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Abstract

We study a functional defined on the class of piecewise constant functions, com-
bining a jump penalization, which discourages discontinuities, with a fidelity term that
penalizes deviations from a given linear function, called the forcing term.

In one dimension, it is not difficult to see that local minimizers form staircases that
approximate the forcing term. Here we show that in two dimensions symmetry breaking
occurs, leading to the emergence of exotic minimizers whose level sets are not simple
stripes with boundaries orthogonal to the gradient of the forcing term.

The proof relies on a suitable adaptation of the calibration method for free disconti-
nuity problems; as a side benefit, our version requires less regularity than the classical
one.
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1 Introduction

Let (a,b) C R be an interval, and let u : (a,b) — R be a function. We say that u is a
“pure jump” function in (a,b), and we write u € P.J((a,b)), if there exist a real number
¢, a (finite or countable, and possibly also empty) subset S, C (a,b), and a function

J S, — R\ {0} such that
> (@) < +oo,

€S,

and

u(e)=c+ > J(y), Ve (ab). (1.1)

YyESy
y<z

We call PJi.(R) the set of all functions v : R — R whose restriction to every
interval (a,b) belongs to PJ((a,b)). The space PJi,.(R) naturally generalizes piecewise
constant functions, and can also be characterized as the set of functions in BVj,.(R)
whose distributional derivative is purely atomic.

It is not difficult to verify that the representation (ILTI) is unique for every function
u € PJ((a,b)). Specifically, the constant ¢ equals the limit of u(z) as x — a™, the set
S, consists of the discontinuity points of u and, for each = € S,, the function J(x) is
the jump of u at x, that is, the difference between the right and left limits of w.

We refer to the elements of S, as the jump points of u, and to |J(z)| as the jump
height at x. This quantity also coincides with the difference between the upper and
lower approximate limits of v at z, denoted by u™(x) and u™(z), respectively.

Given the real parameters

0 €10,1), a >0, B >0, M #0, (1.2)

we introduce the jump functional with fidelity term

JFgo0psm(Qu)=a Z lut(z) —u ()| + B/Q(u(:c) — Mz)? dw, (1.3)

€S,NN

defined for every open set 2 C R and every u € PJi,.(R), with values in nonnegative
real numbers or even +o00, because the first term might be a diverging series. This
functional, extended to 400 when u & PJj,.(R), is lower semicontinuous with respect to
convergence in L*(€), and more generally in every space LP(€).

Minimizing this functional involves a competition between the sum, a sort of regu-
larizing term that penalizes jumps, and the integral, which encourages u to approximate
the function f(x) := Mxz. Consequently, we refer to f(x) as the forcing term and to
the integral as the fidelity term. Notably, in the limiting case # = 0, the sum simply
counts the number of jump points of u in €2, while for § = 1 (which is excluded in (L.2))
because in that case the functional is not lower semicontinuous) it would represent the
total variation of u in €.

An entire local minimizer of (L3)) is any function u € PJ,.(R) satisfying

IFg.05m (S u) < JFy, 50(Q2,0)



for every open set 2 C R, and every v € PJi,(R) that coincides with u outside a
compact subset of €2.

In one dimension, entire local minimizers can be described rather easily. As we
establish in Theorem 2.2 their graphs are “staircases” that follow the profile of the
forcing term, with steps whose length and height are determined solely by the parameters
).

The problem can be generalized to dimensions d > 2. To this end, we consider the
space PJi,c(R?) of pure jump functions in RY. Even if this space lacks an elementary
representation as (L)), any such function has a jump set S,,, which is a (d—1)-rectifiable
subset of R? and a well-defined jump height |u*(2) — u~(x)| that is measurable with
respect to the (d — 1)-dimensional Hausdorff measure H%! restricted to S,. For the
precise functional setting, we refer to Section 2l below.

With this notation, the natural generalization of (L3) is the functional

JFQ,a,ﬁ,g(Qv U) = Oé/

SuN§2

() — (@) dHE + B / (u(x) - (€.2)de,  (14)

defined for every open set Q2 C R? and every u € PJio.(R?). Here, , o, and 3 are as in
([C2), with £ € R?\ {0}, and (£, z) denoting the scalar product between £ and z.

The forcing term f(z) := (£, z) has a one-dimensional profile in the direction of &,
which initially suggested that entire local minimizers might retain a one-dimensional
structure in the same direction. However, our main result demonstrates that this is not
always (and probably never) the case. Indeed, in Theorem [2Z.0 we show that, in the case
0 = 0, there exist entire local minimizers that are not one-dimensional.

This was somewhat surprising, at least to us, but it does not contradict any general
principle. In a symmetric problem, symmetry ensures that the symmetric transfor-
mation of any solution is still a solution, but it does not necessarily imply that every
solution itself must preserve the same symmetries.

Motivation in one dimension  Our interest for this problem originated from our asymp-
totic analysis of the staircasing phenomenon for the Perona-Malik functional. In order
to explain this connection, let us start by considering in one dimension the Perona-Malik
functional with fidelity term

PMF(u) := /0 log(1 + /(x)%) dz + 6/0 (u(z) — f(z))*du, (1.5)

where 3 is a positive real number, and f € L?*((0,1)) is a given forcing term. Since
the function p — log(1 + p?) is not convex and, even more important, its convex hull is
identically zero, it is well-known that

inf {PMF(u) : v € C*([0,1])} =0  Vf e L*((0,1)).

Therefore, in order to obtain more stable models, several regularization of (L3 have
been proposed in the last decades. Here we focus on two of them.



e The singular perturbation regularization, obtained by adding a convex coercive
term depending on higher order derivatives. In its simpler version, this leads to
the functional

1
SPMF. (u) := / 219 log £ 2" (2)? dz + PMF(w), (1.6)
0

defined for every u € H?((0,1)) and every ¢ € (0, 1).

e The discrete reqularization, obtained by replacing the derivative in (LH]) by finite
differences. This leads to the functional

DPMF, (u) ::/0 B log (1 + (Dau(g;))2) dx +B/0 (u(z) — f(x)?dz, (1.7

defined for every ¢ € (0, 1), where

x+e)—u(x)

Dfu(zx) := u .

Vre (0,1 —¢)

is the classical finite difference, and the domain of the functional is now restricted
to the functions u that are piecewise constant with respect to the e-grid, namely
such that

u(z) = ule|z/e]) vz € [0, 1].

Both choices lead to well-posed models, in the sense that for every admissible value of
¢ the corresponding minimum problem admits at least one solution. On the other hand,
the unstable character of (LI) comes back in the limit as ¢ — 07, so that minimum
values tend to 0, minimizers tend to f in L*(€2) and, more important, minimizers develop
a microstructure known as staircasing effect. A quantitative analysis of this effect was
carried on by the authors in [19, 20] for the singular perturbation, and by the second
author in [24] for the discrete approximation.

In both cases the main idea consists in zooming-in the graph of minimizers within a
window of a suitable size w.. More precisely, given a family of minimizers {u.}, and a
family z. — o € (0, 1), one considers the family of blow-ups

ve(y) = us(z: +wey) — f(z2) Yy eI = (_E) 1 _$a> .

We We We

The choice of w. depends on the model. In the case of the singular perturbation, the
correct choice is w. := ¢|loge|'/?, and with a change of variable in the integrals one can
see that v. minimizes the rescaled singular perturbation of the Perona-Malik functional
with fidelity term, defined as

RSPMF. (I.,v) := RSPM,(I.,v) + 3 [ (v(y) — f-(y))* dy,
I

where

RSPM.(Q, v) := /Q {g%”(y)2 + é log (1 + v'(y)Z)} dy,

£



and the new forcing term is

[z +wey) — f(ze)

We

fe(y) =

Vy € I.. (1.8)

Now, let us assume that f is of class C'. Then, by passing to the limit in (L)),
we obtain that f.(y) tends to the linear function y — f’(x¢)y uniformly on bounded
sets. Under this assumption, one can establish two key results (see [19, Theorem 3.2
and Proposition 4.6]).

e (Gamma convergence). There exists a positive constant a such that, for every
bounded open set 2 C R,

- lim RSPME. (Q,v) = JF} /50 5 (o) (€2, ) (1.9)

e—0t

e (Compactness). The family {v.} is relatively compact in L?(Q) for every bounded
open set {2 C R.

After these two key facts have been established, one can conclude in a rather standard
way that every limit point of v, is an entire local minimizer of the limit functional, which
naturally leads to the problem of classifying such minimizers.

In the case of the discrete approximation the situation is analogous. The correct
choice is w. = (¢]loge|)'/3, in which case v, minimizes the rescaled discrete Perona-
Malik functional with fidelity term, defined as

RDPMF.(I.,v) := % / log (14 D¥**v(z)?) dx + B | (v(z) — f.(x))*dx,
1

€ I

where, in analogy with the previous case, we have set

L= (_&’ 1— $5> and I = (_ﬁ, ﬂ) )
We We We We

Again the family {v.} is relatively compact in L*(Q) for every bounded open set
Q C R, while now (L)) becomes

[~lim RDPMF.(Q2,v) = JF 1wy (2, V).
€_>0+ 5( ? ) J Ovavﬁ’f (l’o)( ) )

As a consequence, again any limit point of {v.} is an entire local minimizer to a
functional such as (I3]), just with exponent 6 = 0 instead of § = 1/2.

Motivation in higher dimension The previous theory for the Perona-Malik functional
can be extended to higher dimension. The Perona-Malik functional can be defined in
analogy with (LX), just by replacing the interval (0, 1) with a product of intervals or a
suitable bounded open set, and «'(x) with the norm of the gradient of u. The singular
perturbation approximation can be defined in analogy with (L)), just by replacing
|u”(x)| with some norm of the Hessian matrix of w. The discrete approximation can be
defined in analogy with (7)) by exploiting some discrete version of the gradient.
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We never wrote down the details explicitly, but at least in the case of the singular
perturbation, both the Gamma-convergence (see [4, 23] 26]) and the compactness re-
sults should still hold, although the proof involves additional technical difficulties. This
would suffice to show that, in any space dimension, the limits of blow-ups of minimizers
are again entire local minimizers of the functional (L4]), with 6 = 1/2 and & = V f(z),
where z( is the limit of the centers of the zoom-in windows. This, in turn, motivates
the classification of such entire local minimizers. However, the appearance of the ex-
otic candidates presented in this paper (as well as others whose existence we suspect)
significantly complicates this crucial step, even in two dimensions.

Overview of the technique The characterization of entire local minimizers in one dimen-
sion (Theorem [22]) is essentially an extension of [I9, Proposition 4.5] to more general
exponents, and can be established through fairly elementary arguments, as was done in
that earlier work.

In higher dimensions, we rely on two distinct tools. The first is the slicing technique
(see Proposition 1)), which is effective when we start with an entire local minimizer in
R% and wish to extend it to R“+% by simply ignoring the additional variables. This
method applies both when proving that staircases are entire local minimizers in any
space dimension, and when extending our exotic minimizers from dimension d = 2 to
dimensions d > 3.

The second tool is the calibration method, originally introduced in the context of
free discontinuity problems by G. Alberti, G. Bouchitté, and G. Dal Maso in [I]. In a
nutshell, the idea is to define a new functional G(Q2,u) as the flux of a vector field ®
across the boundary of the hypograph of w in 2. The key point lies in choosing the
vector field @ so that the following three conditions are met.

e Divergence-free. The field ® must be divergence free. This ensures that G(2,v) =
G(§2, w) whenever v and w coincide in a neighborhood of 0.

e Lower bound. For every v € PJio.(RY), one requires G(2,v) < JF(Q,v) (here for
the sake of shortness we do not write all parameters as in (IL4])). This typically
leads to a set of inequalities that the components of ® must satisfy.

e Matching on the candidate. For the candidate u to be an entire local minimizer,
one requires G(£2, u) = JF(Q,u). This typically results in equalities that must be
satisfied by the components of ®.

These three conditions together imply that
JE(Q,v) > G(Q,v) = G(Q,u) = JF(Q,u) (1.10)

for every function v that coincides with u in a neighborhood of 9€2, which is enough to
prove that u is actually an entire local minimizer.

In this paper, we apply the calibration method in two distinct contexts. The first
is to provide an alternative proof that staircases are entire local minimizers in one
dimension. In this case, we need a divergence-free vector field in R?, and any such
field can be written as the rotated gradient of a scalar function F'. Thus, in this model



case, the entire construction reduces to finding a scalar function F' of two variables that
satisfies a suitable system of equalities and inequalities (see Proposition [3.1]).

The second use of the calibration method occurs in verifying that certain exotic
“double staircases” are indeed entire local minimizers in R? for § = 0, as needed in
the proof of Theorem 25 Here, we need a divergence-free vector field in R3, and it
is well known that such a field can be expressed as the curl of another vector field of
the form (A, B,0). The one-dimensional construction guides our choice of components:
specifically, we set B(x,y,z) = F(x,z), where F is the same function used in the
calibration of one-dimensional staircases. This reduces the problem to selecting the
function A (see Proposition [.3)).

We emphasize that our approach differs from that in [I] in a key aspect that could
be interesting in itself: rather than focusing directly on the vector field ¢, we work
instead with the underlying functions, namely F' in one dimension, and A and B in two
dimensions. In particular, all the conditions we impose take the form of equalities and
inequalities involving these functions themselves, not their derivatives. This leads to
significantly weaker regularity requirements. For instance, in the one-dimensional case,
we do not even require F' to be continuous (see the proof of Proposition [3.1] and the
following Remark B.3]), whereas in [I] the components of ®, which in our setting corre-
spond to derivatives of F'| are required to be bounded and approximately continuous.
Similarly, in two dimensions, we do not impose any differentiability on A, while the

approach of [I] would require its derivatives to satisfy analogous regularity conditions
(see Proposition 0.3 and Remark [5.4]).

Other examples of symmetry breaking Determining whether the solutions of some prob-
lem inherits the same symmetries of the problem itself is a very classical problem in
analysis. Several famous examples of symmetry breaking, together with some tech-
niques to prove symmetry, are illustrated in the expository paper [22]. Among the
classical examples, we mention Newton’s body of minimal resistance (see [6]), the non-
symmetric groundstates of [16], and the symmetry breaking for the minimizers of some
Poincaré-Wirtinger type inequalities (see [9, [18]).

Further classical examples of symmetry breaking arise from the Steiner problem,
which is also an example in which minimality can be proved via calibration (see, for
example, [25] and the references therein).

Some more recent results in contexts similar to ours are presented in the series of
papers [21], [TT), 12], where the authors consider functionals defined on sets involving a
competition between a perimeter-type attractive term and a repulsive non-local term. In
[13], [10] similar models for diffuse interfaces instead of sets were also considered. In both
cases, it turns out that minimizers display one-dimensional patterns (periodic stripes),
thus exhibiting less symmetries than the energy.

Finally, we mention the problem of symmetry for optimizers in the Caffarelli-Kohn-
Nirenberg inequality [7]. After some cases of symmetry breaking were discovered in [§],
the problem of determining the exact range of parameters for which this phenomenon
occurs remained open for a while, until it was finally settled in [I5]. More recently, the
same question has been investigated also for the fractional version of this inequality (see
[3, 14]), but at present only partial results are available in this direction.



Structure of the paper This paper is organized as follows. In Section 2, we fix the
notation and state our main results. In Section Bl we prove the characterization of
entire local minimizers in one dimension, introducing in particular our version of the
calibration method in this setting. In Section [, we recall the classical slicing technique
and apply it to show that staircases remain minimizers in all space dimensions, and
to reduce the search for exotic minimizers to dimension two. Section [ forms the core
of the paper: here, we construct asymmetric entire local minimizers in two dimensions
and establish their properties via a more delicate calibration, whose construction is
nonetheless inspired by the one dimensional case. Finally, in Section [l we present some
open problems.

2 Notation and statements

Pure jump functions, jump sets and jump heights Let d be a positive integer, and let
Q) C R? be an open set. Throughout this paper, we consider the usual space SBV () of
special bounded variation functions, and the space GSBV () of all measurable functions
u : €2 — R whose truncations

up(x) := min{max{u(x),—T}, T} Vo € Q
belong to SBV(2) for every T" > 0. At this point, one can introduce the space
PJ(Q) := {u € GSBV(Q) : Vu(z) = 0 for almost every = € Q}

of pure jump functions in §2, and finally the space PJj..(R?) consisting of all measurable
functions u : R? — R whose restriction to every bounded open set 2 C R? belongs to
PJ(€2). For the theory of these function spaces we refer to [2].

In the sequel we need the fact that, for every function u € PJj,.(R?), the approximate
limsup and liminf, denoted by u*(x) and u™ (z), respectively, coincide and are finite
for every x € R? except on a set S,, called the jump set of w. The jump set S,
is (d — 1)-rectifiable, and the jump height u(x) — u™(x) is measurable with respect
to the restriction of the (d — 1)-dimensional Hausdorff measure H4! to S,. As a
consequence, the functional (L4 is well-defined (possibly taking the value +oo) for
every u € PJio.(R?) and for every admissible choice of the parameters.

Incidentally, we recall that for H¢ !-almost every x € S,,, the values u™ (z) and u~(z)
also coincide with the approximate limits of u taken from the two sides of 5,,.

Staircases  Let us recall the notation introduced in [19] in order to describe staircase-
like functions (see [19, Definitions 2.3 and 2.4]).

Definition 2.1 (Staircases). Let S : R — R be the function defined by

S(x) =2 V ;r 1J Vz € R, (2.1)

where, for every real number «, the symbol |«| denotes the greatest integer less than
or equal to a.



e For every pair (H,V) of real numbers, with H > 0, we call canonical (H,V)-
staircase the function Sy : R — R defined by

Spv(z):=V-S(x/H) Vr e R.
e We say that v is an oblique translation of Spgy if there exists a real number
70 € [—1, 1] such that
v(z) =Spv(ex— Hr) + V1o Vz € R.

e In dimension d > 2, the (H,V)-canonical staircase in a direction £ € R?, with
l€]| = 1, is the function

Suve(r) ==V -S((x,&)/H) VxR,
and its oblique translations are of the form

v(r) = Spve(ler — Hoé) + V1o Vo € R

Roughly speaking, the graph of Sy is a staircase with steps of horizontal length
2H and vertical height 2V. The origin is the midpoint of the horizontal part of one of
the steps. The staircase degenerates to the null function when V' = 0, independently
of the value of H. Oblique translations correspond to moving the origin along the line
Hy = V. For a pictorial description of these staircases, we refer to Figure [I which is
taken from [19, Figure 2].

Figure 1: (a) Canonical staircase. (b) Oblique translation with parameter 7o = 1/2.

Main results The first result of this paper is the complete characterization of entire
local minimizers for the functional (I3]).

Theorem 2.2 (Entire local minimizers in one dimension). Let 0, o, 8, M be as in

(13). Let us set

e \ MG
H = (%) and V:=MH. (2.2)

Then the set of entire local minimizers of the functional (1.3) coincides with the set
of all oblique translations of the canonical (H,V')-staircase.
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The following remarks clarify some aspects of this result.

Remark 2.3 (Some heuristics). Let us consider the canonical (H,V')-staircase. Each

jump has height 2V, and hence its contribution to the functional (L3) is «(2V)?. Since

the distance between two consecutive jumps is 2H, we can say that the contribution of

jumps, or equivalently of vertical parts of the steps, per unit length is «(2V)?/(2H).
The contribution of each horizontal step to the fidelity term in (L3) is

H
2 20003
5/_H(Mx) d:c—BBMH,

and hence the contribution of the horizontal parts of the steps per unit length is
BM?H?/3. If we assume that V = MH, which is reasonable if we want a staircase
with the same average slope as the forcing term, the sum of the two unitary contribu-
tions is

BM2H?
T
The value of H that minimizes this expression is exactly the one given in (2.2)).

a(2H)" M| +

Remark 2.4 (The limit case § = 1). The value of H tends to 0 as § — 1~. This
aligns with the intuition that, as 6 approaches 1, it becomes increasingly convenient for
minimizers to distribute their variation over a greater number of jumps, thereby better
adapting to the forcing term. As a further evidence one could prove that, in the limit
case # = 1, the unique entire local minimizer is the forcing term Mz itself.

Now we consider the higher dimensional case. The following result, and in particular
statement (2), is the main contribution of this paper.

Theorem 2.5 (Entire local minimizers in higher dimensions). Let d > 2 be an integer,
and let 0, a, and B be as in (L2). Let £ € R\ {0}, set M = ||&||, and define H and V

as in (2.2).

Then the following statements hold.

(1) All oblique translations of the (H,V')-staircase in the direction /M are entire local
minimizers of the functional (1.7)).

(2) If 8 = 0, then there do exist entire local minimizers of the functional (1.4)) that
are not oblique translations of the (H,V')-staircase in the direction £/M.

Remark 2.6 (The trivial forcing term). In Theorem 2.2 we assumed that M # 0, and
in Theorem that £ # 0; both conditions ensure that the forcing term in (L3]) and
(I4)) is nontrivial.

When the forcing term is identically zero, it is straightforward to show that the
constant function zero is an entire local minimizer. The question is whether it is the
unique one. In one dimension, the answer is affirmative and can be proved as in [19]
Proposition 4.5], although the argument given there is specific to the one-dimensional
setting. In higher dimensions, the situation is less clear, and uniqueness does not seem
to follow from the techniques developed in this paper.



3 The one-dimensional case (proof of Theorem [2.2))
The plan of the proof is the following.

e In the first step, we exploit a homothety argument in order to decrease the number
of parameters. This allows to reduce ourselves to the case where

22—9
1-6’

a=qp = £ =3, M =1, (3.1)
for which (2.2)) yields H =V = 1, and therefore the candidates to be entire local
minimizers are the basic staircase S(z) defined in (2.]) and its oblique translations.

e In the second step, we introduce the calibration method in one dimension. This
reduces the problem of verifying that S(z) is an entire local minimizer to finding
a function of two variables satisfying a suitable set of equalities and inequalities.

e In the third step, we explicitly construct the calibration and verify that it meets
the required conditions. This completes the first part of the proof, namely, the
fact that all oblique translations of S(x) are entire local minimizers.

e In the fourth and final step, we prove the converse: any entire local minimizer
must be an oblique translation of S(x).

Step 1 — Reduction of the parameters Up to replacing u by —u, we can always assume
that M > 0. Now let A be a positive real number, and for every u € PJjo.(R) let us set

A
up(z) = Mu(%) Vo e R.
One can check that us € PJic(R), and ua has a jump point in z with jump height
J if and only if v has a jump point in Az with jump height M J/A. Combining this
remark with a change of variable in the integral of the fidelity term, we deduce that
sM?

JFG,a,ﬁ,M((_L7 L)? U) = w : JFO@,Z’)J((_AL? AL)a UA)’

where

. 3a A3

a = RSTE=R

As a consequence, u is an entire local minimizer for the functional (L)) with param-

eters (0, a, B, M) if and only if u, is an entire local minimizer for the same functional
with parameters (0, @,3,1). In particular, if we choose A := 1/H, with H given by
(22), we have reduced the problem to showing that the set of entire local minima for
the functional (L3), with parameters given by (B.]), coincides with the set of oblique
translations of the basic staircase S(x).

10



Step 2 — The calibration method in one dimension The key tool is the following.

Proposition 3.1 (Calibration in one dimension). Let us assume that there exists a
function Fy : R? — R that satisfies the following two equalities

Fy(25 +1,27) — Fy(2j — 1,25) =2 Vj € Z, (3.2)
Fy(2) —1,25) — Fy(25 — 1,25 — 2) = % Vj e Z, (3.3)

and the following two inequalities
Fy(wg,2) — Fy(21,2) < (29 — 2)° — (27 — 2)° Vo, <z, VzeR, (3.4)

—0
9|ZQ — Zl|0 Vx € R, V(Zl, 22) € R2. (35)

22
F@(.ZC,ZQ) - FG(:L‘7ZI) S 1 —

Then the staircase S(x) of Definition [21], together with all its oblique translations,
is an entire local minimizer for the functional {1.3), with parameters given by (31).

Proof. To begin with, we observe that S(z) minimizes in some interval (a, b) with respect
to its boundary conditions if and only if S(z — 79) 4+ 7o minimizes in (a + 79,0+ 7). As
a consequence, if S(x) is an entire local minimizer, then all its oblique translations are
automatically entire local minimizers as well. Therefore, in the sequel we focus on S(x).
For every positive integer k, we set a; := —(2k + 1) and by, := 2k + 1. We observe
that a, and by are jump points of the staircase S(x), and that S(z) = —2k in a right
neighborhood of aj and S(z) = 2k in a left neighborhood of by. For the sake of shortness,
we simply write JF(€, u) to denote the functional (L3]) with parameters given by (B.1]).
We claim that

JF((CLk, bk), U) Z Fg(bk, 2]{5) — Fg(ak, —2]{5) = JF((ak, bk), S) (36)

for every function v € PJ((ay, b)) that coincides with S outside a compact subset of
(ax, by). Since the intervals of the form (ag, b) exhaust the whole real line, this is enough
to prove that S is an entire local minimizer.

To begin with, we consider the case in which the jump set of v is finite, and consists

of the points 1 < ... < z,, for some positive integer m. We set x( := a; and x,,,11 := by,
and for every i € {0,1,...,m} we call v; the value of v in the interval (z;, z;11).
With these notations we obtain that
22 g m—1 m1+1
(s u)e) = g 3l =l Z [ e
_g m—1

= -6 Z Vi1 — Uz‘ + Z Tit1 — Uz — (i — U@)s] :

Now we estimate from below the terms of the ﬁrst sum by exploiting inequality (B.35])
with (z, 21, 22) := (211, V3, v;11), and the terms of the second sum by exploiting inequal-
ity (B4) with (z;, z;41,v;) instead of (x1,x9, z). We deduce that

JF((ag, by),v) > Z [Fo(2it1,Vig1) — Fo(zip1,v:)] + Z [Fo(wiy1,vi) — Fo(xi, v;)]

=0

|
ol

— (I’erl, 'Um) — F€<x07 UO)
= Fg(bk,Zk) _Fﬁ(aka_Qk)7
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where the last equality follows from the fact that v(x) coincides with S(z) near the
endpoints a; and b,. This proves the inequality in (3.6]).
On the other hand, exploiting a similar telescopic structure, we can write

Pb(bk,Qk)-—’Pb(ak,——Qk) = Pb(Qk'+’1,2k)-—’P%(——2k —-1,——2k)
k

= Y [F(25 +1,2)) — Fp(2) — 1,2j)]

k
+ Y (o2 —1,25) — Fp(25 — 1,25 — 2)].
j=—k+1

From (B.2) we deduce that
2j+1
Fyp(2) +1,25) — Fp(2j — 1,2j) = 2 = 3/ (2j — z)2 dz,
2j—1

and hence the first sum is equal to the fidelity term of JF((ay,by),S). From B3] we
deduce that the second sum has 2k terms, all of which are equal to 4/(1 — @), and hence

the second sum is equal to
4 22—0

kg =% Ty

29

which is exactly the contribution of jump points to JF((ay,bx),S). This proves the
equality in (3.0).

Finally, the general case in which v has infinitely many jump points follows by
a standard approximation argument, because functions with a finite number of jump
points are dense in energy. More precisely, any v € PJ((ax, bx)) which coincides with
the staircase S in a neighborhood of the endpoints can be approximated with a sequence
{vn} € PJ((ag,bg)) of functions with finitely many jump points and coinciding with S
in a neighborhood of the endpoints, in such a way that

lim JF((ak,br), vn) = JF((ax, bi), v).

n—-+00
This is enough to conclude that ([B.6) holds also in the general case. O

Remark 3.2 (Geometric interpretation). The telescopic argument in the proof can be
resumed informally as follows.

The idea is to regard the staircase S and its competitor v as unions of horizontal
and vertical segments in the plane. The central term in (3.0) is equal to the difference
between the values of Fjy at the points (ay, —2k) and (by, 2k), which are the common
endpoints of both S and v. This difference can, in turn, be decomposed as the sum of
the differences computed in each horizontal and vertical segment along the paths defined
by S and v.

For the staircase function S, the equalities (B.2]) and (3.3 imply that each of these
contributions exactly matches the corresponding term in JF((ay,by),S). For the com-
petitor v, the inequalities (8.4 and (B.5) show that each segment contributes less than
or equal to its counterpart in JF((a, b),v). This justifies the inequality in (B.6]).

12



Remark 3.3 (Comparison with [I]). We point out that in Proposition B we did not
assume any regularity of Fy. If Fj is sufficiently regular, we can define a differential
form w and a vector field ® by

o 6F0 8F9 —
wi= S ey de+ S ds ad (r,2) = (—

In this case, the differences in values of Fy can be interpreted as line integrals of
w along the segments, or equivalently as the flux of ® across the same segments (with
suitable orientations). This observation connects our approach with the one in [I].

Step 3 — Construction of the calibration Let us consider the cubic
wo(0) == (3—0)o — (1 —0)0. (3.7)

An elementary calculation shows that it is an increasing function in the interval
between its two stationary points +oy, where

e
70 =\30-6)

At this point we can introduce the truncated cubic gy : R — R defined as

@9(—09) if g S —0y,
Po(0) == wo(0) if o € [~0y, 09], (3.8)
@9(0'9) lf g Z Jg,

and finally the function

1

Fg(l‘, Z) = m

[(B3—0)x+ Py(z — x)] V(z,z) € R% (3.9)
We observe that Fy is piecewise C*, and of class C' on the whole R?, because the
truncation of the cubic was performed at its stationary points.
We claim that Fy satisfies ([B.2]) through ([3.5]). The verification of the equalities (3.2])
and (B3) is immediate from (B.9), (3.8), and the fact that oy > 1. As for ([B.4]), we
observe that for every z € R the partial derivative of (8] with respect to x is given by

3(z—x)? ifz—09<x< 2+ 0y,

0F, (2, 2)
O, 2) = _
Ox % if either x < 2z — 0g or x > 2 + 0y,
and in particular
r _
%(m, z) = min {3(2 — )% ?—_Z} <3(z —x)? V(z,2) € R? (3.10)

so that inequality (B.4]) follows by integrating over [zy,xs).

13



It remains to prove (B.5]), which, by setting z; = = + a and 25 = x + b, reduces to
Po(b) — @ola) <227 —al®  VY(a,b) € R% (3.11)

Due to the monotonicity of @y, in the proof of this inequality we can assume that
a < b. In addition, we can assume also that —oy < a < b < gy, because we can always
replace a by max{a, —oy}, and b by min{b, o4}, and in this way we reduce the right-hand
side without altering the left-hand side. After this reduction we are left to proving that

B=0)(b—a)—(1—0)(b*—a*)<22%b—a)’ Va<b.
To this end, we start from the standard inequalities
e*>1+zx Vz e R

and
(% — 1) Va >0,

(NSRS

1
logz = 5 log(2?) <
and for every B > 0 we obtain that

B'=B-B"'=B.0 VB > pB.(1—-(1-0)logB)

1_23 } :?(3—0—(1—9)32).

2B{1+(1—0)

From this inequality, applied with B := (b — a)/2, we deduce that

b—a

2270(b—a)? =4 ( ) >(B3-0)(b—a)— %(1 —0)(b— a)®,

and we conclude by observing that
(b—a)® <4(b* —a?) Va < b,
because the latter is equivalent to
406°* —a*) — (b—a)®* =3(b—a)(b+a)* >0,
which is clearly true whenever b > a.

Remark 3.4 (Motivation Behind the Calibration). Let us comment on the choice of
the calibration.

e In Proposition Bl the equalities ([3.2) and (B3] are assumed only for integer
values of 7, but the function Fjy defined in (8.9]) actually satisfies both equalities
for every real value of j. As a consequence, the function Fjy defined in (B.9]) does
not calibrate only the canonical staircase, but simultaneously calibrates all its
oblique translations.

In addition, the inequality (B.4)) is actually an equality whenever z — gy < 27 <
i) § z + op.

14



It can be proved (though it is a nontrivial exercise) that every function Fy satisfying
the assumptions of Proposition B.J must coincide with the one defined in ([3.9)) for
every (x, z) in the strip x — 1 < z < x+ 1, namely the strip covered by the oblique
translations of S(z).

Outside this strip, alternative constructions should be possible by modifying the
choice of the truncated cubic in (B.8)). What is actually needed for the proof is that
the truncated function coincides with the cubic g on the interval [—1, 1], satisfies
a Holder-type inequality as in (3.11), and has a derivative that is bounded in such
a way that (8:10) holds.

As often happens in the calculus of variations, the calibration Fj can be interpreted
as a value function in the following sense. If the canonical staircase S(z) is an
entire local minimizer, then on every interval (0, £) it minimizes the functional (3]
subject to its own boundary conditions. This suggests defining Fy on the pairs
(¢,5(¢)) as the corresponding minimum value, which is simply the value of (L3
with Q@ = (0,¢) and u = S. If we interpolate these values in the simplest linear

way, we recover (3.9)), at least within the strip covered by all oblique translations
of S.

Step 4 — Uniqueness In order to prove that the oblique translations of S(x) are the
unique entire local minimizers, we need to repeat, for a generic exponent 6 € [0, 1), the
same procedure used in [I9 Section 6.2] for the case § = 1/2, and in [24], Proposition 4.4]
for the case § = 0. Since the full argument is detailed in those references, here we limit
ourselves to sketching the main points.

Discreteness of jump points. The set of jump points of any entire local minimizer is
discrete. Indeed, if this were not the case, one could construct a better competitor
by concentrating all sufficiently small jump heights into a single jump point. A
key role in this argument is played by the subadditivity of the function o — o?.

Existence of jump points. Any interval of sufficiently large length contains at least
one jump point, since any entire local minimizer must follow the profile of the
forcing term M.

Symmetry of jumps. At each jump point, any entire local minimizer transitions
between two values whose mean equals the forcing term. This necessary condi-
tion for minimality corresponds to the Euler-Lagrange equation associated with
horizontal perturbations, where the location of a jump point is varied.

Equidistance of jump points. The distance between any two consecutive jump
points is constant. This condition arises from considering vertical perturbations of
the form u + tv.

Optimization of the parameters. After the previous steps, one knows that any
entire local minimizer has a staircase structure that follows the forcing term. What
remains is to optimize the length (and hence the height) of the steps. This leads
to a calculation similar to that in Remark
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4 The slicing method

In this section, we show that every entire local minimizer in some dimension can be
extended to any higher dimension by simply ignoring the extra variables. We use this
result in two instances. First, it implies that statement (1) of Theorem follows
directly from Theorem Second, it reduces the proof of statement (2) of Theorem 2.5
to the case d = 2.

The idea is the following. Let d; and dy be two positive integers. Let us write the
elements of R4%42 as pairs (z,y) with 2 € R® and y € R%. Every vector £ € R% can
be extended to a vector E € Ré+® by setting E = (£,0). Every function u : R® — R
can be extended to a function u : R4+% — R by setting u(z,y) := u(x).

Proposition 4.1 (Extension of entire local minimizers to higher dimension). Let d; and
ds be two positive integers. Let us assume that u € PJlOC(Rdl) 1s an entire local minimizer
for the functional (I.4) for some choice of the parameters 0, o, 3 and & € R4,

Then U € Plioo(R442) is an entire local minimizer for the functional (1.4) with

parameters 0, o, B and & € Rh+dz,

Proof. Let us consider any open set Q C R%%42 and any function v € PJ(2) that
coincides with @ outside a compact subset of €.
For every y € R% we can consider the corresponding d;-dimensional section Q, C R%
of €2, defined as
Q, = {z e R : (z,y) € Q},

and the d;-dimensional sections of © and v defined as
uy () = u(z,y) = u(z) Vo € R%
and
vy(z) == v(z,y) Vo € Q.

Since v, coincides with u outside a compact subset of 2, and u is an entire local
minimizer in R%, we deduce that (here we write JF without all the parameters, since
they are fixed throughout the proof)

JF(€y,vy) = JF(Qy, u) Vy € R®,

and hence
IR(Qy, v dy > [ TF(,,u)dy. (4.1)

R%2 Ré2
The key point is that, on the one hand, we have

JF(Q,,u)dy = JF(Q,u),
Rd2
since Sz = S, x R% and u*(z,y) = u*(x) for every (z,y) € S, x R%. On the other
hand, from [I7, Theorem 3.2.22], we deduce that
JF(Q,,v,) dy < JF(L,v).

R42
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Plugging these two relations into (4.1]) we conclude that
JF(Q,w) < JF(Q,v).

Since ) and v are arbitrary, this is enough to prove that u is an entire local minimizer
in Ré+dz, O

5 Exotic minimizers in the plane

In this section we prove statement (2) of Theorem by showing that for # = 0 some
exotic “double staircases” are entire local minimizers in R2?. The construction can then
be extended to any dimension d > 3 by a straightforward application of the slicing
technique of Proposition [Tl

Step 1 — Reduction of the parameters To begin with, up to a rotation we can always
assume that ¢ is of the form (M, 0) for some positive real number M. Then, as in Step 1
of the proof of Theorem 2.2 with a homothety argument we reduce ourselves to the

case where
22—9

Tea 5237 § = (170)a (51)

for which in Theorem we obtain H = V' = 1. Therefore, in this case we already know
that the canonical staircase in the direction (1,0), as well as all its oblique translations,
are entire local minimizers. Our goal is showing that there are more.

a = Qg =

Step 2 — Definition of the bi-staircase Let us consider the function g : [0,1] — R
defined as

2
go(z) = T3 3z Vz e [0,1]. (5.2)
We observe that
2 2 3
- < R 1

because the last inequality is equivalent to 247% + 36 — 11 > 0, which is true for every
0 € [0,1) because the left-hand side is a convex function of € that vanishes for § = 1
with negative derivative.
As a consequence, we can consider the function fy : R — R defined as
||

9@ g vpel-11], (5.3)

0 Vai— g

and then extended to the whole real line by 2-periodicity.

fo(z) :=

Definition 5.1 (Bi-staircases). For every 6 € [0,1), let gy and fp be the functions
defined in (5.2) and (5.3), and let S(x) be the staircase defined in (ZI]). The canonical
bi-staircase with parameter 6 is the function Sy € PJj,.(R?) defined by

R B S(z) if y > fo(x),
So(w,y) = {3@_1)4_1 if y < fo(z).
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The oblique translations of the canonical bi-staircase are all functions v of the form
v(z,y) := Se(x — 79, y) + 7o for some real number 7y € [—1, 1]. The translations of v(zx, y)
in the y-direction are the functions of the form (z,y) — v(z,y + t) for some ¢t € R.

We observe that the range of the canonical bi-staircase is the set of all integers.
Specifically, for every k € Z it turns out that Sp(z,y) = 2k if x € (2k — 1,2k + 1) and
y > fo(x), while Sp(z,y) = 2k + 1 if z € (2k,2k +2) and y < fo(z). The jump set of S
is the union of the graph of fy, and of the vertical half-lines

{2k} x (—o00, 0] and 2k + 1} x [fo(1), +00)

with k& € Z. Figure [2 provides a description of the level sets and the jump set of the
canonical bi-staircase.

Figure 2: Some level sets of the canonical bi-staircase. The separation between the
regions with odd and even values is the graph of the function fy.

Remark 5.2 (Heuristic interpretation). At this point one might ask what is the reason
behind the rather mysterious definition (B.3]). In order to answer, let us consider, for
example, the boundary between the region where u = 0 and the region where u = 1. Let
us assume that in the rectangle Q := [0, 1] x [~ R, R], with R large enough, the frontier
between the two regions is described by some curve y = fy(z). Then in Q the functional
JF with parameters given by (5.1) is equal to

a9/0 \/ 1+ fo(x)? da:—|—3/0 [(fg(x) +R)(1—2)*+ (R — fg($))l’2] dx.

If v is a minimizer for JF, then fy has to minimize this functional, and therefore if
has to satisfy the Euler-Lagrange equation, that in this case reads as

H® N g at s
O‘Q( 1+fé(a:)2> =3l e =
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from which we obtain that
/
» I o(x)
V1t fo(z)?

for some real number K. In order to compute the value of K, we impose that the
weighted sum of the three tangent vectors in the triple junction, corresponding to x = 0,
vanishes. In this sum the weight of the vertical vector, corresponding to the separation
between 1 and —1, is 2% times the weight of the other two vectors, corresponding to
jump heights equal to 1. When we impose this condition we obtain that K = ag - 2071,
so that the right-hand side of (5.4)) is exactly the function gy defined in (5.2). At this
point we compute fj(z) from (5.4) and we end up with (G.3]).
Incidentally, we observe here that

go(x) = Fp(z,1) — Fp(z,0) Vz € [0, 1], (5.5)

=K+3z—32> Vrel1] (5.4)

where Fj is the function that we defined in (3.9) in order to calibrate one dimensional
staircases. This “coincidence” will be essential in the sequel.

Step 3 — The calibration method for the bi-staircase In the case of bi-staircases in R?
the calibration method reduces to the following.

Proposition 5.3 (Calibration for the bi-staircase). For every real number 6 € [0,1),
let cig be defined as in (51]), and let us consider the function Fy defined in (3.9).

Let us assume that there exists a continuous function Ay : [0,1] x R — R such that
(i) it satisfies the equalities
Ap(0, z) = Ay(0, —2) and  Ap(l,z +2) = Ap(1, —2) VzeR; (5.6)

(i) it satisfies the equality
[Ag(x,1) — Ag(2,0)]° + [Fy(x,1) — Fy(2,0)* =af  Va €[0,1], (5.7)
with
Ag(x,1) > Ap(z,0) vz € [0,1]; (5.8)
(#11) it satisfies the inequality
[Ag(z, 25) — Ag(, 20)]* + [Fo(z, 20) — Fy(z, 21)]* < a2(zy — 21)% (5.9)
for every x € [0,1] and every z; < z.

Then the bi-staircase §g(x) introduced in Definition [5.1), along with all its oblique
translations and their translations in the y-direction, is an entire local minimizer of the

functional (1), with parameters given by (5.1)..

Proof. As in the one-dimensional case, due to the invariance of the problem under
“oblique translations” and translations in the y-direction, it is sufficient to prove that
the canonical bi-staircase Sy is an entire local minimizer. The proof strategy consists
in first extending Ay to the entire plane, and then using Ay and Fjy to construct an
auxiliary functional G(€2,v) for which a chain of equalities and inequalities of the form

(LI0) can be established.
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Extension Let us first extend Ay to the set [—1,1] X R in an even way, by setting
Ay(z, z) = Ap(—z, —2) for every x € [—1,0]. We then further extend Ay to the whole
plane by (2, 2)-periodicity; that is, we require that Ag(x + 2,z +2) = Ay(z, 2) for every
(z,z) € R% We remark that condition (5.6]) ensures the consistency of this extension
and guarantees that the resulting function is continuous on R2.

Notation Let us introduce some notation. An open subset of the plane is called reqular
if it is bounded and its boundary is piecewise C!. For every regular open set €, we call
PC(Q) the set of piecewise constant functions in €, namely the set of all functions
v € PJ(Q2) whose image is finite, and whose level sets are (up to negligible sets) regular
open sets. To every v € PC(Q)) we associate three families of objects.

o Level sets. Let Im(v) denote the image of v, which is a finite subset of R. For
every z € Im(v), we consider the differential form in the plane

w, := Ag(z, 2) dx + Fy(z, z) dy, (5.10)

and the level set 2, := v™'(2). We observe that these level sets form a partition
of €2, up to negligible sets.

e Parametrization of the boundary. A finite collection of embedded curves {v;};jes,
of class C*', each of which parametrizes a portion of the boundary 952, and with
the property that any two distinct curves intersect at most at their endpoints. We
assume that, for every j € Ji, the curve «; is oriented in such a way that Q lies
“on the left” of 7;, and the function v takes a constant value z,; € Im(v) on the
left side of ;.

e Parametrization of the jump set. A finite collection of embedded curves {v;};e,
of class O, each of which parametrizes a portion of the boundary of the level sets
of v (not already included in the boundary of €2), and hence describes the jump set
of v. Again any two distinct curves can intersect at most at their endpoints. For
each j € Jy, we assume that ~; separates the level set corresponding to some value
zp; € Im(v) on its left from the level set corresponding to some value z, ; € Im(v)
on its right.

The osculating functional and its properties For every regular open set €2, and every
v € PC(Q), we define the functional

G(Q,v) == Z / Way - (5.11)

The key properties of this functional are the following.

(1) (Dependence only on the values at the boundary). If v and w are elements of
PC(Q) that coincide in a neighborhood of 0€2, then

G(Q,v) = G(Q,w).

20



(2) (Representation in terms of levels sets and jump set). We can rewrite (5.11]) as
Z / w, + Z/ W, — wzh), (5.12)
z€Im(v) o0 JEJ2

where, in the integrals of the first sum, the boundary of €2, is oriented as usual in
such a way that 2, lies on the left of the boundary. In the sequel we refer to the
terms of first sum as the contribution of level sets, and to the terms of the second
sum as the contribution of the jumps.

(3) (Inequality and equality for level sets). For every z € Im(v) it turns out that

/ w, < 3/ (z — z)? dz dy, (5.13)
00 Q.

with equality if

Q. C{(z,2) €eR?*: |z — 2| < 0y} (5.14)
(4) (Inequality and equality for jump terms). For every j € Jy it turns out that
/ (er,j — sz) < aylzj — zz,j|6 - Length(y;), (5.15)
7

with equality if v; is contained in the jump set of Sp and (20,5, 2rj) are the two
values of Sy on the two sides of ;.

Proof of properties (1), (2), (3) of the osculating functional Property (1) is an im-
mediate consequence of definition (5I1I), which depends only on the values of v in a

neighborhood of 9).
In order to show property (2), by adding and subtracting equal terms, we write

_ (WZM - me‘) + Z / (wzr,j - wzé,j) : (5'16)

The goal is showing that the first two sums in (B.10]) are equal to the first sum in
(5.12). With this goal in mind, for every z € Im(v) we group together all the terms in
the first two sums of (5.16]) that represent the integral of w, along pieces of 0€2,. We
observe that all these terms appear with the sign corresponding to the correct orientation
of 9€, since, for every j € J,, the curve 7; has the correct orientation when considered
as a part of the boundary of (2., ., and the reverse orientation (which compensate the
negative sign) when considered as a part of the boundary of €2, .

In order to show property (3), we observe that Ay does not depend on y, and hence
from Green’s theorem (ore more generally from Stokes’ theorem) we deduce that

OF
/ w, = / 9 (z,z) dx dy,
o9

so that the inequality (5.13) follows from estimate (B.10).
On the other hand, when €, satisfies (5.14]), we know that there is equality in (B.10),
and this yields equality in (5.13]).
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Proof of property (4) of the osculating functional To begin with, we write the compo-
nents of y; as

75(t) = (25(),9;(8)) 1€ lay, byl,

/ | (Wary = Waey) = / j<Ej(t),7}(t)>dt, (5.17)

J J

and we obtain that

where
Ej(t) = (Ao(w;(t), 2ry) — Ao(;(t), 205), Folw;(t), 2n5) — Fol;(t), 22;)) -
Now from assumption (5.9) we deduce that
1E; (D] < aolerg — 25" Wt € [a;,b5],

and therefore from Cauchy—Schwarz inequality we conclude that

bj by
[ =) < [UBOI - @ de < anlzes — 20 [ 0l
Vi aj aj
which proves the inequality in (B.15]).

If «y; is contained in the jump set of Sy we distinguish two cases.

e Let us assume that, for some integer £, the curve «; is contained in the part of the
vertical line x = k that separates the values K — 1 and k + 1. In this case, up to a
reparametrization of the curve, we can assume that ;(t) = (k,t), with ¢ in some
interval [a;, b;], while z,; =k + 1 and z; = k — 1.

Under these assumptions, from ([B8.9) and (3.8) we obtain that
(B;(t),7;(t)) = Fo(k,k +1) — Fy(k,k — 1) = ag - 2°,
and therefore from (5.17) we deduce the equality in (B.15]).

e Let us assume that, for some integer k, the curve +; is contained in the increasing
branch of fj that separates the values 2k and 2k +1 (the case where it is contained
in the decreasing branch that separates 2k — 1 and 2k is analogous because of the
symmetries of Ay and fp). In this case, up to a reparametrization of the curve, we
can assume that ;(t) = (¢, fo(t)), with ¢ in some interval [a;,b;] C [2k, 2k + 1],
while 2, ; = 2k + 1 and 2,; = 2k.

Under these assumptions, from the 2-periodicity of fy and (B.3]) we obtain that

go(t — 2k) >
VaF— gt —2k)2 )

;) = (1, f3(t)) = (1, fo(t — 2k)) = (1

From the definition of Fy, and (5.5) with = ¢t — 2k, we obtain that
Fg(t, 2k + 1) — Fg(t, 2]{3) = Fg(t — 2k, 1) - Fg(t — 2k, 0) = gg(t - 2]-{3)
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From the (2, 2)-periodicity of Ay it follows that
Ag(t, 2k + 1) - Ag(t, 2]{]) = Ag(t — 2k, 1) - Ag(t — 2k, 0),

and hence, from (5.7)) and (B.8) with = =t — 2k, we obtain that

Ag(t,2k + 1) — Ag(t, 2) = \ /a3 — gt — 2k)2

From all these relations we deduce that

gg(t — 2]€)2
\/ag — go(t — 2k)?

(B (0.7 (0) = /03 — go(t — 20)2 + = agll ()]

Plugging this equality into (5.I7)), and recalling that now |z ; — z.;| = 1, we
conclude that we have equality in (5.15]).

Inequality for piecewise constant competitors —Let € be a regular open set such that the
canonical bi-staircase Sy belongs to PC(£2). We claim that

JF(Q,0) > G(Q,v) = G(Q, Sp) = JF(2, Sp)

for every v € PC(€) that coincides with Sy in a neighborhood of 99, where JF denotes
the functional (L4) with parameters given by (5.1]). Indeed:

e the first inequality follows from the representation (5.12)), since the inequali-
ties (B.I3) and (BI5) imply that each term in (5.I2]) is less than or equal to
the corresponding contribution to JF (2, v) from the relevant level or jump set;

e the middle equality holds because Sp and v coincide in a neighborhood of 0§2;

e the final equality follows again from the representation (5.12]), now applied to the
function Sy, since in this case equalities hold in both (513 and (B.13).

This suffices to show that §9 is a minimizer among all piecewise constant competitors
in the regular open set €.

Inequality for general competitors It remains to consider a generic function v € PJ(Q)
that coincides with §9 in a neighborhood of 9. In this case, one can approximate v
by a sequence {v,} C PC(f2) such that each v, coincides with Sy in a neighborhood of
99, and such that v, — v in L?(Q) and

fim [ o o) = @ = [ (o) - o @ a
n—+o0o Sun S
so that in particular JF(§2, v,,) — JF(£2,v) as n — +o0.
Approximation results of this type, without the equality condition near the boundary,
can be found in [4] for the case # € (0,1), and in [5] for the case # = 0. However, in
both cases the constructions can be adapted to produce a sequence that satisfies this
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additional condition. This is particularly feasible in our setting, since we know that v
is well-behaved in a neighborhood of the boundary of €2, where it coincides with Sp.

At this point, the conclusion is straightforward. From the previous paragraph, we
know that JF(2,v,) > JF(, Sp) for every n. Passing to the limit, we obtain

JF(Q,v) > JF(Q, Sp).

Since regular open sets where §g is piecewise constant exhaust the whole plane, this
completes the proof. O

Remark 5.4 (Comparison with [I]). We point out that in Proposition 5.3 we did not
assume any differentiability of Ay, and its continuity was used only to give meaning to
the line integrals of the form (B.I0). If Ay is more regular, one can define a vector field
® as the curl of (Ay, Fy,0), namely

B(z,y,2) = (—%ZG (z, 2), aafi@ (z, 2), %(x,z)> |

In this way, the terms in the first sum of (5.I2) can be interpreted as the flux of
® across the horizontal parts of the graph of v, while the terms in the second sum
correspond to the flux across the “vertical parts” of the graph, associated with jumps.
In other words, in this case G(£2,v) coincides with the null Lagrangian introduced in [I].

Step 4 — Construction of a special piecewise affine function

Lemma 5.5. Let —2 < ¢ <0< d <2 be two real numbers, with ¢ < d. Let us set
C:=+/16 — (c — 2)2, D:=16—(d—c)?— /16— (2—¢)2,  (5.18)
and let ¢ : R — R be the function such that
(i) ¥(c) = —C and (d) = D,
(ii) ¥(o) =0 for every o < —2 and for every o > 2,

(1i) ¥ is an affine function in each of the intervals [—2,¢c|, [c,d]|, and [d,2] (the first
and last interval might be a single point).

Then the function v satisfies the equality
((d) = 1(e)* + (d — ¢)* = 16 with b(d) > ¥(c), (5.19)
and the inequality
(Y(2) —(01))? + (09 —01)> <16 Y(oy1,09) € [-2,2]% (5.20)

Proof. The verification of (5.19) is immediate from (B.I8]). So let us concentrate on the
inequality (5.20)). Due to the piecewise definition of 1, we should a priori consider nine
cases according to the position of o; and oy with respect to ¢ and d. On the other hand,
since 1 is a piecewise affine function, the left-hand side of (5.20) is a convex function
of both o7 and oy in each of the intervals [—2,¢], [¢,d], and [d,2]. As a consequence,
we can reduce ourselves to check the inequality when o; and o9 are endpoints of these
intervals, and therefore we are left with the six cases shown in the following table.
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Case || o1 | 09 Inequality to check
1 -2 ¢ C?*+(c+2)2< 16
2 | -2 4d D? + (d+2)* <16
3 -2 2 16 < 16
4 c | d|(D+C)P+(d-e)?<16
5 2 C?*+(2-0¢)?<16
6 d | 2 D*+(2-d)*<16

Let us examine the six cases.
e The inequality of case 3 is immediate.

e Since ¢ < 0, the inequality of case 1 is satisfied whenever the inequality of case 5
is satisfied, and the latter is an equality due to the definition of C' in (B.I8]).

e The inequality of case 4 is an equality because of (5.18]).

e Since d > 0, the inequality of case 6 is satisfied whenever the inequality of case 2
is satisfied.

As a consequence, we only need to prove the inequality of case 2. Taking (5.I8]) into
account, with some algebra this inequality reduces to

16+ (d+2)* < (d—c)* +(2—¢)? +2/16 — (d — ¢)2- /16 — (2 — ¢)2. (5.21)

Let us consider the right-hand side as a function of ¢. For every ¢ € (—2,d) its
derivative with respect to c is equal to

2—c d—c
V16— (2-c2 \/16—(d—c)2>'

Now we observe that 0 < d — ¢ < 2 — ¢ < 4 for every ¢ € (—2,0), and the function
x +— x/v/16 — 22 is increasing in (0,4). It follows that the derivative is positive for every
c € (—2,0), and hence the right-hand side of (5.21]), as a function of ¢, is increasing in
the interval [—2,0]. As a consequence, it is enough to check (52I)) when ¢ = —2, in
which case it reduces to an equality. O

2 <\/16— (d—c)? — /16 — (2—0)2) (

Step 5 — Construction of the calibration for 6 = 0 Let us specialize now to the case
6 = 0. In this case from (5.1I) we get ap = 4, while from ([(B.7) and (B.8) we obtain that

Po(z) = po(x) = 3z — 2* Vo e [—1,1],
so that in particular

wo(—x) = 2° — 3z and wo(l —x) = 2% —32% + 2
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for every x € [0, 1]. It follows that
< (-0 <0< @l-0) <2 and  po(—x) < poll — ),
and hence we can apply Lemma with
¢ = @o(—x) and d:= (1l — ). (5.22)

We obtain a piecewise affine function that now we denote by v (z,0) in order to
highlight that it depends also on z. Finally, we set

Ao(z, z) = (x,po(z —x))  Vxel0,1], VzeR.

We claim that this function satisfies the assumptions of Proposition[5.3], and therefore
it is exactly what we need for the calibration method.

e We check that this function satisfies (0.7)), (5.8) and (59) for § = 0. To this end,
it is enough to observe that the function Fy defined according to (B.9]) satisfies

Fo(x, 22) — Fo(x, 21) = Po(22 — 1) — Po(21 — )

for every x € [0,1] and every pair (z1,22) € R? and therefore the three re-
quired relations are exactly the three properties of the function ¢ (z, o) provided
by Lemma

e The continuity of Ay follows from the continuity of @y, the continuity of ¢ and d
in (5.22)) with respect to x, and the continuity of ¢ with respect to ¢, d, and o.
The latter follows from the piecewise affine definition of ¢ in Lemma B.5] with
particular attention to the cases where ¢ — —2 and/or d — 27, in which case
the corresponding values C' and D tend to 0.

e Finally, we observe that for z = 0 we have ¢ = 0 and d = 2, while for z = 1 we
have ¢ = —2 and d = 0. In both cases, one of the three intervals where 1 is affine
degenerates to a single point, while the other two intervals are [—2,0] and [0, 2].
As a consequence, the functions o — ¥(0,0) and o — (1, 0) are even. Since Py
is an odd function, it follows that

AO(Ov Z) = ¢(Oa @0(2» = ¢(07 (7/50(_2)) = AO(O’ _Z)7
which proves the first equality in (5.6). Analogously, we obtain that

A0(17 _Z) - w(17 @0(_2 - 1)) - ¢(17 @0(2 + 1)) - A0(17 zZ+ 2)7
which proves the second equality in (5.0]).

Remark 5.6 (Dimension one vs dimension two). Let us highlight a notable difference
between our calibrations in one and two dimensions. In the one-dimensional case, the
function Fy that we constructed was sufficient to calibrate simultaneously all oblique
translations of the canonical staircase. In contrast, the calibration we defined in two
dimensions successfully calibrates the canonical staircase and all its oblique translations
(where the component Ay plays no role), as well as the bi-staircase of Definition [5.1] and
all its translations in the y-direction. However, it does not calibrate oblique translations
of the bi-staircase. We suspect that it is not possible to calibrate in the same time all
oblique translations of the bi-staircase.
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6 Open problems

In this final section we mention some open problems concerning entire local minimizers

for (L4).

Open problem 1 (More general exponents). Extend statement (2) of Theorem[2.3 to
all exponents § € (0,1).

To this end, it would suffice to show that the canonical bi-staircase introduced in
Definition 5l is an entire local minimizer also for # € (0,1). This, in turn, would follow
from the existence of a function Ay satisfying the assumptions of Proposition 5.3l The
construction we provided for § = 0 can be extended to more general values 6 € (0, 1),
but the proof is simpler when # = 0 because the right-hand side of (5.9]) reduces to a
constant, allowing us to exploit the convexity argument used in the proof of Lemma [5.5]
Some basic numerical experiments seem to suggest that the construction works also for
other values of 6.

The second open problem concerns the existence of less symmetric entire local min-
imizers. This question is motivated by the fact that the canonical bi-staircase of Defi-
nition 0.1 retains a certain degree of symmetry, as is evident from Figure 2

Open problem 2 (Asymmetric exotic minimizers). Determine whether there exists
an entire local minimizer for (1)), with parameters as in [51), that is asymptotic for
y — +00 to the staircase with values 2k, and for y — —oo to the staircase with values
2k + 19, for some 19 € (—1,1).

All the considerations of Remark still apply, even in the case of asymmetric
minimizers. More precisely, the curve that separates the region with value a above from
the region with value b below is the graph of a function f, that satisfies

0 fo(z) /_ — )2 — (q—1)2
aolb — a (—1+fé(x)2> =3 (b2~ (a— )],

and, once again, the values of f) at the endpoints must be chosen so that the weighted
sum of the three tangent vectors at each triple point vanishes. We observe, however,
that in this less symmetric setting there is no reason why the separation between the
values ¢ and ¢ + 2, in either the upper or lower region, should be a half-line.

The next open question addresses the full characterization of entire local minimizers.

Open problem 3 (Characterization of local minimizers). Find the set of all entire local

minimizer for (1.7)).

In Theorem 2.2], we answered the corresponding question in the one-dimensional case,
but the arguments used in the proof appear to be quite specific to dimension one. In
higher dimensions, we are not able to answer this question, which seems to be nontrivial
even in the case where the forcing term is identically zero (cf. Remark [20]). Incidentally,
this highlights a drawback of the calibration method: while it is often a powerful tool
for verifying that a given candidate is a minimizer, it appears ineffective for ruling out
the existence of alternative minimizers.
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As explained in the introduction, characterizing all entire local minimizers of (.4
was the original motivation for this research, as the problem arises naturally in the study
of the asymptotic behavior of minimizers for certain regularizations of the Perona—Malik
functional. Our initial conjecture was that the only minimizers were standard simple
staircases, but we now know this is not the case. For this reason, we conclude the
paper by asking whether our exotic minimizers have any relevance for the models that
originally motivated this work.

Open problem 4 (Back to the Perona-Malik functional). Determine whether exotic
entire local minimizers can emerge as limits of blow-ups of minimizers for the higher

dimensional versions of (1.8) or (1.7).
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