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Abstract

We study a functional defined on the class of piecewise constant functions, com-
bining a jump penalization, which discourages discontinuities, with a fidelity term that
penalizes deviations from a given linear function, called the forcing term.

In one dimension, it is not difficult to see that local minimizers form staircases that
approximate the forcing term. Here we show that in two dimensions symmetry breaking
occurs, leading to the emergence of exotic minimizers whose level sets are not simple
stripes with boundaries orthogonal to the gradient of the forcing term.

The proof relies on a suitable adaptation of the calibration method for free disconti-
nuity problems; as a side benefit, our version requires less regularity than the classical
one.
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1 Introduction

Let (a, b) ⊆ R be an interval, and let u : (a, b) → R be a function. We say that u is a
“pure jump” function in (a, b), and we write u ∈ PJ((a, b)), if there exist a real number
c, a (finite or countable, and possibly also empty) subset Su ⊆ (a, b), and a function
J : Su → R \ {0} such that ∑

x∈Su

|J(x)| < +∞,

and
u(x) = c+

∑

y∈Su

y≤x

J(y), ∀x ∈ (a, b). (1.1)

We call PJloc(R) the set of all functions u : R → R whose restriction to every
interval (a, b) belongs to PJ((a, b)). The space PJloc(R) naturally generalizes piecewise
constant functions, and can also be characterized as the set of functions in BVloc(R)
whose distributional derivative is purely atomic.

It is not difficult to verify that the representation (1.1) is unique for every function
u ∈ PJ((a, b)). Specifically, the constant c equals the limit of u(x) as x → a+, the set
Su consists of the discontinuity points of u and, for each x ∈ Su, the function J(x) is
the jump of u at x, that is, the difference between the right and left limits of u.

We refer to the elements of Su as the jump points of u, and to |J(x)| as the jump
height at x. This quantity also coincides with the difference between the upper and
lower approximate limits of u at x, denoted by u+(x) and u−(x), respectively.

Given the real parameters

θ ∈ [0, 1), α > 0, β > 0, M 6= 0, (1.2)

we introduce the jump functional with fidelity term

JFθ,α,β,M(Ω, u) = α
∑

x∈Su∩Ω

|u+(x)− u−(x)|θ + β

∫

Ω

(u(x)−Mx)2 dx, (1.3)

defined for every open set Ω ⊆ R and every u ∈ PJloc(R), with values in nonnegative
real numbers or even +∞, because the first term might be a diverging series. This
functional, extended to +∞ when u 6∈ PJloc(R), is lower semicontinuous with respect to
convergence in L2(Ω), and more generally in every space Lp(Ω).

Minimizing this functional involves a competition between the sum, a sort of regu-
larizing term that penalizes jumps, and the integral, which encourages u to approximate
the function f(x) := Mx. Consequently, we refer to f(x) as the forcing term and to
the integral as the fidelity term. Notably, in the limiting case θ = 0, the sum simply
counts the number of jump points of u in Ω, while for θ = 1 (which is excluded in (1.2)
because in that case the functional is not lower semicontinuous) it would represent the
total variation of u in Ω.

An entire local minimizer of (1.3) is any function u ∈ PJloc(R) satisfying

JFθ,α,β,M(Ω, u) ≤ JFθ,α,β,M (Ω, v)
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for every open set Ω ⊆ R, and every v ∈ PJloc(R) that coincides with u outside a
compact subset of Ω.

In one dimension, entire local minimizers can be described rather easily. As we
establish in Theorem 2.2, their graphs are “staircases” that follow the profile of the
forcing term, with steps whose length and height are determined solely by the parameters
(1.2).

The problem can be generalized to dimensions d ≥ 2. To this end, we consider the
space PJloc(R

d) of pure jump functions in Rd. Even if this space lacks an elementary
representation as (1.1), any such function has a jump set Su, which is a (d−1)-rectifiable
subset of Rd, and a well-defined jump height |u+(x) − u−(x)| that is measurable with
respect to the (d − 1)-dimensional Hausdorff measure Hd−1 restricted to Su. For the
precise functional setting, we refer to Section 2 below.

With this notation, the natural generalization of (1.3) is the functional

JFθ,α,β,ξ(Ω, u) = α

∫

Su∩Ω

|u+(x)− u−(x)|θ dHd−1 + β

∫

Ω

(u(x)− 〈ξ, x〉)2 dx, (1.4)

defined for every open set Ω ⊆ Rd and every u ∈ PJloc(R
d). Here, θ, α, and β are as in

(1.2), with ξ ∈ Rd \ {0}, and 〈ξ, x〉 denoting the scalar product between ξ and x.
The forcing term f(x) := 〈ξ, x〉 has a one-dimensional profile in the direction of ξ,

which initially suggested that entire local minimizers might retain a one-dimensional
structure in the same direction. However, our main result demonstrates that this is not
always (and probably never) the case. Indeed, in Theorem 2.5 we show that, in the case
θ = 0, there exist entire local minimizers that are not one-dimensional.

This was somewhat surprising, at least to us, but it does not contradict any general
principle. In a symmetric problem, symmetry ensures that the symmetric transfor-
mation of any solution is still a solution, but it does not necessarily imply that every
solution itself must preserve the same symmetries.

Motivation in one dimension Our interest for this problem originated from our asymp-
totic analysis of the staircasing phenomenon for the Perona-Malik functional. In order
to explain this connection, let us start by considering in one dimension the Perona-Malik
functional with fidelity term

PMF(u) :=

∫ 1

0

log(1 + u′(x)2) dx+ β

∫ 1

0

(u(x)− f(x))2 dx, (1.5)

where β is a positive real number, and f ∈ L2((0, 1)) is a given forcing term. Since
the function p 7→ log(1 + p2) is not convex and, even more important, its convex hull is
identically zero, it is well-known that

inf
{
PMF(u) : u ∈ C1([0, 1])

}
= 0 ∀f ∈ L2((0, 1)).

Therefore, in order to obtain more stable models, several regularization of (1.5) have
been proposed in the last decades. Here we focus on two of them.

2



• The singular perturbation regularization, obtained by adding a convex coercive
term depending on higher order derivatives. In its simpler version, this leads to
the functional

SPMFε(u) :=

∫ 1

0

ε10| log ε|2u′′(x)2 dx+ PMF(u), (1.6)

defined for every u ∈ H2((0, 1)) and every ε ∈ (0, 1).

• The discrete regularization, obtained by replacing the derivative in (1.5) by finite
differences. This leads to the functional

DPMFε(u) :=

∫ 1−ε

0

log
(
1 + (Dεu(x))2

)
dx+ β

∫ 1

0

(u(x)− f(x))2 dx, (1.7)

defined for every ε ∈ (0, 1), where

Dεu(x) :=
u(x+ ε)− u(x)

ε
∀x ∈ (0, 1− ε)

is the classical finite difference, and the domain of the functional is now restricted
to the functions u that are piecewise constant with respect to the ε-grid, namely
such that

u(x) = u(ε⌊x/ε⌋) ∀x ∈ [0, 1].

Both choices lead to well-posed models, in the sense that for every admissible value of
ε the corresponding minimum problem admits at least one solution. On the other hand,
the unstable character of (1.5) comes back in the limit as ε → 0+, so that minimum
values tend to 0, minimizers tend to f in L2(Ω) and, more important, minimizers develop
a microstructure known as staircasing effect. A quantitative analysis of this effect was
carried on by the authors in [19, 20] for the singular perturbation, and by the second
author in [24] for the discrete approximation.

In both cases the main idea consists in zooming-in the graph of minimizers within a
window of a suitable size ωε. More precisely, given a family of minimizers {uε}, and a
family xε → x0 ∈ (0, 1), one considers the family of blow-ups

vε(y) :=
uε(xε + ωεy)− f(xε)

ωε

∀y ∈ Iε :=

(
−xε
ωε

,
1− xε
ωε

)
.

The choice of ωε depends on the model. In the case of the singular perturbation, the
correct choice is ωε := ε| log ε|1/2, and with a change of variable in the integrals one can
see that vε minimizes the rescaled singular perturbation of the Perona-Malik functional
with fidelity term, defined as

RSPMFε(Iε, v) := RSPMε(Iε, v) + β

∫

Iε

(v(y)− fε(y))
2 dy,

where

RSPMε(Ω, v) :=

∫

Ω

{
ε6v′′(y)2 +

1

ω2
ε

log
(
1 + v′(y)2

)}
dy,
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and the new forcing term is

fε(y) :=
f(xε + ωεy)− f(xε)

ωε

∀y ∈ Iε. (1.8)

Now, let us assume that f is of class C1. Then, by passing to the limit in (1.8),
we obtain that fε(y) tends to the linear function y 7→ f ′(x0)y uniformly on bounded
sets. Under this assumption, one can establish two key results (see [19, Theorem 3.2
and Proposition 4.6]).

• (Gamma convergence). There exists a positive constant α such that, for every
bounded open set Ω ⊆ R,

Γ–lim
ε→0+

RSPMFε(Ω, v) = JF1/2,α,β,f ′(x0)(Ω, v). (1.9)

• (Compactness). The family {vε} is relatively compact in L2(Ω) for every bounded
open set Ω ⊆ R.

After these two key facts have been established, one can conclude in a rather standard
way that every limit point of vε is an entire local minimizer of the limit functional, which
naturally leads to the problem of classifying such minimizers.

In the case of the discrete approximation the situation is analogous. The correct
choice is ωε = (ε| log ε|)1/3, in which case vε minimizes the rescaled discrete Perona-
Malik functional with fidelity term, defined as

RDPMFε(Iε, v) :=
1

ω2
ε

∫

I′ε

log
(
1 +Dε/ωεv(x)2

)
dx+ β

∫

Iε

(v(x)− fε(x))
2 dx,

where, in analogy with the previous case, we have set

Iε :=

(
−xε
ωε

,
1− xε
ωε

)
and I ′ε :=

(
−xε
ωε

,
1− ε− xε

ωε

)
.

Again the family {vε} is relatively compact in L2(Ω) for every bounded open set
Ω ⊆ R, while now (1.9) becomes

Γ–lim
ε→0+

RDPMFε(Ω, v) = JF0,α,β,f ′(x0)(Ω, v).

As a consequence, again any limit point of {vε} is an entire local minimizer to a
functional such as (1.3), just with exponent θ = 0 instead of θ = 1/2.

Motivation in higher dimension The previous theory for the Perona-Malik functional
can be extended to higher dimension. The Perona-Malik functional can be defined in
analogy with (1.5), just by replacing the interval (0, 1) with a product of intervals or a
suitable bounded open set, and u′(x) with the norm of the gradient of u. The singular
perturbation approximation can be defined in analogy with (1.6), just by replacing
|u′′(x)| with some norm of the Hessian matrix of u. The discrete approximation can be
defined in analogy with (1.7) by exploiting some discrete version of the gradient.
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We never wrote down the details explicitly, but at least in the case of the singular
perturbation, both the Gamma-convergence (see [4, 23, 26]) and the compactness re-
sults should still hold, although the proof involves additional technical difficulties. This
would suffice to show that, in any space dimension, the limits of blow-ups of minimizers
are again entire local minimizers of the functional (1.4), with θ = 1/2 and ξ = ∇f(x0),
where x0 is the limit of the centers of the zoom-in windows. This, in turn, motivates
the classification of such entire local minimizers. However, the appearance of the ex-
otic candidates presented in this paper (as well as others whose existence we suspect)
significantly complicates this crucial step, even in two dimensions.

Overview of the technique The characterization of entire local minimizers in one dimen-
sion (Theorem 2.2) is essentially an extension of [19, Proposition 4.5] to more general
exponents, and can be established through fairly elementary arguments, as was done in
that earlier work.

In higher dimensions, we rely on two distinct tools. The first is the slicing technique
(see Proposition 4.1), which is effective when we start with an entire local minimizer in
Rd1 and wish to extend it to Rd1+d2 by simply ignoring the additional variables. This
method applies both when proving that staircases are entire local minimizers in any
space dimension, and when extending our exotic minimizers from dimension d = 2 to
dimensions d ≥ 3.

The second tool is the calibration method, originally introduced in the context of
free discontinuity problems by G. Alberti, G. Bouchitté, and G. Dal Maso in [1]. In a
nutshell, the idea is to define a new functional G(Ω, u) as the flux of a vector field Φ
across the boundary of the hypograph of u in Ω. The key point lies in choosing the
vector field Φ so that the following three conditions are met.

• Divergence-free. The field Φ must be divergence free. This ensures that G(Ω, v) =
G(Ω, w) whenever v and w coincide in a neighborhood of ∂Ω.

• Lower bound. For every v ∈ PJloc(R
d), one requires G(Ω, v) ≤ JF(Ω, v) (here for

the sake of shortness we do not write all parameters as in (1.4)). This typically
leads to a set of inequalities that the components of Φ must satisfy.

• Matching on the candidate. For the candidate u to be an entire local minimizer,
one requires G(Ω, u) = JF(Ω, u). This typically results in equalities that must be
satisfied by the components of Φ.

These three conditions together imply that

JF(Ω, v) ≥ G(Ω, v) = G(Ω, u) = JF(Ω, u) (1.10)

for every function v that coincides with u in a neighborhood of ∂Ω, which is enough to
prove that u is actually an entire local minimizer.

In this paper, we apply the calibration method in two distinct contexts. The first
is to provide an alternative proof that staircases are entire local minimizers in one
dimension. In this case, we need a divergence-free vector field in R2, and any such
field can be written as the rotated gradient of a scalar function F . Thus, in this model
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case, the entire construction reduces to finding a scalar function F of two variables that
satisfies a suitable system of equalities and inequalities (see Proposition 3.1).

The second use of the calibration method occurs in verifying that certain exotic
“double staircases” are indeed entire local minimizers in R2 for θ = 0, as needed in
the proof of Theorem 2.5. Here, we need a divergence-free vector field in R3, and it
is well known that such a field can be expressed as the curl of another vector field of
the form (A,B, 0). The one-dimensional construction guides our choice of components:
specifically, we set B(x, y, z) = F (x, z), where F is the same function used in the
calibration of one-dimensional staircases. This reduces the problem to selecting the
function A (see Proposition 5.3).

We emphasize that our approach differs from that in [1] in a key aspect that could
be interesting in itself: rather than focusing directly on the vector field Φ, we work
instead with the underlying functions, namely F in one dimension, and A and B in two
dimensions. In particular, all the conditions we impose take the form of equalities and
inequalities involving these functions themselves, not their derivatives. This leads to
significantly weaker regularity requirements. For instance, in the one-dimensional case,
we do not even require F to be continuous (see the proof of Proposition 3.1 and the
following Remark 3.3), whereas in [1] the components of Φ, which in our setting corre-
spond to derivatives of F , are required to be bounded and approximately continuous.
Similarly, in two dimensions, we do not impose any differentiability on A, while the
approach of [1] would require its derivatives to satisfy analogous regularity conditions
(see Proposition 5.3 and Remark 5.4).

Other examples of symmetry breaking Determining whether the solutions of some prob-
lem inherits the same symmetries of the problem itself is a very classical problem in
analysis. Several famous examples of symmetry breaking, together with some tech-
niques to prove symmetry, are illustrated in the expository paper [22]. Among the
classical examples, we mention Newton’s body of minimal resistance (see [6]), the non-
symmetric groundstates of [16], and the symmetry breaking for the minimizers of some
Poincaré-Wirtinger type inequalities (see [9, 18]).

Further classical examples of symmetry breaking arise from the Steiner problem,
which is also an example in which minimality can be proved via calibration (see, for
example, [25] and the references therein).

Some more recent results in contexts similar to ours are presented in the series of
papers [21, 11, 12], where the authors consider functionals defined on sets involving a
competition between a perimeter-type attractive term and a repulsive non-local term. In
[13, 10] similar models for diffuse interfaces instead of sets were also considered. In both
cases, it turns out that minimizers display one-dimensional patterns (periodic stripes),
thus exhibiting less symmetries than the energy.

Finally, we mention the problem of symmetry for optimizers in the Caffarelli-Kohn-
Nirenberg inequality [7]. After some cases of symmetry breaking were discovered in [8],
the problem of determining the exact range of parameters for which this phenomenon
occurs remained open for a while, until it was finally settled in [15]. More recently, the
same question has been investigated also for the fractional version of this inequality (see
[3, 14]), but at present only partial results are available in this direction.
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Structure of the paper This paper is organized as follows. In Section 2, we fix the
notation and state our main results. In Section 3, we prove the characterization of
entire local minimizers in one dimension, introducing in particular our version of the
calibration method in this setting. In Section 4, we recall the classical slicing technique
and apply it to show that staircases remain minimizers in all space dimensions, and
to reduce the search for exotic minimizers to dimension two. Section 5 forms the core
of the paper: here, we construct asymmetric entire local minimizers in two dimensions
and establish their properties via a more delicate calibration, whose construction is
nonetheless inspired by the one dimensional case. Finally, in Section 6, we present some
open problems.

2 Notation and statements

Pure jump functions, jump sets and jump heights Let d be a positive integer, and let
Ω ⊆ Rd be an open set. Throughout this paper, we consider the usual space SBV (Ω) of
special bounded variation functions, and the spaceGSBV (Ω) of all measurable functions
u : Ω → R whose truncations

uT (x) := min{max{u(x),−T}, T} ∀x ∈ Ω

belong to SBV (Ω) for every T > 0. At this point, one can introduce the space

PJ(Ω) :=
{
u ∈ GSBV (Ω) : ∇u(x) = 0 for almost every x ∈ Ω

}

of pure jump functions in Ω, and finally the space PJloc(R
d) consisting of all measurable

functions u : Rd → R whose restriction to every bounded open set Ω ⊆ Rd belongs to
PJ(Ω). For the theory of these function spaces we refer to [2].

In the sequel we need the fact that, for every function u ∈ PJloc(R
d), the approximate

limsup and liminf, denoted by u+(x) and u−(x), respectively, coincide and are finite
for every x ∈ Rd except on a set Su, called the jump set of u. The jump set Su

is (d − 1)-rectifiable, and the jump height u+(x) − u−(x) is measurable with respect
to the restriction of the (d − 1)-dimensional Hausdorff measure Hd−1 to Su. As a
consequence, the functional (1.4) is well-defined (possibly taking the value +∞) for
every u ∈ PJloc(R

d) and for every admissible choice of the parameters.
Incidentally, we recall that for Hd−1-almost every x ∈ Su, the values u

+(x) and u−(x)
also coincide with the approximate limits of u taken from the two sides of Su.

Staircases Let us recall the notation introduced in [19] in order to describe staircase-
like functions (see [19, Definitions 2.3 and 2.4]).

Definition 2.1 (Staircases). Let S : R → R be the function defined by

S(x) := 2

⌊
x+ 1

2

⌋
∀x ∈ R, (2.1)

where, for every real number α, the symbol ⌊α⌋ denotes the greatest integer less than
or equal to α.
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• For every pair (H, V ) of real numbers, with H > 0, we call canonical (H, V )-
staircase the function SH,V : R → R defined by

SH,V (x) := V · S(x/H) ∀x ∈ R.

• We say that v is an oblique translation of SH,V if there exists a real number
τ0 ∈ [−1, 1] such that

v(x) = SH,V (x−Hτ0) + V τ0 ∀x ∈ R.

• In dimension d ≥ 2, the (H, V )-canonical staircase in a direction ξ ∈ Rd, with
‖ξ‖ = 1, is the function

SH,V,ξ(x) := V · S(〈x, ξ〉/H) ∀x ∈ R
d,

and its oblique translations are of the form

v(x) = SH,V,ξ(x−Hτ0ξ) + V τ0 ∀x ∈ R
d.

Roughly speaking, the graph of SH,V is a staircase with steps of horizontal length
2H and vertical height 2V . The origin is the midpoint of the horizontal part of one of
the steps. The staircase degenerates to the null function when V = 0, independently
of the value of H. Oblique translations correspond to moving the origin along the line
Hy = V x. For a pictorial description of these staircases, we refer to Figure 1, which is
taken from [19, Figure 2].

2V

H

(a) (b)

Figure 1: (a) Canonical staircase. (b) Oblique translation with parameter τ0 = 1/2.

Main results The first result of this paper is the complete characterization of entire
local minimizers for the functional (1.3).

Theorem 2.2 (Entire local minimizers in one dimension). Let θ, α, β, M be as in
(1.2). Let us set

H :=

(
3(1− θ)α

(2|M |)2−θβ

)1/(3−θ)

and V :=MH. (2.2)

Then the set of entire local minimizers of the functional (1.3) coincides with the set
of all oblique translations of the canonical (H, V )-staircase.
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The following remarks clarify some aspects of this result.

Remark 2.3 (Some heuristics). Let us consider the canonical (H, V )-staircase. Each
jump has height 2V , and hence its contribution to the functional (1.3) is α(2V )θ. Since
the distance between two consecutive jumps is 2H, we can say that the contribution of
jumps, or equivalently of vertical parts of the steps, per unit length is α(2V )θ/(2H).

The contribution of each horizontal step to the fidelity term in (1.3) is

β

∫ H

−H

(Mx)2 dx =
2

3
βM2H3,

and hence the contribution of the horizontal parts of the steps per unit length is
βM2H2/3. If we assume that V = MH, which is reasonable if we want a staircase
with the same average slope as the forcing term, the sum of the two unitary contribu-
tions is

α(2H)θ−1|M |θ + βM2H2

3
.

The value of H that minimizes this expression is exactly the one given in (2.2).

Remark 2.4 (The limit case θ = 1). The value of H tends to 0 as θ → 1−. This
aligns with the intuition that, as θ approaches 1, it becomes increasingly convenient for
minimizers to distribute their variation over a greater number of jumps, thereby better
adapting to the forcing term. As a further evidence one could prove that, in the limit
case θ = 1, the unique entire local minimizer is the forcing term Mx itself.

Now we consider the higher dimensional case. The following result, and in particular
statement (2), is the main contribution of this paper.

Theorem 2.5 (Entire local minimizers in higher dimensions). Let d ≥ 2 be an integer,
and let θ, α, and β be as in (1.2). Let ξ ∈ Rd \ {0}, set M := ‖ξ‖, and define H and V
as in (2.2).

Then the following statements hold.

(1) All oblique translations of the (H, V )-staircase in the direction ξ/M are entire local
minimizers of the functional (1.4).

(2) If θ = 0, then there do exist entire local minimizers of the functional (1.4) that
are not oblique translations of the (H, V )-staircase in the direction ξ/M .

Remark 2.6 (The trivial forcing term). In Theorem 2.2 we assumed that M 6= 0, and
in Theorem 2.5 that ξ 6= 0; both conditions ensure that the forcing term in (1.3) and
(1.4) is nontrivial.

When the forcing term is identically zero, it is straightforward to show that the
constant function zero is an entire local minimizer. The question is whether it is the
unique one. In one dimension, the answer is affirmative and can be proved as in [19,
Proposition 4.5], although the argument given there is specific to the one-dimensional
setting. In higher dimensions, the situation is less clear, and uniqueness does not seem
to follow from the techniques developed in this paper.
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3 The one-dimensional case (proof of Theorem 2.2)

The plan of the proof is the following.

• In the first step, we exploit a homothety argument in order to decrease the number
of parameters. This allows to reduce ourselves to the case where

α = αθ :=
22−θ

1− θ
, β = 3, M = 1, (3.1)

for which (2.2) yields H = V = 1, and therefore the candidates to be entire local
minimizers are the basic staircase S(x) defined in (2.1) and its oblique translations.

• In the second step, we introduce the calibration method in one dimension. This
reduces the problem of verifying that S(x) is an entire local minimizer to finding
a function of two variables satisfying a suitable set of equalities and inequalities.

• In the third step, we explicitly construct the calibration and verify that it meets
the required conditions. This completes the first part of the proof, namely, the
fact that all oblique translations of S(x) are entire local minimizers.

• In the fourth and final step, we prove the converse: any entire local minimizer
must be an oblique translation of S(x).

Step 1 – Reduction of the parameters Up to replacing u by −u, we can always assume
that M > 0. Now let A be a positive real number, and for every u ∈ PJloc(R) let us set

uA(x) :=
A

M
· u
( x
A

)
∀x ∈ R.

One can check that uA ∈ PJloc(R), and uA has a jump point in x with jump height
J if and only if u has a jump point in Ax with jump height MJ/A. Combining this
remark with a change of variable in the integral of the fidelity term, we deduce that

JFθ,α,β,M ((−L,L), u) = βM2

3A3
· JFθ,α̂,3,1((−AL,AL), uA),

where

α̂ :=
3α

β
· A

3−θ

M2−θ
.

As a consequence, u is an entire local minimizer for the functional (1.1) with param-
eters (θ, α, β,M) if and only if uA is an entire local minimizer for the same functional
with parameters (θ, α̂, 3, 1). In particular, if we choose A := 1/H, with H given by
(2.2), we have reduced the problem to showing that the set of entire local minima for
the functional (1.3), with parameters given by (3.1), coincides with the set of oblique
translations of the basic staircase S(x).
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Step 2 – The calibration method in one dimension The key tool is the following.

Proposition 3.1 (Calibration in one dimension). Let us assume that there exists a
function Fθ : R

2 → R that satisfies the following two equalities

Fθ(2j + 1, 2j)− Fθ(2j − 1, 2j) = 2 ∀j ∈ Z, (3.2)

Fθ(2j − 1, 2j)− Fθ(2j − 1, 2j − 2) =
4

1− θ
∀j ∈ Z, (3.3)

and the following two inequalities

Fθ(x2, z)− Fθ(x1, z) ≤ (x2 − z)3 − (x1 − z)3 ∀x1 ≤ x2, ∀z ∈ R, (3.4)

Fθ(x, z2)− Fθ(x, z1) ≤
22−θ

1− θ
|z2 − z1|θ ∀x ∈ R, ∀(z1, z2) ∈ R

2. (3.5)

Then the staircase S(x) of Definition 2.1, together with all its oblique translations,
is an entire local minimizer for the functional (1.3), with parameters given by (3.1).

Proof. To begin with, we observe that S(x) minimizes in some interval (a, b) with respect
to its boundary conditions if and only if S(x− τ0) + τ0 minimizes in (a+ τ0, b+ τ0). As
a consequence, if S(x) is an entire local minimizer, then all its oblique translations are
automatically entire local minimizers as well. Therefore, in the sequel we focus on S(x).

For every positive integer k, we set ak := −(2k + 1) and bk := 2k + 1. We observe
that ak and bk are jump points of the staircase S(x), and that S(x) = −2k in a right
neighborhood of ak and S(x) = 2k in a left neighborhood of bk. For the sake of shortness,
we simply write JF(Ω, u) to denote the functional (1.3) with parameters given by (3.1).

We claim that

JF((ak, bk), v) ≥ Fθ(bk, 2k)− Fθ(ak,−2k) = JF((ak, bk), S) (3.6)

for every function v ∈ PJ((ak, bk)) that coincides with S outside a compact subset of
(ak, bk). Since the intervals of the form (ak, bk) exhaust the whole real line, this is enough
to prove that S is an entire local minimizer.

To begin with, we consider the case in which the jump set of v is finite, and consists
of the points x1 < . . . < xm for some positive integerm. We set x0 := ak and xm+1 := bk,
and for every i ∈ {0, 1, . . . ,m} we call vi the value of v in the interval (xi, xi+1).

With these notations we obtain that

JF((ak, bk), v) =
22−θ

1− θ

m−1∑

i=0

|vi+1 − vi|θ +
m∑

i=0

3

∫ xi+1

xi

(vi − x)2 dx

=
22−θ

1− θ

m−1∑

i=0

|vi+1 − vi|θ +
m∑

i=0

[
(xi+1 − vi)

3 − (xi − vi)
3
]
.

Now we estimate from below the terms of the first sum by exploiting inequality(3.5)
with (x, z1, z2) := (xi+1, vi, vi+1), and the terms of the second sum by exploiting inequal-
ity (3.4) with (xi, xi+1, vi) instead of (x1, x2, z). We deduce that

JF((ak, bk), v) ≥
m−1∑

i=0

[Fθ(xi+1, vi+1)− Fθ(xi+1, vi)] +
m∑

i=0

[Fθ(xi+1, vi)− Fθ(xi, vi)]

= Fθ(xm+1, vm)− Fθ(x0, v0)

= Fθ(bk, 2k)− Fθ(ak,−2k),

11



where the last equality follows from the fact that v(x) coincides with S(x) near the
endpoints ak and bk. This proves the inequality in (3.6).

On the other hand, exploiting a similar telescopic structure, we can write

Fθ(bk, 2k)− Fθ(ak,−2k) = Fθ(2k + 1, 2k)− Fθ(−2k − 1,−2k)

=
k∑

j=−k

[Fθ(2j + 1, 2j)− Fθ(2j − 1, 2j)]

+
k∑

j=−k+1

[Fθ(2j − 1, 2j)− Fθ(2j − 1, 2j − 2)] .

From (3.2) we deduce that

Fθ(2j + 1, 2j)− Fθ(2j − 1, 2j) = 2 = 3

∫ 2j+1

2j−1

(2j − x)2 dx,

and hence the first sum is equal to the fidelity term of JF((ak, bk), S). From (3.3) we
deduce that the second sum has 2k terms, all of which are equal to 4/(1− θ), and hence
the second sum is equal to

2k · 4

1− θ
= 2k · 22−θ

1− θ
· 2θ,

which is exactly the contribution of jump points to JF((ak, bk), S). This proves the
equality in (3.6).

Finally, the general case in which v has infinitely many jump points follows by
a standard approximation argument, because functions with a finite number of jump
points are dense in energy. More precisely, any v ∈ PJ((ak, bk)) which coincides with
the staircase S in a neighborhood of the endpoints can be approximated with a sequence
{vn} ⊆ PJ((ak, bk)) of functions with finitely many jump points and coinciding with S
in a neighborhood of the endpoints, in such a way that

lim
n→+∞

JF((ak, bk), vn) = JF((ak, bk), v).

This is enough to conclude that (3.6) holds also in the general case.

Remark 3.2 (Geometric interpretation). The telescopic argument in the proof can be
resumed informally as follows.

The idea is to regard the staircase S and its competitor v as unions of horizontal
and vertical segments in the plane. The central term in (3.6) is equal to the difference
between the values of Fθ at the points (ak,−2k) and (bk, 2k), which are the common
endpoints of both S and v. This difference can, in turn, be decomposed as the sum of
the differences computed in each horizontal and vertical segment along the paths defined
by S and v.

For the staircase function S, the equalities (3.2) and (3.3) imply that each of these
contributions exactly matches the corresponding term in JF((ak, bk), S). For the com-
petitor v, the inequalities (3.4) and (3.5) show that each segment contributes less than
or equal to its counterpart in JF((ak, bk), v). This justifies the inequality in (3.6).

12



Remark 3.3 (Comparison with [1]). We point out that in Proposition 3.1 we did not
assume any regularity of Fθ. If Fθ is sufficiently regular, we can define a differential
form ω and a vector field Φ by

ω :=
∂Fθ

∂x
(x, z) dx+

∂Fθ

∂z
(x, z) dz and Φ(x, z) :=

(
∂Fθ

∂z
(x, z),−∂Fθ

∂x
(x, z)

)
.

In this case, the differences in values of Fθ can be interpreted as line integrals of
ω along the segments, or equivalently as the flux of Φ across the same segments (with
suitable orientations). This observation connects our approach with the one in [1].

Step 3 – Construction of the calibration Let us consider the cubic

ϕθ(σ) := (3− θ)σ − (1− θ)σ3. (3.7)

An elementary calculation shows that it is an increasing function in the interval
between its two stationary points ±σθ, where

σθ :=

√
3− θ

3(1− θ)
.

At this point we can introduce the truncated cubic ϕ̂θ : R → R defined as

ϕ̂θ(σ) :=





ϕθ(−σθ) if σ ≤ −σθ,
ϕθ(σ) if σ ∈ [−σθ, σθ],
ϕθ(σθ) if σ ≥ σθ,

(3.8)

and finally the function

Fθ(x, z) :=
1

1− θ
[(3− θ)x+ ϕ̂θ(z − x)] ∀(x, z) ∈ R

2. (3.9)

We observe that Fθ is piecewise C∞, and of class C1 on the whole R2, because the
truncation of the cubic was performed at its stationary points.

We claim that Fθ satisfies (3.2) through (3.5). The verification of the equalities (3.2)
and (3.3) is immediate from (3.9), (3.8), and the fact that σθ ≥ 1. As for (3.4), we
observe that for every z ∈ R the partial derivative of (3.9) with respect to x is given by

∂Fθ

∂x
(x, z) =





3(z − x)2 if z − σθ ≤ x ≤ z + σθ,

3− θ

1− θ
if either x ≤ z − σθ or x ≥ z + σθ,

and in particular

∂Fθ

∂x
(x, z) = min

{
3(z − x)2,

3− θ

1− θ

}
≤ 3(z − x)2 ∀(x, z) ∈ R

2, (3.10)

so that inequality (3.4) follows by integrating over [x1, x2].
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It remains to prove (3.5), which, by setting z1 = x+ a and z2 = x+ b, reduces to

ϕ̂θ(b)− ϕ̂θ(a) ≤ 22−θ|b− a|θ ∀(a, b) ∈ R
2. (3.11)

Due to the monotonicity of ϕ̂θ, in the proof of this inequality we can assume that
a < b. In addition, we can assume also that −σθ ≤ a < b ≤ σθ, because we can always
replace a by max{a,−σθ}, and b by min{b, σθ}, and in this way we reduce the right-hand
side without altering the left-hand side. After this reduction we are left to proving that

(3− θ)(b− a)− (1− θ)(b3 − a3) ≤ 22−θ(b− a)θ ∀a < b.

To this end, we start from the standard inequalities

ex ≥ 1 + x ∀x ∈ R

and

log x =
1

2
log(x2) ≤ 1

2
(x2 − 1) ∀x > 0,

and for every B > 0 we obtain that

Bθ = B ·Bθ−1 = B · e(θ−1) logB ≥ B · (1− (1− θ) logB)

≥ B

[
1 + (1− θ)

1− B2

2

]
=
B

2

(
3− θ − (1− θ)B2

)
.

From this inequality, applied with B := (b− a)/2, we deduce that

22−θ(b− a)θ = 4

(
b− a

2

)θ

≥ (3− θ)(b− a)− 1

4
(1− θ)(b− a)3,

and we conclude by observing that

(b− a)3 ≤ 4(b3 − a3) ∀a ≤ b,

because the latter is equivalent to

4(b3 − a3)− (b− a)3 = 3(b− a)(b+ a)2 ≥ 0,

which is clearly true whenever b ≥ a.

Remark 3.4 (Motivation Behind the Calibration). Let us comment on the choice of
the calibration.

• In Proposition 3.1, the equalities (3.2) and (3.3) are assumed only for integer
values of j, but the function Fθ defined in (3.9) actually satisfies both equalities
for every real value of j. As a consequence, the function Fθ defined in (3.9) does
not calibrate only the canonical staircase, but simultaneously calibrates all its
oblique translations.

In addition, the inequality (3.4) is actually an equality whenever z − σθ ≤ x1 ≤
x2 ≤ z + σθ.

14



• It can be proved (though it is a nontrivial exercise) that every function Fθ satisfying
the assumptions of Proposition 3.1 must coincide with the one defined in (3.9) for
every (x, z) in the strip x−1 ≤ z ≤ x+1, namely the strip covered by the oblique
translations of S(x).

Outside this strip, alternative constructions should be possible by modifying the
choice of the truncated cubic in (3.8). What is actually needed for the proof is that
the truncated function coincides with the cubic ϕθ on the interval [−1, 1], satisfies
a Hölder-type inequality as in (3.11), and has a derivative that is bounded in such
a way that (3.10) holds.

• As often happens in the calculus of variations, the calibration Fθ can be interpreted
as a value function in the following sense. If the canonical staircase S(x) is an
entire local minimizer, then on every interval (0, ℓ) it minimizes the functional (1.3)
subject to its own boundary conditions. This suggests defining Fθ on the pairs
(ℓ, S(ℓ)) as the corresponding minimum value, which is simply the value of (1.3)
with Ω = (0, ℓ) and u = S. If we interpolate these values in the simplest linear
way, we recover (3.9), at least within the strip covered by all oblique translations
of S.

Step 4 – Uniqueness In order to prove that the oblique translations of S(x) are the
unique entire local minimizers, we need to repeat, for a generic exponent θ ∈ [0, 1), the
same procedure used in [19, Section 6.2] for the case θ = 1/2, and in [24, Proposition 4.4]
for the case θ = 0. Since the full argument is detailed in those references, here we limit
ourselves to sketching the main points.

• Discreteness of jump points. The set of jump points of any entire local minimizer is
discrete. Indeed, if this were not the case, one could construct a better competitor
by concentrating all sufficiently small jump heights into a single jump point. A
key role in this argument is played by the subadditivity of the function σ 7→ σθ.

• Existence of jump points. Any interval of sufficiently large length contains at least
one jump point, since any entire local minimizer must follow the profile of the
forcing term Mx.

• Symmetry of jumps. At each jump point, any entire local minimizer transitions
between two values whose mean equals the forcing term. This necessary condi-
tion for minimality corresponds to the Euler–Lagrange equation associated with
horizontal perturbations, where the location of a jump point is varied.

• Equidistance of jump points. The distance between any two consecutive jump
points is constant. This condition arises from considering vertical perturbations of
the form u+ tv.

• Optimization of the parameters. After the previous steps, one knows that any
entire local minimizer has a staircase structure that follows the forcing term. What
remains is to optimize the length (and hence the height) of the steps. This leads
to a calculation similar to that in Remark 2.3.
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4 The slicing method

In this section, we show that every entire local minimizer in some dimension can be
extended to any higher dimension by simply ignoring the extra variables. We use this
result in two instances. First, it implies that statement (1) of Theorem 2.5 follows
directly from Theorem 2.2. Second, it reduces the proof of statement (2) of Theorem 2.5
to the case d = 2.

The idea is the following. Let d1 and d2 be two positive integers. Let us write the
elements of Rd1+d2 as pairs (x, y) with x ∈ Rd1 and y ∈ Rd2 . Every vector ξ ∈ Rd1 can

be extended to a vector ξ̂ ∈ Rd1+d2 by setting ξ̂ := (ξ, 0). Every function u : Rd1 → R

can be extended to a function û : Rd1+d2 → R by setting û(x, y) := u(x).

Proposition 4.1 (Extension of entire local minimizers to higher dimension). Let d1 and
d2 be two positive integers. Let us assume that u ∈ PJloc(R

d1) is an entire local minimizer
for the functional (1.4) for some choice of the parameters θ, α, β and ξ ∈ Rd1.

Then û ∈ PJloc(R
d1+d2) is an entire local minimizer for the functional (1.4) with

parameters θ, α, β and ξ̂ ∈ Rd1+d2.

Proof. Let us consider any open set Ω ⊆ Rd1+d2 , and any function v ∈ PJ(Ω) that
coincides with û outside a compact subset of Ω.

For every y ∈ Rd2 we can consider the corresponding d1-dimensional section Ωy ⊆ Rd1

of Ω, defined as
Ωy :=

{
x ∈ R

d1 : (x, y) ∈ Ω
}
,

and the d1-dimensional sections of û and v defined as

ûy(x) := û(x, y) = u(x) ∀x ∈ R
d1 ,

and
vy(x) := v(x, y) ∀x ∈ Ωy.

Since vy coincides with u outside a compact subset of Ωy, and u is an entire local
minimizer in Rd1 , we deduce that (here we write JF without all the parameters, since
they are fixed throughout the proof)

JF(Ωy, vy) ≥ JF(Ωy, u) ∀y ∈ R
d2 ,

and hence ∫

Rd2

JF(Ωy, vy) dy ≥
∫

Rd2

JF(Ωy, u) dy. (4.1)

The key point is that, on the one hand, we have
∫

Rd2

JF(Ωy, u) dy = JF(Ω, û),

since Sû = Su × Rd2 and û±(x, y) = u±(x) for every (x, y) ∈ Su × Rd2 . On the other
hand, from [17, Theorem 3.2.22], we deduce that

∫

Rd2

JF(Ωy, vy) dy ≤ JF(Ω, v).
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Plugging these two relations into (4.1) we conclude that

JF(Ω, û) ≤ JF(Ω, v).

Since Ω and v are arbitrary, this is enough to prove that û is an entire local minimizer
in Rd1+d2 .

5 Exotic minimizers in the plane

In this section we prove statement (2) of Theorem 2.5 by showing that for θ = 0 some
exotic “double staircases” are entire local minimizers in R2. The construction can then
be extended to any dimension d ≥ 3 by a straightforward application of the slicing
technique of Proposition 4.1.

Step 1 – Reduction of the parameters To begin with, up to a rotation we can always
assume that ξ is of the form (M, 0) for some positive real numberM . Then, as in Step 1
of the proof of Theorem 2.2, with a homothety argument we reduce ourselves to the
case where

α = αθ =
22−θ

1− θ
, β = 3, ξ = (1, 0), (5.1)

for which in Theorem 2.5 we obtain H = V = 1. Therefore, in this case we already know
that the canonical staircase in the direction (1, 0), as well as all its oblique translations,
are entire local minimizers. Our goal is showing that there are more.

Step 2 – Definition of the bi-staircase Let us consider the function gθ : [0, 1] → R

defined as

gθ(x) :=
2

1− θ
+ 3x− 3x2 ∀x ∈ [0, 1]. (5.2)

We observe that

2

1− θ
≤ gθ(x) ≤

2

1− θ
+

3

4
< αθ ∀x ∈ [0, 1],

because the last inequality is equivalent to 24−θ + 3θ − 11 > 0, which is true for every
θ ∈ [0, 1) because the left-hand side is a convex function of θ that vanishes for θ = 1
with negative derivative.

As a consequence, we can consider the function fθ : R → R defined as

fθ(x) :=

∫ |x|

0

gθ(x)√
α2
θ − gθ(x)2

dx ∀x ∈ [−1, 1], (5.3)

and then extended to the whole real line by 2-periodicity.

Definition 5.1 (Bi-staircases). For every θ ∈ [0, 1), let gθ and fθ be the functions
defined in (5.2) and (5.3), and let S(x) be the staircase defined in (2.1). The canonical

bi-staircase with parameter θ is the function Ŝθ ∈ PJloc(R
2) defined by

Ŝθ(x, y) :=

{
S(x) if y > fθ(x),

S(x− 1) + 1 if y < fθ(x).
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The oblique translations of the canonical bi-staircase are all functions v of the form
v(x, y) := Ŝθ(x−τ0, y)+τ0 for some real number τ0 ∈ [−1, 1]. The translations of v(x, y)
in the y-direction are the functions of the form (x, y) 7→ v(x, y + t) for some t ∈ R.

We observe that the range of the canonical bi-staircase is the set of all integers.
Specifically, for every k ∈ Z it turns out that Ŝθ(x, y) = 2k if x ∈ (2k − 1, 2k + 1) and

y > fθ(x), while Ŝθ(x, y) = 2k+1 if x ∈ (2k, 2k+2) and y < fθ(x). The jump set of Ŝθ

is the union of the graph of fθ, and of the vertical half-lines

{2k} × (−∞, 0] and {2k + 1} × [fθ(1),+∞)

with k ∈ Z. Figure 2 provides a description of the level sets and the jump set of the
canonical bi-staircase.

−2 0 2 4 6

−1 1 3 5

Figure 2: Some level sets of the canonical bi-staircase. The separation between the
regions with odd and even values is the graph of the function fθ.

Remark 5.2 (Heuristic interpretation). At this point one might ask what is the reason
behind the rather mysterious definition (5.3). In order to answer, let us consider, for
example, the boundary between the region where u = 0 and the region where u = 1. Let
us assume that in the rectangle Ω := [0, 1]× [−R,R], with R large enough, the frontier
between the two regions is described by some curve y = fθ(x). Then in Ω the functional
JF with parameters given by (5.1) is equal to

αθ

∫ 1

0

√
1 + f ′

θ(x)
2 dx+ 3

∫ 1

0

[
(fθ(x) +R)(1− x)2 + (R− fθ(x))x

2
]
dx.

If u is a minimizer for JF, then fθ has to minimize this functional, and therefore if
has to satisfy the Euler-Lagrange equation, that in this case reads as

αθ

(
f ′
θ(x)√

1 + f ′
θ(x)

2

)′

= 3
[
(1− x)2 − x2

]
= 3− 6x,
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from which we obtain that

αθ
f ′
θ(x)√

1 + f ′
θ(x)

2
= K + 3x− 3x2 ∀x ∈ [0, 1] (5.4)

for some real number K. In order to compute the value of K, we impose that the
weighted sum of the three tangent vectors in the triple junction, corresponding to x = 0,
vanishes. In this sum the weight of the vertical vector, corresponding to the separation
between 1 and −1, is 2θ times the weight of the other two vectors, corresponding to
jump heights equal to 1. When we impose this condition we obtain that K = αθ · 2θ−1,
so that the right-hand side of (5.4) is exactly the function gθ defined in (5.2). At this
point we compute f ′

θ(x) from (5.4) and we end up with (5.3).
Incidentally, we observe here that

gθ(x) = Fθ(x, 1)− Fθ(x, 0) ∀x ∈ [0, 1], (5.5)

where Fθ is the function that we defined in (3.9) in order to calibrate one dimensional
staircases. This “coincidence” will be essential in the sequel.

Step 3 – The calibration method for the bi-staircase In the case of bi-staircases in R2

the calibration method reduces to the following.

Proposition 5.3 (Calibration for the bi-staircase). For every real number θ ∈ [0, 1),
let αθ be defined as in (5.1), and let us consider the function Fθ defined in (3.9).

Let us assume that there exists a continuous function Aθ : [0, 1]× R → R such that

(i) it satisfies the equalities

Aθ(0, z) = Aθ(0,−z) and Aθ(1, z + 2) = Aθ(1,−z) ∀z ∈ R; (5.6)

(ii) it satisfies the equality

[Aθ(x, 1)− Aθ(x, 0)]
2 + [Fθ(x, 1)− Fθ(x, 0)]

2 = α2
θ ∀x ∈ [0, 1], (5.7)

with
Aθ(x, 1) > Aθ(x, 0) ∀x ∈ [0, 1]; (5.8)

(iii) it satisfies the inequality

[Aθ(x, z2)− Aθ(x, z1)]
2 + [Fθ(x, z2)− Fθ(x, z1)]

2 ≤ α2
θ(z2 − z1)

2θ (5.9)

for every x ∈ [0, 1] and every z1 ≤ z2.

Then the bi-staircase Ŝθ(x) introduced in Definition 5.1, along with all its oblique
translations and their translations in the y-direction, is an entire local minimizer of the
functional (1.4), with parameters given by (5.1)..

Proof. As in the one-dimensional case, due to the invariance of the problem under
“oblique translations” and translations in the y-direction, it is sufficient to prove that
the canonical bi-staircase Ŝθ is an entire local minimizer. The proof strategy consists
in first extending Aθ to the entire plane, and then using Aθ and Fθ to construct an
auxiliary functional G(Ω, v) for which a chain of equalities and inequalities of the form
(1.10) can be established.
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Extension Let us first extend Aθ to the set [−1, 1] × R in an even way, by setting
Aθ(x, z) := Aθ(−x,−z) for every x ∈ [−1, 0]. We then further extend Aθ to the whole
plane by (2, 2)-periodicity; that is, we require that Aθ(x+ 2, z + 2) = Aθ(x, z) for every
(x, z) ∈ R2. We remark that condition (5.6) ensures the consistency of this extension
and guarantees that the resulting function is continuous on R2.

Notation Let us introduce some notation. An open subset of the plane is called regular
if it is bounded and its boundary is piecewise C1. For every regular open set Ω, we call
PC(Ω) the set of piecewise constant functions in Ω, namely the set of all functions
v ∈ PJ(Ω) whose image is finite, and whose level sets are (up to negligible sets) regular
open sets. To every v ∈ PC(Ω) we associate three families of objects.

• Level sets. Let Im(v) denote the image of v, which is a finite subset of R. For
every z ∈ Im(v), we consider the differential form in the plane

ωz := Aθ(x, z) dx+ Fθ(x, z) dy, (5.10)

and the level set Ωz := v−1(z). We observe that these level sets form a partition
of Ω, up to negligible sets.

• Parametrization of the boundary. A finite collection of embedded curves {γj}j∈J1
of class C1, each of which parametrizes a portion of the boundary ∂Ω, and with
the property that any two distinct curves intersect at most at their endpoints. We
assume that, for every j ∈ J1, the curve γj is oriented in such a way that Ω lies
“on the left” of γj, and the function v takes a constant value zℓ,j ∈ Im(v) on the
left side of γj.

• Parametrization of the jump set. A finite collection of embedded curves {γj}j∈J2
of class C1, each of which parametrizes a portion of the boundary of the level sets
of v (not already included in the boundary of Ω), and hence describes the jump set
of v. Again any two distinct curves can intersect at most at their endpoints. For
each j ∈ J2, we assume that γj separates the level set corresponding to some value
zℓ,j ∈ Im(v) on its left from the level set corresponding to some value zr,j ∈ Im(v)
on its right.

The osculating functional and its properties For every regular open set Ω, and every
v ∈ PC(Ω), we define the functional

G(Ω, v) :=
∑

j∈J1

∫

γj

ωzℓ,j . (5.11)

The key properties of this functional are the following.

(1) (Dependence only on the values at the boundary). If v and w are elements of
PC(Ω) that coincide in a neighborhood of ∂Ω, then

G(Ω, v) = G(Ω, w).
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(2) (Representation in terms of levels sets and jump set). We can rewrite (5.11) as

G(Ω, v) =
∑

z∈Im(v)

∫

∂Ωz

ωz +
∑

j∈J2

∫

γj

(
ωzr,j − ωzℓ,j

)
, (5.12)

where, in the integrals of the first sum, the boundary of Ωz is oriented as usual in
such a way that Ωz lies on the left of the boundary. In the sequel we refer to the
terms of first sum as the contribution of level sets, and to the terms of the second
sum as the contribution of the jumps.

(3) (Inequality and equality for level sets). For every z ∈ Im(v) it turns out that
∫

∂Ωz

ωz ≤ 3

∫

Ωz

(z − x)2 dx dy, (5.13)

with equality if
Ωz ⊆ {(x, z) ∈ R

2 : |z − x| ≤ σθ}. (5.14)

(4) (Inequality and equality for jump terms). For every j ∈ J2 it turns out that
∫

γj

(
ωzr,j − ωzℓ,j

)
≤ αθ|zr,j − zℓ,j|θ · Length(γj), (5.15)

with equality if γj is contained in the jump set of Ŝθ and (zℓ,j , zr,j) are the two

values of Ŝθ on the two sides of γj.

Proof of properties (1), (2), (3) of the osculating functional Property (1) is an im-
mediate consequence of definition (5.11), which depends only on the values of v in a
neighborhood of ∂Ω.

In order to show property (2), by adding and subtracting equal terms, we write
(5.11) as

G(Ω, v) =
∑

j∈J1

∫

γj

ωzℓ,j +
∑

j∈J2

∫

γj

(
ωzℓ,j − ωzr,j

)
+
∑

j∈J2

∫

γj

(
ωzr,j − ωzℓ,j

)
. (5.16)

The goal is showing that the first two sums in (5.16) are equal to the first sum in
(5.12). With this goal in mind, for every z ∈ Im(v) we group together all the terms in
the first two sums of (5.16) that represent the integral of ωz along pieces of ∂Ωz. We
observe that all these terms appear with the sign corresponding to the correct orientation
of ∂Ωz since, for every j ∈ J2, the curve γj has the correct orientation when considered
as a part of the boundary of Ωzℓ,j , and the reverse orientation (which compensate the
negative sign) when considered as a part of the boundary of Ωzr,j .

In order to show property (3), we observe that Aθ does not depend on y, and hence
from Green’s theorem (ore more generally from Stokes’ theorem) we deduce that

∫

∂Ωz

ωz =

∫

Ωz

∂Fθ

∂x
(x, z) dx dy,

so that the inequality (5.13) follows from estimate (3.10).
On the other hand, when Ωz satisfies (5.14), we know that there is equality in (3.10),

and this yields equality in (5.13).
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Proof of property (4) of the osculating functional To begin with, we write the compo-
nents of γj as

γj(t) = (xj(t), yj(t)) t ∈ [aj, bj ],

and we obtain that ∫

γj

(
ωzr,j − ωzℓ,j

)
=

∫ bj

aj

〈Ej(t), γ
′
j(t)〉 dt, (5.17)

where

Ej(t) :=
(
Aθ(xj(t), zr,j)− Aθ(xj(t), zℓ,j), Fθ(xj(t), zr,j)− Fθ(xj(t), zℓ,j)

)
.

Now from assumption (5.9) we deduce that

‖Ej(t)‖ ≤ αθ|zr,j − zℓ,j|θ ∀t ∈ [aj, bj ],

and therefore from Cauchy–Schwarz inequality we conclude that

∫

γj

(
ωzr,j − ωzℓ,j

)
≤
∫ bj

aj

‖Ej(t)‖ · ‖γ′j(t)‖ dt ≤ αθ|zr,j − zℓ,j|θ
∫ bj

aj

‖γ′j(t)‖ dt,

which proves the inequality in (5.15).

If γj is contained in the jump set of Ŝθ we distinguish two cases.

• Let us assume that, for some integer k, the curve γj is contained in the part of the
vertical line x = k that separates the values k− 1 and k + 1. In this case, up to a
reparametrization of the curve, we can assume that γj(t) = (k, t), with t in some
interval [aj, bj ], while zr,j = k + 1 and zℓ,j = k − 1.

Under these assumptions, from (3.9) and (3.8) we obtain that

〈Ej(t), γ
′
j(t)〉 = Fθ(k, k + 1)− Fθ(k, k − 1) = αθ · 2θ,

and therefore from (5.17) we deduce the equality in (5.15).

• Let us assume that, for some integer k, the curve γj is contained in the increasing
branch of fθ that separates the values 2k and 2k+1 (the case where it is contained
in the decreasing branch that separates 2k− 1 and 2k is analogous because of the
symmetries of Aθ and fθ). In this case, up to a reparametrization of the curve, we
can assume that γj(t) = (t, fθ(t)), with t in some interval [aj, bj] ⊆ [2k, 2k + 1],
while zr,j = 2k + 1 and zℓ,j = 2k.

Under these assumptions, from the 2-periodicity of fθ and (5.3) we obtain that

γ′j(t) = (1, f ′
θ(t)) = (1, f ′

θ(t− 2k)) =

(
1,

gθ(t− 2k)√
α2
θ − gθ(t− 2k)2

)
.

From the definition of Fθ, and (5.5) with x = t− 2k, we obtain that

Fθ(t, 2k + 1)− Fθ(t, 2k) = Fθ(t− 2k, 1)− Fθ(t− 2k, 0) = gθ(t− 2k).
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From the (2, 2)-periodicity of Aθ it follows that

Aθ(t, 2k + 1)− Aθ(t, 2k) = Aθ(t− 2k, 1)− Aθ(t− 2k, 0),

and hence, from (5.7) and (5.8) with x = t− 2k, we obtain that

Aθ(t, 2k + 1)− Aθ(t, 2k) =
√
α2
θ − gθ(t− 2k)2.

From all these relations we deduce that

〈Ej(t), γ
′
j(t)〉 =

√
α2
θ − gθ(t− 2k)2 +

gθ(t− 2k)2√
α2
θ − gθ(t− 2k)2

= αθ‖γ′j(t)‖.

Plugging this equality into (5.17), and recalling that now |zr,j − zℓ,j| = 1, we
conclude that we have equality in (5.15).

Inequality for piecewise constant competitors Let Ω be a regular open set such that the
canonical bi-staircase Ŝθ belongs to PC(Ω). We claim that

JF(Ω, v) ≥ G(Ω, v) = G(Ω, Ŝθ) = JF(Ω, Ŝθ)

for every v ∈ PC(Ω) that coincides with Ŝθ in a neighborhood of ∂Ω, where JF denotes
the functional (1.4) with parameters given by (5.1). Indeed:

• the first inequality follows from the representation (5.12), since the inequali-
ties (5.13) and (5.15) imply that each term in (5.12) is less than or equal to
the corresponding contribution to JF(Ω, v) from the relevant level or jump set;

• the middle equality holds because Ŝθ and v coincide in a neighborhood of ∂Ω;

• the final equality follows again from the representation (5.12), now applied to the

function Ŝθ, since in this case equalities hold in both (5.13) and (5.15).

This suffices to show that Ŝθ is a minimizer among all piecewise constant competitors
in the regular open set Ω.

Inequality for general competitors It remains to consider a generic function v ∈ PJ(Ω)

that coincides with Ŝθ in a neighborhood of ∂Ω. In this case, one can approximate v
by a sequence {vn} ⊆ PC(Ω) such that each vn coincides with Ŝθ in a neighborhood of
∂Ω, and such that vn → v in L2(Ω) and

lim
n→+∞

∫

Svn

|v+n (x)− v−n (x)|θ dH1 =

∫

Sv

|v+(x)− v−(x)|θ dH1,

so that in particular JF(Ω, vn) → JF(Ω, v) as n→ +∞.
Approximation results of this type, without the equality condition near the boundary,

can be found in [4] for the case θ ∈ (0, 1), and in [5] for the case θ = 0. However, in
both cases the constructions can be adapted to produce a sequence that satisfies this
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additional condition. This is particularly feasible in our setting, since we know that v
is well-behaved in a neighborhood of the boundary of Ω, where it coincides with Ŝθ.

At this point, the conclusion is straightforward. From the previous paragraph, we
know that JF(Ω, vn) ≥ JF(Ω, Ŝθ) for every n. Passing to the limit, we obtain

JF(Ω, v) ≥ JF(Ω, Ŝθ).

Since regular open sets where Ŝθ is piecewise constant exhaust the whole plane, this
completes the proof.

Remark 5.4 (Comparison with [1]). We point out that in Proposition 5.3 we did not
assume any differentiability of Aθ, and its continuity was used only to give meaning to
the line integrals of the form (5.10). If Aθ is more regular, one can define a vector field
Φ as the curl of (Aθ, Fθ, 0), namely

Φ(x, y, z) :=

(
−∂Fθ

∂z
(x, z),

∂Aθ

∂z
(x, z),

∂Fθ

∂x
(x, z)

)
.

In this way, the terms in the first sum of (5.12) can be interpreted as the flux of
Φ across the horizontal parts of the graph of v, while the terms in the second sum
correspond to the flux across the “vertical parts” of the graph, associated with jumps.
In other words, in this case G(Ω, v) coincides with the null Lagrangian introduced in [1].

Step 4 – Construction of a special piecewise affine function

Lemma 5.5. Let −2 ≤ c ≤ 0 ≤ d ≤ 2 be two real numbers, with c < d. Let us set

C :=
√

16− (c− 2)2, D :=
√
16− (d− c)2 −

√
16− (2− c)2, (5.18)

and let ψ : R → R be the function such that

(i) ψ(c) = −C and ψ(d) = D,

(ii) ψ(σ) = 0 for every σ ≤ −2 and for every σ ≥ 2,

(iii) ψ is an affine function in each of the intervals [−2, c], [c, d], and [d, 2] (the first
and last interval might be a single point).

Then the function ψ satisfies the equality

(ψ(d)− ψ(c))2 + (d− c)2 = 16 with ψ(d) > ψ(c), (5.19)

and the inequality

(ψ(σ2)− ψ(σ1))
2 + (σ2 − σ1)

2 ≤ 16 ∀(σ1, σ2) ∈ [−2, 2]2. (5.20)

Proof. The verification of (5.19) is immediate from (5.18). So let us concentrate on the
inequality (5.20). Due to the piecewise definition of ψ, we should a priori consider nine
cases according to the position of σ1 and σ2 with respect to c and d. On the other hand,
since ψ is a piecewise affine function, the left-hand side of (5.20) is a convex function
of both σ1 and σ2 in each of the intervals [−2, c], [c, d], and [d, 2]. As a consequence,
we can reduce ourselves to check the inequality when σ1 and σ2 are endpoints of these
intervals, and therefore we are left with the six cases shown in the following table.
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Case σ1 σ2 Inequality to check

1 −2 c C2 + (c+ 2)2 ≤ 16

2 −2 d D2 + (d+ 2)2 ≤ 16

3 −2 2 16 ≤ 16

4 c d (D + C)2 + (d− c)2 ≤ 16

5 c 2 C2 + (2− c)2 ≤ 16

6 d 2 D2 + (2− d)2 ≤ 16

Let us examine the six cases.

• The inequality of case 3 is immediate.

• Since c ≤ 0, the inequality of case 1 is satisfied whenever the inequality of case 5
is satisfied, and the latter is an equality due to the definition of C in (5.18).

• The inequality of case 4 is an equality because of (5.18).

• Since d ≥ 0, the inequality of case 6 is satisfied whenever the inequality of case 2
is satisfied.

As a consequence, we only need to prove the inequality of case 2. Taking (5.18) into
account, with some algebra this inequality reduces to

16 + (d+ 2)2 ≤ (d− c)2 + (2− c)2 + 2
√
16− (d− c)2 ·

√
16− (2− c)2. (5.21)

Let us consider the right-hand side as a function of c. For every c ∈ (−2, d) its
derivative with respect to c is equal to

2
(√

16− (d− c)2 −
√
16− (2− c)2

)( 2− c√
16− (2− c)2

− d− c√
16− (d− c)2

)
.

Now we observe that 0 < d − c ≤ 2 − c < 4 for every c ∈ (−2, 0), and the function
x 7→ x/

√
16− x2 is increasing in (0, 4). It follows that the derivative is positive for every

c ∈ (−2, 0), and hence the right-hand side of (5.21), as a function of c, is increasing in
the interval [−2, 0]. As a consequence, it is enough to check (5.21) when c = −2, in
which case it reduces to an equality.

Step 5 – Construction of the calibration for θ = 0 Let us specialize now to the case
θ = 0. In this case from (5.1) we get α0 = 4, while from (3.7) and (3.8) we obtain that

ϕ̂0(x) = ϕ0(x) = 3x− x3 ∀x ∈ [−1, 1],

so that in particular

ϕ0(−x) = x3 − 3x and ϕ0(1− x) = x3 − 3x2 + 2
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for every x ∈ [0, 1]. It follows that

−2 ≤ ϕ0(−x) ≤ 0 ≤ ϕ0(1− x) ≤ 2 and ϕ0(−x) < ϕ0(1− x),

and hence we can apply Lemma 5.5 with

c := ϕ0(−x) and d := ϕ0(1− x). (5.22)

We obtain a piecewise affine function that now we denote by ψ(x, σ) in order to
highlight that it depends also on x. Finally, we set

A0(x, z) := ψ(x, ϕ̂0(z − x)) ∀x ∈ [0, 1], ∀z ∈ R.

We claim that this function satisfies the assumptions of Proposition 5.3, and therefore
it is exactly what we need for the calibration method.

• We check that this function satisfies (5.7), (5.8) and (5.9) for θ = 0. To this end,
it is enough to observe that the function F0 defined according to (3.9) satisfies

F0(x, z2)− F0(x, z1) = ϕ̂0(z2 − x)− ϕ̂0(z1 − x)

for every x ∈ [0, 1] and every pair (z1, z2) ∈ R2, and therefore the three re-
quired relations are exactly the three properties of the function ψ(x, σ) provided
by Lemma 5.5.

• The continuity of A0 follows from the continuity of ϕ̂0, the continuity of c and d
in (5.22) with respect to x, and the continuity of ψ with respect to c, d, and σ.
The latter follows from the piecewise affine definition of ψ in Lemma 5.5, with
particular attention to the cases where c → −2+ and/or d → 2−, in which case
the corresponding values C and D tend to 0.

• Finally, we observe that for x = 0 we have c = 0 and d = 2, while for x = 1 we
have c = −2 and d = 0. In both cases, one of the three intervals where ψ is affine
degenerates to a single point, while the other two intervals are [−2, 0] and [0, 2].
As a consequence, the functions σ 7→ ψ(0, σ) and σ 7→ ψ(1, σ) are even. Since ϕ̂0

is an odd function, it follows that

A0(0, z) = ψ(0, ϕ̂0(z)) = ψ(0, ϕ̂0(−z)) = A0(0,−z),
which proves the first equality in (5.6). Analogously, we obtain that

A0(1,−z) = ψ(1, ϕ̂0(−z − 1)) = ψ(1, ϕ̂0(z + 1)) = A0(1, z + 2),

which proves the second equality in (5.6).

Remark 5.6 (Dimension one vs dimension two). Let us highlight a notable difference
between our calibrations in one and two dimensions. In the one-dimensional case, the
function Fθ that we constructed was sufficient to calibrate simultaneously all oblique
translations of the canonical staircase. In contrast, the calibration we defined in two
dimensions successfully calibrates the canonical staircase and all its oblique translations
(where the component A0 plays no role), as well as the bi-staircase of Definition 5.1 and
all its translations in the y-direction. However, it does not calibrate oblique translations
of the bi-staircase. We suspect that it is not possible to calibrate in the same time all
oblique translations of the bi-staircase.
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6 Open problems

In this final section we mention some open problems concerning entire local minimizers
for (1.4).

Open problem 1 (More general exponents). Extend statement (2) of Theorem 2.5 to
all exponents θ ∈ (0, 1).

To this end, it would suffice to show that the canonical bi-staircase introduced in
Definition 5.1 is an entire local minimizer also for θ ∈ (0, 1). This, in turn, would follow
from the existence of a function Aθ satisfying the assumptions of Proposition 5.3. The
construction we provided for θ = 0 can be extended to more general values θ ∈ (0, 1),
but the proof is simpler when θ = 0 because the right-hand side of (5.9) reduces to a
constant, allowing us to exploit the convexity argument used in the proof of Lemma 5.5.
Some basic numerical experiments seem to suggest that the construction works also for
other values of θ.

The second open problem concerns the existence of less symmetric entire local min-
imizers. This question is motivated by the fact that the canonical bi-staircase of Defi-
nition 5.1 retains a certain degree of symmetry, as is evident from Figure 2.

Open problem 2 (Asymmetric exotic minimizers). Determine whether there exists
an entire local minimizer for (1.4), with parameters as in (5.1), that is asymptotic for
y → +∞ to the staircase with values 2k, and for y → −∞ to the staircase with values
2k + τ0, for some τ0 ∈ (−1, 1).

All the considerations of Remark 5.2 still apply, even in the case of asymmetric
minimizers. More precisely, the curve that separates the region with value a above from
the region with value b below is the graph of a function fθ that satisfies

αθ|b− a|θ
(

f ′
θ(x)√

1 + f ′
θ(x)

2

)′

= 3
[
(b− x)2 − (a− x)2

]
,

and, once again, the values of f ′
θ at the endpoints must be chosen so that the weighted

sum of the three tangent vectors at each triple point vanishes. We observe, however,
that in this less symmetric setting there is no reason why the separation between the
values c and c+ 2, in either the upper or lower region, should be a half-line.

The next open question addresses the full characterization of entire local minimizers.

Open problem 3 (Characterization of local minimizers). Find the set of all entire local
minimizer for (1.4).

In Theorem 2.2, we answered the corresponding question in the one-dimensional case,
but the arguments used in the proof appear to be quite specific to dimension one. In
higher dimensions, we are not able to answer this question, which seems to be nontrivial
even in the case where the forcing term is identically zero (cf. Remark 2.6). Incidentally,
this highlights a drawback of the calibration method: while it is often a powerful tool
for verifying that a given candidate is a minimizer, it appears ineffective for ruling out
the existence of alternative minimizers.
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As explained in the introduction, characterizing all entire local minimizers of (1.4)
was the original motivation for this research, as the problem arises naturally in the study
of the asymptotic behavior of minimizers for certain regularizations of the Perona–Malik
functional. Our initial conjecture was that the only minimizers were standard simple
staircases, but we now know this is not the case. For this reason, we conclude the
paper by asking whether our exotic minimizers have any relevance for the models that
originally motivated this work.

Open problem 4 (Back to the Perona-Malik functional). Determine whether exotic
entire local minimizers can emerge as limits of blow-ups of minimizers for the higher
dimensional versions of (1.6) or (1.7).
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