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CHAPTER 1

Introduction

Abelian varieties have been a major topic for decades. Their double nature
of algebraic variety (or scheme) and algebraic group gives them a rigid structure,
and they are a central tool in serveral mathematical topics, like algebraic geometry,
complex analysis and algebraic number theory. In order to describe their geometry,
it is useful to study divisors on such varieties, with a particular focus on their
singularities.

To do so, we will talk about polarized abelian variety. Thus, an important
feature is the polarization of an abelian variety, which we can think of as a choice
of an ample line bundle of the variety. Such polarization comes with a degree,
which is simply the Euler characteristic of the associated line bundle.

In this thesis we present the evolution of some ideas and techniques behind the
classification of singularities of divisors on low-degree polarizations, and we provide
some results in the same framework, specifically for (indecomposable) polarizations
of degree 3 and 4.

We start by giving a very general picture of the research and results about
singularities of divisors on abelian varieties.

A first step in approaching the topic of singularities was made by looking at
Jacobian varieties of compact Riemann surfaces, which are a particular class of
principally polarized (that is, with a polarization of degree one) abelian varieties.
In this case the polarization corresponds to a well-defined theta divisor ©. The
advantage of Jacobians is that their geometry can be described in terms of linear
series of curves, and so it is well understood.

Using these tools, George Kempf [Kem73| proved that, for Jacobians, © is
irreducible and normal, with rational singularities. We recall that a variety X has
rational singularities if there exists a resolution of singularities f: Y — X such
that f,Oy ~ Ox and R'f,Oy = 0 for i > 0. Intuitively, this property means that
on the fibres of f, the higher cohomology groups of the structure sheaf are zero.
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What about an arbitrary principally polarized abelian variety? The difficulty
here is that we do not have a good model for the theta divisor ©. However, a leap
forward was made by Janos Kollar [Kol95|, who first had the intuition of using in
this setting a class of important results known as vanishing theorems.

These theorems assert that some cohomology groups of certain sheaves are
zero. The first one is the Kodaira vanishing theorem, which says that the higher
cohomology groups of the sheaf wyxy ® L are zero when L is an ample line bundle
on a variety X. Another important theorem is the Kawamata-Viehweg vanishing,
which in its simplest formulation is a generalization of Kodaira vanishing, since it
only requires that L is nef and big.

With this last theorem, Kollar proved that © has log-canonical singularities.
Such definition of singularities comes from the Minimal Model Program (MMP)
for the classification of higher dimensional algebraic varieties. Roughly, we can say
that log-canonical singularities are the most general ones for which MMP results
may be applied. They are then a mild kind of singularity, although different from
rational singularities.

A couple of years after Kollar’s work, Lawrence Ein and Robert Lazarsfeld
|[EL97] came up with a theorem which is the strongest general result about theta
divisors so far. It states that if © is an irreducible theta divisor on an abelian
variety, then it is normal with rational singularities.

By duality, © has rational singularities if wg =~ f,wyx for every resolution of
singularities f: X — ©. The idea of the proof is to measure the difference between
the two sides of the equivalence by a particular ideal sheaf, called adjoint ideal, then
to prove that this sheaf is trivial. Here the crucial point is the use of a result by
Mark Green and Lazarsfeld |GL87; GL91|, known as the generic vanishing theorem.

The aim of the generic vanishing theorem is to see what happens to a specific
kind of line bundles on a variety X, sometimes called topologically trivial line
bundles, parametrized by a variety denoted as Pic’(X). These line bundles are not
ample or nef, and have some peculiar properties. As in classical vanishing theorems,
we want to look at the cohomology of wx ® P, where P is a topologically trivial
bundle. So we define a locus

Vi(wx) :={P € Pic®(X) | H'(X,wx ® P) # 0}
for each ¢ > 0. Then, if X has dimension n, the generic vanishing says that
codim Vi(wx) >i— (n — k)

where k is the dimension of the image of X via a particular map, called Albanese
map. This in turn implies that, for a general P € Pic’(X), the cohomology groups
H'(X, P) are zero for every i € [0, k] (and it is the reason why the theorem is called
generic vanishing).

In the same spirit as their previous result, Ein and Lazarsfeld [EL97| have also
proved a statement about divisors on |m®©|, where m is a positive integer. More
precisely, if D is a divisor in [m®|, then the Q-divisor (1/m)D (that is, a divisor
with rational coefficients) has log-canonical singularities. This time, the goal is to



prove that another ideal sheaf, the so-called multiplier ideal, is trivial; again, this
fact follows by using some vanishing theorems.

Now, an obvious question arises: what can we say about polarizations that are
not principal? A major issue is that, by rising up the degree of a polarization, there
are more and more divisors representing such polarization. This means special cases
can appear among them, and there may also exist reducible divisors.

Nonetheless, if we stick to a polarization of degree 2 which is indecomposable
(so it is not the product of smaller polarizations), we end up with some important
results. Indeed, Christopher Hacon and Olivier Debarre [Hac00; DHO7| have shown
the following statement: for an indecomposable polarization L of degree at most 2,
every prime divisor in |L| has rational singularities; also, for m € Z~o, if D € |mL|
and [(1/m)D] =0, then (1/m)D has log-terminal singularities.

This kind of singularities comes again from MMP, and it is a “better” one than
the log-canonical, and it is the reason why there is the extra hypotesis | (1/m)D] =
0. Indeed, without this additional hypotesis, we can say that (1/m)D has log-
canonical singularities. Aside from the log-terminal question, the proof relies on
the same basic idea of the preceeding ones: show that the adjoint or multiplier
ideal is trivial by means of vanishing theorems and Green and Lazarsfeld theory.

An analogous investigation can be made for an abelian variety denoted as sim-
ple, which means it has no non-trivial abelian subvarieties. In their paper, Debarre
and Hacon also proved that a simple abelian variety contains only prime divisors,
and this fact has led them to a result which is in parallel with the one for polar-
izations of degree 2. This has been sharpened and improved lately by Giuseppe
Pareschi [Par21]|, and we can state the final result as follows: given a simple abelian
variety of dimension g with a polarization L of degree less than g, every divisor in
|L| is prime, normal, and has rational singularities; also, for m € Z~q, if D € |mL)|
and D # mFE for any E € |L|, then (1/m)D has log-terminal singularities. Here
again the extra hypotesis D # mFE is needed in order to guarantee log-terminal
singularities instead of log-canonical ones.

Pareschi’s proof uses all the ingredients of the other proofs, namely vanishing
theorems for ideal sheaves and Green and Lazarsfeld theory, together with results
from the Fourier-Mukai theory for regularity of abelian varieties, developed by
Pareschi and Mihnea Popa [PP03; PP04; PP11b, and other papers].

The next natural step is to take into account (indecomposable) polarizations
with degree greater than 2. The final part of this thesis shows a couple of results
about polarizations with degree 3 and 4 that look for rational singularities for prime
divisors and log-canonical ones for Q-divisors, in the same spirit as the previous
ones.

But, before moving ahead, it is worth defining concisely the notion of gv-index.
We have seen the subset Vi(wx) of Pic?(X). It is possible to define in the same
way the subset V(F) for any coherent sheaf 7 on X; indeed, this is the set of all
P € Pic’(X) such that the cohomology groups H*(X,F ® P) are not zero. From
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it, we can define the gv-index of F as

gu(F) == miél{codim VIF) — i},
1>
which measure the size of loci V* relatively to the index ¢ (note that if all V(F)
are empty, then gu(F) is 0o). If X is an abelian variety, gv-index can be used to
classify the regularity of coherent sheaves.

Now we move on to a short introduction to the original results of this thesis.

Let us consider an abelian variety A with an indecomposable polarization L
of degree d. We take a prime and normal divisor D € |L|. In order to see if it
has rational singularities, we look at its adjoint ideal adj(D) and find out when
it becomes trivial. Following previous results, we will assume adj(D) to be non-
trivial, and so its cosupport Z (that is, its zero locus) is not empty.

We have then two short exact sequences: the first one is

0 — Oy — L®adj(D) — pwx — 0

and comes with the definition of adjoint ideal (where p: X — D is a resolution of
singularities of the divisor); the other is a standard one for ideal sheaves

0 —L®adj(D) — L — Lz —0

with Lz = L®O. By twisting these sequences for any P € Pic’(A) and taking the
long exact sequences in cohomology, we can point out some properties of the sheaves
Lz and L®adj(D). In particular, we end up having gv(L|z) = gv(L®adj(D))+1.
This fact, assuming that gv(L|z) is finite, leads to the following upper bound of
the degree of L:

d>2 gu(wx)+1,

recalling that X is a smooth model of D.

Thus, now the goal is to understand what values can have the gv-index of wy.
We already know that, by our assumptions, gv(wx) cannot be 0, and has to be
a non-negative number. It is possible to prove that this gv-index cannot be 1
either, by means of some powerful tools like the structure theorem by Green and
Lazarsfeld and Kollar decomposition.

To sum up, we obtain the following statement:

Theorem A. Let A be an abelian variety, and let L be an indecomposable polar-
ization on A with degree d < 4. Let D be a prime and normal divisor in |L|. We
assume that gv(L|z) is finite, where Z is the cosupport of the ideal sheaf adj(D).
Then D has rational singularities.

It turns out that we can remove the extra assumption about gv(L|z) being
finite, at least for polarizations of degree d < 3. This argument uses intermediate
results in the proofs of some lemmas by Debarre, Hacon [DH07| and Pareschi
[Par21|, obtaining again that if d < 3 the adjoint ideal must be trivial. Thus we
have a complete result for polarizations of degree 3:



Theorem B. Let A be an abelian variety, and let L be an indecomposable polar-
ization on A with degree d < 3. Then every prime and normal divisor in |L| has
rational singularities.

We then move on to Q-divisors. So, we take a divisor D € |mL| with m positive
integer. We want to say something about singularities of (1/m)D, so we look at
multiplier ideals 7. of the Q-divisors %D, for positive € very close to zero. In
fact, it is possible to prove that (1/m)D has log-canonical singularities if (and only
if) all such multiplier ideals are trivial.

So, as before, we make the assumption that at least one of them is not trivial,
and denote it simply as J. Again, we denote by Z its cosupport, which is not
empty. With the help of the standard short exact sequence

0 —IJQ®L—L—Lz—0

and some vanishing theorems, we can prove that both sheaves Lz and J ® L have
some nice Fourier-Mukai properties and their Euler characteristic y is positive. If
we assume the degree d to be 3, the latter fact implies that the characteristic of
the two sheaves must be 1 and 2 in some order.

If we assume x(Lz) to be 1, by using Fourier-Mukai theory and properties of
abelian varieties we get a contradiction with the polarization L being indecompos-
able.

So, the only possible way to assign characteristics is x(J®L) = 1 and x(Lz) =
2. In this way, after some work, we will find out that our polarization L is the sum
of a theta divisor © and an abelian subvariety B of codimension 1, and so it is of
the form

L =040+ B).

This particular kind of polarization, however, has been used by Debarre [Deb06b]
as an example of polarized abelian variety containing non log-canonical Q-divisors.
Thus, in this case our divisor (1/m)D has worse than log-canonical singularities.

Then, in conclusion, we can write the following result:

Theorem C. Let A be an abelian variety, and let L be an indecomposable polar-
ization on A with degree d < 3. Let D € |mL| with m positive integer. Then
either

1. L is of the form O4(© + B) as seen above, or

2. (1/m)D has log-canonical singularities.

Structure of the thesis. In Chapter 2, we start with some preliminaries on
abelian varieties and their properties, basic definitions about Fourier-Mukai trans-
forms, and by recalling useful results by Kollar and David Mumford.

Then we explain the Green and Lazarsfeld theory, principally the generic van-
ishing theorem (focusing on Hacon version, more useful for our purposes) and the
structure theorem.
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Last section is dedicated to the work of Pareschi and Popa, namely definition
and properties of GV-sheaves and M-regular ones. We also present the gv-index
of a sheaf, together with some important notions coming from the work of Shigeru
Mukai.

Chapter 3 is the core of the thesis. After some preliminaries on various types
of singularities from MMP, a description of ideal sheaves and statements about
useful classical vanishing theorems, we go through the important theorems about
singularities of divisors in abelian varieties, in most part with proofs.

Eventually, the final part is dedicated to the detailed proof of the work on
polarization of degree 3 and 4.



CHAPTER 2

Generic Vanishing and Mukai Regularity
on abelian varieties

In this chapter we present the work of Green and Lazarsfeld about the generic
vanishing of cohomology of topologically trivial line bundles, and we talk about
the subsequent theory for irregular varieties, developed by Ein, Green, Lazarsfeld,
Hacon, Pareschi, Popa and others.

In particular, we will describe a type of regularity for coherent sheaves following
from the generic vanishing and some applications.

2.1 Preliminaries on abelian varieties and Fourier-
Mukai transforms

Here we give some preliminary facts and some notations about abelian varieties,
Fourier-Mukai transforms and cohomology base change.

Throughout all the chapters, we will work on C; thus all the results work for
an algebraically closed field of characteristic zero by Lefschetz principle.

2.1.1 Abelian varieties

We start with definitions and properties of abelian varieties. For a complete
introduction to this subject, see for example [Mum08|, [Mil08|, [BL04a|, [Deb99]
or [GMO7].

An abelian variety A is a complete algebraic variety over a field k with a group
law m: A x A — A such that m and the inverse map ¢: A — A are morphisms of
varieties. We denote its dimension by g.

As an abstract group, A is commutative. Moreover, using the translation mor-
phism ¢,: A — A (with a € A), it is easy to prove that A is everywhere non-
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singular. Being a complete algebraic group, A is also a projective variety, so it
admits ample line bundles.

A polarization ¢ on A is a numerical equivalence class of ample line bundles on
A. We write the polarized variety as (A, (), or simply as (A, L), where L is in the
class ¢. For any ample line bundle L on A, we define the degree d = H°(A, L);
it can also be seen as the degree of the associated polarization. A polarization of
degree 1 is called principal, and a divisor representing it is called a theta divisor.
A polarized abelian variety (A, L) is indecomposable if it is not the product of
non-zero polarized abelian varieties.

Lemma 2.1 (Debarre, Hacon, [DHO7, Lemma 1|). Let (A, L) be an indecomposable
polarized abelian variety. If the restriction of L to an abelian subvariety B of A is
a principal polarization, then either B = A or B = 0.

Pic’(A) and the dual variety. Given a line bundle L on A, we have the homo-
morphism
v A — Pic(A) (2.1)

which sends a point a € A to the (isomorphism class of) line bundle L ® LV,
where ¢, is the translation map. The kernel of the map ¢, is denoted by K(L);
we know that L is ample if and only if K (L) is a finite group, and in that case its
order is d?, where d is the degree of L.

We define Pic’(A) as the sugroup of Pic(A) consisting of all line bundles L such
that the homomorphism ¢y, is identically zero, that is, the line bundles that are
translation invariant. By the Theorem of the square [Mum08, Corollary 4, p. 59|,
the image of ¢y is contained in Pic’(A). A nice fact about non-trivial line bundles
in Pic’(A) is that they have trivial cohomology, that is, given L € Pic’(A) with L
non-trivial, the groups H*(A, L) are zero for every i > 0 [Mum08, (vii), p. 76].

A key point in the theory of Pic’(A) is the following:

Theorem 2.2 (Mumford, [Mum08, Theorem 1, p. 77|). Let L be an ample line
bundle on A and let M € Pic’(A). Then there exists a point a € A such that

M=tL®L"

This proves that the homomorphism ¢;: A — Pic’(A) is surjective. Thus,

Pic’(A) is isomorphic to the abelian variety A/K (L), also denoted by A. We call
it the dual abelian variety of A.

Consider the product A x A. There exists a unique line bundle P on this
product, called Poincaré bundle for A, such that

1. for all o € 121\, the restriction P, := Pjax{a} corresponds to the line bundle on
Pic’(A) given by a under the isomorphism Pic’(A) ~ A;

2. P|{0}x2 is trivial.

Moreover, the pair (121\, P) satisfies a universal property: for every normal variety S
and every line bundle Q on A x S such that Q4. € Pic’(A) for every s € S and
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Q0 xs is trivial, there is a unique morphism f: S — A such that Q ~ (ida X f)*P
(for the construction of P, see [Mum08, § 8|).

Thus we can see P as a family of line bundles parametrized by g, and these
line bundles are exactly the ones in Pic’(A), that is, the translation invariant line

bundles of A.

Subvarieties of an abelian variety. Let Y be an irreducible subvariety of
A. We say that Y is geometrically non-degenerate if, for every abelian subvariety
B C A, we have

dim(Y 4+ B) = min{dim Y + dim B, dim A}.

In other terms, Y is geometrically non-degenerate if, for every abelian subvari-
ety B C A with canonical surjection 7: A — A/B, either 7(Y) = A/B or the
restriction 7y is generically finite onto its image.

Geometrically non-degenerate subvarieties behave well with all the subvarieties
of A:

Proposition 2.3 (Debarre, [Deb99, VIII, Corollaire 2.6]). Let A be an abelian
variety, and let Y and Z be two subvarieties of A. Then

1. if Y is geometrically non-degenerate, we have

dim(Y 4+ Z) = min{dim Y + dim Z, dim A};

2. if Y and Z are both geometrically non-degenerate, alsoY +Z is geometrically
non-degenerate.

Geometrically non-degenerate subvarieties are interesting because they have a
property which is a distinguished feature of subvarieties of P", namely that they
meet if the sum of their dimensions is at least n. More precisely:

Proposition 2.4 (Debarre, [Deb99, VIII, Corollaire 2.7|). A subvariety Y of an
abelian variety A is geometrically non-degenerate if and only if it has non-empty
intersection with any subvariety Z C A such that dimY + dim Z > dim A.

Finally, we define A to be a simple abelian variety if it has no proper abelian
subvarieties except 0. Thus, it follows immediately that every subvariety of A is
geoemtrically non-degenerate.

2.1.2 Fourier-Mukai transform

We now talk about the theory developed by Mukai on (complexes of) coherent
sheaves on abelian varieties.

To do this, we need a bit of derived categories. We only give a glimpse of what
a derived category is; for a more exhaustive presentation, see for example [Huy06|,
[ThoO1] or [Sch13|, and for the second part see also the original paper [Muk81].
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Derived categories. Derived categories were introduced to have a better un-
derstanding of derived functors. The main idea behind the derived category is to
keep not just the cohomology modules or sheaves, but the complexes themselves.
Because the same module or sheaf can be resolved in many different ways, keeping
the complex only makes sense if we declare different complexes obtained in this
way to be isomorphic. This leads to the notion of a quasi-isomorphism, that is,
a morphism f: A* — B*® between two complexes that induces isomorphisms on
cohomology H(f): H'(A®) = H'(B*) for every i.

So, we start with an abelian category A. We first take the category K(A) of
cochain complexes of elements in A; we then form the homotopy category H(A),
which has the same objects of K(A) but the morphisms between two complexes
are taken up to homotopy. Finally, we form the derived category D(A) of A by
inverting all quasi-isomorphisms; this means we have made a localization of H(.A)
with respect to quasi-isomorphisms.

From now on, we can look at the only category we are interested in, which is the
category of coherent sheaves on a variety X, which we denote by Coh(X); its de-
rived category is written as D(X). To be precise, we only consider the bounded de-
rived category D’(X), which is a subcategory of D(X) containing only the bounded
complexes.

As we said before, we have introduced D?(X) to study derived functors in a
more natural framework. So, consider a functor F': Coh(X) — Coh(Y') which is
left-exact (or right-exact). We can encapsulate all right derived functors R" F in one
functor RF: D?(X) — D°(Y) (or the left derived functors L"F in LF). Examples
of derived divisors we will use later are ®%, Rf, and Lf*, where f: X — Y is a
morphism between varieties.

The Fourier-Mukai functor. We can now define an important functor in the
theory of abelian varieties, the Mukai version of Fourier transfrom. Take A an
abelian variety of dimension ¢, and consider its Poincaré bundle P on A x A. We
have the product

AxA—1, A4

X

p

N

Given a coherent sheaf F on A, we can pull it back to A X zzl\, tensor with P
and then push it forward to A; the resulting sheaf ¢.(p*F ® P) is again a coherent
sheaf because ¢ is proper morphism. Since this is not an exact functor, we should
shift to the derived category. We thus define the Fourier-Mukai transform as the
exact derived functor R

Rdp: DY(A) — D(A)

where, for F' € D?(A), we have
R®p(F) = Rq.(Lp*F @ P) = Rq.(p*F @ P)

which is an object in D?(A). Note that the functors p* and ®P are both already
exact.

10
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Sometimes we will also consider the analogous derived functor
R®pv (F): D’(A) — D'(A),

and since P ~ (id4 x—id 3)*P, we only have a little difference, namely R®pv (F) =
(—idz)*R®p(F).

Obviously, we can go in the opposite direction, just interchanging the role of A
and A. We thus obtain the derived functor

RUp: DY(A) — D(A)

-~

that sends an object G' € D’(A) to Rp.(¢*G @ P) € D°(A).

We give a couple examples to see how the Fourier-Mukai transform works.
First, consider O, the structure sheaf of a closed point a € A. Then we have
R®»(0,) = P,, that is, the restriction of P to {a} x A. Then we take the structure
sheaf O4. Using the definition we have R®p(04) = Rg.P, and by [Mum08, § 13|
we have that Rig,P = 0 for all 0 < i < g, and RI¢,P = Oy. Thus, we have
R®p(04) = Op[—g] (here [—g] is the shift of the complex to the right of ¢ places).
We can easily generalize the latter for an arbitrary element in Pic? (A): we obtain
R®p(F,) = O_u[—ygl.

These examples suggest the following important result

Theorem 2.5 (Mukai equivalence theorem, [Muk81, Theorem 2.2|). There are
natural isomorphisms of functors

RVUp o RPp ~ (—ida)*[—y] and R®p o RUp >~ (—id3)*[—g].
In particular, both R®p and RVYp are equivalences of categories.

In order to use Mukai equivalence theorem, we provide two very useful defini-
tions: we say that a coherent sheaf F on A satisfies the Weak Index Theorem with
index j (or WIT(j) for short) if

R'®p(F)=0 for all i # j.

When F satisfies WIT(j), we denote Ri®p(F) on A with F and we call it the
Fourier-Mukai transform of F. Note that then R®p(F) ~ F[—j].
Also, F satisfies the Index Theorem with index j (shortly, IT(j)) if

H(A, F®P)=0 for all P € Pic’(A) and all i # j.

Since (p*F @ P)jax{a} = F @ Py, by base change we see that IT implies WIT.
Moreover, if F satisfies IT(j), then F is locally free.

Generalization to irregular varieties. The definition of Fourier-Mukai trans-
form can be generalized for an irregular variety X, that is, a smooth projective
variety which has a non-trivial morphism a: X — A to an abelian variety A (ac-
tually, we can give a much more general definition, see [PP11a, §2|).

11
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Let P be a Poincaré line bundle on A x A. We will denote P, = (a xidz)*P.
Again, we have projections

XxA—2144

|»

X

and so we can define an integral transformation

-~

Rdp, . D(X) — D°(A)
where, for F' € D’(X), we have
Rdp, (F) =Rg.(p"F @ P,)
which is an object in Db(zzl\). Mukai equivalence theorem works only in the setting
of abelian varieties (that is, when the morphism a is the identity), but it can be
useful also in the context of irregular varieties by noting that

R®p, ~ RPp o Ra,.

Also the definitions of sheaves satisfying WIT or IT can be easily generalized
to the case of an irregular variety.

Throughout the paper, we will frequently need to apply duality to sheaves and
functors. Given a variety X, the derived dual of an object F in D°(X) is

FY := RHom(F,Ox);
moreover, the Verdier-Grothendieck dual of F' is
RAF := RHom(F,wx).

Note that if X is an abelian variety, the two duals coincide, since wy = Ox.

We have the following useful result about the skew-commutativity of functors
R®p, and RA:

Lemma 2.6 (Mukai, [Muk81, (3.8)]). Let X be an irregular variety of dimension
n with a morphism a: X — A to an abelian variety. Then

RA o R®p, >~ (—id3)"RPp, o RA [n].

2.1.3 Kollar’s theorem, cohomology and base change

We recall some results which will be widely used in the following sections.
Those facts are not restricted to abelian or irregular varieties, but they hold for
more general varieties (or schemes).

12
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Higher direct images of wx. First, we present a result by Kollar about higher
direct images of the dualizing sheaf of a projective variety:

Theorem 2.7 (Kollar, [Kol86a, Theorem 2.1] and [Kol86b, Theorem 3.1]). Let
f: X =Y be a surjective morphism between projective complex varieties. If X 1is
smooth, then:

1. the sheaves R'f.wx are torsion-free sheaves in'Y ;
2. Rif,wx =0 for every i > dim X — dimY’;

3. there is a non-canonical isomorphism

Rf.wx ~ @ Rif*wx[—i]

in the derived category D(Y);
4. if L is an ample line bundle on'Y, then HY (Y, R’ fuwx @ L) = 0 for all j > 0.

This statement shows that the sheaves R'f,wx actually behave much like wx
itself: indeed, wy is a torsion-free sheaf, and for an ample line bundle L on X,
HI(X,wx ® L) =0 for all j > 0 (see for example [Har77, § I11.7]).

From the theorem, we have this useful result:

Corollary 2.8. Under the same assumption of the theorem, let k = dim X —dim Y .
Then

k
H (X, wx) = @ H7U(Y, R fuwx).
i=0
Theorem 2.7 and Corollary 2.8 will be used later in the following version, which
is also a particular case of a more general formulation (see [Kol86b, § 3]):

Proposition 2.9. In the hypoteses and notations of Theorem 2.7 and Corol-
lary 2.8, we can replace wx with wx ® P, where P € PiCO(X)tors 1S a torsion
point.

Base change. Other important results, concerning cohomology groups and base
change, were proved by Mumford (see [MumO08, § 5]). Here we state some corol-
laries:

Proposition 2.10 (Mumford, [Mum08, § 5, Corollary 2|). Let f: X — Y be a
proper morphism of Noetherian schemes, with Y reduced and connected, and let F
be a coherent sheaf on X, flat over Y. Then for all non-negative integers i, the
following are equivalent:

1.y dimy,) H (X, F,) is a constant function;
2. R'f.F is a locally free sheaf € on'Y , and for all y € Y, the natural map
& ®oy k(y) — H(X,,F,)

is an isomorphism, where k(y) denotes the resiude field at y.

13



Chapter 2. Generic Vanishing and Regularity

Moreover, if these conditions are fulfilled, we have that the natural map
R f.F ®oy k(y) — Hiil(va}-y)
s an 1somoprhism for ally € Y.

Proposition 2.11 (Mumford, [MumO08, § 5, Corollary 3|). Under the same as-
sumpitons of the proposition above (except that Y is not needed to be reduced),
assume that, for some i, H(X,, F,) =0 for ally € Y. Then the natural map

R f.F ®oy, k(y) — H' (X, F,)
15 an isomorphism for all y € Y.

In the setting of integral transforms, let G be a coherent sheaf on an irregular
variety X with a morphism a: X — A to an abelian variety. Given a point o € A,
and its corresponding sheaf P, € Pic’(A), we say that the sheaf R'®p,(G) has the
base change property at « if the natural map

R'®p (G) ® Cla) — H'(X,G @ a*P,)

is an isomorphism.
From Propositions 2.10 and 2.11 we immediately have the following result:

Corollary 2.12 (Base change property). Let X be an irreqular variety with a
morphism a: X — A to an abelian variety, let G be a coherent sheaf on X and let
o € A, corresponding to the sheaf P, € Pic’(A). If W*'(X,G ® a*P,) is constant
in a neighbourhood of a, then both R ®p (G) and R'®p,(G) have the base change
property at .

In particular, R'®p,(G) and R'®p,(RAG) vanish for i > dim X, and both
RI™X&, (G) and RI™Xdp (RAG) have the base change property at every point
of A.

2.2 The Generic Vanishing Theorem

Vanishing theorems play an important role in modern algebraic geometry. In
fact, many questions can be phrased in terms of coherent sheaves and their coho-
mology; typical cases are lifting of sections or vanishing of obstructions.

The most famous one is due to Kodaira, and it states that, for an ample line
bundle L on a smooth projective variety X, H(X,wx ® L) =0 for i > 0.

It turns out that we can relax the conditions on L to be nef and big. In that
case, we have the Kawamata-Viehweg vanishing theorem.

All these vanishing theorems depend on the fact that the first Chern class
of the line bundle L is in some way positive. The question that motivated the
generic vanishing theorem is instead what happens if we consider line bundles with
first Chern class ¢;(L) is zero. These line bundles, called topologically trivial, are
parametrized by the points of Pic’(X), which is the connected component of Pic(X)

14



2.2. The Generic Vanishing Theorem

containing the trivial bundle; we can also define Pic’(X) as H'(X, Ox)/H\(X,Z).
Note that Pic’(X) is an abelian variety.

We also define the Albanese variety Alb(X) of X to be the dual variety of
Pic’(X), or equivalently Alb(X) := H°(X,Q%)V/H,(X,Z). After choosing a base
point x5 € X, we have the morphism

alb: X — Alb(X

T +— w~—>/

with the property that alb*: Pic’(Alb(X)) — Pic’(X) is an isomorphism (see
[GHTS, p. 331]).

We can define a Poincaré¢ bundle P on X x Pic’(X) as the pull-back of a
Poincaré bundle on Alb(X) x Pic’(X) (see the construction in Section 2.1.2).

As we may expect, line bundles in Pic”(X) do not behave like the ones with
positive first Chern class. For example, given P € Pic’(X) such that P % Ok,
we can show that H%(X, P) = 0. Also, by Serre duality, we have h™X (X, P) =
h(X,wx ® PY), and in many cases the cohomology group on the right is non-zero
for every P € Pic’(X).

Thus, in general, we cannot expect to have a good vanishing theorem that works
for all P € Pic’(X) because there can be line bundles whose cohomology does not
vanish for geometric reasons. Also, typically the group H4™X (X, P) is non-zero.

For these reasons, everytime we are dealing with topologically trivial line bun-
dles, we focus on dimalb(X), the Albanese dimension of X, rather than on the
dimension dim(X) itself.

Also, we need to define the so-called cohomological support loci

SY(X) ={P € Pic"(X) | H(X, P) # 0}
which are closed subsets of Pic’(X) for each i.

Now we can state the following result:

Theorem 2.13 (Green, Lazarsfeld, [GL87, Theorem 1|). Let X be a smooth pro-
jective variety. Then

codimp;eo x) S'(X) > dimalb(X) — .

As a consequence we have a vanishing theorem for topologically trivial line
bundles

Corollary 2.14 (Generic vanishing theorem). Let X be a smooth projective vari-
ety. For a general line bundle P € Pic’(X), we have

H'(X,P)=0 for every 0 < i < dimalb(X).

15



Chapter 2. Generic Vanishing and Regularity

Here general means on the complement of the proper closed subset S(X).

In the original paper |GL87|, the authors proved Theorem 2.13 for compact
Kahler manifolds, relying heavily on Hodge theory. Indeed, the idea of the proof
is to look at the deformation theory of cohomology groups of the form H* (X, P).
More precisely, the aim is to understand how H'(X, P) changes when we move the
line bundle P; this question is strictly related to the infinitesimal properties of the
loci S? (X) = {P € Pic’(X) | h'(X, P) > m} (note that S*(X) = Si(X)).

There is another more recent proof of the generic vanishing theorem, discovered
by Hacon, working for smooth projective varieties. This proof uses tools from
algebraic geometry, namely derived categories and vanishing theorems, and gives
a new perspective of the original result.

Let X be an irregular variety, that is, a smooth projective variety of dimension
n which has a morphism a: X — A to a g-dimensional abelian variety. Given a
coherent sheaf F on X, we can define the cohomological support loci in a more
general way as

VI(X, F) = VI(F) = {P, € Pi®(A) | H/(X, F @ a*P.) # 0},

where P, is the line bundle in Pic’(A) represented by o € A. When the morphism
a is just the Albanese map, we will drop the subscript, and simply write Vi(F).

By Serre duality, H'(X,wy ® P) corresponds to H"*(X,PY); thus we can
reformulate the statement of Theorem 2.13 using the new support loci as follows:
for any n-dimensional smooth projective variety X, we have

codimp;eo x) Vi(wx) >i— (n — dimalb(X))

for every i > 0, where here V*(wy) stands for V}}, (wx).

As written before, we use the notation RAF for the Verdier-Grothendieck dual
RHom(F,wx); also, we denote by F" the derived dual RHom(F, Ox).

We have the following result:

Theorem 2.15 (Hacon, [Hac04, Theorem 1.2]). Let A be an abelian variety of
dimension g, and let F be a coherent sheaf on A. Then the following are equivalent:

1. the Fourier-Mukai transform R®p(F) satisfies, for all i > 0,
codim supp R'®p(F) > i;
2. for any sufficiently ample line bundle L on A and for all i >0,
H(A,F® L) =0,
where L = RUp(L) = ROUp(L);

3. the Fourier-Mukai transform of the dual sheaf FV is a complex concentrated
in the index g, that is

ROp(F) = RICp(F)[—g].
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2.2. The Generic Vanishing Theorem

In [Hac04| we can also find a result about the vanishing of higher direct images
of dualizing sheaves:

Proposition 2.16 (Hacon, [Hac04, Corollary 4.2|). Let f: X — A be a morphism
Jrom a smooth projective variety X to an abelian variety A. Then every irreducible
component of VI(R' f.wx) has codimension at least j in A.

The original Green and Lazarsfeld Theorem 2.13 (for projective varieties) fol-
lows directly from Proposition 2.16 together with Kollar Theorem 2.7. Indeed,
given the Albanese morphism alb: X — Alb(X), if we define £ = dim X —
dim alb(X'), we have

k
Ralb, wy = @D R alb, wx[—i]

=0

and using the projection formula we get

k
HY(X,wx @ alb® P,) = @) H/ 7 (AIb(X), R alb, wx ® P,),

1=0

where P, € Pic’(X). Obviously, the left-hand side is non-zero if and only if at least
one summand of the right-hand side is non-zero, and at the level of cohomology
support loci this means that

k
VI(X,wx) = [V (AIB(X), R alb, wy).
i=0
To conclude, we use Proposition 2.16 and we have that
codim V/ 7 (Alb(X), R'alb,wy) > j—i>j—k
for all 0 <17 < k, and thus
codimp;eo x) Vi(wyx)>j—k=7j— (dimX — dimalb(X)),

obtaining then the generic vanishing theorem.

We can also use Proposition 2.16 in a variant form

Proposition 2.17 (Hacon, Pardini, [HP05, Theorem 2.2(a)|). Let f: X — Y be
a morphism between smooth proective varieties, and let a: Y — A be a morphism
to an abelian variety A, and let Py € PicO(X)tOrs be a torsion point. Then every

irreducible component of VI(R' f.(wx ® Py)) has codimension at least j in A.

In practice, Proposition 2.16 and then also Theorem 2.13 still hold if we replace
wyx with wx ® Py, where P, is a torsion point in PicO(X).

17



Chapter 2. Generic Vanishing and Regularity

2.2.1 The structure theorem

A very interesting topic is the geometric structure of cohomological support loci
Vi(wx), where X is a smooth projective variety. Inspired by a result of Beauville
about the locus V! (wx) [Bea92, Theorem 1], Green and Lazarsfeld proved in [GLI1]
that any irreducible component of V*(wx) is a translate of an abelian subvariety
(or a subtorus if X is a compact K&hler manifold).

Around the same time, Beauville and Catanese |Cat83] conjectured that such
irreducible components should be translates always by points of finite order. This
idea has been clarified and proved some years later by Simpson in his paper [Sim93].

Eventually, we can state a quite complete structure theorem for cohomological
support loci:

Theorem 2.18 (Structure Theorem; Green, Lazarsfeld, [GL91, Theorem 0.1];
Simpson, [Sim93, Theorem 4.2|). Let X be a smooth projective variety, and let W
be an irreducible component of V'(wy) for some i > 0. Then

1. there exist an abelian subvariety B of Pic’(X) and a torsion point Py €
Pic’(X) such that W = B + Py;

2. moreover, if m: Alb(X) — Pic’(B) is the dual map of the embedding B —
Pic’(X) and f: X — Pic’(B) is the composition map f = m o alb, then

dim X — dim f(X) > i.

As for the generic vanishing, we can use a variant form of Theorem 2.18:

Proposition 2.19 (Hacon, Pardini, [HP05, Theorem 2.2(b)]). Let f: X — Y be
a morphism between smooth proective varieties, and let a:' Y — A be a morphism
to an abelian variety A, and let Py € PicO(X)tors be a torsion point. Then, for any
i,j > 0, every irreducible component of VI(R'f.(wx ® Py)) is a translate of an
abelian subvariety by a torsion point.

2.2.2 The maximal Albanese dimension case

The generic vanishing theorem is particularly useful when the variety X has
mazximal Albanese dimension, that is, when dim X = dimalb(X) (or equivalently,
when the Albanese map of X is generically finite).

Indeed, if X has maximal Albanese dimension, then H*(X,P) = 0 for P €
Pic’(X) general and for any i < dim X; in terms of cohomological support loci, we
have that codimp;eox) Vi(wx) > 1. Using this fact, we have the following numerical
consequence:

Proposition 2.20 (Green, Lazarsfeld, |GL87]). If X is a smooth projective variety
with mazimal Albanese dimension, then the Euler characteristic x(X,wx) is greater
or equal to zero.
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2.3. GV-sheaves and M-regularity

Proof. Let n = dim X. By the Riemann-Roch theorem, the Euler characteristic of
wx ® P is independent from P € Pic’(X). So we have

n

X(X, wx) = x(X,wy @ P) = > (=1)"H'(X,wx ® P)

1=0

and, if P is sufficiently general, all the terms with ¢ > 0 in the sum vanish. Thus,
we have x(X,wx) = H'(X,wx ® P) > 0. O

Next, we present a result of Ein and Lazarsfeld in the special case where the
Euler characteristic of wy is zero:

Theorem 2.21 (Ein, Lazarsfeld, [EL97, Theorem 3|). Let X be a smooth projective
variety of maximal Albanese dimension, and assume that x(X,wx) = 0. Then the

image of the Albanese map of X 1is fibred by translates of abelian subvarieties of
Alb(X).

This result turns out to be very useful in the proof of some statements about
singularities, as we will see in later sections.

2.3 GV-sheaves and M-regularity

The three equivalent conditions of Theorem 2.15 describe a particular class of
coherent sheaves on an abelian variety A. More precisely, we say that a coherent
sheaf F on A satisfies the Generic Vanishing, or is a G V-sheaf, if its cohomological
support loci satisfiy the inequalities

codim V' (A, F) > i

for every ¢ > 0.

Most results connected with the generic vanishing theorem (with the remarkable
exception of the structure theorem) are still true for GV-sheaves; this facts makes
such sheaves very useful in several applications.

We can give a much more general definition of GV-sheaves. In their paper
[PP11a|, Pareschi and Popa refined the argument used by Hacon in the proof
of Theorem 2.15 so that an analogous proof can work in greater generality, for
practically any integral derived transform (not only the Fourier-Mukai one in the
settings of abelian varieties).

We thus state the following result (for the very general result, see [PP11al,
Theorem 3.7):

Theorem 2.22 (Pareschi, Popa, |[PP11a, Theorem A| and [PP09, Theorem 2.2]).
Let X be a smooth projective variety with a morphism a: X — A to an abelian va-
riety, and let F be a coherent sheaf on X. Given a positive integer k, the following
are equivalent:

1. codimpyeo ) VI(F) > i =k for alli > 0;
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Chapter 2. Generic Vanishing and Regularity

2. R®p, (RAF) =0 for all0 <i < dim X — k,

where P, is the pullback of the Poincaré bundle P € A x Pic’(A) by the morphism
a X idp;eo 4y 0 X X Pic’(A) — A x Pic’(A).

When one of the equivalent condition of Theorem 2.22 holds, the sheaf F is
called a GV_g-sheaf with respect to the morphism a. We will omit the reference
to the morphism a when unnecessary.

Clearly, when k = 0, we recover the notion of GV-sheaves. In this case, we
can read the second condition of Theorem 2.22 as RAF satisfies WIT with index
dim X, according to Mukai theory. Moreover, following the notation of a previous

section, we will write RAT instead of RdimX Op, (RAF).
These sheaves has some basic properties:

Proposition 2.23 (Pareschi, [Parl2, Proposition 1.6]). Let X be a smooth pro-
jective variety with a morphism a: X — A to an abelian variety, and let F be a
G V-sheaf on X with respect to a. Then

1. the rank ofm is equal to x(F);
2. we have

Exto, o  (RAF, Opieoa)) = (—idpieo 4))* R ®p, (F).

0(4)

2.3.1 Properties of GV-sheaves

We will look at properties of GV-sheaves. A first one was suggested by Green
(see [EL97, Lemma 1.8]), and it holds for a variety X with maximal Albanese
dimension: the cohomology support loci of wx satisty:

Pic’(X) D Vo%wyx) D Vi (wyx) D -+ D VIm¥(uy) = {Ox}.
The exact same result is true for an arbitrary GV-sheaf:

Proposition 2.24 (Hacon, [Hac04, Corollary 3.2|). Let F be a GV-sheaf on a
smooth projective variety X of dimension n with respect to a morphism a: X — A
to an abelian variety A. Then

Pic’(4) 2 V(F) 2 Vi(F) 2 -+ 2 VI (F),
Proof. Fix i > 0 and let P € V/(F). By Serre duality, we have V(F) =
—VP{RAF). Since R"'®p, (RAF) = 0, it follows by the base change prop-
erty (Corollary 2.12) that
Pe -V RAF) =V, H(F),

where the equality follows again from Serre duality. O
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2.3. GV-sheaves and M-regularity

The importance of GV-sheaves comes from the fact that some features of the
cohomology groups H'(X,F ® a*P) and of the cohomological support loci V!(F)
can be studied looking at local and sheaf-theoretic properties of the Fourier-Mukai
transform RAF. An example is provided by the following proposition, which is
very useful in practice:

Proposition 2.25 (Pareschi, Popa, [PP11a, Proposition 3.15|). Let X be a smooth
projective variety with a morphism a: X — A to an abelian variety, and let F be
a GV-sheaf on X (with respect to a). If Z is an irreducible component of V?(F)
of codimension k, then Z is actually an irreducible component of V.F(F).

Proof. We know that RAF has the base change property (see Corollary 2.12), and
so it is supported at VImX(RAF) = —VO(F). Thus, —Z is a component of the
support of RAF. Let now P be a general point of Z. By Proposition 2.23 (2), we

have _ S
R'®p, (F) = (—idpicoa)) "Ext' (RAF, Opico(ay)-

But Exti(ﬁ, Opicoay) 1s zero if dim Z < g — i and non-zero if dimZ = g — i
(see for example [Har77, § II1.6 and 7]); so it follows that, in some neighbourhood
of P, R'®p,(F) vanishes for i < k and it is supported at Z for i = k. Hence, using
again the base change property, we obtain that Z is contained in V*(F), and in
fact it is a component since codim V*(F) > k. [

From this proposition it follows that, if F is a GV-sheaf, then either V?(F) =
Pic”(A) or there is a positive index 4 such that codim V(F) = i. We can rephrase
this fact in the following way:

Corollary 2.26. Let F be a non-zero GV-sheaf on X. Then codim V(F) =i for
at least one value of 1 > 0.

Thus, the inequality codim V(F) > i characterizing GV-sheaves cannot be
strict for every i > 0.

What happens in Proposition 2.25 is a particular instance of a more general
picture. Indeed, the fact that V.°(F) is a proper subvariety of Pic’(A) is equivalent
to RAF having its generic rank zero, by Serre duality. This means that RAF
is a torsion sheaf on Pic’(A). If this is true, then by Proposition 2.25, there is a
positive index ¢ such that codim V(F) = i.

It is possible to provide a converse to this statement, and so we obtain the
following result:

Theorem 2.27 (Pareschi, Popa, [PP11b, Proposition 2.8] and [PP09, Corol-
lary 3.2|). Let X be a smooth projective variety with a morphism a: X — A to
an abelian variety, and let F be a GV-sheaf on X (with respect to a). Then the
following are equivalent:

1. there is a positive index i such that codim V'(F) = i;

2. the sheaflﬁ.\}" is a torsion sheaf on Pic’(A).
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Chapter 2. Generic Vanishing and Regularity

This characterization will be useful later, when we describe properties of more
regular sheaves.

Using this new terminology, we can restate previous results we have seen. For
example, here is the generic vanishing (Theorem 2.13) of Green and Lazarsfeld:

Theorem 2.28 (Generic vanishing theorem - GV-sheaves version). Let X be a
smooth projective variety with a morphism a: X — A to an abelian variety, and
let k =dim X —dima(X). Then wx is a GV_g-sheaf with respect to a.

In particular, if a is generically finite onto its image, then wx is a GV-sheaf.

Moreover, from Hacon’s theorem (see Proposition 2.16), we have that also the
higher direct image sheaves Ria,wx are GV-sheaves on A for all i > 0.

Another very clever example for the use of GV-sheaves is Theorem 2.21 for
varieties of maximal Albanese dimension. Using the theory of GV-sheaves, we can
give a proof which is partially different from the original one by Ein and Lazarsfeld
in [EL97]| (for references, see [Parl2, Theorem 3.3]):

Alternative proof of Theorem 2.21. Since X has maximal Albanese dimension, the
morphism alb is generically finite onto its image, and thus by Theorem 2.28, wy is
a GV-sheaf. The condition x(wx) = 0 says that V%(wx) is a proper subvariety of
Pic’(X). By Proposition 2.25, there exists, for a positive index k, a locus V*(wx)
that has an irreducible component Z of codimension k.

Now, we can apply the structure theorem (Theorem 2.18): Z is a translate
of an abelian subvariety 7" C Pic’(X), and if we denote A = Pic’(T), we have a
diagram

x b, Alb(X

\l

where dim f(X) < dim X — k. Moreover, 7 is surjective and its fibres are (finite
unions of) translates of k-dimensional abelian subvarieties of Alb(X).
On the other hand, fibres of 7: alb(X) — f(X) have dimension at least

dim alb(X) — dim f(X) = dim X — dim f(X) > k,

where the equality follows from the maximal Albanese dimension of X. Thus, we
have dim X —dim f(X) = k, and this can only happen if alb(X) is a union of fibres
of 7, that is, a union of translates of abelian subvarieties of Alb(X). O

2.3.2 Mukai regularity

We now introduce a regularity condition on sheaves which is a stronger generic
vanishing condition, in close relation to GV-sheaves. We call this condition Muka:
reqularity, or simply M-regularity.
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This notion was introduced in a series of papers by Pareschi and Popa about
regularity on abelian varieties. At first, it was used (in a particular form called
Theta reqularity) to give a result on abelian varieties analogous to Castelnuovo-
Mumford regularity on projective spaces (see [PP03]).

M-regularity then turns out to have a large number of applications, from prop-
erties of linear series on abelian varieties, to study of special classes of vector
bundles, to global generation properties.

We give a general definition, shown as two equivalent statements:

Proposition 2.29 (Pareschi, Popa, [PP11b, Proposition 2.7]). Let X be a smooth
projective variety with a morphism a: X — A to an abelian variety, and let F be
a coherent sheaf on X. Then the following are equivalent

1. codim VI (F) > i for all i > 0;
2. codim supp(R'®p,(F)) > i for all i > 0.

A sheaf satisfying one condition is called an M-regular sheaf.

We note that this definition is very close to the one for GV-sheaves in Theo-
rem 2.22 (1) (case k = 0) or in Theorem 2.15 (1), apart from inequalities being
strict. Thus, every M-regular sheaf is also a GV-sheaf.

GV-sheaves which are not M-regular are those whose support loci have dimen-
sion as big as possible. By next result, this fact is equivalent to admitting torsion
in the Fourier-Mukai transform of the dual.

Proposition 2.30 (Pareschi, Popa, [PP11b, Proposition 2.8|). Let X be a smooth
projective variety with a morphism a: X — A to an abelian variety, and let F be
a GV-sheaf on X. Then the following are equivalent

1. F is an M-reqular sheaf;
2. RAF is a torsion-free sheaf.

Proof. Since F is a GV-sheaf, we have R'®p, (F) = Sxti(m, O3;) by Lemma 2.6
(see [PP1la, Remark 3.13|). Thus, F is M-regular if and only if for each i > 0

codim supp(gxti(@, O3)) > i.

To end the proof, we use the following algebraic fact (for the proof, see for example
[PP11b, Lemma 2.9]): in our setting, a coherent sheaf G is torsion free if and only
if codim supp(Ext'(G,O3)) > i for all i > 0. O

To have a first look at M-regular sheaves, we provide the following basic exam-
ple. Let A be an abelian variety and let L be a line bundle on A. If L is ample, then
by Kodaira vanishing we have H*(A, L ® P) =0 for all i > 0 and all P € Pic’(A).
This means, in Mukai terminology, that L satisfies I'T with index 0. Also, in this
case V(L) = 0 for all i > 0, and so L is also M-regular.
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On the other hand, if L is M-regular, then by definition we have that, for a
general P € Pic’(A), H(A,L® P) = 0 for i > 0 but H(A,L ® P) # 0. By
Mumford [MumO8, § 16|, this means that L ® P is a non-degenerate line bundle
of index 0, which is equivalent of L ® P being ample. In turn, this fact proves the
ampleness of L itself.

Therefore, we have the following result:

Proposition 2.31. Let A be an abelian variety, and let L a line bundle on A.
Then the following are equivalent

1. L 1s ample;
2. L satisfies I'T with index 0;
3. L is M-regular.

It turns out that this statement can be generalized. In order to do so, we
introduce a new notion. Let X be an irregular variety with morphism a: X — A;
a coherent sheaf F on X is continuously globally generated if for any non-empty
set U C Pic’(A) the sum of evaluation maps

PH X FeaP)©a P — F
pPeU

is surjective. A key point for introducing this definition is the following:

Proposition 2.32 (Pareschi, Popa, [PP03, Proposition 2.13|). Any M-regular
sheaf on an irreqular variety X is continuously globally generated.

This result, together with a theorem of Debarre (see [Deb06al) which says that
any continuously globally generated sheaf on an abelian variety is ample, leads to
the statement:

Theorem 2.33 (Debarre, [Deb06a, [Corollary 3.2|; Pareschi, Popa, [PP11b, The-
orem 4.1]). Let A be an abelian variety, and let F be a coherent sheaf on A. Then

1. if F is an M-reqular sheaf, then it is ample.
2. if F is a GV-sheaf, then it is nef.

The proof of the second part descends form the first one, looking at a GV-sheaf
as “limit” of M-regular sheaves, as a nef bundle is the limit of ample bundles.

2.3.3 The generic vanishing index

Let X be an irregular variety with a morphism a: X — A to an abelian variety,
and let F be a coherent sheaf on X. We define the generic vanishing index of F,
or shortly the gv-index of F, as the quantity

gua(F) := m>igl{codimpico(14) VIF) —i}.
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2.3. GV-sheaves and M-regularity

When the morphism a is the Albanese map, we just write gv(F). If VI(F) is empty
for all i > 0, we set gv,(F) = oo. This index measures the size of cohomologi-
cal support loci for positive indices, and reads a local algebraic property of the
transform R®p, (RAF), namely the property of being a syzygy sheaf.

It is possible to define also a local version of the generic vanishing index: given
any a € Pic’(A), the local generic vanishing index of F at « is

GUaa(F) = miél{codima VHF) —i},
1>
where codim,, V(F) denotes the codimension of the connected component of V(F)
which contains «. As before, we simply write gv,(F) when the morphism a is the
Albanese map.
As we can figure out by looking at the definitions, we have

gua(F) = inf  {gvsa(F)}.

a€Pic?(A)

In general, a coherent sheaf F on a variety X is called a k-th syzygy sheaf it
locally there exists an exact sequence

0—F —&E —...— & —G—0,

where &; are locally free sheaves for all j (for details, see for example [EG85] or
[OSS11]). This sequence brings interesting properties: for example, a 1st syzygy
sheaf is equivalent to be torsion-free, and a 2nd syzygy sheaf is equivalent to be
reflexive. Any coherent sheaf is by definition a Oth syzygy sheaf, while at the
opposite side a locally free sheaf is declared to be an oo syzygy sheaf.

An important property for our applications is the following;:

Theorem 2.34 (Evans, Griffith, [EG81, Corollary 1.7]). Let X be a smooth variety,
and let F be a coherent sheaf on X. Assume that F is a k-th syzygy sheaf and it
is not locally free. Then rk(F) > k.

An M-regular sheaf has gv-index 1 by definition, and in fact it is a 1st syzygy
sheaf, that is, a torsion-free sheaf (see Proposition 2.30). For guv-indices greater or
equal than 2, we have a characterization of a higher degree of regularity of sheaves
on X. Indeed, we have the following result:

Proposition 2.35 (Pareschi, Popa, [PP09, Corollary 3.2]). Let X be a smooth
projective variety with a morphism a: X — A to an abelian variety, let F be
a coherent sheaf on X, and let m be a non-negative integer or m = oo. Let
a € Pic’(A). Then the following are equivalent

1. guao(F) > m;

2. RAF is an m-th syzyqy sheaf on Pic’(A), in a neighbourhood of a.
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Chapter 2. Generic Vanishing and Regularity

This result shows that, if a sheaf F satisfies I'T with index 0, and hence its
gv-index is equal to oo, then the transform of its dual RAF is locally free.

The generic vanishing index of F can provide a lower bound for its Euler char-
acteristic, assuming that there is ¢ > 0 with V'(F) # 0:

Theorem 2.36 (Pareschi, Popa, [PP09, Theorem 3.3|). Let X be a smooth projec-
tive variety with a morphism a: X — A to an abelian variety, let F be a coherent
sheaf on X and let a € Pic’(A). Assume that 0 < gu,o(F) < co. Then

X(F) 2 gVaa(F) = gua(F).

Proof. By Grothendieck duality formula, we have that the sheaf Hom(fA.\F, 03)
is equivalent to R°®p, (F). The latter has rank equal to the generic value of
h(F @ a~'), which coincides with x(F). Thus, we have that y(F) = rk(m).
So, by Proposition 2.35, RAF is a GUao(F) syzygy sheaf in the neighbourhood
of o with rank y(F), and moreover it is not locally free by hypotesis. Thus we

can apply Theorem 2.34 to conclude that x(F) = rk(ETA.\F) > gUqo(F), and by
definition we also have that gv, o(F) > gua(F). O
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CHAPTER 3

Singularities of divisors on abelian
varieties

In this chapter we show an important application of the generic vanishing the-
orem: the study of singularities of divisors on abelian varieties.

The aim is to prove that a (prime) divisor representing a polarization with a
low degree, or a divisor representing a multiple of such polarization, have only mild
singularities. Their descriptions are given using the terminology of log-singularities,
introduced for studying singular varieties in higher dimensional geometry.

We will state results of Kollar (the first one using vanishing theorems for this
purpose), Ein and Lazarsfeld about principal polarizations, that is, of degree 1.
Then we will see the case of polarizations of degree 2, made by Debarre and Hacon,
together with the case of a simple abelian variety, which has been stated in its
strongest form by Pareschi.

Eventually, we will work out the proof for some cases of a polarization of degree
3 and 4.

3.1 Preliminaries on singularities of pairs and the
multiplier ideal sheaf

Here we collect preliminary notations and definitions, along with basic proper-
ties and theorems, about singularities of pairs and special ideal sheaves which are
useful to determine such singularities. There is also a review on different kinds of
classical vanishing theorems that will be largely used throughout the chapter.

3.1.1 Singularities of pairs

We start talking about singularities of pairs. This terminology comes form
the study of higher dimensional geometry, in particular from the minimal model
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Chapter 3. Singularities of divisors on abelian varieties

program for studying singular varieties. For a more comprehensive description, see
for example the surveys [Kol97] and [Fuj07].

We start with a couple of definitions and notations. A Q-divisor D = > d;D;
on a normal variety X is a sum of prime divisors D; with rational coefficients d;. D
is Q-Cartier if there exists a positive integer m such that mD is a Cartier divisor.
We define the round down of D as |D]| = > |d;|D;, where |d;] is the greatest
integer smaller of equal to d; € Q.

The canonical divisor of a variety X is denoted by Kx, and the corresponding
line bundle (that is, the canonical bundle) is denoted by wx.

We say that X has rational singularities if there is a proper birational morphism
f:Y — X from a non-singular variety such that R'f,Oy = 0; note that if such a
resolution exists, then all resolutions have the same property.

Let X be a normal variety, and let D =" d;D; be a Q-divisor on X such that
Kx + D is Q-Cartier. Let f: Y — X be a proper birational morphism from a
non-singular variety Y. The we can write

Ky = f*(Kx+D)+ > a(E,X,D)E

where the sum runs over all the distinct prime divisors £ C Y and a(F, X, D) € Q.
The coefficient a(FE, X, D) is called the discrepancy of E with respect to (X, D).
To get a global measure of the singularities of the pair (X, D), we define

discrep(X, D) = irElf{a(E, X, D) | E is exceptional over X},

and we can show that either discrep(X, D) = —oo or —1 < discrep(X, D) < 1 (see
[CKMSS, 6.3, p. 39]).
We say that (X, D) is

(terminal (> 0,

canonical >0,

(Kawamata) log terminal  if discrep(X, D) ¢ > —1 and [ D] =0,
purely log terminal > —1,
\log canonical \ > —1.

We can relate this notions of canonical and log terminal singularities with the
more classical one of rational singularities.

Theorem 3.1 (Elkik, [Elk81, Théoréme 1]; Kollar, [Kol97, Theorem 11.1]). Let X

be a normal variety.

1. Assume that wy is locally free. Then X has rational singularities if and only
if X has canonical singularities.

2. Assume that (X, D) has Kawamata log terminal singularities. Then X has
rational singularities.
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3.1. Preliminaries on singularities

3.1.2 Multiplier ideal sheaf

Multiplier ideals are an essential tool for working with vanishing theorems.
Indeed, they were introduced (in the framework of complex analysis) by Demailly,
Siu, Nadel and others to simplify the application of Kodaira-like vanishings. Then
it became clear that such ideals can be define entirely in an algebro-geometric way
(see [EV92, § 7|), and this leads to new applications. For a complete treatment
and an overview of several applications, see |Laz04, Part Three|.

Let X be a non-singular variety of dimension n. A divisor D = Y D; on X
has simple normal crossing (and D is a SNC divisor) if each D; is smooth, and
if D is defined in a neighbourhood of any point by an equation in local analytic
coordinates of the type 21 - ...z = 0 for some k& < n. A Q-divisor »_ d;D; has
simple normal crossing support if > D; is a SNC divisor.

A log resolution of the pair (X, D) where X is a non-singular variety and D is
a Q-divisor on X, is a proper birational map p: Y — X whose exceptional locus
is a divisor F, such that Y is non-singular and the divisor pu*D + F has simple
normal crossing support. The existence of such resolutions is due to the celebrated
theorem of Hironaka on resolutions of singularities.

Given a log resolution p: Y — X, we can also define the relative canonical
divisor Ky;x of Y over X as the difference Ky — p*Kx.

Let X a non-singular variety and D and effective QQ-divisor on it, and fix a log
resolution p: Y — X of (X, D). The multiplier ideal sheaf J(D) = J(X,D) C
Ox associated to D is defined as

J(D) = .0y (Ky/x — " D).

J(D) is indeed a sheaf; moreover, using the fact that two resolutions can be
dominated by a third one, we can show that the definition is independent of the
log resolution p (see |Laz04, Theorem 9.2.18]).

Multiplier ideals can be used for measuring singularities. In particular, there
are some classes of singularities of pairs introduced before that can be defined in
terms of triviality of a multiplier ideal: let X be a smooth variety and let D be a
Q-divisor on it. Then

1. the pair (X, D) is (Kawamata) log terminal if (X, D) = Ox;
2. the pair (X, D) is log canonical if 7(X,(1—¢)D) = Ox for alle € (0,1)NQ.

The equivalence between the previous definitions of log singularities and this one
using multiplier ideals follows from the fact that J(X,D) = Ox if and only if
ordg(Ky/x — [p*D]) > —1 for every divisor £ in the log resolution p: Y — X.

Adjoint ideal. We now take an integral divisor D on X. We know that |p*D| =
p* D, and using the projection formula we obtain J (D) = Ox(—D); this fact seems
to make the multiplier ideal of an integral divisor quite uninteresting. However,
when D is reduced, we can define a variant of the multiplier ideal that carries some
information about the singularities of D. So, take a reduced integral divisor D on
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Chapter 3. Singularities of divisors on abelian varieties

X, and fix a log resolution p: Y — X of (X, D) such that the proper transform
D’ of D is non-singular. Write u*D = D'+ F', where F' is a p-exceptional effective
integral divisor on Y. The adjoint ideal sheaf adj(D) = adj(X, D) C Ox is defined
as

Again, this definition is independent of the chosen log resolution.
The adjoint ideal has some basic properties, which are useful to give a measure
of the singularities of the divisor associated to it:

Proposition 3.2 (Lazarsfeld, [Laz04, Proposition 9.3.48|). Given (X, D) as before,
let v: E — D be any resolution of singularities of D. Then

1. there exists an exact sequence

0 —wxy — Ox(Kx + D) ®adj(D) — v'wg — 0; (3.1)

2. the adjoint ideal adj(D) is trivial if and only if D is normal and has at worst
rational singularities.

Vanishing theorems. There are some basic vanishings for multiplier ideals com-
ing from the theorem of Kawamata-Viehweg.

We first recall a couple of notions about positivity: given X a projective variety
of dimension n and D a Cartier divisor on it, we say that D is nef (short for
numerically effective) if, for every irreducible curve C' C X, we have (D.C') > 0.
Nefness means in effect that D is a limit of ample divisors. Also, D is said to be
big if h°(X, Ox(mD)) ~ m™ for m > 0, that is, the spaces of sections of mD grow
maximally with m.

The first important vanishing theorem for divisors is the one of Kodaira, which
proves that if D is an ample divisor, the cohomology groups H'(X, Ox(Kx + D))
vanish for every ¢ > 0.

The condition of ampleness on D can be weakened, giving a much more general
statement:

Theorem 3.3 (Kawamata-Viehweg Vanishing; [Laz04, Corollary 9.1.21]). Let X
be a smooth projective variety, and let D be an integral divisor and E be an effective
Q-divisor on X. Assume that E has SNC support and that D — E is nef and big.
Then

H'(X,0x(Kx +D— |E])) =0 for all i > 0.

The main difficulty in applying this theorem is that in practice the SNC con-
dition is hardly satisfied. Given a Q-divisor on X, a natural idea is to apply
vanishing on a (log) resolution of singularities and then push down to get a state-
ment in X. Doing so, multiplier ideals appear inevitably, leading to some basic
vanishing theorems for these ideals.

A first local result is

Theorem 3.4 (|Laz04, Theorem 9.4.1]). Let X be a smooth variety, and D a
Q-divisor on X. Take a log resolution u:Y — X of (X, D). Then

R 1.0y (Ky)x — [@*D]) =0 for all 5 > 0.
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Now we have the basic global vanishing for multiplier ideals:

Theorem 3.5 (Nadel Vanishing; [Laz04, Theorem 9.4.8|). Let X be a smooth
projective variety, and let D be an integral divisor and E be an effective Q-divisor
on X. Assume that D — FE is nef and big. Then

H'(X,0x(Kx +D)® J(E)) =0 for all i > 0.

There are also Kodaira-type theorems for ample vector bundles with rank
greater than 1. Here we state a fundamental one, which will be used later in
the chapter.

Theorem 3.6 (Le Potier Vanishing; [Laz04, Theorem 7.3.5]). Let X be a smooth
projective variety, and let E be an ample vector bundle with rank r. Then

H'(X,wx ® AE) =0 for alla >0 and alli > r — a.
Moreover, we have that
H(X, 0% @E)=0 fori+p>dimX +r,

where Qx is the cotangent bundle on X.

3.2 Principal polarizations

Let A be an abelian variety of dimension g, and let L be a principal polarization
on A, that is, a polarization with h°(A, L) = 1. There is a well-defined effective
divisor © C A such that L ~ O4(0©), which is called theta divisor. There has
always been some interest in this divisor, with particular focus on understanding
its singularities. A first important result is due to Kempf, in the special case of
Jacobians of compact Riemann surfaces:

Theorem 3.7 (Kempf, [Kem73|). Let A be the Jacobian variety of a compact
Riemann surface of genus g > 1. Then its theta divisor is irreducible and normal,
with rational singularities.

While the geometry of Jacobians is well-understood, for arbitrary abelian vari-
eties there are not such good models of ©. Thus, it seems difficult to say something
about the singularities of the theta divisor.

A general result in this direction was proved by Kollar. His approach uses for
the first time vanishing theorems to analyze the geometry of singularities.

Here we give a variant of the original proof, using the notation of multiplier
ideals introduced in the previous section. Also, we denote by

Y(©) ={z € A| mult,(O) > k}

the set of points where the multiplicity of © is at least k.
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Theorem 3.8 (Kollar, [Kol95, Theorem 17.13|). Let (A, ©) be a principally polar-
ized abelian variety. Then (A, ©) is log canonical. In particular, we have, for all
k>0,

COdimA Ek(@) Z k.

Proof. In the multiplier ideal language, (A, ©) being log-canonical means that
J((1 —¢)©) = Oy for all € € (0,1) N Q. Suppose to the contrary that there
is such an ¢ for which J := J((1 — €)0©) is not trivial, and let Z be the closed
subscheme defined by this multiplier ideal. We then consider the exact sequence

0—040)® T — 04(0) — Oz(0) — 0,
and by twisting for any P € Pic’(A), we get the sequence
0—04O) TP — 04(0)0 P — 0z0)® P — 0.
Since H'(A, 0 4(0) ® P) is zero for all positive i, it follows that
H'(A,04(0)® P)=H"™(A,04(0)® J ® P) (3.2)

for all i > 0 and all P € Pic(A).
Also, the divisor © — (1 — €)© + P is ample, so we can apply Nadel vanishing
(Theorem 3.5), and obtain that

H'(A,040)®0 T ®P)=0

for all i > 0 and all P € Pic’(A). By definition, this fact means that the sheaf
04(0)® J satisfies I'T with index 0, and so we have that x(O(0)® J) is strictly
positive. By means of equality (3.2), we obtain also that x(Oz(0)) > 0. Hence we
have

X(0a(0)) = x(04(0) © ) + x(02(0)) = 2,

which is a contradiction, since the degree of © is 1.

The result on codimension of ¥;(©) follows from the triviality of the multiplier
ideal. To show this fact, let us consider an irreducible component ¥ C ¥;(0) of
codimension m. We can construct a log resolution p: X — A of (A4,0) by first
blowing-up of Y. Let E C X be the proper transform of the exceptional divisor
of the initial blow-up. Since Y has codimension m, Kx,4 contains the divisor
(m—1)E. Also Y C ¥,(0), so *© contains kE. As a consequence

Kxja— (1)) D (m —1)E — [(1 - )kE] = ((m — 1) — [(1 — )k])E,

and since the multiplier ideal J = pu,Ox(Kx/a — [(1 — e)pu*©]) is trivial, the
coefficient of E must be non-negative. Thus (m — 1) — [(1 —¢)k] > 0, and for ¢
small enough, we have m > k. O

A straightforward consequence is that © cannot have points of multiplicity
greater than the dimension of A.

Moreover, Smith and Varley in [SV96] proved that if © contains a point of
multiplicity ¢ = dim A, then (A, ©) splits as a product of g elliptic curves.
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The strongest result about singularities of theta divisors is due to Ein and
Lazarsfeld: indeed, they showed that the conclusion of Kempf Theorem 3.7 is true
in a very general setting.

Theorem 3.9 (Ein, Lazarsfeld, [EL97, Theorem 1]). Let (A, ©) be a principally
polarized abelian variety of dimension g. If © is irreducible, then it is normal and
has rational singularities.

Proof. According to Proposition 3.2, © is normal with rational singularities if and
only if its adjoint ideal adj(©) is trivial. Then we can construct a resolution of
singularities v: X — ©; note that X has maximal Albanese dimension, so x(wx) >
0 by Proposition 2.20. Moreover, we have that x(wx) > 1 by Theorem 2.21:
indeed, alb(X) is exactly ©, and since © is ample, it cannot be fibred by abelian
subvarieties.

The adjoint sequence (3.1) in Proposition 3.2 has the form

0— 04 — 04(0)®adj(©) — viwx — 0,
and if we take P € Pic’(A), it can be twisted by P, obtaining
0— P — 04(0)® P®adj(®) — rwx @ P— 0.
If P#Oa, H(A,P) = H'(A, P) =0, and so we have
HY(A,04(0) ® P®adj(0)) = H*(X,wx ® V*P).

Now we come to the crucial point: by means of the generic vanishing theorem,
H (X,wx ® v*P) =0 for all i > 0 and for P general. Then

HO(X, wx @ V*P) = x(wx)

for a general P. Since x(wx) > 1, we obtain that H°(A, O4(©) ® P ® adj(0©)) # 0
for general P.

We now recall that there is an isomorphism ¢g: A — Pic’(A) determined by the
principal polarization. So there is a point ap € A corresponding to P € Pic’(A).
Then

H°(A,04(0 +ap) ®adj(©)) #0

for general ap € A, and this fact means that the subscheme defined by adj(©) is
contained in any general translate of ©. But this can happen only if such subscheme
is empty. Therefore, adj(©) = O 4, and this concludes the proof. O

In the same paper, the two authors showed also that any possible example on
the boundary of Theorem 3.8 is split. Here is the statement (for the proof, see
|[EL97, Corollary 2|):

Corollary 3.10 (Ein, Lazarsfeld, [EL97, Corollary 2|). Let (A, ©) be a principally
polarized abelian variety, and let k > 2. Then X (©) contains an irreducile com-
ponent of codimension k in A if and only if (A,©) splits as a k-fold product of
principally polarized abelian varieties.
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Ein and Lazarsfeld provided also an extension of Theorem 3.8 for pluri-theta
divisors, as proposed in [Kol95, Problem 17.15]:

Theorem 3.11 (Ein, Lazarsfeld, |[EL97, Proposition 3.5]). Let (A, ©) be a princi-
pally polarized abelian variety, and let D € |m®O| for some m > 1. Then the pair
(A, %D) is log-canonical. In particular, for all k > 0,

codimg X, (D) > k.

Proof. For ¢ € (0,1) N Q, let us consider the divisor

We know that (A, D) is log-canonical if and only if all multiplier ideals J(E.)
are trivial. In order to get a contradiction, suppose that there is such an ¢ for
which J := J(E.) is not trivial, and let Z be the closed subscheme defined by this
multiplier ideal. The divisor © — E is ample, and also © — E + P is ample for all
P ¢ Pic’(A). Thus we can apply Nadel vanishing theorem, and obtain that

H'(A,0,0)®P®J)=0 for all 7 > 0 and all P € Pic’(A). (3.3)

This means that the sheaf O4(0)® J satisfies IT with index 0, and so its Euler
characteristic must be positive.
Then, we consider the short exact sequence

00— 04(0) T — 04(0) — 0z£(0) — 0.

By twisting by P € Pic’(A), and since H*(O4(0) ® P) = 0 for every i > 0, we
have that
H'(A,02(0)® P) = H"(A,0.(0)® P® J)

for all 4 > 0. This in turn implies that also the sheaf Oz(0) satisfies IT with index
0, and so x(0z(©)) > 1.
Hence, we end up having

x(04(0)) = x(04(0) ® J) + x(0z(9)) = 2,

which is obviously impossible since x(O4(0)) = 1. O

As a refinement of the previous results, Hacon in [Hac99| proved the following;:

Theorem 3.12 (Hacon, [Hac99, Theorem 1]). Let (A, ©) be a principally polarized
abelian variety, and given a positive integer m let D € |m®| be a divisor such that
L%DJ = 0. Then the pair (A, %D) is log-terminal.

Note that the condition L#DJ = 0 is equivalent to requiring that the multi-
plicity of each component of D is strictly smaller than m. With only this extra
condition, it is possile to show that the pair (A, %D) has better log singularities.
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Sketch of the proof. We consider the decomposition into irreducible reduced com-
ponents D = > d;D;, where 1 < d; <m —1. Let f: X — A be a log resolution of
(A, D). We define the sheaf

c-ox(re)- | Lro))

as shown in [EV92, § 4]. We have that f.(wy ® £) = J(+£D) @ O4(O), where
J (D) is the multiplier ideal, and R'f,(wx ® £) = 0 for all ¢ > 0. We then obtain

that
Vii=Viwy ® £) = Vi (j(%D) ® (’)A(@)).

The aim of the proof is to show that j(%D) is trivial.

The crucial fact is that the geometry of the loci V¥ (wy ® £) behaves as the one
of loci V¥(wyx) described by Green and Lazarsfeld, and so the generic vanishing
theorem and the structure theorem hold also for those new V* (see [EV92|, [EL97|
and [Sim93| for details).

Let S be an irreducible component of V°, which is not empty by the same
argument at the end of proof of Theorem 3.11. Thus by structure theorem S is
a transalate of a subtorus of Pic’(X), and we can denote by C the dual of such
subtorus. Thus we have a map 7: A — C.

Now, it is possible to prove that any component D; of D such that 7n(D;) = C
is contained in Bs|J (£ D) ® O4(©) ® P| for a general P € Pic’(A). It follows that

the divisor
o~ ¥ 1

is algebraically equivalent to an effective divisor, and hence is nef. As a conse-

quence, the divisor
H:=D- Y  dD;,
(Dy)=C

™

turns out to be ample (this is the point where we need that d; < m). Moreover, H is
contained in the pullback of a divisor on C', and hence 7 has to be an isomorphism,
so that VO = Pic’(A). Therefore, H(A, J(LD) ® O4(0) @ P) # 0 for all P €
Pic’(A), which means that all translates of © vanish along the cosupport of 7 (L D).
Then J (1 D) must be zero, concluding the proof. O

With this result, we can look at the loci of singularities of the divisor:

Corollary 3.13 (Hacon, [Hac99, Corollary 2|). Let (A, ©) be a principally polarized
abelian variety, and given a positive integer m let D € |m®O|. If k is the greatest
integer such that the set X, (D) contains an irreducible component of codimension
k in A, then (A,©) splits as a product of at least k principally polarized abelian
varieties.
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3.3 Polarizations of degree 2

We now focus our attention to abelian varieties with a polarization with degree
greater than one. When the degree increases, many special cases start to appear,
often due to the existence of reducible divisors that can represent the polarization.

A first result for an ample divisor of degree 2 is due to Hacon in [Hac00|, where
he proves that some non-splitting abelian varieties can form a log-canonical pair
with a Q-divisor representing their polarization, as a parallel with Theorem 3.11.
Here is the statement:

Theorem 3.14 (Hacon, [Hac00, Theorem 4.1]). Let (A, L) be a polarized abelian
variety with polarization of degree 2, and given a positive integer m, let D € |mL|.
Then either

1. (A, L) splits as the product of a principally polarized abelian variety and an
elliptic curve, or

2. (A, LD) is a log-canonical pair.

Proof. As in the proof of Theorem 3.11, we assume there is a non trivial multiplier
ideal J := j(l—n_fD) for a rational 0 < ¢ < 1, with cosupport Z. Since L — l—rij
is ample, also L — I—;fD + P is ample for all P € Pic’(A), and thus we can apply
Nadel vanishing theorem. We obtain that

H(AL®J®P)=0

for all i > 0 and all P € Pic’(A), showing that J ® L satisfies IT with index 0.
By the short exact sequence

0 —J®L—L— Lz—0,

we see that H'(A, Lz ® P) = H'(A,L ® J ® P) for all ¢ > 0. This means
that also Lz satisfies I'T with index 0, and thus both sheaves have positive Euler
characteristic. But the short exact sequence says also that

2=x(L)=x(J ® L)+ x(Lz),

and so we must have x(J ® L) = x(L|z) = 1. In particular, it follows that J ® L
is a principal polarization, and so a line bundle with one section. This means that
J =~ Os(—F), where F' is a divisor, and there is a map A — E to an elliptic curve
such that F' is the pull-back of a principal polarization on E, namely Og(p) for a
point p € E. Therefore, if (A, %D) is not a log-canonical pair, (A, L) splits as a
product of (E, Og(p)) and the principal polarized abelian variety with polarization
L& Ou(—F). O

A more complete result for polarizations of degree 2 has been proved by Debarre
and Hacon in [DHO7]. In that paper, they have stated some geometrical facts about
cohomological support loci of particular sheaves, and from them they have obtained
a theorem for divisors representing polarizations of degree 2. Indeed, those facts
include and generalize some arguments already used in some proofs along this
chapter.

We now state and prove the results:
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Lemma 3.15 (Debarre, Hacon, [DHO7, Lemma 5|). Let A be an abelian variety
of dimension g, and let L be an ample line bundle of degree d on A. Let Z be a
closed subscheme of A with ideal sheaf J. Set h := h°(A, J ® L® P) for a general
P € Pic’(A). Then

1. fori>dimZ + 1, the set V(T ® L) is empty;

2. if h =0, the set Vog := Ui»oVH(J ® L) is non-empty;

3. we have h < d, and equality holds if and only if Z is empty;

4. if h =d — 1 and the polarized variety (A, L) is indecomposable, then either

(a) Z has finite length and V'(J ® L) = Pic’(A), or
(b) Z is a single reduced point {z} and V(T ® L) = o(Bs|L| — z), and so
dm VYT ®L)>g—d;

5. if Z is geometrically non-degenerate and 0 < h < d, then dim Z < d—1—h;
moreover, if A is simple, we have dim Vs > g — @.
Proof. (1) Fix i > dim Z + 1. Then HY(A,J ® L ® P) = H'(A, L ® P), which is
zero by Kodaira vanishing. So V/(J ® L) = 0.

(2) Suppose that V< is empty, that is H'(A,J ® L ® P) =0 for all i > 0 and
all P € Pic’(A). Then h = x(A4,J ® L), and if h = 0 we have
H(A,J®L®P)=0 for all i > 0 and all P € Pic’(4).
But by Mukai theory (see [Muk81]), this implies that the sheaf J ® L has to be

zero, which is a contradiction.

(3) We have h = d if and only if all global sections of L vanish on general
translates of Z, but this is true if and only if Z is empty.

(4) We define the set
J:={(D,a)e|L|xA|D2>Z+a}C|L|xA

with two projections py : J — |L| ~ PH°(A, L) and py: J — A. For a point a € A,
the fibre p; ' (a) is isomorphic to PH(A,J ® L ® P,, (a)), where ¢1: A — Pic’(A)
is the function (2.1) in the preliminaries.

So, assuming h > 0, there is a component J' C J which dominates A, which
can be written as

S ={(D,a) €|T QLI xA|D2Z+a},

and with dimension g + (h — 1).

We consider then the map py: J' — |L| (restriction of the first projection
map) and, given D € |L|, we define Fp := py o p;* (D). By definition, it satisfies
Z + Fp C D; we thus have

g—1>dimFp > dimJ —dimp(J') > (g+h—1)—(d—1) =g — (d — h).
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We now assume that d — h = 1. Then p; is surjective and dim Fp = g — 1.
Taking a general (hence prime) divisor D, we have that z + Fp = D for all z € Z,
and so Z has to be finite. In the case that V!(J ® L) # Pic’(A), the length of
Zisd—h =1, so we can write Z = {z}. Moreover, an element P € Pic’(A) is
contained in V1(J ® L) if and only if the restriction map

HY(L® P) — H°(Z,0; ® L ® P) ~ C(2)

is not surjective. That is, if all the sections of L ® P vanish at z. This means
that z € Bs|L ® P| = Bs|L| — a, where P = P, () for some a € A. Therefore,
VT @ L) = ¢r(Bs|L| — 2).

(5) Since Z is geometrically non-degenerate, and by hypotesis, Z # (), we can
use Corollary 2.3, so that the inclusion Z+ Fp C D implies that dim Z +dim Fp >
dim D. This means that

dmZ <g—1—dmfFp <d—h-—1.

Let a be a general point of A. Then p; o p,'(a) is a linear subspace of |L| of
dimension h — 1. Such a subspace must vary if we move a, otherwise we will have
a divisor containing all the translates of Z. Thus the linear span of p;(J’) has
dimension at least h. So, we can take Dy, ..., Dy, general elements of p;(J'); we
set F; := Fp,.

Since A is simple, using [Deb95, Corollaire 2.4|, we have

12
dim(Fm---ﬂFhH)zg—(h+1)(d_h)zg_%,

Now, let a € FyN---NFyy 1. This means that the divisors Dy, ..., Dy all contain
Z +a. Then we have h°(A, T ® L® P,, @) > h+1, and since x(J ® L) = h, there

has to be an index k > 0 such that h*(A, T ® L® P,, 5) > 0. Thus, P,, 4 € Vo,

and hence dim V59 > g — %. O

Before stating the next fact, we need the following slight generalization of the
Structure Theorem 2.18:

Proposition 3.16 (Hacon, Pardini, [HP05, Theorem 2.2|). Let X be an irregular
variety with a morphism a: X — A to an abelian variety, and let F be a sheaf on A
which s a direct summand of a,wyx. Let B be an abelian variety with a morphism
m: A — B. Then for every Py € Pic’(A)iors, and for all i > 0 and j > 0, every
irreducible component of VI(Rim.(F ® Py)) is a translate by a torsion point of an
abelian subavariety of PicO(B) with codimension at least i.

Now we are able to state and prove the following

Lemma 3.17 (Debarre, Hacon, [DHO7, Lemma 6]). In the same setting of Lemma
3.15, we assume moreover that there is an exact sequence

0—0F —JQL— F —0, (3.4)
where € € N and F is a direct summand of a push-forward of a dualizing sheaf.

Then
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1. every irreducible component of VI(J ® L) is an abelian subvariety of Pic’(A)
translated by a torsion point and of codimension at least i;

2. if supp F is not contained in any non-ample divisor of A, we have that
dimZ >i—14dimVi(J ® L)
for any i > 0 such that dim V(J ® L) is not zero.

Proof. (1) From Proposition 3.16, F satisfies the structure theorem. Also, by (3.4),
we have Vi(F)\ {0} = V(T ® L)\ {0}, and thus also J ® L satisfies the structure
theorem. Analogously, since F is a GV-sheaf, also J ® L is a GV-sheaf.

(2) Fix i > 0 such that V*(J ® L) is not empty. If V¥(J ® L) is finite, then the
assertion follows from Lemma 3.15 (1). So, we consider the common component W
of Vi(J ® L) and V*(F) with maximal positive dimension. By structure theorem,
W is a translate of an abelian subvariety 7', and we set B := T Being the induced
morphism 7: A — B, we can write W = 7* Pic’(B) + Py, where Py € Pic”(A)ors.

We know from Proposition 3.16 that Rim.(F ® By) is a GV-sheaf for every
j >0, so we have

HYB,Rm.(F®@ P)®P)=0

for all k& > 0 and for general P € Pic’(B).
Thus, using Corollary 2.8, we get

HB,R'm,(F® Py) ® P) = H(A,F® Py @ m*P)

which is non-zero since Py @ 7*P € V'(F).
By twisting sequence (3.4) and doing a push-forward, we get

oo R (P)® — Rim (JRLRP)) — Rim (FRP) - R, (P)® — ...,

where sheaves R/, (Py)® are direct sums of numerically trivial line bundles on B
(see proof of Theorem 1 in [Mum?70, Appendix by Kempf]). Also, by Theorem 2.1
in [HP05], the sheaf R'm,(F ® P,) is torsion-free on m(supp F), which is B by our
hypotesis.

Then, also R7,(J ®L® Py) is supported on B. Otherwise, § would be injective;
since R™7r,(Py)® ® P has no non-zero global sections for P general, we would
have H°(B, Rit.(F ® Py) ® P) = 0, in contradiction with the previous fact.

We know that R'm,(L ® Py) =0, and so the short exact sequence

yields a surjective map
R'7(Liz® Py) — R (T ® L® R).

Hence, also Ri_lw*(L| 7z @ Fy) is supported in B. This means that all the fibres
of mz: Z — B have dimension at least ¢ — 1, and so dimZ > i — 1+ dim B =
i—1+dmVY(J ®L). O
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Chapter 3. Singularities of divisors on abelian varieties

Using those lemmas, we can provide a result in the case of a polarization of
degree 2, with the only request of such polarization being indecomposable:

Theorem 3.18 (Debarre, Hacon, [DHO7, Theorem 8|). Let (A, L) be a polarized
abelian variety with indecomposable polarization of degree d < 2 and dimension
g >d. Then

1. every prime divisor in |L| is normal and has rational singularities;

2. for m > 2, given D € |mL| such that | =D] = 0, the pair (A, =D) is log-
terminal.

Note that |L| can contain reducible elements. Also, the pair (4, L D) is log-
canonical even if | D] # 0, as shown in Theorem 3.14.

Proof. (1) Let E € |L| be a prime divisor. From Proposition 3.2, E is normal with
rational singularities if and only if J := adj(A, F) is trivial, or equivalently, if the
cosupport Z of J is empty.

We start by setting h := h°(A, J ® L @ P) for a general P € Pic"(A). Propo-
sition 3.2 also provides the exact sequence

0 — 04 — I QL — pwx — 0,

where p: X — FE is a resolution of singularities of E. We thus have the sequence
of Lemma 3.17, with ¢ = 1 and F = p,wy; it follows that J ® L is a GV-sheaf,
and in particular

h=x(AJ®L®P)=x(X wx).

Since E is ample, it is not fibred by abelian subvarieties, and so applying Theo-
rem 2.21 we obtain that h > 0.

Suppose now that h = 1, that is h = d — 1. Then by Lemma 3.15, Z is a
single point and dimV(J ® L) > g — 2. On the other hand, by Lemma 3.17,
dim V1(J ® L) has to be zero, which is a contradiction.

Hence, we must have h = 2 = d, and so using again Lemma 3.15, we get that
Z is empty.

(2) Let D € |mL| as in the hypotesis, and let J := J (D) be a multiplier
ideal. The pair (A, #D) is log-terminal if and only if 7 is trivial, or equivalently
if its cosupport Z is empty. Again, we set h := h%(A,J ® L @ P) for a general
P € Pic’(A).

First, we want to prove that J ® L is a direct summand of a push-forward of
a dualizing sheaf. So, let p: A" — A be a log resolution of (A, D); we define

1
L= ' L0y (— {—/L*DJ )
m
Using the divisor p*D—m|Lp*D] € |mL'|, we can define a cyclic cover f: X — A’
of degree m, and X is normal with rational singularities. Let moreover v: X' — X

be a resolution of singularities; we thus have a chain of maps

X e x Lo oa
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By [EV92, Lemma 3.22], the sheaf w ® L' is a direct summand of fwy = fivwy:.
It follows that . (f.v.wx/) splits as a direct sum of m torsion-free sheaves, and one
of those sheaves is

p(war @ L) = pu (CUA’ QuL®On <_ {%M*DJ>>
=L ® ps (CUA’/A ®@ Oun <— {%N*DJ))

1
= L®ILL*OA/<KA//A — Lgﬂ*DJ>
=L®J.

So J ® L is a direct summand of a push-forward of a dualizing sheaf, and we can
apply again Lemma 3.17. Thus J ® L is a GV-sheaf and Vi(j ® L) are translates
of abelian subvarieties of Pic’(A). This fact, together with the hypoteses g > d
and | D] = 0, allow us to conclude that h > 0, following the proof of [Hac99,
Theorem 1].

Then, if h = 1 = d — 1, we can use the same argument of part (1) to have a
contradiction. So again h = 2 = d, and we obtain that Z is empty. O]

We now interpret this result in term of dimensions of loci of singularities. We
get a statement analogous to Corollary 3.10 and Corollary 3.13:

Proposition 3.19 (Debarre, Hacon, [DHO7, Theorem 10]). Let (A, L) be an inde-
composable polarized abelian variety of degree d < 2 and dimension g > 2, and let
m and k be two positive integers. Then the following are equivalent:

1. given D € |mL|, the set Xpi(D) contains an irreducible component of codi-
mension k in A;

2. (A, L) is a double étale cover of a product of k non-zero principally polarized
abelian varieties.

3.4 Simple abelian varieties

When we try to investigate these singularities on divisors, we see that a lot of
prolems and exceptions arise, principally due to the presence of non-prime divisors
in the class of the polarization. This phenomenon tends to be more and more
evident when the degree of the polarization increases.

This problematic can be avoided by focusing on a special type of abelian variety.
In fact, Debarre and Hacon showed in their paper [DHO07, Proposition 2| that if
a polarization of an abelian variety A contains a non-prime divisor, then A is not
simple. Thus, in the same paper, they proved the following theorem for simple
abelian varieties:

Theorem 3.20 (Debarre, Hacon, [DHO7, Theorem 7|). Let (A, L) be a polarized

simple abelian variety of degree d and dimension g > %. Then
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Chapter 3. Singularities of divisors on abelian varieties

1. every divisor in |L| is prime, normal and with rational singularities;

2. given m > 2, let D € |/mL| be a divisor such that D # mE for any E € |L|;
then the pair (A, %D) is log-terminal.

Note that the bound g > % is not sharp, but it comes from a geometric
fact proved in Lemma 3.15 (5). Also, in part (2) we have that (4, L D) is always
log-canonical.

As conjectured by Debarre and Hacon, the conclusions of Theorem 3.20 should
hold under the weaker hypotesis that ¢ > d. This conjecture has been settled
by Pareschi in [Par21]|, using all the ingredients of the previous theorems about
singularities together with the theory of GV-sheaves and M-regularity.

The technical core of his result is given by the following statement, which gives
a slight more general outcome:

Lemma 3.21 (Pareschi, [Par21, Lemma B|). Let (A, L) be a polarized abelian
variety of dimension g and degree d, and let Z be a closed subscheme of A with
geometrically non-degenerate support. Assume moreover that Z is not a divisor in

|L|, and let J be its ideal sheaf. Set Vs :=J,oo V(A,J ® L). Then
1. if Voo is empty, then d > g+ 1;
2. if dim V5o =0, thend > g.

Proof. First, we consider the exact sequence

0—J®L—L— Lz —0. (3.5)

From it we have that H'(A,Lj; ® P) = H™(A,J ® L ® P) for all i > 1 and
all P € Pic’(A), and then V¥(L;z) = V*Y(J ® L) for all i > 1. In both cases
(1) and (2), Lz is M-regular, and so x(Ljz) > 0. This means that x(J ® L) =
d — x(Ljz) < d. On the other hand, if x(J ® L) = 0, then J ® L would be a
homogeneous vector bundle (see [Par21, Proposition 0.3]), and this can happen if
and only if Z is a divisor in |L|. So, we have that 0 < x(J ® L) < d, and since, for
a general P, x(J ® L) = h°(A, J ® L ® P), we can use Lemma 3.15 (5) to obtain

X(T®L)<d—1—dimZ. (3.6)
We look now to the single cases.

(1) By hypotesis, J ® L satisfies IT with index 0, and so its Fourier-Mukai
transform R®p(J ® L) = R°®p(J @ L) is a locally-free sheaf with rank x(J ® L)
(that is, a vector bundle), and we denote it as £. Using Mukai equivalene theorem,
we get

R®pv (L) = T ® L[—g] = R®pv(L)[—g]

and thus £V is a GV-sheaf on A. Moreover, the transform of the dual of £Y, which
is J ® L, is torsion-free, and thus by Proposition 2.30 £Y is M-regular. This also
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means that £ is an ample vector bundle (see Theorem 2.33). So we can apply Le
Potier vanishing (Theorem 3.6), and have

H(A, L) =0 for all i > x(J ® L),

and then V(L") is empty for i > x(J ® L).

On the other hand, by Proposition 2.23 (2) and by base change, V(L") contains
the support of Ext'(J @ L,04), and using properties of the £xt sheaf and the
sequence (3.5), we have that

VHLY) D supp Ext™H Oz, 04).

This sheaf is non-zero when Z has a component of codimension 7 + 1. Thus, we
end up having

g—dimZ < x(J ® L).
Using this inequality together with (3.6), we have that g + 1 < d.

(2) Given a coherent sheaf F on A, we define the index
imax(F) = max{i >0 | V'(A, F) # 0}.

We first assume that iy,.x(J ® L) = 1. This means that it gv-index can be measured
only in ¢ = 1, and so
gu(J®L)=codimV(JT®L)—1=g—1

—

by the hypotesis on V~g. Thus the sheaf (J ® L)V is not locally free and it is a
(g — 1)-syzygy sheaf, according to Proposition 2.35. So, by Theorem 2.34, we have

X(J®L)=rk((J ® L)) > g—1. We know from the beginning of the proof that
X(J®L)<d,and so d > g.

Assume now that iy, (J ® L) > 1. This time, the gv-index is given by the last
non-zero locus V(J ® L), that is, gu(J ® L) = g — imax(J @ L). With the same
argument as before, we have that

X(T ®L) 2 g —imax(J ® L).
On the other hand, from the beginning of the proof we have that
imax (T @ L) = imax(Ljz) + 1> dim Z + 1,

and so x(J ® L) > g—dim Z — 1. Together with the inequality (3.6), we get d > ¢,
and this concludes the proof. O]

Now we state the result, which is analogous to the one by Debarre and Hacon:

Theorem 3.22 (Pareschi, [Par21, Theorem A|). Let (A, L) be a polarized simple
abelian variety of degree d and dimension g > d. Then

1. every divisor in |L| is prime, normal and has rational singularities;
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2. given m > 2, let D € |[mL| be a divisor such that D # mE for any E € |L|;
then the pair (A, = D) is log-terminal.

Proof. We can prove both cases at once. Let J be either the adjoint ideal of a
divisor in |L| or the multiplier ideal of %D. Let also Z be the cosupport of J; as
before, we assume that Z is not empty (that is, J is not trivial) and we will look
for a contradiction.

At first, we see that J cannot be of the form O(—FE), where E € |L|. This is
obvious for the adjoint case, and it is true also in the multiplier case because we have
required that D # mE, which implies that |LD| =0 (see [DHO07, Corollary 3]).

Furthermore, being A simple, Z must be geometrically non-degenerate.

Thus, in order to apply Lemma 3.21, we need to verify one of the possible
requirement on V5, namely that it is empty or it has dimension zero.

As we have seen in the proof of Theorem 3.18, in both adjoint and multiplier
cases J®L is a GV-sheaf and all irreducible components of V(7 ®L) are translates
of abelian subvarieties of Pic’(A4). But in our case, the abelian variety is simple,
and this means that all (finite unions of) proper non-empty abelian subvarieties
are 0. Thus, V(J ® L) can only be empty or zero-dimensional for all 7 > 0.

So we can apply Lemma 3.21, obtaining a contradiction with the hypotesis that
g > d. This proves the theorem. O]

3.5 Polarizations of degrees 3 and 4

We are now at the core of the thesis. In this section we will give a proof of the
results about polarizations of degree 3 and 4. In the first part, we have a result
about prime divisors in the polarization, with an additional hypothesis. In the
second part, we look at divisors on a multiple of the polarization, and we complete
the result of the first part.

3.5.1 Divisors with rational singularities

We give here a detailed proof of Theorem A in the Introduction.

Theorem 3.23. Let (A, L) be an indecomposable polarized abelian variety of degree
d <5 and dimension g > d. Let D be a prime and normal divisor in |L|, and let
Z be the cosupport of adj(A, D). We assume that gv(L|z) is finite. Then D has

rational singularities.

Proof. Let D be a prime and normal divisor in |L|. From Proposition 3.2, D has
rational singularities if and only if 7 := adj(A, D) is a trivial sheaf, that is, if its
cosupport Z is empty.

We assume that Z is not empty, and so that J is a proper ideal sheaf. Propo-
sition 3.2 provides also the exact sequence

0— 04— T QL — pwx — 0, (3.7)
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where p: X — D C A is a resolution of singularities of D. Using this sequence in
combination with Lemma 3.17, we get that J ® L is a GV-sheaf.
On the other hand, we have the exact sequence

0 —JQ®L—L—Lz—0, (3.8)
and for every a € Pic’(A), we get the twisted sequence
0 —=IJRLP, — LRIP, — Liz®FP, — 0.

Since HY(A,L ® P,) = 0 for every i > 0, by taking the cohomology of the last
sequence, we have that H'(A, Lz ® P,) = H"(A,J ® L ® P,) for every i > 0.
This means that

ViLiz) =V (T ®L) for all i > 0.
Then it follows directly from the definition of gv-indices that
gu(Liz) > gv(J @ L) + 1. (3.9)

Since J @ L is a GV-sheaf, (3.9) implies that L is a M-regular sheaf.
By hypothesis, gv(Lz) is finite, and so is gv(J ® L). Thus, we can apply
Theorem 2.36, and together with (3.8) we obtain

X(L) =x(T @ L)+ x(Liz) > gv(J @ L) + gv(Liz) > 2 go(J ® L) + 1. (3.10)

The polarization L has degree less than 5, and so we can focus only on values
of gu(J ® L) smaller than 2. For these values, the idea is to compare the gv-index
of J ® L with the gv-index of the push-forward of the dualizing sheaf p,wx that
appears in (3.7), and work with the latter.

We start by stating explicitely this comparison, which is in fact an equality:

Claim 1. If gu(J ® L) < 2, then gv(J ® L) = gv(p.wx).

Proof of claim. If we twist the exact sequence (3.7) by P,, where a € Pic’(A), and
we look at cohomology groups, we have that H(A,04® P,) = H(A,P,) =0 for
every ¢ > 0 and for all « that are not 0. This means that

H (A, J®L®P,) =H (A, powx @ P,)
for all « > 0 and all P, different from O4, and consequently we obtain
VAT @ L)\ {0} = V' (j.wx) \ {0}.

Since the gv-index is measured using the codimension of cohomological support
loci, the claim holds for every case but possibly one, namely when V917 ® L) =
{0} and this locus is used to measure the gv-index of J ® L, which is then equal
to 1. In this particular case, we would have H9"'(A,J ® L) # 0, but this is
impossible.
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Indeed, let us apply the Fourier-Mukai transform to the sequence (3.7): we will
obtain a long exact sequence ending with

o RITBp(0,4) — BRI 0p(TRL) — BRI ®p(pwy) — RIDp(04) — 0.

As we have seen in section 2.1.2, the Fourier-Mukai transform of the structure
sheaf O, is the sheaf O concentrated in degree g, that is RI®p(O4) ~ Oy and
R'®p(O4) ~ 0 for every i < g.

On the other hand, R '®p(u.wy) ~ O, as proved in [Bar+12, Proposi-
tion 6.1]. Thus, the previous sequence becomes

0 — R Op(J ® L) — BRI Dp(jrawx) — RIDp(O4) — 0,

where ¢ is an isomorphism. This implies that RI9™'®p(J ® L) = 0, and so by the
cohomology base change, also H9~'(J ® L) = 0. This proves the claim. O]

Furthermore, by the Grauert-Riemenschneider vanishing theorem (see [Laz04,
Theorem 4.3.9]) and Corollary 2.8, the cohomological support loci V(A, p.wy)
correspond to V;!(X,wy) and so gu(A, pr.wx) = guu (X, wx).

Hence, the inequality (3.10) becomes simply

5>x(L) >2 gv,(X,wx)+ 1. (3.11)

As this last inequality shows, with our hypotheses the only possible values for
gu,(X,wx) are 0 and 1.

Let us assume first that gv,(X,wyx) = 0. Then, by Theorem 2.21, the image
of X via the map pu: X — A is fibred by translates of abelian subvarieties of A.
But this impossible, since the image of X is an ample divisor. Thus, gv,(X,wx)
cannot be 0.

Now, we assume that gv,(X,wx) = 1. From the definition of gv-index, there
is an integer k£ between 1 and g such that Vuk (wx) has a connected component W
with codimension £ + 1.

By Theorem 2.18 (or, more precisely, by Proposition 2.19), W is an abelian
subvariety T C Pic’(A) translated by a torsion point P, € Pic’(A). Note that T
is also a subvariety of Pic’(X), as showed in Lemma 3.24. We then denote by B
the dual abelian variety of 7', that is B = Pic’(T).

Moreover, Theorem 2.18 says that there is a commutative diagram

Xt A
B
such that dim X — dim f(X) > k. Here f is a map with connected fibres (see
Lemma 3.25).

We want to prove that the general fibre of f has exactly dimension k, or in
other words:
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Claim 2. We have dim X — dim f(X) = k.

Proof of claim. We denote by F' a general fibre along f. F' is then birational to a
fibre along the map mp: D — f(X). We know that dimB =g —k — 1, and so a
general fibre of 7 has dimension k£ + 1, and it is also a translate of the kernel of 7,
which we denote by K. Thus we have that

k<dimX —dim f(X) =dim F <k + 1.

We assume that dim F' = k4 1. Then F'is a translate of K, and this means that a
general fibre of mp is a translate of K. Thus, D is fibred by translates of abelian
subvarieties of A, which is impossible because D is ample.

Hence, dim F' = k, and this proves the claim. O

Now, by definition, we have W = f*Pic’(B) + P,. This means that a point
P, € Pic’(X) belongs to W if and only if it is of the form f*Ps ® P, for some
P € Pic’(B).

It follows that, for every Ps € Pic’(B), the group H*(X,wx ® P, ® f*Ps) is
not zero, and this implies that

[ Pic®(B) = Vi(wx ® P,).

Our goal is to describe explicitly W, and so f*Pic’(B). To do that, we can
expand the last equality using Kollar decomposition (we use the variant stated in
Proposition 2.9). Indeed, at the level of cohomology groups we have

k
HY(X,wy ® Py @ [*Ps) ~ P H* (B, R f.(wx ® P,) ® Py),

=0

where the direct sum goes from 0 to dim X — dim f(X) = k thanks to the previous
claim. This equality clearly holds for every Ps € Pic’(B), and the left-hand side
is non-zero if and only if at least one direct summand in the right-hand side is
non-zero. So if we look now at the corresponding cohomological support loci, we

obtain
k

VHX,wx @ Py) = | fVEB, R fuwx @ By) (3.12)
i=0
By Hacon’s version of the generic vanishing (see Proposition 2.17), every locus in
the right-hand side of (3.12) is a proper subvariety of Pic’(B), except the one with
index equal to 0. Therefore, equality (3.12) becomes simply

VI X, wx ® P)) = f*V°(B, R f.(wx ® P,)). (3.13)

We focus on the right-hand side of (3.13). Following the notation of Beauville and
Pareschi (see respectively [Bea92, p. 4] and |[Parl7, p. 138]), we define

Pic?(f) := ker(Pic’(X) — Pic’(F))

where F'is a general fibre along f and the map is a restriction. So a point P €
Pic’(X) belongs to Pic’(f) if and only if H°(F, Pr) # 0, that is, if and only if
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HYE(F (wx ® P)r) # 0. Since dim F = k by Claim 2, using Proposition 2.11
we obtain

Pic’(f) = {P € Pic®(X) | R*f,(wx ® P) # 0}.

Assume that P, is not in Pic’(f). Then R*f,(wy ® P,) is zero, and in particular
it is a point in Pic’(B).
Assume instead that P, € Pic’(f). By [Parl7, p. 138], we have an exact
sequence
0 — f*Pic’(B) — Pic’(f) — T — 0,

where I' is a finite subgroup of Pic’(X)/f*Pic’(B). In particular, this implies
that Pic’(f) contains f*Pic’(B); thus, by Lemma 3.26, we have that Pic’(f) =
f*Pic’(B). So, there is a point Ps € Pic’(B) such that P, = f*Ps. Thus, we have

R f(wx ® P)) = RF fi(wx ® f*Ps) = R* fuwx ® Py = Op ® Pg,

where the last equality follows directly from [Kol86a, Proposition 7.6]. Again,
REf.(wx ® P,) is a point in Pic’(B).

Hence, being P, in Pic’(f) or not, we end up obtaining that R*f,(wx ® B,) is
a point in Pic’(B), and this means that in both cases f*V°(B, R*f.(wx ® P,)) is
zero-dimensional.

This in turn implies that the connected component W of V(wx) (and then
also V¥(wx)) is zero-dimensional itself.

Finally, we remember that k is the index of the cohomological support locus
from which we have measured the gv-index of wx, that is

1 = gv,(X,wx) = codim Vlf(wx) —k

and since dim V*(wx) = 0, we have that k& = g — 1. This means that we have
measured the gv-index using V¢~ !(wx), and it is easy to see that VI~ (wy) = {0}.
But this fact is in contradiction with what we have seen in the proof of Claim 1,
where we have shown that the locus measuring the gv-index strictly contains 0.

Hence, we have proved the impossibility for gv,(wx) to be neither 0 nor 1, in
contradiction with the bound (3.11). So, Z has to be empty, that is, the adjoint
ideal sheaf 7 is trivial. This means that the prime divisor D € |L| is normal with
rational singularities. O

We now state and prove some lemmas needed in the previous proof:

Lemma 3.24. Let (A, L) be a polarized abelian variety and let D € |L| be a prime
and normal divisor. Let also pi: X — D C A be a resolution of singularities of D.
Then the map
p: Pic’(A) — Pic(X)

1S 1njective.
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Proof. We choose a point P, € Pic’(A) such that x*P, = Ox. Then we have that
HO(D, ppt* Poyp) is non-zero. Since pu.p*Poyp = Pop @ Ox = Pap ® Op, we
have that H°(D, Pyp) # 0.

Consider now the short exact sequence
0 — P,(-D) — Py, — Pyp — 0,

and taking from this the correspondent long exact sequence in cohomology, we
obtain in particular

—>HO(A7Pa) —>HO<D7P<)¢|D) —>H1(A7Pa<_D)) —

By hypothesis D is ample, so H'(A, P,(—=D)) = 0. Moreover, H°(D, P,p) # 0 as
proved before, and this forces H°(A, P,) to be non-zero as well. But this in turns
implies that P, = O4, which means that the map p* is injective. O

Lemma 3.25. Let (A, L) be a polarized abelian variety and let D € |L| be a prime

and normal divisor. Let also u: X — D C A be a resolution of singularities of D.

Assume there is an abelian variety B and a surjective morphism w: A — B.
Then the composition map f:=mo u: X — B has connected fibres.

Proof. We suppose there exists a fibre F' := f~1(b) which is not connected, with
b € B. Let us denote by K the kernel of the map m; then K is an abelian
subvariety of A. We know that the fibre F' is birational to the divisor D’, which
is the restriction of D to K + b. Being D ample, also D’ is ample. Then, if we
consider the short exact sequence

0— OK(—D/) — OK — OD/ —0
and we take its cohomology, we get the sequence
oo — HY(K,Ok) — H°(D',Op/) — HY(K,Og(—=D")) — -+~

By ampleness of D', H'(K,Og(—D")) is zero, and so h°(D’,Op/) = 1, which
means that D’ is indeed connected. Thus we have a contradiction which proves
the lemma. O]

Lemma 3.26. In the hypoteses of Lemma 3.25, let f := mopu: X — B be the
composition map. We define the set

Pic’(f) := ker(Pic’(X) — Pic’(F))
where F is a general fibre along f and the map is a restriction.
Then Pic®(f) is equal to f*Pic’(B).

Proof. Let K be the kernel of 7. The map f induces a map F' — K whose image
spans K. Thus, the homomorphism v: Pic’(K) — Pic’(F) has finite kernel, which
we denote by I'. Hence, we have the following exact sequence

0 — f*Pic’(B) — Pic’(f) — T — 0.

It is now sufficient to prove that I' is trivial, that is, the map v: Pic’(K) —
Pic’(F) is injective. This fact can be proven using the same argument showed in
Lemma 3.24, replacing X and A respectively with F' and K. O
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3.5.2 Log-canonical pairs

We have already noted that when the degree of the polarization grows up, more
and more exceptional cases arise. Indeed, for an indecomposable polarization |L| of
degree 3, we have an example by Debarre (see [Deb06b, p. 4]) showing the existence
of a non-log-canonical pair (A, D), where D € |mL]|.

Here is the construction of such polarization and subsequent pair:

Example 3.27. We start with a general polarized abelian variety (B, M) of degree
d — 1, and an ellitpic curve E. We want to construct a polarized abelian variety
from those, following Proposition 9.1 and 9.2 in [Deb88|. We pick an isomorphism

w: K(M) —s E[d — 1]

from the kernel of the map ¢, to the subgroup of (d — 1)-torsion points in E; both
these subgroups have order (d — 1)2. We then set the subgroup

G = {(z¢(2)) [z € K(M)},

and we define the abelian variety A as the product B x E quotiented by G. As
proved in [Deb88, (9.2)], there is a principal polarization © on A, and the canonical
morphism f: B x E — A is an isogeny, with the property that the polarization
f*04(©) is the product of polarizations of B and E.

Thus, we can define a polarization

L =04(©+ B),

which is of degree d and it is indecomposable for d > 3.

From this construction, we obtain that the linear series |(d — 1)© — B| is not
empty. So, if we take m > d—1 and ;4 > m’ > m, we have that [m© — (m’—m)B]|
is non-empty as well.

Then, picking D' € |/m© — (m' —m)B|, we get a divisor

D:=D+m'B

which belongs to [mL|. But we note that -D = LD' + %’B, and since m’ > m,
we have a component with multiplicity greater than 1. Hence, the pair (A, %D)
cannot be log-canonical. O]

However, if we consider an indecomposable polarization of degree 3 different
from the one in the example above, we can get a result similar to previous theorems.
Here are the statement and proof of Theorem C in the Introduction:

Theorem 3.28. Let (A, L) be an indecomposable polarized abelian variety of degree
d < 3 and dimension g > d, and given a positive integer m, let D € |mL)|.
Then either

1. the polarization L is of the form O4(© + B), where © is a theta divisor and
B is an abelian subvariety of A with dim B = g —1 and x(Ljp) =d —1, or
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2. the pair (A, =D) is log-canonical.

Proof. The case of polarization of degree less or equal than 2 has been already
proved in Theorem 3.14 and Theorem 3.18, so we will focus specifically on an
indecomposable polarization of degree 3.

Let D be a divisor in |mL| for m € Z-o. We know from section 3.1.2 that
the pair (A, =D) is log-canonical if and only if the multiplier ideals J(:=2D) are
trivial for all € € (0,1) N Q.

So, we assume that (A, 77%D) is not log-canonical, that is, we say that there
exist a € < 1 such that the multiplier ideal J := J (%D) is a proper ideal sheaf
of O4. Equivalently, we are assuming that the cosupport Z of J is not empty.

We start with the short exact sequence

0 —JR®L—L— Lz —0, (3.14)
and for any P, € Pic’(A) we obtain the twisted sequence
0 —=IJRLP, — LRFP, — Liz®F, — 0.

Then we take the cohomology long sequence from this short one. Since of course
H'(A,L®P,) = 0foralli > 0, we have that H'(A, Lj;®P,) = H™ (A, JQLKQP,)
for ¢ > 0. This means, from the cohomological support loci point of view, that

Vi(Liz) =V (T ®L) (3.15)

for all ¢ > 0. More than this, we have (with a small abuse of notation) that the
divisor (L + P,) — %D is numerically equivalent to £L, which is ample. So we
can apply Nadel vanishing theorem (Theorem 3.5) and obtain that

H(AJR®L®P,) =0

for every i > 0 and every P, € Pic’(A). This fact implies that V/(J ® L) is empty
for every i > 0, and so by (3.15), also V(L) is empty for all i > 0.

Hence, both Lz and J ® L satisfies IT with index 0 (see section 2.1.2 for
the precise definition of IT). In particular, they both have locally-free Fourier-
Mukai transforms and positive Euler characteristic. We set £ := R®p(L;z) and

M :=RdPp(J ® L).

By sequence 3.14, we have that x(Lz) +x(J ® L) = x(L) = 3, and since these
characteristics are positive, they must have values 1 and 2.

We first assume that x(Lz) = 1. From Proposition 2.35, we know that £V is a
locally free sheaf. Also, by Proposition 2.23 (1), rk(£Y) = x(L;z) = 1. These two
facts together show that £ is indeed a line bundle on Pic”(A).

We apply the (inverse) Fourier-Mukai transform on £, and we get

RUpv (L) = RUpv o ROp(L|z) = Liz[—] (3.16)

thanks to Mukai’s equivalence theorem (Theorem 2.5) and the fact that RUpv =
(—ida)*RW¥p. In particular, this means that the transform RWpv (L) is a sheaf
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concentrated in degree g, that is, L satisfies the WIT with index g. Thus, by
definition, we have that £V is a GV sheaf on Pic’(A), and so by Theorem 2.33 LY
is nef.

On the other hand, £Y cannot be M-regular: indeed its characteristic x (L") is
equal to the (generic) rank of W by Proposition 2.23, which is simply rk(Lz);
obviously, the latter is zero. But x(£Y) = 0 means that £" is not M-regular (see
Proposition 2.30). Then by Proposition 2.31 £ is not ample, and so it is a properly
nef line bundle on A.

Hence, there is a proper quotient 7: A — B to an abelian variety B with an
ample line bundle N such that 7*N = £V (see [BL04a, Lemma 3.3.2]).

From (3.16), we have that H9(A, £ ® P,) is non-zero if and only if a € Z, so
V9(L) = Z; this means that also V°(LY) = Z. Moreover, from the construction of
the quotient 7, it follows that h°(A, £Y ® P,) = h%(B, N ® 7, P,) for every a € Z.
Thus, Z = V°(LY) = Pic’(B), which implies that Z is an abelian subvariety of A.

So, Lz is the restriction of the polarization L to an abelian subvariety, and it
is principal by assumption. Using then Lemma 2.1, we conclude that Z has to be
either zero or A, and both of these cases make a contradiction with the hypothesis.

So far, the only case left is x(L;z) = 2, which means x(J ® L) = 1. As written
above, we denote by M the transform R®p(J ® L). By the same argument used
for £V, we can show that also MV is a line bundle on A and also a GV-sheaf.

This time, however, M"Y happens to be M-regular: indeed, since J ® L has no
torsion, we can use Proposition 2.30. Thus, by Proposition 2.31, the line bundle
MY is also ample and satisfies IT with index 0.

It follows from Proposition 2.35 that J ® L is a locally-free sheaf. Then, the
cosupport Z of J has to be a Cartier divisor, and J ® L becomes L ® O4(—2).

Furthermore, by assumption 1 = x(J ® L) = x(L ® O4(—Z2)), and so we have

L® Oa(=2) = 0a(0),

where O is a theta divisor on A. Now, we can rewrite the previous equality in the
following way:
L:OA<@—|—Z), (3.17)

obtaining that the polarization L is the sum of a theta divisor and a Cartier divisor.

The next step is to show that Z is somehow close to an abelian subvariety of A.
We know that there exist a quotient map 7: A — B to an abelian variety B and
an ample divisor E in B such that Z = 7*E. If we denote by b the dimension of B,
we have that the self-intersection (Z°) is non-zero, while (Z°1) = 0. Also, for any
topologically trivial line bundle P € Pic’(B), we have that |Z — P| is non-empty.

So, we can define a map on linear series

ep: |©+ P|x|Z—-P|— |0+ 7]
for every P € Pic’(B). By (3.17), we have |© 4 Z| ~ P2, and so its dimension is 2.
Also, we have that dim |© + P| = 0 and n := dim |Z — P| = h°(0a(Z) @ PV) — 1.
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Suppose first that b = dim B > 3. Then, by varying P € Pic’(B), we have a
family of (distinct) divisors in |© + P| x |Z — P| of dimension (b+ n) > 3. Thus,
since dim |© + Z| = 2, there is a general element in |© + Z| that may be written as
Op + Zp for infinitely many P € Pic’(B), where ©p € |© + P| and Zp € |Z — P|.

So, we have © p+Zp = Og+Zg for some P, Q € Pic’(B), but since Op € |O+P|
is unique and different from ©¢, we must have Dp > O¢. Hence we get

X(L) =x(©+ 2Z) > x(20) > 3,

which is a contradiction.

Suppose now that b = dim B = 2. In order to get a contradiction, we can use
the same argument as before, unless n = 0, that is, dim|Z — P| = 0. In this case,
the family of divisors in |© + P| x |Z — P| obtained by varying P € Pic’(B) can
be parmetrized by Pic’(B) itself. So we get a map

Pic’(B) — |© + Z| ~ P?,

which is a generically finite rational map. Since Pic’(B) is not rational (as an
abelian surface), such a map must have degree greater than 1. This means that,
if we take a general element G € |© + Z|, we have G = Op + Zp = O¢g + Zg for
distinct P,Q € Pic’(B). So, as before, we can conclude that x(L) > 3, obtaining
a contradiction.

This argument shows that the divisor Z has self-intersection zero, in particular
(Z?) = 0. As proved in [Aufl4, Propositions 3.2.2 and 3.2.4], this fact implies that
Z is a translate of a so-called abelian divisor, that is, a Cartier divisor which is an
abelian subvariety.

Hence, our polarization L is of the form O4(0 + B + a), where B is an abelian
subvariety of A of dimension g — 1 and a € A. We can thus define ©' as the
translate of © by the point a, which is again a theta divisor, and so we end up
obtaining

L =040+ B).

So, we are in the same setting of Example 3.27, and thus following the same
argument we can find a pair (A, %D) which is not log-canonical. This concludes
the proof. n

Using part of the proof above, we can give a more complete statement of The-
orem 3.23 in the case where the degree is at most 3 (that is, Theorem B in the
Introduction):

Theorem 3.29. Let (A, L) be an indecomposable polarized abelian variety of degree
d < 3 and dimension g > d. Then every prime and normal divisor in |L| has
rational singularities.

Proof. Let D be a prime and normal divisor in |L|. As we have seen in pre-
vious proofs, from Proposition 3.2, D has rational singularities if and only if
J = adj(A, D) is a trivial sheaf, that is, if its cosupport Z is empty. We as-
sume that Z is not empty, and so that J is a proper ideal sheaf.
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We resume the proof of Theorem 3.23. We know that 7 ® L is a GV-sheaf and
Lz is a M-regular sheaf.

Since we have already proven the result for finite gv(Lz), we can assume that
gu(L)z) = oo, that is, Lz satisfies IT with index 0.

Suppose first that x(Ljz) = 1. In this case, by the same argument in the proof
of Theorem 3.28, we obtain a contradiction.

So, we can assume that x(L;z) = 2. This clearly implies that x(J ® L) = 1. It
follows then that gv(J ® L) has to be infinite. Otherwise, by Claim 1 in the proof
of Theorem 3.29, we would have 1 > gv(J ® L) = gv,(X,wx), where y: X — D
is the desingularization of D. But this leads to a contradiction, as we have already
seen.

Thus, also J ® L satisfies IT with index 0. Hence, following the proof of
Lemma 3.21, we get that

g—dimZ < x(J ® L),

and in our case, dim Z > g — 1. But this is impossible, since Z is contained in the
singular locus of a divisor of A, and so its dimension is at most g — 2.
This fact shows that Z has to be empty, and this concludes the proof. O

3.5.3 Suggestions for possible developments

In Theorem 3.23 and, consequently, in Theorem 3.29, we have made the as-
sumption of normality for the prime divisor D € |L|. This hypothesis is needed in
the proof of Theorem 3.23 (and in particular for the Lemmas), and so it cannot
be removed. Although, we believe that the result is true for every prime divisor in
|L|, and so we present here an alternative (and incomplete) way that should avoid
the normality hypothesis.

We are in the usual setting: let D € |L| be a prime divisor, and let Z be the
cosupport of the adjoint ideal J = adj(A, D). We assume that Z is not empty and
we try to find a contradiction. In order to avoid the extra assumption of normal-
ity of D, we use the notion of local gv-index (see section 2.3.3 for the definition
and properties). In particular, we will focus on the components of cohomological
support loci containing 0.

So, we follow the path of the proof of Theorem 3.23, but with some significant
changes. First, we have that

Vi(Liz) =V (T ®L) for all i > 0,
and this implies locally that
guo(Lyz) 2 gvg(J @ L) + 1.

This time, however, the hypothesis of finiteness of gv(L|z) is not sufficient to ensure
that gvy(J ® L) and guvy(Lz) are finite. For now, we can assume that gvy(Lz)
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is finite, so that gvy(J ® L) is finite too. Then, using the same argument of the
original proof, which is valid also in the local case, we end up with the inequality

o > X(L) > 2 gvm@(X, wX) + 1.

From here, we have two possibile values of gvu70(wx). If its value is 0, then also
gv,(wx) = 0, and we can look back to the original proof, where we proved the
contradiction. Otherwise, gv,5(wx) = 1, which means by definition that there is
an integer k between 1 and g such that the component W of V/f (wx) containing

0 has codimension k -+ 1.

We then proceed as in the proof of Theorem 3.23, knowing that this time W}
is an actual abelian subvariety of Pic’(A), that is, there is no translation by some
torsion point. This fact is the precise reason why we have decided to work locally
in a neighbourhood of 0.

Using the same notation as in the original proof, we have that Wy = ka (wx),
which is in turn equal to f*V°(B, R* f.wy). By [Kol86a, Proposition 7.6], R* f.wx =
Op, and thus W = 0. We can now complete the proof in the same way as the
original one.

Note that here we avoided using Lemma 3.26, which is the result where the
normality hypothesis is needed.

Unfortunately, such an approach to the problem has some significant drawbacks.
In fact, throughout the above discussion, we have left two possible issues, namely
the cases when at least one between gug(J ® L) and guvy(L|z) is not finite.

Let us start with the case of having guvy(L|z) = oo, while gug(J ® L) has a
finite value. This one is still a manageable case, at least for degree d = 3.

We can assume that gvs(J ® L) > 2, otherwise we are again in the non-
exceptional setting above. From this assumption, we have that gv(J ® L) > 2, and
if we set d = x(L) = 3, we must have x(Lz) = 1. This implies that gv(Ljz) = 1,
because Lz is an M-regular sheaf. But then, by (3.9) it follows that gv(J®L) = 0,
and thus gv,(wx) = 0, which is a case covered by the original proof.

On the other hand, the case when both gvs(J ® L) and gvy(Lz) are infinite
has for the moment no solution.

In conclusion, we have presented here an idea that seems very promising but

rather incomplete. We hope that this will provide a starting point for further
developments.
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