examz{)le, the energy of the nuclear bound state of a
K~ particle in “He (21), and a macroscopic number of parti-
cles N =2 10?3, we find ¢4 ~ 80 s. The important point is that the
regime of these parameters is several orders of magnitude away
from the Planck scale. It is also important to note that, for these
values of AE, N, the Schwarzschild radius ~ =2GM /c? [where
M =E/c? and E= NAE is the total energy] is of the order of
1072° m, so that the effect we predict is orders of magnitude
away from the regime where a black hole is formed.

To end this section, we note that, despite the fact that this
effect is not large enough to be measured with the current exper-
imental capabilities, it might be possible to perform experiments
on analog systems to test this effect. Specifically, in ref. 22, the
authors consider an atom traversing an oscillating quantum ref-
erence frame, and show that the phase of the wave function of the
atom has an uncertainty that can be related to the uncertainty in
the atom’s elapsed proper time. By the equivalence principle, it
is possible to interpret the acceleration that the oscillating refer-
ence frame induces on the atom as the gravitational effect that
one clock suffers as a consequence of the presence of another
nearby clock.

Clocks in the Classical Limit

Given the ill-definedness of time measured by a single clock
when it is in the presence of other clocks, how does the classi-
cal notion of a clock, including relativistic time dilation effects,
arise? In what follows, we answer this question by considering
the classical limit of our model. The quantum state that is clos-
est to the classical state of a clock is a spin or atomic coher-
ent state. In general, spin coherent states can be defined as

|9, ¢,5) = (cos?/2|0) + e“"sinﬁ/2|1>)®2j and can be understood

-8 "
10 "
. II td (S)
-9L ty=10"s
10 f 1.x1016
1
10710 /
5 b 1.x10M
“ 1011
/ 1.x108
10712 ¢ A
10-13 1 ! i : : i 1.x10
102 104 108 108 1010

AE (eV)

Fig. 2.

Clock decoherence time t; of Eq. 8 as a function of the clocks’ energy gap (AE) and the separation between clocks (x) for a macroscopic number

of particles N = 10%3. The dotted lines show three different decoherence time regimes for different scales of AE and x: 10" s (the order of the age of
the universe), 10’ s (the order of 1 year), and 100 s. Note that the blue region, showing relatively short decoherence times, corresponds to energies and
distances far from the Planck scale regime, suggesting a breakdown of the measurability of time at larger distance and lower energy scales.
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in terms of a j spin pointing in the direction given by the
polar angles ¥ and . This picture is convenient because it
admits a Bloch sphere representation. We assume that the
initial state of the clock is in a spin coherent state: |1)i) =
[(10) + 1)/ V21 = |9 = /2,0 =0, ).

The Hamiltonian that evolves the state of this clock is the
extension to angular momentum j of the two-level (j=1/2)
Hamiltonian presented above. In terms of the angular momen-
tum operator in the z direction, Z Eq. 1 is written as Hipy =
AE(1/21 — Z). Therefore, for a spin-j system, the corresponding
Hamiltonian is

Hyree = AE(j1 - Z), [9]
where Z= 5 ;m|m)m|. Note that the spectrum of this

Hamiltonian is nonnegative, ensuring the nonnegativity of the
mass when considering the mass—energy equivalence.

One of the approaches to the classical limit from within quan-
tum mechanics is based on an experimental resolution that is
coarse enough not to reveal the quantum features of the sys-
tem (23). In our case, we consider coarse-grained time measure-
ments characterized by the experimental resolution R. The pos-
itive operator-valued measure (POVM) corresponding to these

measurements is defined by { M}, i’;/lR , with

. ™ kR
M, =21 / 9 sind deld, )0, 0. [10]
am 0 (k—1)R
We can picture this POVM as dividing the Bloch sphere
into 2wr/R “bins.” The coherent state evolves by moving
along the ¢-direction, in the equator of the sphere. Then,
the probability that a measurement yields £ units, i.e., the
probability for a spin coherent state p to be in the kth
bin is py = TrMp = 2 [© f w1y d0dipsind Qo (9, ), where
Qp (9, ) = (9, ¢ |p|?, ga) is the Husimi function, or @ function,
of the density matrix p. The characteristic width of this func-
tion is proportional to j ~'/2, and, therefore, in the regime where
R>>j~"/? but still j > 1, the probability for the pointer of the
clock to be found in more than one bin becomes negligible. Con-
sequently, all of the fluctuations due to the quantum nature of
the system are not visible in this regime, and the clock behaves
effectively classically. Note also that, after a coarse-grained mea-
surement that finds the state of the clock in a particular bin, such

a state is effectively nonperturbed, because the part of it that lies
outside the bin of size R is negligible and, therefore, a projec-
tion on the region corresponding to the bin will not alter the
state significantly. Therefore, the clock will effectively continue
its classical behavior after measurement (24).

Consider now two clocks, labeled by A and B, each of them
being initially in a coherent state and interacting gravitationally
with each other. For full generality, we suppose that the A (B)
clock is a system with total spin ja (jp). The full Hamiltonian is

= i+ fp — -5 iy, [11]
ctz
where Hs (Hp) have the form 9. For the initial state

[hin) =0 ="/2,0=0,ja)®|9=7F,0=0,js), the reduced state
for the B clock at time ¢ is

1 2,4 T .
pB:4jAkz:<J )’19— 7§0k>j3><79:§790ka]37
=0

e

[12]

where ¢ =— — GkAEB/c45), Let us analyze closely this
equation. It consists of a sum of coherent states, each of them
evolving with a phase ¢, modulated by a binomial distribu-
tion. The typical width of these coherent states depends on jp.
The state is measured by the coarse-grained POVM of Eq. 10.

When jp islarge and R > j5 V2 itis expected that each coherent
state is significantly different from zero only inside one bin. This
applies also for noninteracting clocks A and B. However, in the
presence of interaction, the coherent states in the mixture of Eq.
12 evolve with different time dilation factors, given by each of the
phases ¢y.

There are two effects, different in nature, whose relative con-
tributions to the evolution of pp give us the regime of param-
eters that defines the classical limit. The situation is depicted
in Fig. 3. First, there is the “evolution of the clock as a
whole,” that is, the movement of the average phase of the clock
pja=—15E (1 GjaAE/45), This phase, which corresponds to
the pomter with the highest probability for detection, evolves
time-dilated due to the average energy of the clock A. Sec-
ond, coherent states tend to spread from each other, leading
eventually to a mixing of the reduced state and therefore to ill-
definedness of time measurements. To quantify these two effects,
we note, on the one hand, that the evolution of the time dilation
part of the average phase is proportional to j4. On the other

Fig. 3. Emergence of the classical notion of general relativistic time dilation from the assumption of clocks in coherent states and coarse-grained mea-

surements. Two coherent state clocks with spins j4 and jg interact gravitationally. The reduced state for the B clock is a sum of coherent states modulated
by a binomial distribution (Eq. 12). The Husimi function of each coherent state is represented by a blue circle that precesses along the black circumference
as it evolves. Each state in the mixture precesses at a different time dilation rate. The darker the color of the circle representing the Husimi function at
one location, the higher the probability of finding the clock pointer at that location. We consider a time measurement POVM that gives the probability of
finding the clock state in one of the bins that divide the circle. The finite size of the bins represents the finite experimental resolution R. There are two
effects that contribute to the classical limit: the average motion of the clock and the separation of the different Husimi functions. The average motion of
the clock grows as ja, whereas the effective separation of the coherent states is proportional to /ja (Clocks in the Classical Limit). In A, we depict the initial
condition: All of the Husimi functions are centered at the same point. As they evolve, the Husimi functions spread. (B) For t < t* = ﬁc“x/[G\/ZT'A(AE)Z] and
R>j, /2 all of the coherent states lie inside one bin and no “quantum fluctuations” occur when measuring time. The B clock is time-dilated according to
the average energy of the clock A. (C) For t > t*, different Husimi functions occupy different bins, and the effects of the quantum entanglement between
the clocks emerge despite the coarseness of the measurement.
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hand, despite the fact that the angle separation of the coher-
ent states Ay = o, — o = 2Gia(AF)?t/ A, is also proportional
to ja, not all of the terms in 12 contribute significantly to the
state, due to the binomial distribution p(k) = 4774 (*4). Indeed,
for large ja, p(k) can be approximated by a Gaussian distribu-

. 2
tion, that is, p(k) ~ , / =L exp (kﬂ") , which has a characteris-

TiA Via
tic width proportional to v/j4. This means that the effective angle
separation between coherent states grows with /44, rather than
CVIA(AE)?t

(hc4m)

smaller than a characteristic time

with ja; thatis, Apey = . Therefore, for times much

4
. hc*x

= — 13
NI 13l

say t=TI't", where I" <« 1, the angle separation will grow as

4 .
= GA%\z/mF +/ 2T
which grows as /74 for large values of j4. Therefore, for this scal-
ing with respect to j4 and in the limit where j4 >> 1, we reach the
regime where the classical limit of clocks holds, because entan-
glement is negligible at these scales. If, apart from this char-
acteristic time ¢, we have a coarse enough measurement, i.e.,

R>jg 1 2, measurements of time will detect time dilation, as
classical general relativity predicts, but with no “quantum fluc-
tuations.” Significantly, the time dilation factor corresponds to
the average energy of clock A, consistent with the semiclassical
approximation to gravity in the quantum domain.

The evolution of the reduced state pp can also be studied in
terms of its master equation. Following ref. 15, where a full treat-
ment of the master equation for systems of particles evolving
in the presence of relativistic time dilation is given, the master
equation in this case can be written as

dpp i]x GjaAE
s _ g, (14 HARE
dt h { b ( R )’pB}

- 2
(%28 [ ol ] |- s

where [I:IB, pg] e [HB, pB] /"5 We note that the

first term, corresponding to the unitary part of the evolution, has
a time dilation factor (1 + GiaAE/q4;) that corresponds to the
mean energy jaAFE of the A clock. On the other hand, the sec-
ond term, responsible for decoherence and quadratic in Jii B, 18
proportional to the square of the variance, j1(AE)?/2. We then
see that, in a state of clock 4 where the variance of the energy
is negligible, clock B evolves unitarily with a time-dilation fac-
tor given by the average energy of clock A, just as expected for
a quantum state of matter in the semiclassical limit, where its
energy-momentum tensor operator is replaced by its average
value. For completeness, we derive Eq. 14 in SI Appendix, Deriva-
tion of the Master Equation, following closely ref. 15. We show
that the derivation of the master Eq. 14 holds, in general, for any

quantum system and any form of the Hamiltonians H4 and Hp.
This fact implies that, as long as the initial state of the clocks is
not in an energy eigenstate (a condition needed for the system
to be a clock), the second term in Eq. 14 will be nonzero, as the
variance of the energy will not vanish; implying that, irrespective
of the nature of the clocks, they will get entangled.

Finally, in the light of the analysis of the present section, let
us now return to Eq. 3, obtained via a heuristic semiclassical
argument in Clock Model, and show that it can also be derived
from the classical limit of two interacting clocks, connecting the

Ay =t/¢e* =T, but we will have ¢;,

E2308 | www.pnas.org/cgi/doi/10.1073/pnas.1616427114

heuristic arguments based on the superposition principle and
gravitational time dilation to our treatment of interacting
clocks in the classical limit. Consider the two-clock sce-
nario at the beginning of this section with j4=1/2 and
js>1. We will analyze the limit in which the time dila-
tion of clock B due to clock A is significant [that is,
GAE4/(c*z) is nonnegligible], but the time dilation effect
on A due to B can be neglected, ie., GjzAEp/(c*z) < 1.
Let us focus first on clock B. Its reduced state after evo-
lution is given by PB:1/2(‘79:gu¢0ajB><19:”/27900713| +
[0 ="/2, 01,5 X0 ="/2,01,5]),  with  pp=—"5 (1-
GkAEa/c45), k=0,1. We now define the operator

o M2ip 1) [T , A
7o = MR [ 0o sino [ a6010.0.50)0. 0.1, 115
Physically, this operator represents the pointer position of clock
B and has physical dimensions of time. In the limit jp—o0,
spin coherent states are orthonormal, and, therefore, the state
|19: Z, ¢k, jB) becomes an eigenstate of 775 with eigenvalue
her/AEg, for ¢, € (0,2m) and k=0, 1. Using this fact, it is
easy to show that, in this limit, the variance of the operator T75
is given by

(o1 — ) — GO
2AER Prewo) = oy

On the other hand, the probability of measuring one unit of
time on clock A is given by the operator T =%/aEs|—)—|.
Operationally, the time it takes for the average of Ta to
change significantly is given by dTa=ATa/(|d(Ta)/dt|),
where the Dbars denote absolute value. We can
now compute d74 for the reduced state of clock A,

ATIB = [16]

pA:AU% ijfo (223) 19:7{/27901671/2><19:7r/2790k71/2 ,  with
@ = —1A84 (1 _ ckABg/.4,). Because, by assumption, the time

dilation effect of clock B on clock A is negligible, we take into
account only the ¢ contribution to d74, yielding the result
d T4 =h/AE,. Putting the pieces together, we get

hGt
2¢iz’

which coincides with Eq. 3 up to a factor of 7 /2.

dTsAT? = 171

Discussion

In the (classical) picture of a reference frame given by gen-
eral relativity, an observer sets an array of clocks over a region
of a spacial hypersurface. These clocks trace world lines and
tick according to the value of the metric tensor along their tra-
jectory. Here we have shown that, under an operational defi-
nition of time, this picture is untenable. The reason does not
only lie in the limitation of the accuracy of time measurement
by a single clock, coming from the usual quantum gravity argu-
ment in which a black hole is formed when the energy density
used to probe space-time lies inside the Schwarzschild radius
for that energy. Rather, the effect we predict here comes from
the interaction between nearby clocks, given by the mass—energy
equivalence, the validity of the Einstein equations, and the
linearity of quantum theory. We have shown that clocks inter-
acting gravitationally get entangled due to gravitational time
dilation: The rate at which a single clock ticks depends on the
energy of the surrounding clocks. This interaction produces a
mixing of the reduced state of a single clock, with a character-
istic decoherence time after which the system is no longer able
to work as a clock. Although the regime of energies and dis-
tances in which this effect is considerable is still far away from
the current experimental capabilities, the effect is significant at
energy scales that exist naturally in subatomic particle bound
states.
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These results suggest that, in the accuracy regime where the
gravitational effects of the clocks are relevant, time intervals
along nearby world lines cannot be measured with arbitrary pre-
cision, even in principle. This conclusion may lead us to question
whether the notion of time intervals along nearby world lines is
well defined. Because the space-time distance between events,
and hence the question as to whether the events are space-like,
light-like, or time-like separated, depend on the measurability of
time intervals, one can expect that the situations discussed here
may lead to physical scenarios with indefinite causal structure
(25). The notion of well-defined time measurability is obtained
only in the limit of high-dimensional quantum systems subjected
to accuracy-limited measurements. Moreover, we have shown
that our model reproduces the classical time dilation character-
istic of general relativity in the appropriate limit of clocks as
spin coherent states. This limit is consistent with the semiclas-
sical limit of gravity in the quantum regime, in which the energy—
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momentum tensor is replaced by its expectation value, despite
the fact that, in general, the effect cannot be understood within
this approximation.

The operational approach presented here and the conse-
quences obtained from it suggest that considering clocks as real
physical systems instead of idealized objects might lead to new
insights concerning the phenomena to be expected at regimes
where both quantum mechanical and general relativistic effects
are relevant.
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