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Abstract

The Einstein equivalence principle (EEP) is of crucial importance to test the
foundations of general relativity. When the particles involved in the test exhibit
quantum properties, it is unknown whether this principle still holds. A violation
of the EEP would have drastic consequences for physics. A more conservative
possibility is that the EEP holds in a generalised form for delocalised quantum
particles. Here we formulate such a generalised EEP by extending one of
its paradigmatic tests with clocks to quantum clocks that are in a quantum
superposition of positions and velocities. We show that the validity of such
a generalised version of the EEP is equivalent to the possibility of trans-
forming to the perspective of an arbitrary Quantum Reference Frame (QRF),
namely a reference frame associated to the quantum state of the clock. We
further show that this generalised EEP can be verified by measuring the proper
time of entangled clocks in a quantum superposition of positions in the Earth
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gravitational field. The violation of the generalised EEP corresponds to the
impossibility of defining dynamical evolution in the frame of each clock, and
results in a modification to the probabilities of measurements calculated in the
laboratory frame. Hence, it can be verified experimentally, for instance in an
atom interferometer.

Keywords: quantum reference frames, equivalence principle, entanglement,
quantum clocks, atom interferometry

1. Introduction

The Einstein equivalence principle (EEP) is one of the cornerstones of general relativity. It is
widely expected that the general-relativistic formulation of the EEP requires to be modified
when either matter or gravity is quantum. However, the status of the EEP in conjunction with
quantum theory is still debated: several proposals to extend it to the quantum regime have been
advanced, while some authors have argued that the EEP is incompatible with situations when
either matter (i.e. the particles used to test it) or gravity acquire quantum properties [1-17]. A
physical theory in which the EEP does not hold would drastically modify our understanding
of gravity, hence it is crucial to understand whether, at least in some reasonable situations in
which gravity is still classical, the EEP holds in a generalised form. For instance, this could
be the case for quantum particles in a quantum superposition in the gravitational field of the
Earth.

A classical test of the EEP is usually performed by testing three different properties of clas-
sical test particles in the gravitational field of the Earth. In particular (see [4] for an in-depth
discussion), it involves a test of (1) the Weak Equivalence Principle (WEP), the local equi-
valence between effects due to a uniform gravitational field and those due to an accelerated
frame; (2) the Local Lorentz Invariance (LLI), the independence of the outcome of the experi-
ment from the velocity of the freely-falling frame inertial to the test particle; and (3) the Local
Position Invariance (LPI), the independence of the outcome of an experiment from the position
of the test particle.

When the test particles are quantum, they can be, e.g.in a quantum superposition of posi-
tions and velocities. A straight application of the EEP to this scenario would necessarily lead
to a violation of the EEP because this would entail defining a single local reference frame
associated to a system that is in superposition of different positions or velocities, and such a
classical reference frame does not exist. However, this violation is not related to any gravita-
tional effect in the theory, but to the fact that we are enforcing properties of classical particles
on a quantum system: the classical EEP can only be applied in an arbitrarily small regions
of phase-space, while quantum objects have a fundamental indeterminacy, due to which they
cannot be arbitrarily localized. Hence, to show that a suitable extension of the EEP is still valid
when tested with delocalised quantum particles, we need to adapt each aspect of the classical
test of the EEP to the motion of quantum particles in a classical gravitational field. This ques-
tion is experimentally relevant given that the wave-packet separation in atom interferometers is
now large enough to be sensitive to the variation of the gravitational potential [18]. In addition,
quantum clocks can now discriminate differences in the gravitational redshift at the millimetre
scale [19, 20].

In this paper, we formulate a generalised version of the EEP that holds for quantum particles
in a quantum superposition state moving in the classical gravitational field of the Earth, which
we call Einstein Equivalence Principle for Quantum Reference Frames, or EEP for QRFs for
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short. Intuitively, this principle states that, when the quantum particles are in a quantum super-
position state in a classical gravitational field, each amplitude obeys the usual version of the
EEP, namely the metric is locally flat in each amplitude. This identifies a superposition of loc-
ally inertial frames which leads to a new formulation of the EEP. Note that the formulation of
this principle does not necessarily require us to consider situations in which the gravitational
field is quantum: in the laboratory frame, quantum particles evolving in a classical gravita-
tional field suffice. Our result is also compatible with an effective field theory of gravity in the
quantum regime [9, 21, 22].

Key to our generalisation is the possibility to transform to the reference frame associated
to such quantum particles, namely a Quantum Reference Frame (QRF). In particular, the most
suitable formulation for our purposes is the one developed in [23] (see also related work [13,
17, 23-54]).

We define the EEP for QRFs by generalizing each of the three aspects of the classical EEP:

(Q-WEP) The local effects of (quantum) motion in a superposition of uniform gravitational
fields are indistinguishable from those of an observer in flat spacetime that undergoes a
quantum superposition of accelerations [13].

(Q-LLI) The outcome of any local nongravitational experiment is independent of the velocity
of the freely falling quantum reference frame in which it is performed.

(Q-LPI) The outcome of any local nongravitational experiment is independent of the position
of the quantum reference frame in which it is performed.

The generalisation of the WEP that we refer to as Q-WEP is equivalent to the one in [13],
where it was shown that a situation in which a quantum particle is subject to a superposition of
uniform and constant accelerations is equivalent to the particle being in a quantum superposi-
tion of uniform and constant gravitational fields. In [17] it was instead proposed that the EEP
can be extended to quantum particles in a quantum superposition of spacetimes, i.e. a superpos-
ition state of the gravitational field such that classical gravity holds in each amplitude. The goal
of these extended formulations of the Equivalence Principle in QRFs is to show that physical
laws are not only valid for reference frames connected by standard coordinate transforma-
tions, but also for those connected by quantum superpositions of coordinate transformations,
i.e. those connecting different QRFs. So far, however, no proposal exists about how such a
principle would be tested. Here, we formulate for the first time a test of the EEP for QRFs.

In particular, we show how such EEP for QRFs can be verified in an interferometric test
involving entangled quantum clocks [55-63], in the limit of weak gravitational field of the
Earth and v < ¢, with ¢ being the speed of light. The relative phase accumulated by the clock
in the two paths of the interferometer depends on the difference in proper time measured by the
clock in each path. The formulation of QRFs of [23] allows us to define a proper time for such
clocks in superposition, and describe the dynamical evolution of the physical systems involved
in the test with respect to that proper time. A violation of the EEP for QRFs results in a modi-
fication of the proper time of the clocks associated to the particles in a quantum superposition
state. This has a quantifiable effect in the probabilities measured in the interferometric test. To
quantify the violation, we introduce a model for violation of the EEP for QRFs, generalising
the classical one.

The rest of the paper is organized as follows. Section 2 is dedicated to a brief overview
of atomic clocks in atom interferometers, where we review the well-known fact that atomic
clocks in superposition of different paths can accumulate a relative phase that depends on the
proper time difference between the paths. Hence, they can be used to measure joint effects of
quantum theory and special- and general-relativistic time dilation. In section 3 we quantify the
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Figure 1. Two atomic clocks, A and B, in an interferometer vertically placed in a gravit-
ational field V(x). The setup is made of two beam splitters, a mirror, a controllable phase
shifter ¢, and two detectors. The upper trajectory is called v+ and the lower y_.

predictions of the EEP for QRFs, introducing a model for violations of the principle, and show
that atomic clock interferometers can be used to test the principle. In section 4 we describe
the predictions of the EEP for QRFs in the perspective of one of the two superposed clock,
i.e. we cast the principle in terms of the proper time of a superposed clock, employing the
QRFs formalism. Finally, in section 5, we show that the violation of the principle leads to a ill-
defined QRF associated to a superposed clock, hence showing that if the principle is violated
there is a privileged reference frame, namely the one of the laboratory, which is inertial and
not in superposition.

2. Superposition of time dilations in atom interferometers

Atom interferometers have been used for precision tests of the classical equivalence principle
(see e.g. [16] for a review). An atom interferometer splits the trajectory of an atom into two
paths in a quantum superposition. At the end of the interferometer, the paths are recombined
and the relative phase shift contains information about the gravitational potential. However,
when only the path degree of freedom is considered, the phase difference measured in atomic
interferometers cannot be distinguished from the one originating from a suitably chosen non-
gravitational potential. This means that all gravitational effects of these setups can be simulated
or cancelled by non-gravitational ones. To overcome this problem, in [55] it was shown that
adding atomic clocks leads to a reduction of visibility in the interferometer, and that this effect
can only be explained as coming from gravitational time dilation. This is a genuine interplay
of general relativistic effects and quantum superposition: according to the principle of com-
plementarity, the accumulation of a different proper time of the clock in the two paths due to
gravity leads to an increase of distinguishability, and hence a reduction of visibility.

We consider the setup illustrated in figure 1, where two atomic clocks, A and B, enter an
interferometer in an entangled state from the perspective of the laboratory L. The interfero-
meter is placed vertically in the gravitational field V(X) of the Earth. Each clock acquires a
different proper time according to the path it takes in the interferometer [55, 64], resulting
in a relative phase before the second beam splitter. Each clock X = A, B lives on a Hilbert
space Hy = H' @ Hc,, where HY" are the external degrees of freedom corresponding to the
position or momentum of the clock, and H¢, ~ L*(R) is the internal degree of freedom of
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the clock, ticking according to its proper time. We assume an ideal clock, meaning that each
instant of time is associated to an orthogonal state. This simplification can be thought as an
idealisation of more complex and realistic models that are physically realizable (see [65] for
details).

In the laboratory frame, we define the state of the clocks A and B at the time 7, shown by
the laboratory clock as |1/(%)(7;)) 4. The Hamiltonian governing the time evolution of A and
BisHY =3, 4.5(mic® + fII(L)) (see [55] for details), where the energy shift due to the rest
mass is added for future convenience, and

A2 ~ ~AD
o) _ Pr - ; V(%) p;
H;” = — +mV +H;| 1+ — . 1
i 2 miV (X;) i < 2 e (1)

The operator multiplying the internal Hamiltonian of the clocks accounts for the first-order
correction to proper time due to the general-relativistic and special-relativistic time dilation. It
is then easy to see that, since time dilation is encoded in an operator depending on the position
or momentum of the clock, when the position or momentum of the clock are in a quantum
superposition state, its proper time also runs differently in each amplitude, i.e. it is in quantum
superposition. This situation is more general than the typical scenario in which the classical
EEP is formulated.

We now review how this setup can indeed be used to measure effects arising from a quantum
superpositions of special-relativistic and gravitational time dilations: we show that the proper
time of the clock is different in each amplitude due to velocity and gravity, and this yields a
measurable phase difference. For simplicity, we restrict to the regime in which the external
degrees of freedom can be treated in the semiclassical limit, meaning that they appear only as
fixed functions inside the Hamiltonian [55, 64]: their time evolution consists only in a phase.
Under this approximation, we can simplify the evolution of the clocks in the interferometer by
assigning them two states, e.g. {|x4)a, |x_)a }, corresponding to the upper and lower path .
respectively.

The initial state after the first beam splitter is (see figure 1)

e aleg s + e )alx-)
V2

where ¢ is a phase that can be experimentally controlled, and from now on we choose 7, =0

for simplicity. The evolution inside the interferometer is different for each trajectory v, and is

dti ™) L. .
. The state inside the interferometer,

WJSL) )AB B 1) ¢ Tind ey ()

given by the time evolution operator Uy = ¢ © Joy

after the time evolution, is
w _ 1
90 @) = 5 (Ieabeonirsdelr e,
NIRICRES DI \X—>A|X—>B|T—>CA|T—>CB) , 3)

2
where Ag; = 4 [\ di(mc* + 2L 4 V(x;)) is the line integral along the closed path formed
by the two arms of the interferometer, ie. [y (-~-)=[ ()= [, () and |ri)c =

(142
% fn,i i\ 1+ =557 | Hiy . . .
e j Tin>cf, j =A,B. This phase difference comes from the fact that
the clocks A and B tick in a quantum superposition of different proper times, due to special-
relativistic and general-relativistic time dilation.

5
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We now show that this phase difference is measurable. The interferometric measurements
are projections on the Hilbert space of the path alone (the clock is not measured)

_ Poal s £ )ale )

V2

The measurement probabilities for two identical masses my =mp=m are Py =
|(D+ |9 (11)) a5|?, and result in

1
Py =1 (1 ()P eos (286 + 20 +267)) ©

|D+)aB (C))

where A = Agy = Adp and ¢’ is defined by (74 |7 )¢, = (74 |7_ )¢, = [T 7)€"
The phase difference in equation (5) encodes the dependence on the quantum superposition
of special-relativistic and gravitational time dilations between the two interferometric paths.
Classical EEP predicts special-relativistic and general-relativistic time dilation, while here we
observe a quantum superposition thereof. We’ll show that this is a prediction of the EEP for
QRFs (see more in section 4). This suggests that when the principle is violated, the probabilities
of equation (5) change in a measurable way, and this is indeed what we show in the next section.

3. Generalisation of the EEP to quantum particles and its violation

In the previous section we showed that atomic clock interferometers with entangled clocks
are sensitive to quantum superpositions of gravitational and special-relativistic time dilation,
that are paradigmatic effects predicted by the EEP for QRFs. We now give a procedure to use
atomic clock interferometers to test the EEP for QRFs. We introduce a model for violation of
the principle and show that atomic clock interferometers can measure the violation parameters
we introduce, hence providing a test for the principle.

The standard version of the EEP has been tested with experiments that prove the validity of
each of the three aspects of the principle (WEP, LLI, LPI). For example, a paradigmatic test of
LPI is the gravitational redshift experiment (see e.g. [66]), which measures the difference in
frequency of two clocks at rest at two different heights x1,x, in a gravitational field: one clock
emits a signal, which is received by the other at a different frequency. To illustrate this exper-
iment, we assume that WEP and LLI are valid, while LPI is not. The violation of LPI implies
that in the freely falling frame that is momentarily at rest with respect to the clock, the proper
time of the clock depends on the position of the clock, for example through the gravitational
potential 7 = 7(V). We can describe this situation using some static coordinates (,x;), that
are accelerated with acceleration g with respect to the previous freely falling frame. Let us
assume for simplicity that the clocks are close, in such a way that the gradient of acceleration
is negligible, namely g = kV ¢ is constant between the clocks. The argument can be easily
generalized to include also non-uniform accelerations. The relationship between the freely
falling coordinates (#,x¢), and the static ones is a sequence of Lorentz transformations. As a
consequence, the gravitational redshift parameter is

Vi) (1 2
oA T +gxl/cz)' ©
v 7 (Vo) (14 gx2/c?)
Expanding 7(V) = 70 + g—;gTAx, we find
AV
Z:(l—i—a(x))c—z, @)
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where a(x) = — % %. We conclude that a violation of LPI implies a modification of the grav-
itational redshift factor, with a position-dependent parameter of violation «(x), which is zero if
LPI s true. In particular, this means that if LPI is true, then two clocks at two different heights
experience a time dilation factor Z = %’ , independently of the nature of the clocks: this is the
universality of the gravitational redshift and the paradigmatic consequence of LPI.

We now show that this analysis extends naturally to Q-LPI. In particular, we now generalize
the previous argument to QRFs associated to quantum clocks in a quantum superposition of
positions in the gravitational field, namely we impose that the outcome of local experiments
depend on the (quantum) position of the QRF where they are performed. If the clock is not
localized, but it is in a quantum superposition, its position must be treated as an operator.
Hence, instead of the parameter «(x), we should measure an operator «(X). This means that
there are more parameters to measure in the quantum version of the EEP: the out-of-diagonal
elements of «(X) are responsible for the quantum violation of the principle, while the diagonal
elements are responsible for the classical violation.

Similarly to the LPI violation parameter «(x), classical tests of the EEP involve the WEP
violation parameter 7)(x, p) and the LLI violation parameter 3(p). Here, we generalize them to
7(x,p) and B(p) following an analogous reasoning.

To introduce these violation operators, we modify the Hamiltonian of the systems. We fol-
low the same strategy of [11], where a model for violation of a different quantum version of
the EEP was introduced. The model in [11] uses the mass-energy equivalence to introduce
mass operators: the energy of the internal degrees of freedom, namely the clock, is accounted

for in the mass, and since it is quantised, also the mass is quantised. [11] uses three different
types of mass-operators M) = m( 1 + %) with s = g,i,r, acting on the internal degrees of
freedom of the clocks. In particular, the gravitational mass M) couples to the gravitational
field, the inertial mass M couples to the momentum, and the rest mass M) is the mass in the
rest frame of the atomic clock. The EEP, in its generalised form, is valid if all matrix elements
of these operators are the same, namely if and only if M) = M® (WEP), M) = M© (LLI),
and M©) = M) (LPD).

The test of our generalisation of the EEP to QRFs requires a more general model for viola-
tion, because, differently to [11], which regards only internal degrees of freedom, the quantum
aspects of the EEP for QRFs arise when the external degrees of freedom of the clocks are in a
quantum superposition state. Hence, we extend the model of violations of [11] by allowing an
explicit dependence of position and momentum on the mass operator. For example, the most
general violation of Q-LPI should also include an explicit position dependence on the violation
operator, as shown before. An analogous conclusion can be drawn for Q-LLI for momentum-
dependence. Therefore, we let H®) = H®) (%) = f(A, %), and H®) = H? (p) = g(B, p), namely
H®)(X) is a generic function of the position operator X and of an operator A that acts on the
internal Hilbert space only, and analogously for H) (p).

The violations of the three conditions composing the definition of the EEP are

mO1+HD (p) #m&1 + HS (%) (Q-WEP), ®)
HY #HY (p) (Q-LLI), ©)
HY £ H'9 (%) (Q-LPI), (10)

where the rest mass does not appear in the second and third condition because it is not observ-
able [11]. The conditions in equations (8)—(10) quantify the corresponding statements of the

7
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three aspects of the principle given in the introduction. The Hamiltonian of equation (1) is
modified to

P/
2m,(l)zc2

B i o)

~2
D = POy (g + B + B (%))
" 2m1(’) ¢

an
Note that the dependence on the phase-space operators does not introduce any ordering
problem.
We now define the violation operators described above as

i (%,p) =1 —m® (%) MO~ (p) (Q-WEP), (12)
B(p)=1-HD(p)HO! (Q-LLI), (13)
a(x)=1-H® (%) HO! (Q-LPI), (14)

with 7, $, and & being invertible to our order of approximation.
We now show that the interferometric setup described previously is sensitive to such viol-
ation of the EEP for QRFs, and consequently can provide a test for it.

3.1. Violation of Q-LPI

For a violation of Q-LPI, we impose the condition H® #* I:I(g)(f() in equation (10). In the

laboratory frame L, we obtain the Hamiltonian ItI](jg)I = Zj: AR (mjc2 + I:IjLPI) , with

2
V) g P
c? J 2m]2c2'

2
. p; s
Hi™' = 72;11» +mV (%) + " + 2 (x))

In the interferometric setup we have considered, the probabilities are formally the same as in
equation (5), but the factor (7 |7_) j’ ,J =A, B, is different. To the lowest order in the violation
operator &(x), discarding the commutators between ¢(x) and all the other operators, we find
Arpi(7); = (T4 |7-)] — (74[7-);, with

J V<X ) ry(r

Bun(ry == [ ar =5 ats) fri ) 15)
v

where A~ is the closed path formed by the two arms of the interferometer and X, is the position

evaluated along the (classical) trajectory of the system. Consequently, the probability explicitly

depends on the matrix elements of the violation operator, which means that the experiment is

sensitive to violations of Q-LPIL.

3.2. Violation of Q-LLI

For a violation of Q-LLI, we impose the condition H" # HO (p) in equation (9). With ana-
logous notation to the case of Q-LPI, we obtain

. 2
1 1Y o
Buatry =, [ dr DB (p) s O ) (16)
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Thus, the experiment is sensitive to violations of LLI.

3.3. Violation of Q-WEP
The violation of Q-WEP is encoded in the operator 7(%,p) = 1 — M®) (x) MO~ (p), where

M® (%) = m® + (1 —a(x))H" and MO (p) = m® + (1 — 5(p))H"). Moreover, the stand-
m®
0

ard WEP violationisn =1 —

.Hence n(x,p) is afunctionn =7 (a(f{),ﬁ(ﬁ),n,m(i),ﬂ(’)),

Provided that the inertial mass m() and the rest Hamiltonian A" are known, 7 is fully determ-
ined by «(x), S(p) and the classical parameter 7. Since we already showed that the Mach—
Zehnder interferometer is sensitive to the coefficients of «(x) and 3(p), it only remains to
prove its sensitivity to 7, namely that it can provide a classical standard WEP test.

Therefore, by imposing the condition for the mass of particle j =A,B m;g) #* m}l) and
by neglecting the rest-mass term, we find that the Hamiltonian in the laboratory frame in

equation (1) is modified to {5, = $° i—apH'EF, where
e _ B (2) 2 V(x)) P/
Y = S m V) (14 =5 - ) (17)
m; 2m; "¢

The measurement probabilities are the same of equation (5), where

1

2
i P;
Ad = ﬁ/A & l(l —n)m V(%) +
Y

| (18)
2,

Thus, the setup can provide a test for WEP. We have thus shown that the atomic clock inter-
ferometer can test all of the three aspects of the EEP for QRFs.

4. The EEP for QRFs in the perspective of a quantum particle

We now use our interferometric setup to illustrate the three aspects of the EEP for QRFs,
presented in section 3, and show what the predictions of the principle for the proper time of a
superposed clock are. As explained in the previous sections, the laboratory clock and the clocks
in the interferometer are in a quantum relation relative to each other. These are not related via
a standard reference frame transformation, but via a QRF transformation. In particular, we
need to transform all the spacetime coordinates (in our case, we are in 1 + 1D), and write the
Schrodinger equation in the two frames in the proper time of the two clocks. To achieve this
goal, the most suitable formulation is the one introduced in [23], which we briefly sketch here
and comprehensively review in appendix A.

The SQRFs formalism is a generalisation of the QRFs formalism [13] that additionally
treats space and time on an equal footing and gives a timeless and fully relational description
of a set of physical systems from the point of view of one of them. It adopts elements of
Covariant Quantum Mechanics [67] and the Page—Wootters mechanism [68, 69]. Moreover, it
accounts for both external and internal degrees of freedom of quantum systems, that are both
employed in building the SQRF description.

The SQRFs formalism is a timeless formulation of a set of quantum systems, where the
dynamical evolution of the systems is encoded in a set of constraints and emerges through a
procedure which fixes the redundancies induced by the constraints. Such a procedure has the
physical interpretation of a reduction to the QRF of one of the quantum systems considered.
Each system has an external Hilbert space, corresponding to the position or momentum of the

9
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centre of mass of the system, and an internal Hilbert space, corresponding to a clock. Both
external and internal degrees of freedom are used to identify the QRF: the external ones are
used to fix the transformation to the QRF, and the internal ones identify the proper time in the
QRF of each system. The formalism is completely relational, meaning that there is no external
spacetime structure beside the relations between the particles, as an effect of imposing the
constraints.

The physwal state of the atomic clocks and the laboratory satisfies the constraint C| U)pn =
0, where C is a linear combination of different constraints, namely the dispersion relation C
for each particle I, the conservation of total energy #° and the conservation of total momentum
# (details in appendix A).

The perspective of a particle is obtained by applying a unitary operator 7; to the physical
state, to transform the coordinates to the relative coordinates with respect to particle i, and set
the metric to be flat at the position of the particle. Finally, the resulting state is projected on a
state to fix the origin of the reference frame to be in the position of the particle. For example,
for the laboratory:

1)) = (qr = 07| ¥)pn, (19)

where the specific form of 7. is given in appendix A. Through a lengthy but straightforward
calculation, one finds

)™ OC/dTLWJ(L) ()e)e (20)

where [0 (1)) a5 = e wH T |1/)(()L)>AB, |1/J(()L)> Ap is the initial state of the systems in the full
Hilbert space.

This state is a so-called ‘history state’, usually found in timeless approaches to quantum
theory. Given a quantum system at time 7, its quantum state can be described as | (1)).
When the clock is a quantum degree of freedom, we can write all possible states of the system
at different times as being correlated, obtaining the ‘history state’ in equation (20).

The usual state at an arbitrary time ¢ in the perspective of the laboratory can be retrieved
with a projection on the state of the clock, namely |1 (1))a5 = ¢, (f]0)® = e~ #H# 1|y {E)Y 4,
where H" is the Hamiltonian in equation (1). Hence the predictions of the SQRF formalism
coincide with standard quantum mechanics in the perspective of the laboratory.

If also the perspective of the clocks in the interferometer is valid to describe the evolution
of external systems to them, an analogous ‘history state’ to equation (20) should describe the
dynamical evolution in the perspective of one of the clocks, say clock A. The SQRF formu-
lation provides a method to achieve this transformation, which cannot be obtained with other
formulations of QRFs. The ‘history state’ of B and L after the QRF transformation from L to
A (see again appendix A for details) is

O ~ [ anls® Gmime, ey

where [1p™) (14)) g = e~ #H Y |w(()A) g1 and the notation is completely analogous to the one
in equation (20). The Hamiltonian (see appendix A for details) is

HA — Z T+ Z (mjc2 + ﬁ) +mpV’ (d,G;) +
j=BL  J=ABL

—mV(a,) + AV + AV H, (22)

10
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. k> N ) k)2
where we have defined T; = zk—’;, for j =B,L and T} = (Z’;+k’)mj for J=A,B,L, and
j my

in addition V' (@,d,) = V(@5 — @) — V(@) A" = (1+ V0 4 I T ) AR

myc? mpc?

17 V((]L) + T/( i‘L

2

mac? mpc

‘2) . This Hamiltonian is consistent with the one obtained in the literat-

ure of QRFs, and reduces to the standard Hamiltonian of quantum particles interacting via a
potential in an appropriate classical limit of the QRFs (see [23] for details).

This Hamiltonian encodes the three aspects of the EEP for QRFs: it shows the evolution of
the clock B with respect to the proper time of the clock A, when they are in quantum super-
position with respect to each other. For simplicity in the following we only illustrate the con-
sequence of Q-LPI, neglecting special-relativistic time dilation, i.e. assuming that in the two
paths of the interferometer the velocity is the same, or the difference is so small it can be

neglected.
The quantum state in the laboratory frame in equation (3) is transformed to the perspective
of A as [ (74)) g = = (| W (Ta, x4, x4 ) )Be + [V (7a,%—,x_))BL) |Ta) C;» Where the explicit

V2
expression of |U(74,x4,x+))p. is given in appendix A.1. This shows that, even if the reading

of time of C4 and Cg was unsharp in the laboratory frame, due to the quantum superposition, in
the perspective of one of the clocks the time reading of the other clock is well-defined and there
is no time dilation. This is an extension of the universality of gravitational redshift to quantum
superpositions, which is a consequence of Q-LPI, analogously to the classical universality of
gravitational redshift being a consequence of LPI, as detailed in section 3.

Similarly, if we had started from an initial state of the form

S ) ap = |x+>A|x_>B\%x_>A|x+>B |Tin) 4 | Tin) s> (23)

where in each amplitude the two clocks were at different heights, we would have found the
state in the perspective of the clock A to be (see appendix A.1 for details):

W}(A) (7a))BL = L (1@ (Ta, x5, x_))BL|Ta + AT,

V2
+| U (7a,x—,x+))BL|Ta — AT) ) 24)
where AT = V(XLZV(X’)TA.
We conclude that if two clocks are in spatial superposition, in each amplitude there is a
time dilation of the second clock according to the first one, if in that amplitude the clocks
are not at the same height. Moreover, the dilation factor of each amplitude coincides with
the classical dilation factor % = %ZV. This is a genuine prediction of Q-LPI, analogously
to the classical time dilation factor predicted by classical LPI. When the clocks are not in
superposition, this form of quantum universality of gravitational time dilation reduces to the
classical one, as exemplified in appendix A.1. A similar procedure leads to the generalization
of special relativistic time dilation to quantum superpositions.

5. Violation of the EEP for QRFs in the perspective of a quantum particle

In the previous section we showed what the predictions of the EEP for QRFs are in the per-
spective of a clock in a superposed state. We now show that the violation of the EEP for QRFs
introduced in section 3 would lead to the dependence of the proper time of the clock on its
position or momentum operator, thus generalising the classical violation. Detecting such a
violation experimentally would imply that the EEP cannot be extended to QRFs, at least in

1
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the proposed form, and hence challenge the equivalence between all QRFs, highlighting the
existence of a preferred QRF, coinciding in this case with the laboratory frame.

To obtain the modified Hamiltonian encoding the violations of the EEP for QRFs, we
modify the total energy constraint of the SQRF formalism (see appendix A for a detailed
description), which contains the dependence on the internal Hamiltonians. If the EEP for QRFs
is violated, the total energy constraintf0 of equation (A8) is modified to

70 ~0 S s I:Il(g)
f :ZP1+< gOO(XI*XL)*l)i
I=A,B ¢
5 SO
o g
+ nglcz_l =L . 25)
1

We assume that, even in the presence of a violation, it is always possible to take the perspective
of the laboratory, in which the dynamics follows a standard Hamiltonian evolution. Without
this assumption, it would be impossible to even devise a test of the generalised EEP. In addition,
the validity of the laboratory perspective naturally follows from the construction in appendix A.

If any aspect of the EEP for QRFs (Q-LPI, Q-LLI, Q-WEP) is violated, as in equations (8)—
(10), it is impossible to find a ‘history state’ in the perspective of A or B. We illustrate this fact
for Q-LPI, but the reasoning is the same for Q-LLI and Q-WEP. The explicit calculations for
all cases are detailed in appendix B.

Specifically, let us assume that I:I;r) # I:I](g) (x;) but I:Ij@ = I:IJ(’) (p;) forj =A,B. When we
reduce to the perspective of one of the systems, say A, we find a quantum state of the form

‘¢>(A) N/dTAquth‘X(TA7qL7tA)>BL|g0(TA7qLatA)>CA’ (26)

where the relevant aspect of the expression is that the quantum state of the clock whose proper
time is used to describe the dynamical evolution explicitly depends on the coordinate q,
through the function ¢. The explicit form of x (74,q,,21) and ¢ (74,q;,%4) is not relevant
to our argument, and is reported in appendix B. The crucial point in our discussion is that the
dependence on the position q; and on the time #4 in the previous expression is the quantum
generalisation of the violation of UGR that we reviewed in section 3. This result means that,
in the QRF of system A, the clock behaves differently according to where it is placed in the
gravitational field. This is not compatible with Q-LPI, and hence shows that the EEP for QRFs
is violated.

We have seen that the violation of the EEP for QRFs prevents a description from the point
of view of the clocks in superposition, since their QRF is not well-defined. Nevertheless, since
the laboratory is localized, we can still give predictions from the point of view of the laboratory,
and we have shown in section 3 that these predictions depend on the violation parameters: this
means that the experiment described can be used to test the principle.

6. Conclusion

In conclusion, we showed that the usual definition of the EEP is not sufficient for quantum test
particles in a quantum superposition of positions and velocities. We proposed to generalise
the three aspects that are tested in a classical test of the EEP, the weak equivalence principle,
the local position invariance, and the local Lorentz invariance, to account for particles being
in a quantum state. We then formulated a model to test the violation of such generalized EEP,

12
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and showed that an interferometric setup can be used to test this principle. In addition, we
showed that violations of the EEP for QRFs breaks the equivalence between the laboratory
perspective and the perspective of the QRF associated to the clock in the interferometer, and
that this entails the impossibility of describing the dynamical evolution of the physical systems
external to the QRF from the point of view of one of the quantum particles in the interfero-
meter. This implies the existence of a preferred reference frame, the laboratory frame, that is
classical. Hence, confirming the EEP for QRFs is also a necessary condition for the validity of
the QRF perspective. On the other hand, the verification of the validity of the QRF perspective
introduces a new ‘quantum relativity principle’, supporting the idea that the gravitational field
acquires quantum properties [45].

Note that the validity of this principle can be verified by measuring outcome probabilities,
and hence does not rely on any specific interpretation of quantum mechanics, as long as it
gives the same experimental predictions as ordinary quantum mechanics.

A verification of this generalised principle would show that quantum theory and general
relativity are more compatible than what is currently believed. This result could then be used
as a guiding principle to gain a deeper insight into the interface between the two theories in
more complex scenarios.
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Appendix A. Spacetime quantum reference frames

In this section we review the Spacetime Quantum Reference Frames (SQRFs) formalism, intro-
duced in [23]. This formalism allows us to describe the reference frame associated to quantum
particles that evolve in a gravitational field generated by another quantum particle, in the limit
of weak gravitational fields and slow velocities. We will use this tool to highlight how the EEP
for QRFs can be cast in terms of proper times of quantum clocks.

The SQRFs formalism is a generalisation of the QRFs formalism [13] that additionally
treats space and time on an equal footing and gives a timeless and fully relational description
of a set of physical systems from the point of view of one of them. It adopts elements of
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Figure 2. A system of N non-interacting quantum particles in the gravitational field
generated by a mass L. Each particle has both external and internal degrees of freedom,
the latter acting as clocks. Therefore, the particles can be in a superposition of different
positions, each associated to a different gravitational time dilation.

Covariant Quantum Mechanics [67] and the Page—Wootters mechanism [68, 69]. Moreover, it
accounts for both external and internal degrees of freedom of quantum systems, that are both
employed in building the SQRF description.

The SQRFs formalism is a timeless description of quantum systems, where their dynamical
evolution is encoded in a set of constraints and emerges through a procedure that eliminates
redundancies induced by these constraints. This procedure has the physical interpretation of
reducing to the QRF of one of the quantum systems considered. Each system is described
with an external Hilbert space, corresponding to its position or momentum, and an internal
Hilbert space, corresponding to a clock. Both degrees of freedom are employed to identify the
QREF associated to each system: the external ones fix the transformation to the QRF, while the
internal ones determine the proper time in the QRF of each system. Moreover, the formalism
is entirely relational: there is no external spacetime structure other than the relations between
the particles.

Concretely, we consider a system of N non-interacting quantum particles of mass my,
I=1,...,N in the weak gravitational field generated by a particle L of mass m,, as depic-
ted in figure 2. Each particle lives on a Hilbert space H; = Hy*™' ® H¢,,J = 1,...,N, L where
H ;™ ~ L*(R?) corresponds to the position or momentum of the system in (1 + 1)D (one time
coordinate and one space coordinate), and Hc, ~ L?(R) to the internal state of the clock, tick-
ing according to its proper time. The physical state of the N-particle system and the source
mass L satisfies the constraint

Cl¥)pn =0, (A1)

where Cis a linear combination of first-class constraints [70], namely constraints that commute
with each other. Specifically,

L
C=% NiCstz,f*, (A2)
J=1
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where the spacetime labels p = 0,1 refer to a (1 + 1)-dimensional spacetime. In the follow-
ing, the spatial component is written in boldface, while the 2-vector is in plain text, e.g. x* =
{x% x}. The constraints describe both the dynamics of the particles and the global symmetries
of the model, namely spacetime global translations: the symmetry constraintsf‘ enforce that
total momentum and total energy are null, i.e. that the model is globally translational-invariant
in space and time. This condition corresponds to having a model where the dynamics is rela-
tional [71-73]. The constraints C 'y enforce the general-relativistic dispersion relation of each
particle.

We consider a physical scenario where the gravitational field sourced by the mass L is weak,
hence it can be described in the weak-field limit in terms of the metric

V(ix—x
goo =1 +2¥, (A3)
¢
go1 =810 =0, (A4)
811 = -1, (A5)

which reproduces the effect of Newtonian gravity, but also allows for general-relativistic
effects such as time dilation. The constraints in this regime are

Cr=1/8% (X — X)pf) — wh, (A6)
R P>
CL=pg—mpc— =", (AT)
2myc
N H, H,
; A PNy & . L
FO=D 0 |PhH AR —%uB) | 06+ (A8)
=1
N
F'= b+ (A9)
=1
The operators &}’ and p!, satisfy [x}',p]] = ihd¥, for I=1,...,N, where %! is the coordinate
time operator. H; is the internal Hamiltonian for each particle, associated to the internal evol-
ution of the clock. Moreover, d){, =myc 4y where 4y =4/ 1+ ml;icz. Here A(X; — Xg,p,), with
I=1,...,Nis the worldline operator of a quantum relativistic particle in a weak gravitational

field, and is responsible for the time dilation of the quantum clock, as explained in detail in [23],
and it reads A(X; — Xz, P;) = v/goo(Xr —X1) 4, ! All calculations are performed keeping only

the leading terms in O (%), O (£ ), and discarding factors O (,’,;:1)

mc

In addition to the original formulation given in [23], we here additionally consider the
dynamics of the mass L that generates the gravitational field, through the dynamical constraint
Cy. Since particle L is the only source of the gravitational field, its dynamical evolution is free
and in Minkowski spacetime. Equivalently, this can be seen as a choice of local coordinates
for all systems involved in the description, which we assume localised in a region of space (in
our specific setup, in the laboratory in which the experiment is performed).

In our setting, L represents the Earth, that is responsible for sourcing the gravitational field.
We further consider a laboratory, whose position is constrained to the Earth: no relative motion
exists of the laboratory relative to the Earth, hence we treat the two as a single quantum system.
For this reasons, we refer to the reference frame of L as the laboratory frame. The introduction
of the dynamics for the mass L is useful to give a description of the system from the point
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of view of the laboratory, and to see what a specific state in the perspective of the laboratory
looks like in the perspective of another particle.

We consider the mass my, to be the mass of the Earth, meaning that my > my, with J =
1,...,N. As a consequence, we will find that the frame of L is inertial in the Newtonian sense,
reproducing the results of the dynamics of a quantum clock in a gravitational field, described
by an inertial frame, as in [55].

The physical state can be obtained from equation (A1) to be

T o</dN+Wd2z e " NG gl | gy (A10)
where |¢) can be written as
|¢> = /HI [d‘LL (XI) dEI} dzdeELd)(xla s 7xLaE17' i aEL) ‘xla' . 7xL>‘E17' .- ,EL>7 (All)

and dp(x;) = \/goo(X; — X )d%x; is the covariant integration measure.

The perspective of a particle is obtained by applying a unitary operator 7; to the physical
state, to transform the coordinates to the relative coordinates with respect to particle i, and set
the metric to be flat at the position of the particle. Finally, the resulting state is projected on a
state to fix the origin of the reference frame to be in the position of the particle. For example,
for particle 1:

)M = (g1 = O[Ti|¥)pn, (A12)
where 7] is
T o b IV St () 3 () ARG 2) (A13)

Through a lengthy but straightforward calculation, detailed in [23], one can show that the
state in the perspective of particle 1 is equal to a ‘history state’ [23, 31, 69]: an entangled
state associating to each time state |7, )¢, of the internal clock of the particle a state [¢)(!) (1))
describing all the other particles at time 7; as

[y “/dﬂ\w“)(n>>|n>, (Al4)

where [¢)(D (1)) = e~ #H [0) 1), [09) () being the initial state of the system of N particles,
and H") the Hamiltonian in this frame. The specific form of the initial state in terms of the
kinematical space is not physically relevant—interested readers can find the details in [23].
The Hamiltonian is

~2
N . N s . Kk N
HY =45~ <Z 260 (4-9,) (o +4, ' Hi) + cosir + /2% (q,) (mLc2+2n§L+HL>>
i

LR (k) o
- 2 5 \&=i=27) D (VG —a) - Via)) ;
;m,c +,2:;2mf+,:1 2 mﬂrZ;m V(@ —a,) — V(@) —m.V(a,)

~\2
X Q4 —4,) - V(@ (Z-L: kj) .
3 14 V@i-4)-V(Q) | \=i= k gy
i=2

c? 2m3c? 2m2c?

A\ 2
1— V(a,) (sz:Zk,> lA(IZA ;. (A15)

2 2mic? 2m3c?
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il & (E)1

(a) Perspective of L. (b) Perspective of 1.

Figure 3. Representation of an example of change of SQRF. In figure 3(a), particle 1
is seen in a superposition of states and in a curved spacetime from the point of view of
particle L, namely the laboratory. In figure 3(b) it is L to be in a superposition and in a
curved spacetime, when it is seen in the SQRF of particle 1.

Analogously, we can find the state associated to the laboratory, with the transformation oper-
ator

71 = erell'=bu) i 50751 (A16)

The result is

1)) = (g = 0| TL| ) pn
— / drpe™ 71O {0y 7)), (A17)

where the Hamiltonian from the perspective of L is

N2
A = mc* + @ + éA ((Al[,f(l) (@111( +1:11)
N

L kO V@) k
2 'l ~ I i -
=~ — \% 1 — H;. AlS8

The Hamiltonian of equation (A18) is the standard Newtonian Hamiltonian for free particles
with the gravitational time dilation of the clocks due to their relative distance to the Earth and
the special relativistic time dilation, coinciding with the Hamiltonian used in [55, 64, 74, 75].
Therefore, the introduction of the constraint of equation (A7) provides a consistent way to
describe the reference frame of the laboratory.

The formalism also allows to change between perspectives, say from the perspective of the
laboratory to the perspective of a particle. This can be achieved via the invertible transforma-
tion

)V = (g1 = 01T 7, 14) P |p. = 0). (A19)

A pictorial representation of this change of perspective is given in figure 3. Note that the
SQREF transformation to the perspective of a particle serve as an operational definition of its
QLIF, since in that frame the metric is locally flat at the origin of the coordinates.
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A.1. Quantum extension of LPI

In this section we report in further detail the calculations regarding the Quantum extension of
LPI of section 4. We employ the SQRFs framework described in appendix A, using the exten-
ded constraints to include the laboratory as well. We focus on the Newtonian limit, namely we
discard the special relativistic effects, including special relativistic time dilation, since we are
only interested in gravitational time dilation.

We illustrate the simple case of a state in the perspective of the laboratory that is localised
in position basis, namely

W(SL)MB = |x1)a|%2)B|Tin = 0) ¢, |Tin = 0) .- (A20)

This situation corresponds to having two quantum systems at two different heights x; », and
to initialising the internal time of both of them is set to 73, = 0. The particles are not in a
superposition, so we do not expect to see any quantum effects. An arbitrary quantum state,
however, can be obtained by linear combination of this simple state.

The state in the perspective of particle A can be obtained with the reference frame trans-
formation defined in equation (A19), namely

P _ip®.,, B
YD = 4 (ga = O3 7, / dre WO e L = 0), (A2D)

where ’7} and ’fL are defined in equations (A13) and (A16) respectively, and the Hamiltonian
H® is defined in equation (A18).

The calculations can be performed by letting the operator 7}71T act on the Hamiltonian,
and expanding both (g4 = 0| and |p, = 0) with a Fourier series. Then, we calculate the action
of 7AZ\7A’LT on the states explicitly. The result is that the state in the perspective of particle A at

time #4 1S
Vix) -V
[ (ta)) ) = |9 (t4,31,32) Ve (1+(X2)2<X')) tA> , (A22)
Cp

C

where ‘ (1 + W) tA> is the clock of the second particle B, while its external state is
Cp
contained in | U (#4,x1,X2))BL, along with the complete state of the laboratory:

2 g _ Vls) o
s = (1 Y00 )02

C

X \\/ goo (X1) (x(z) —X(l)> ;X2 —XI>B|—\/ 800 (Xl)x(l),—X1>L

(1=,

where

2
|, (Se)’

I:Iéxt = Z m]C2 + mAV(i(L) + mBV(f(B — ﬁL) + Z ﬁ ZmA
J

J=A,B,L j=B.L

(A24)

The result of equation (A22) is the usual expression of the gravitational redshift: given
two clocks localised at two different heights, the proper time measured by a clock is dilated
according to the other clock by a factor v’ = (l + %’ ) v, where v, v’ are the frequencies
of the first and second clock respectively. This result is employed in the main text to study
Q-LPI when the clocks are entangled and follow the same path (figure 4(a)). Here we give
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Figure 4. On the left, representation of two atomic clocks in a superposition in a gravit-
ational field, where in each branch of the superposition they are at the same height. On
the right, representation of two atomic clocks in a superposition in a gravitational field,
where in each branch of the superposition they are at different heights. The first branch
of the superposition is represented with solid lines, the second branch with dashed lines.

another example, namely the case in which in the laboratory frame the atoms are initially in
the entangled state, represented in figure 4(b),

W(SL)MB _ |x+>A|x_>B\-/&-§x—>A|x+>B T [T) o (A25)

where in each branch they are at different heights. The state in the perspective of particle A
can be calculated analogously to the previous case. We obtain a ‘history state’ where now the
clock on particle B is time-dilated from the perspective of A, i.e.

1
[ (74))pL = 7 (W (Ta,x4,%-))BLITA + AT) ey + [V (T4, X, x4 ))BLITA — AT)c,) (A26)

where At = %TA.

These results show that in the QRF of the clocks there is a superposition of gravitational
time-dilations, which is due to the relative delocalisation of the clocks. Moreover, when the
wavefunctions of the particles A and B have non-negligible uncertainties in position basis in
each path, we find that, from the perspective of A, an additional effect of the spread of the
wave function in each branch of the interferometer results in a redshift factor for each possible
position of particle B as seen from A. Therefore, the time of particle B is dilated according
to particle A, however the effect due to such a delocalisation is much smaller than that across
different branches.

A similar procedure can be performed to generalise LLI to Q-LLI. Note that the transforma-
tion to the QLIF of A does not map the momenta in the laboratory frame to the relative momenta
with respect to A, due to the canonicity of the transformation. Hence, the functional relation
between the relative velocities, defined as the time derivative of the position of B in the QRF
of A, and the momentum operator that is canonically conjugated to the position operator does
not have a straightforward physical interpretation. However, the time of B is not time-dilated
as seen from A, and this holds true also for quantum superpositions of such states. Hence, we
call this a generalization of LLI, namely Q-LLI.
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Appendix B. Calculations for the model for violations

In this appendix we give details on the calculations of the results presented in section 5, show-
ing what the violation of the EEP for QRFs entails in the perspective of one of the clocks.
The principle is formulated through the equations (8)—(10)

mO1 + HO (p) £ m®1 + HE (%) (Q-WEP), (B1)
H £ HO (p) (Q-LLI), (B2)
HO £ H® (%) (Q-LPI), (B3)

where i stands for ‘inertial’, g for ‘gravitational’, and r for ‘rest’. It is easy to understand why
this model can test a violation of the EEP for QRF by remembering that its formulation relies
on a QRF transformation to a QLIF. In such a QLIF, the metric is locally Minkowskian and, in
turn, the behaviour of the clocks is independent of its position or velocity; hence, a violation
of the EEP for QRFs implies a negation of this condition. We show in the following that this
is achieved by imposing the previous equations, leading to a dependence of the time shown
by the clock on the position or momentum operators. Clearly, different ways of violating the
principle are possible, but because we are testing the violations employing the behaviour of
quantum clocks, this is the most natural condition to impose.

Here, we investigate for the first time the effects of the violation not only in the perspective
of the laboratory, but also in the QLIF of each particle. The result is that the violation of any
condition is sufficient to break the SQRFs formalism, namely it prevents us to transform to the
QLIF of a particle. Hence, the violations break the conditions for the validity of a description
from a generic QLIF. Notice that it is necessary, in order to perform the test, that the perspective
of the laboratory can be always described. In our model this is always true, as a consequence
of imposing a Newtonian dynamical constraint for the laboratory, so we do not need to impose
this condition separately. Intuitively, this happens because imposing a Newtonian constraint
corresponds, as commented in appendix A, to choosing a set of coordinates in which the metric
is locally Minkowskian at the location of the laboratory. As a consequence, we cannot describe
the frame of each particle as a QLIF, but we can do it for the laboratory: the laboratory identifies
a preferred reference frame.

To keep the technical calculations simple, we investigate the violation of each condition
(equations (8)—(10)) separately, choosing the appropriate set of constraints according to what
aspect we are studying. However, this has no influence on the conceptual bearing of our results.

B.1. Violation of Q-LPI

In this section we study the violation of LPI, formalised in equation (B3). Since the condition
involves only the gravitational Hamiltonian A(®) (x) and the rest Hamiltonian H("), without any
dependence on the inertial Hamiltonian, Q-LPI does not depend on special relativistic effects.
Thus, we study the violation of Q-LPI in the Newtonian limit of the SQRFs formalism, where
the gravitational field is weak, and special relativistic effects are discarded. Hence we employ
the slow-speed limit of the constraints of equations (A6)—(A9).

To introduce the violation of Q-LPI, we modify the constraints distinguishing the gravita-
tional Hamiltonian from the rest Hamiltonian for each particle, namely

HY (%,-%,)#£H", I=AB. (B4)
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The separation between I:I,(g) (%, —%,) and f],(r) is such that the gravitational Hamiltonian is
coupled to the gravitational field, while the rest Hamiltonian is not. This results in a modific-

ation of the f° constraint, namely

LB

I=A,B

£7(r) e o o
H ~ - H —
) 1 (Xr—Xr) n +p0 (B5)

ﬁ?+%+< goo (X —x7) — 1

indeed an expansion of the constraints for a weak gravitational field shows that IA{Eg) (X, —Xz)
is always coupled to the gravitational potential.

Note that it is not necessary to separate the Hamiltonians for the mass L, because the only
Hamiltonian for L that appears in the constraints is the rest Hamiltonian, since the metric at
the location of L is flat.

The state in the perspective of particle A can be obtained via the usual prescription in
equation (19), where the Ta operator is defined as in equation (A13), but FOis replaced by
the new constraint defined in equation (B5).

This results in a quantum state from the perspective of particle A corresponding to

[) @ = / dradadise™ 7 GE (qp,14)) 52

i V(ll ) _ 7(8) V
Xe T CzL (ma—ta)H;” (q;) Ty — (TA _ tA) (qL)> , (B6)
Ca

where the relationship between |%A) (q;,%4))pr and the standard initial state |1/)[()A)>BL is

™) g = / dtaday [0 (ap4)) 5, (B7)

and the Hamiltonian is

5 mery 2, ()

J=AB,L Jj=B,L 2mf 2my
+mp(V(qp —q) — V(q)) —mLV(qy)
V(gz —q I ~ ~ V(q (7 V(q P (r
+ 7(%62 WHo @, —a,) + (1 - (CgL)) HY + (1 - (CgL)) . (B8)

Differently to the standard state in the perspective of particle A of equation (19), the state in
equation (B6) is not a history state, since it cannot be written in the form of equation (19): this is
the consequence of introducing a violation of Q-LPI. Therefore, it is not possible to identify the
time measured by the first particle as its internal time, and consequently the SQRFs formalism
does not hold anymore. In other words, the violation of Q-LPI implies that it is not possible to
describe the system from the QLIF of particle A, and that Q-LPI is a necessary condition for
the existence of a QLIF in the first place.

Note that it is still possible to obtain the history state in the perspective of the laboratory,
because the Hamiltonian of the mass L is not modified by the violation of Q-LPI, since in the

original constraints the metric for L is flat, and thus in the modified constraint of equation (B5)

)

the gravitational Hamiltonian Hég for the mass L does not appear.
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The state in the perspective of the laboratory is

_ifg
) = [ e H g lmdc, (B9)
which is still a history state. The modified Hamiltonian is
y)
7 k ~ P (r V((i) I S
'O — 2 1 v H( ) 1) f(8) ' B10
J:% Lmjc +1§3 2my FmiV @)+ H 1 (@) ®10)

The fact that we are still able to give a description of the system in the perspective of the
laboratory is not surprising, since the laboratory is a classical inertial frame in the Newtonian
sense. This shows that the laboratory frame is a preferred frame, when Q-LPI is violated.

In the next sections we show that this holds true not only for violations of Q-LPI, but also
for the entire EEP for QRFs. This allows us to predict the dynamics in the perspective of the
laboratory, and in particular in the main text we calculate the probabilities of an interferomet-
ric experiment, using the most general Hamiltonian where also special relativistic effects are
considered, namely without performing the slow-speed limit.

B.2. Violation of Q-LLI

A test for Q-LLI does not involve gravitation, but only special relativity, since the Q-LLI
violation condition in equation (B2) regards the inertial and rest mass, but not the gravitational
mass. Therefore, we study the violation of Q-LLI in the special relativistic limit of the SQRFs
formalism, obtained from the constraints of equations (A6)—(A9) when gravity is neglected.

The constraints should be modified to account for the violation of Q-LLI, by distinguishing
the inertial Hamiltonian from the rest Hamiltonian for each particle, namely

a0 @) "7, I1=AB. (B11)

The separation is made in such a way that the inertial Hamiltonian is coupled to the momentum,
while the rest Hamiltonian is not. The modified constraint is then

ey

I=A,B

e

+hL+ =5 (B12)

SONCS )
~0 (AI_] _ 1) H[ (pl) %

pr+ 7 +
c

a2
where 4y = (/1 + -5 and @f = myc 4;.
mjc P

In order to obtain the state in the perspective of particle A, we employ the definition in
equation (19), where the 74 operator is

(") HONA i)
i 0[50, 0, H . i H
IXﬁ (Pg "Pg L(‘ Z[:A,B('Yl : 1) ! c(pl) lz )

Ta :e%ﬁA(i’B'*‘ﬁL)eﬁ (B13)
Thus we find
Y C O
) = / dradkpdkdrae™ 77T (K ke, 14)) by
% ef%(lffy"zk)(mfm)ﬁp(Zk) |ta +7§:k (Ta —t4))Cys (B14)

(ZI:B,LRI'>Z

2.2
mAc

where ’?AZk =\/1+ , and we define for future convenience wAZk = myc ’yAZk.
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The relationship between the state |’(/~Jo(k3,kL,l‘A)>l(;2) and the standard initial state

o)y is

o)) = | ko (1) B15)
and the Hamiltonian is
. 71 (1 . .
) P2 oY (ks) g g
B4 — 4 ~B 2 L ~A =1 -5 4+ ZL | (Bl6
st [ e me o I n o T BT

The state in equation (B14) is not a history state, as a consequence of the violation of Q-LLI.
Thus, if Q-LLI is violated, it is not possible to describe the system from the point of view of
particle A, and the SQRFs formalism does not work anymore: a violation of Q-LLI prevents
the existence of a QLIF for particle A.

Notice that, in the presence of a violation, it is still possible to describe the laboratory,
namely we still find a history state in the laboratory perspective, even if the QLIFs of the other
particles do not exist anymore. The resulting Hamiltonian is

A | 2 (k) g0
HI(L) = Z m1C2+ Z C(Z)]l( +(’3’i71—1)f+? . (B17)

I=A,B,L i=A,B

B.3. Violation of Q-WEP

The violation condition of Q-WEP in equation (B 1) regards the inertial and gravitational mass,
namely the parameters m(®) and m(®), as well as the operators H®) (%), H® (p). Therefore, Q-
WEP should be tested in the most general regime of the SQRFs formalism, where both general
relativistic and special relativistic effects are significant.

Nevertheless, the three aspects of the model for violations of the EEP are not independent.
In fact, it is easy to show that the conditions in equations (B1)—(B3) imply e.g. that if Q-LPI is
valid and m®) = m(), then validity of Q-WEP coincides with validity of Q-LLI. Vice versa, if
Q-LLI is valid and m®) = m® then Q-WEP coincides with Q-LLI. Therefore, we can reduce
the test of Q-WEP to a test of Q-LLI and Q-LPI, that we already studied, and a test for the
standard classical WEP, namely m® = m),

Let us assume that Q-LLI is valid. Then, we can introduce a violation of Q-WEP in the
SQRFs formalism with the conditions

m® #£m?, I=A,B, (B18)
H (%,— %) £ H. (B19)

We already showed in appendix B.1 that the second condition prevents the SQRFs formalism to
work. Therefore, a violation of WEP with this model implies that it is not possible to perform a

transformation to the QLIF of a particle. Note that the standard classical WEP, namely ml(g) =

mg'), 1= A, B, does not play a role in the SQRFs mechanism.

This is not the most general violation of WEP possible, since we assumed Q-LLI to be
valid. Nevertheless, even this weaker violation is sufficient to break the formalism, so the
same argument holds for the general case of a stronger violation where Q-LLI is not assumed.
Indeed, we can repeat the argument by assuming Q-LPI but not Q-LLI, obtaining the same

result.
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In conclusion, we have showed that if any of the three aspects of the EEP for QRFs is
violated, the consequence is that it is not possible to associate a QLIF to a generic particle, and
hence there are preferred frames.
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