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Abstract

The singular set of a viscosity solution to a Hamilton—Jacobi equation is known to propagate,
from any noncritical singular point, along singular characteristics which are curves satisfying
certain differential inclusions. In the literature, different notions of singular characteristics
were introduced. However, a general uniqueness criterion for singular characteristics, not
restricted to mechanical systems or problems in one space dimension, is missing at the
moment. In this paper, we prove that, for a Tonelli Hamiltonian on R?, two different notions
of singular characteristics coincide up to a bi-Lipschitz reparameterization. As a significant
consequence, we obtain a uniqueness result for the class of singular characteristics that was
introduced by Khanin and Sobolevski in the paper [On dynamics of Lagrangian trajectories
for Hamilton-Jacobi equations. Arch. Ration. Mech. Anal., 219(2):861-885, 2016].
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1 Introduction

This paper is devoted to study the local propagation of singularities for viscosity solutions
of the Hamilton—Jacobi equations

H(x, Du(x)) =0, xeR" (HIy)

H(x,Du(x)) =0, xeQ, (HJjoc)
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where H is a Tonelli Hamiltonian in (HJ;) and H is of class C! and strictly convex in the
p-variable in (HJjoc). In (HJ), we assume that O on the right-hand side is Maifié’s critical
value. The existence of global weak KAM solutions of (HJ;) was obtained in [12]. In (HJjoc),
we suppose 2 C R" is a bounded domain.

Semiconcave functions are nonsmooth functions that play an important role in the study
of (HJy) and (HJjoc). For semiconcave viscosity solutions of Hamilton—Jacobi equations,
Albano and the first author proved in [1] that singular arcs can be selected as generalized
characteristics. Recall that a Lipschitz arc x : [0, ] — R” is called a generalized character-
istic starting from x for the pair (H, u) if it satisfies the following:

%(0) = x, (-1

{)’((s) € co Hy(x(s), Du(x(s)))  ae.s €0, 7],
where co stands for the convex hull. If x € Sing (#)—the singular set of u—then [1, Theo-
rem 5] gives a sufficient condition for the existence of a generalized characteristic propagating
the singularity of u locally.

The local structure of singular (generalized) characteristics was further investigated by
the first author and Yu in [11], where singular characteristics were proved more regular near
the starting point than the arcs constructed in [1]. Such additional properties will be crucial
for the analysis we develop in this paper.

For any weak KAM solution u of (Hly), the class of intrinsic singular (generalized)
characteristics was constructed in [4] by the authors of this paper, using the positive type
Lax-Oleinik semi-group. Such a method allowed to construct global singular characteristics,
which we now call intrinsic. Moreover, in [5,6] the “intrisic approach” turned out to be useful
for pointing out topological properties of the cut locus of u, including homotopy equivalence
to the complement of the Aubry set (see also [7] for applications to Dirichlet boundary value
problems).

In spite of its success in capturing singular dynamics, it could be argued that the relaxation
procedure in the original definition of generalized characteristics—that is, the presence of the
convex hullin (1.1)—might cause a loss of information coming from the Hamiltonian dynam-
ics behind. On the other hand, such a relaxation is necessary to ensure convexity of admissible
velocities for the differential inclusion in (1.1), since the map x = H),(x, DT u(x)) fails to
be convex-valued, in general.

The most important example where the above relaxation is unnecessary is probably given
by mechanical Hamiltonians of the form H (x, p) = %(A(x) p, p) + V(x), where A(x) is
a symmetric positive definite n x n-matrix smoothly depending on x and V (x) is a smooth
function on R”. In this case, (1.1) reduces to the generalized gradient system

x(t1) € Ax@®)DVux()) t>0 ae.

. (1.2)

x(0) = x,
the solution of which, unique for any initial datum, forms a Lipschitz semi-flow (see, e.g.,
[1-3,8,9]). Unfortunately, the argument that justifies such a uniqueness property cannot be
adapted to general Hamiltonians (see [11,15]).

Recent significant progress in the attempt to develop a more restrictive notion of singular
characteristics is due to Khanin and Sobolevski [13]. In this paper, we will call such curves
strict singular characteristic but in the literature they are also refereed to as broken character-
istics, see [16,17]. We now proceed to recall their definition: given a semiconcave solution u
of (HJjoc), a Lipschitz singular curve x : [0, T] — € is called a strict singular characteristic
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Local singular characteristics on R2

from x € Sing () if there exists a measurable selection p(t) € DT u(x(¢)) such that

X(t) = Hy(x(1), p(t)) a.e.t<[0,T],

x(0) = x. (13)

As already mentioned, the existence of strict singular characteristics (for a time dependent
version of (HJjoc)) was proved in [13], where additional regularity properties of such curves
were established, including the right-differentiability of x for every ¢, the right-continuity of
X, and the fact that p(-) : [0, T] — R”" satisfies
Hx(t), p(t)) = min  H(x(t), p) Vtel[0,T]. (1.4)
peDtu(x(r))
In Appendix A, we give a proof of the existence and regularity of strict characteristics for
solutions to (HJjo.) for the reader’s convenience.
In view of the above considerations, it is quite natural to raise the following questions:

(Q1) What is the relation between a strict singular characteristic, X, and a singular charac-
teristic, y, from the same initial point?

(Q2) What kind of uniqueness result can be proved for singular characteristics? What about
strict singular characteristics?

In this paper, we will answer the above questions in the two-dimensional case under the
following additional conditions:

(A) n =2 andy is Lipschitz;

(B) the singular initial point xg = y(0) of the singular characteristic y is not a critical point
with respect the pair (H, u), i.e.,0 ¢ Hp(xo, D% u(xo));

(C) Yy is right differentiable at 0 and

¥ (0) = H(xo, po),

where pg = argmin{H (xo, p) : p € DTu(xop)};
(D) lim,_,q+ ess sup;cjo 1 1¥(s) —y+(0)| = 0.

The meaning of conditions (A) is clear. Condition (B) ensures the fact that singular charac-
teristics are not constant. The right differentiability of singular characteristics at 0 and the
essential right continuity of y at O are crucial properties to our approach. On the one hand,
together with condition (B) they ensure that a singular characteristic is a genuine arc near
t = 0. On the other hand, (D) is essential to construct the change of variable on which our
uniqueness result is based. Notice that any strict singular characteristic x and the singular
characteristic y given in [11] (see also Proposition 2.12) satisfy conditions (A)—(D) provided
that the initial point is not critical. The intrinsic singular characteristic z constructed in [4]
(see also Proposition 2.13) satisfies just conditions (A)—(C), in general.
The main results of this paper can be described as follows.

e For any pair of singular curves x; and x; satisfying condition (A)-(D), there exists 7 > 0
and a bi-Lipschitz homeomorphism ¢ : [0, 7] — [0, ¢ (7)] such that, X{ (¢ (¢)) = X (t)
for all + € [0, 7]. In other words, the singular characteristic staring from a non-critical
point x is unique up to a bi-Lipschitz reparametrization (Theorem 3.6).

e Inparticular, if x is a strict singular characteristic and y is a singular characteristic starting
from the same noncritical initial point x, then there exists t > 0 and a bi-Lipschitz
homeomorphism ¢ : [0, ] — [0, ¢(7)] such that y(¢(t)) = x(¢) for all r € [0, 7]
(Corollary 3.8).
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e We have the following uniqueness property for strict singular characteristics: let
xj:[0,T] - Q (j=1,2)
be strict singular characteristics from the same noncritical initial point x. Then there
exists T € (0, T] such that x; () = x»(¢) for all r € [0, t]. (Theorem 3.9)

Finally, we remark that the results of this paper cannot be applied to intrinsic singular
characteristics because of the mentioned lack of condition (D). Extra techniques will have to
be developed to cover such an important class.

The paper is organized as follows. In Sect. 2, we introduce necessary material on Hamilton—
Jacobi equations, semiconcavity, and singular characteristics. In Sect. 3, we answer question
(Q1)—(Q2) in the two-dimensional case. In the appendix, we give a detailed proof of the
existence result for strict singular characteristics.

2 Hamilton-Jacobi equation and semiconcavity

In this section, we review some basic facts on semiconcave functions and Hamilton-Jacobi
equations.

2.1 Semiconcave function

Let @ C R” be a convex open set. We recall that a function u# : Q2 — R is semiconcave (with
linear modulus) if there exists a constant C > 0 such that

ux)+ A —=Nu(y) —u(dx + (1 —-21)y) < %A(l —M|x — y|2 2.1)

forany x, y € Qand A € [0, 1].
Letu : @ C R" — R be a continuous function. For any x € €2, the closed convex sets

D u(x) = {peR" :11;11J?f”(y)_”(x)_(p’y_x) 20},

ly — x|
D+u(x) — {p c R" : lim sup u(y) —u(x) —(p,y —x) SO} )
y—>x ly — x|

are called the subdifferential and superdifferential of u at x, respectively.
The following characterization of semiconcavity (with linear modulus) for a continuous
function comes from proximal analysis.

Proposition 2.1 Let u : Q@ — R be a continuous function. If there exists a constant C > 0
such that, for any x € Q, there exists p € R" such that
C
u(y) Su)+(p,y —x)+ Sy —x’, Vyeq, (2.2)
then u is semiconcave with constant C and p € DV u(x). Conversely, if u is semiconcave in
Q with constant C, then (2.2) holds for any x € Q and p € DT u(x).

Letu : @ — R be locally Lipschitz. We recall that a vector p € R" is called a reachable
(or limiting) gradient of u at x if there exists a sequence {x,} C Q\{x} such that u is
differentiable at x; for each k € N, and

lim xy =x and lim Du(x;) = p.
k—o00 k— 00
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The set of all reachable gradients of u at x is denoted by D*u(x).
The following proposition concerns fundamental properties of semiconcave funtions and
their gradients (see [10] for the proof).

Proposition 2.2 Letu : Q C R" — R be a semiconcave function and let x € Q. Then the
following properties hold.
(a) DY u(x) is a nonempty compact convex set in R* and D*u(x) C 9D u(x), where
0D u(x) denotes the topological boundary of D" u(x).
(b) The set-valued function x ~ DV u(x) is upper semicontinuous.
(c) If DTu(x) is a singleton, then u is differentiable at x. Moreover, if DT u(x) is a singleton
for every point in Q, then u € C'(Q).
(d) DY u(x) =coD*u(x).
(e) Ifu is both semiconcave and semiconvex in 2, then u € CH1().

Definition 2.3 Let u : 2 — R be a semiconcave function. x € 2 is called a singular point
of u if D% u(x) is not a singleton. The set of all singular points of  is denoted by Sing (u).

Definition 2.4 Letk € {0, 1,...,n} and let C C R". C is called a k-rectifiable set if there
exists a Lipschitz continuous function f : R¥ — R” such that C C f (R¥). C is called a
countably k-rectifiable set if it is the union of a countable family of k-rectifiable sets.

Let us recall a result on the rectifiability of the singular set Sing (1) of a semiconcave
function # in dimension two.

Proposition 2.5 [10] Let Q@ C R? be an open domain, u : Q — R be a semiconcave function,
and set

Sing, (1) = {x € Sing (u) : dim(DVu(x)) =k}, k=0,1,2.

Then Singy, (1) is countably (2 — k)-rectifiable for k = 0, 1, 2. In particular, Sing,(u) is
countable.

2.2 Aspects of weak KAM theory

For any x, y € R" and ¢ > 0, we denote by Ffw the set of all absolutely continuous curves
& defined on [0, 7] such that £(0) = x and £(¢) = y. Define

t
A(x, y) = sirllf / L(E(s).&(s) ds, x,y €R" 1>0. (2.3)
€ X,y 0
We call A;(x, y) the fundamental solution for the Hamilton—Jacobi equation
Diu(t,x) + H(xg, Dxu(t,x)) =0, t>0,x €R".

By classical results (Tonelli’s theory), the infimum in (2.3) is a minimum. Each curve £ € F)tc, y
attaining such a minimum is called a minimal curve for A;(x, y).

Definition 2.6 For each u : R" — R, let and T;u and f}u be the Lax-Oleinik evolution of
negative and positive type defined, respectively, by

Tiu(x) = inf {u(y) + Ai(y, X))}
yeRn
(x eR", 1> 0).

Tru(x) = sup {u(y) — A (x, »)},
ngﬂ
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The following result is well-known.

Proposition 2.7 [12] There exists a Lipschitz semiconcave viscosity solution of (Hls). More-
over, such a solution u is a common fixed point of the semigroup {1}, i.e., Tyu = u for all
t>0.

Clearly, (HJ;) has no unique solution and we call each solution, given as a fixed point of the
semigroup {7;}, a weak KAM solution of (HJy).

Definition 2.8 Let u be a continuous function on M. We say u is L-dominated if

b
u(&(b)) —u(a) = / L(4(s), £(5)) ds,

for all absolutely continuous curves & : [a, b] — R" (a < b), with £(a) = x and £(b) = y.
We say such an absolutely continuous curve & is a (u, L)-calibrated curve, or a u-calibrated
curve for short, if the equality holds in the inequality above. A curve & : (—oo, 0] — R”" is
called a u-calibrated curve if it is u-calibrated on each compact sub-interval of (—oo, 0]. In
this case, we also say that & is a backward calibrated curve (with respect to u).

The following result explains the relation between the set of all reachable gradients and
the set of all backward calibrated curves from x (see, e.g., [10] or [14] for the proof).

Proposition 2.9 Ler u : R" — R be a weak KAM solution of (HJy) and let x € R". Then
p € D*u(x) if and only if there exists a unique C? curve £:(—00,0] > R"with£(0) = x
and p = Ly(x, £(0)), which is a backward calibrated curve with respect to u.

2.3 Propagation of singularities

In this paper, we will discuss various types of singular arcs describing the propagation of
singularities for Lipschitz semiconcave solutions of the Hamilton—Jacobi equations (HJjoc)
and (HJy).

Definition 2.10 x is called a critical point with respect to (H, u) if 0 € H,(xo, DT u(x)).
Let u be a Lipschitz semiconcave viscosity solution of (HJjoc) and x € Sing (u).

Definition 2.11 (a) A singular characteristic from xg is a Lipschitz arc x : [0, t]— Q(7>0)
such that:

(1) xis a generalized characteristic with x(0) = xo,

(2) x(t) € Sing (u) for all ¢ € [0, 7],

(3) x*(0) = Hp(x0, po) where pg = argmin{H (xo, p) : p € DV u(xo)},
(4) lim;_, o+ ess sup(g 4 1X(s) — xt(0)| =0.

(b) A singular characteristicx : [0, T] — Q from xq is called a strict singular characteristic
if there exists a measurable selection p(t) € DV u(x(t)) such that

(1) = Hy(x(1), p(t)) a.e.1 €[0,T],
x(0) = xo.

The following existence of singular characteristic is due to [1,11].
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Proposition 2.12 Let u be a Lipschitz semiconcave solution of (HJioc) and x € Sing (u).
Then, there exists a singular characteristicy : [0, T] — Q withy(0) = x.

Now, suppose u is a Lipschitz semiconcave weak KAM solution of (HJy). In [4], another
singular curve for u is constructed as follows. First, it is shown that there exists A9 > 0 such
that for any (7, x) € Ry x R" and any maximizer y for the function u(-) — A;(x, -), we have
that |y — x| < Aot. Then, taking A = 1o + 1, one shows that there exists o > 0 such that, if
t € (0, 1o], then there exists a unique y; x € B(x, At) of u(-) — A;(x, -) such that

Tru(x) = u(yrx) — Ar(x, Vix) 2.4)

Moreover, such a 1y is such that — A, (x, -) is concave with constant C»/t and C; — C3/t < 0
for 0 < t < ty. We now define the curve

X t=0
H=1" ’ 2.5
=0 {yt,x, t € (0, 10]. 2

Proposition 2.13 [4] Let the curve z be defined in (2.5). Then, the following holds:

(1) z is Lipschitz,
(2) if x € Sing (u) then z(t) € Sing (u) for all t € [0, to],
(3) zT(0) exists and

2+ (0) = Hy(x, po)
where py = argmin{H (x, p) : p € DV u(x)}.

Definition 2.14 The Lipschitz arc z defined in (2.5) is called the intrinsic characteristic from
x € Sing (u).

3 Singular characteristic on R2

We now return to questions (Q1) and (Q2) from the Introduction. So far, we have introduced
three kinds of singular arcs issuing from a point xop € Sing (1), namely

e strict singular characteristics, that is, solutions to (1.3),
e singular characteristics, introduced in Definition 2.11, and
e the intrinsic singular characteristic z given by Proposition 2.13.

In this section, we will compare the first two notions of characteristics when 2 C RZ,
We begin by introducing the following class of Lipschitz arcs.

Definition 3.1 Given T > 0, we denote by Lip,(0, T'; 2) the class of all Lipschitz arcs
x : [0, T] — €2 such that the right derivative

1) —x(0
) = lim X =X©
t}0 t
does exist and satisfies
lim ess sup [X(s) — X" (0)| = 0. (3.1

t—0% 5e[0,1]

For any x € Lip, (0, T'; 2) we set

wyx (1) 1= ess sup |X(s) — X (0)]. (3.2)
s€[0,7]

Owing to (3.1), we have that wx(t) — Oast | O.
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Lemma3.2 Letx € Lipy(0, T; Q) be such that x+(0) # 0. Then,
|1x(t1) — x(t0)] — |11 = t0] - [XH(O)]| < |11 — tolax(ty V 10) Vio,t1 €[0,T]  (3.3)
and X is injective on some interval [0, To] with0 < Ty < T.

Proof Observe that, for any 0 < 1y < t; < T, the identity

t

x(11) — x(tp) = /

o

t
l)'((t) dr = (1 —zo)x+(0)+f l(x(z)—fﬁ(o» dt
4}

immediately gives (3.3). In turn, (3.3) implies that, if x(¢;) — x(#p) = 0, then
1 — 1o - X (O)| < |ty — tolaox(t1)
Since X (0) # 0, we conclude that ¢; = 1g if to, t; € [0, Tp] with Ty sufficiently small.

Let x € R? and let 8 € R? be a unit vector. For any p € (0, 1) let us consider the cone
Cp(x,0) ={y e R* | [{y —x,0)| = ply — x|} (3.4)

with vertex in x, amplitude p, and axis 6. Clearly, C,(x, 0) is given by the union of the two
cones
Cla,0)={yeR*|(y—x.0) = ply —x}

and
C,(x.0)={yeR*|(y—x,0) < —ply— x|},
which intersect each other only at x.

Lemma3.3 Letx; € Lipy(0, T'; 2) (j = 1, 2) be such that

) x1(0) =x2(0) =: xo,
(i) X (0) = x5 (0), and
(iii) x;(s) #0(j =1,2)forae s €[0,T].
Define
X1 (1)
%1 (1)
and fix p € (0, 1). Then the following holds true:

01(s) = (s € [0, T] a.e.) (3.5)

(a) there exists s, € (0, T such that xo € C, (x1(s), 01 (s)) fora.e.s € [0,s,];
(b) there exists T, € (0, T such that for all t € (0, t,,] there exists 0, (t) € (0, T] such that

1
;ppﬂxf(on Vs € [0, 0, (1)] (3.6)

[x2(1) — x1(s)| <
Xo(t) € C;r(xl(s), 01(s)) fora.e.s €[0,0,()]. 3.7

Proof Hereafter, we denote by 0;(s) (i € N) any (scalar- or vector-valued) function such
that

oi(s)

lim 0.
s—>0t §
In view of (3.3) we conclude that
|xo — x1(s)| = s|}kfr(0)| +o01(s) Vsel0,T]. (3.9)

@ Springer



Local singular characteristics on R2

Moreover, setting 01 (0) = x| T0) / |XT (0)], for a.e. s € [0, T'] we have that

(x0 — x1(5), 01(5)) = {x0 — x1(5), 61(0)) + (x0 — x1(5), O1(s) — 61(0)) (3.9)
= — 5% (0)] + 02(s). '

Now, having fixed p € (0, 1) let s, € (0, T1] be such that, for a.e. s € [0, 5,1,

K 11— K
lo1(s)] < p|"‘T(0)| and lo2(s)| <
s 2p s 2

L% ).

Then |xg — x1(s)] < 1+"’s|xl (0)] by (3.8). From (3.9) it follows that

I+p

(xo —x1(5), 01(8)) = — sIET0)] < —plxo = x1 ()| (s € [0,5,] ae)

and (a) follows.
The proof of (b) is similar: since X; ) = Xl (0) by condition (ii), for all # € [0, T'] and
s € [0, T'] we have that

X2 () — x1(s) = (t — )X (0) + 03(t) + 03(s). (3.10)
Hence, for all s, r € (0, T] we deduce that

00 =x165) X0 | _ s o3| +1030)]
1% (0)] X~ ¢ tx O

So,

IOl ooy o

11X} (0)]
Next, take the scalar product of each side of (3.10) with 0y (s) to obtain
(x2(1) = X1(), 01(s)) = (X (0), 01 (5)) — (%] (0) — 03(t) — 03(s), 01 (s))
= 1[%] (0)| + 1(%] (0), 61 (s) — 01(0)) — (sX(0) — 03(t) — 03(s), O1(s)) (3.12)
forallr € [0, T]and a.e. s € [0, T].

Once again, having fixed p € (0, 1), we can find 7, € (0, T'] satisfying the following: for
all t € (0, 7, ] there exists o, () € (0, T'] such that

[xa(1) = x1(5)] = 157 O)1(14 > +

11(%7(0), 01(s) — 01(0))| + [(s%] (0) — 03(1) — 03(s), 01(5))| <

5 tlxl 0)]

and |
t
145 los@| +los()l _ 1+p

‘ TSRO
forall r € [0, 7,] and a.e. s € [0, 0,(¢)]. Then, (3.11) leads directly to (3.6). Moreover,
returning to (3.12), for all ¢ € [0, ‘L'p] and a.e. s € [0, 0, (#)] we conclude that
l+p
2 2
where we have used (3.11) to deduce the last inequality. Hence, (3.7) follows.

(x2(1) — x1(5), 01 () = 1% (0)| — e RO 11X} (0)] = plxa(1) = x1(s)],

Given a semiconcave solution u of (HJjoc), we hereafter concentrate on singular arcs for
u, thatis, arcs x € Lip, (0, T'; ©2) such that x(r) € Sing (u) forall ¢ € [0, T']. We denote such
a subset of Lipy (0, T'; 2) by Lipy (0, T'; ).
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Lemma 3.4 Let u be a semiconcave solution of (Hlio.) and let x € Lipy (0, T; Q2) be such
that X (0) # 0. Then there exists Ty € (0, T] such that the set

= {s € [0, Tol | D¥u(x(s)) = [p}, p1 with py, p; € D*u(x(s)), p; # pf}-
has full measure in [0, To]. Moreover, limg_, o+ pf, = p6 with pé € D*u(xp) (i = 1,2) and
(x(s), p> = ply =0 forae s |0, Tp) (3.13)

Proof The structure of the superdifferential of u along x is described by Proposition 2.5 and
Proposition 3.3.15 in [10].

Lemma 3.5 Let u be a semiconcave solution of (HJoc) and let xo € Sing (1) be such that
0 ¢ Hp(xo, DT u(xg)). Letx € Lipg (0, T'; ) be such that x(0) = xo and

xT(0) = H,(x0, po) where py = argmin{H (xq, p) : p € DV u(xo))}.

Let Ty € (0, T] be given by Lemma 3.4 and, for every s € Sx, let i—'sl and “g‘sz be backward
calibrated curves on (—o0, 0] satisfying

£1(0) = x(s) and EL(0) = Hy(x(s), pl) (i =1,2) (3.14)

Then there exist constants r1 > 0, s1 € (0, Ty, and § € (0, 1) and such that

X(s) — &/ (—=r)| = 6r (i=1,2) (3.15)
and, forall s € [0, s1] N Sx and r € [0, r{],
£l (—r) € Cf (x(5),02(5)) and El(—r) € Cy (X(s), 62(5)) (3.16)
where 5 |

brs) = L (s e 5.
|ps — psl

s A

Proof The existence of backward calibrated curves satisfying (3.14) follows from Proposi-
tion 2.9. Moreover, for all » > 0 we have that

X(s) — £ (=) = E1(0) — £ (=) = rE'(0) + o(r) = rHy(x(s), p}) + 0(r) (i =1,2)
3.17)
where lim,_, o+ o(r)/r = 0 uniformly with respect to s € Sx.

Now, observe that, since xq is not a critical point with respect to (u, H), by possibly
reducing 7T we have that x(s) is also not a critical point for all s € [0, 7] due to the upper-
semicontinuity of the set-valued map s = Hp(x(s), DT u(x(s))). So, for some ry > 0,
so € (0, T1], and 89 € (0, 1), we deduce that

(SLO > [x(s) — & (=) = rIHp(x(s), p| +0(r) = Sor (i =1,2) (3.18)

forall s € [0, so] N Sx and r € [0, ro]. This proves (3.15).
Next, recall that H (xo, py) = 0 because p;, € D*u(xo) (i = 1,2). So, by the strict
convexity of H (xp, -), we deduce that there exists v > 0 such that

(H,(x0, p2), P& — pb) = H(xo, p3) — H(x0, pb) + vIps — po1> = vIpd — p1* > 0
(H,(x0, pb), P& — &) < H(xo, p3) — H(x0, pb) — vIps — po1> = —vIp — pb1> <0
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Hence, the upper-semicontinuity of the set-valued map s = H,(x(s), DT u(x(s))) ensures
the existence of numbers §; € (0, 1) and s € (0, sp] such that

(Hp,(x(s), pf),@z(s)) > 81, (Hp(x(s), psl), 62(s)) < =81 Vs e[0,s1]NS.  (3.19)
Therefore, combining (3.17) and (3.19), we conclude that, after possibly replacing ro by a

smaller nummber r; > 0,

1)
(E(=r) = X(5), 02(5)) = —r(Hp(X(s), pg), 62(8)) + 0(r) = rd1 + 0(r) > rzl

forall s € [0,51] N Sx and r € [0, r1]. By (3.18) and the above inequality we have that
gl(-r) e C;(x(s), 02(s)) with § = §p81/2.
The analogous statement for Ssz in (3.16) can be proved by a similar argument.

We are now ready to state our main result, which ensures that singular curves coincide up
to a bi-Lipschitz reparameterization, at least when x is not a critical point.

Theorem 3.6 Let u be a semiconcave solution of (HJoc) and let xo € Sing (1) be such that
0 ¢ Hp(xo, DV u(xp)). Let x; € Lip (0, T; ) (j = 1,2) be such that x;(0) = xo and

Xj(O) = H(x9, po) where py = argmin{H (xo, p) : p € DV u(xp)}.
Then, there exists o € (0, T] such that there exists a unique bi-Lipschitz homeomorphism
¢ :[0,0] = [0,¢9(0)] C [0, T3]
satisfying X1(s) = x2(¢(s)) forall s € [0, o].
We begin the proof with the following lemma.

Lemma 3.7 Under all assumptions of Theorem 3.6, there exists o € (0, T such that for all
s € [0, o] there exists a unique t; € [0, T] satisfying xz(t;) = x1(s).

Proof First, reduce T > 0 in order to ensure that x| and x; are both injective on [0, T'] and
satisfy X (s) # O forae.s € [0, T] (j =1, 2).

Then, observe that Lemma 3.5, applied to x = Xi, ensures the existence of r; > 0,
s1 € (0, T],and § € (0, 1) such that for a.e. s € [0, s;] one can find backward calibrated
curves £! and &2 on (—oo, 0] satisfying (3.14), (3.15), and (3.16) for all € [0, ry].

Next, choose

J1 — 82
p=#€(</1—82,1)

in Lemma 3.3 and let s,, 7,, and 0, (-) be such that
() xo € C, (x1(5), 01 (s)) fora.e. s € [0, 5,1,
(i) xp(1r) € C:;(xl(s), 01(s)) forallt € [0, 7,] and a.e. s € [0, 0, (1)],
(i) |x2(r) — x1(s)| < I;Tf’ﬂxl*(on forall 7 € [0, 7,] and all 5 € [0, 0, (1)].

By possibly reducing 7,,, without loss of generality we can suppose that (Fig. 1)

1+p

Tfph.‘;r(oﬂ < éry. (3.20)
Then, recalling that
v 2 .1
615) = L and )= BB (5 e 10, TTae)
[X1(s)] lps — pyl
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x;(s) X, (1)
Cr(x1(s),0,(s))
X,(7,)
GI(S) £1
Ss
2
C(x1(5), 0,(s)) / 05(s)
1 N
H,(x(s), py)
H,(x,(s), p)
C, (x1(5),05(5))

C;(xl (5),0,(s))

X0

Fig.1 The illustration of various objects near x; (s) for sufficiently small s > 0

are orthogonal unit vectors, we claim that, for a.e. 0 < s < 51 A 0,(7)),

Cp(x1(s), 01(5)) m Cs(x1(s), 02(s)) = {x1(s)}.
Indeed, for any x € C,(x1(s), 81(s)) N Cs(x1(s), B2(s)) we have that

Ix —x1 ()% = (x — x1(5), 01())% + (x — X1 (5), 62(5))?
> (P2 4+ 8H)|x — x1(s)|%.

This yields x = x;(s) because pr+582>1.
Now, define o = min {s1, 55, 0,(7,)} and fix s € [0, ] in the set of full measure on
which (i) is satisfied together with (ii) and (iii), that is,

x2(7p) € C (x1(5), 01(s)) and [x2(zp) — X1 ()| < 8r1

where (3.20) has also been taken into account. By possibly reducing o, we also have that
[x2(t) — x1(s)| < 8ry for all t € [0, 7,]. So, the arc x3, restricted to [0, 7,], connects
the point x>(z,) of the cone C;‘ (x1(s), 01(s)) with xg € Clj (x1(s), 01(s)), remaining in
the open ball of radius §r centered at x;(s). Thus, in view of (3.15) and (3.16), X, must
intersect at least one of the two calibrated curves &) and £2.! However, this can happen only
at Esl 0) = x1(s5) = fEsz(O), because u is smooth at all points Ssz(—r) with 0 < r < o0,
whereas X; is a singular arc. Finally, such an intersection occurs at a unique time #; owing to
Lemma 3.2.

To complete the proof we observe that x5 (#;) = X1 (s) for all s € [0, o], not just on a set
of full measure. This fact can be easily justified by an approximation argument.

! This is the point where our reasoning requires to be in dimension 2.
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We are now in a position to prove our main result.

Proof of Theorem 3.6 Let o € (0, T'] be given by Lemma 3.7. Then for each s € [0, o] there
exists a unique ¢ (s) := t; € [0, T1] with x2(¢ (s)) = X1 ().

Recalling that, thanks to Lemma 3.2, both x; (-) and x3(+) can be assumed to be injective
on [0, o] and [0, ¢ (0)], respectively, we proceed to show that ¢ is also an injection. Observe
that, for any 0 < s, 51 < 0,

@ (s1)

x2(¢(s1)) — X2(p(s0)) = / X (1) dt
¢ (s0)

@ (s1)
= /¢( ) (ko (1) — X3 (0)) d + (¢ (s1) — P (s0))%3 (0).
S0

Therefore,

%2(¢(51)) — X2($(50)) — (@ (51) — P (50))%; (0)] < wx, (B(s1) V P (50D (51) — P (50)],

where wy, is given by (3.2). Thus, returning to X; = X» o ¢ we derive

Ix1(s1) = X1 (s0)| = [ (s1) = B (50| (1%5 (0)] — wx, (P (51) V P (50))]),

o (3.21)
x1(s1) — X1(50)| <[ (s1) — P (50)|(1%3 (0)| + x, (D (51) V P(50))]).
Notice that (3.21) leads to
16 (s1) — ¢ (s0)| = i) = x1(5o)l (3.22)

%5 (0)| 4+ wx, (¢ (s1) V ¢ (50))]

and this implies that ¢ is injective as so is Xj.
Next, we prove that ¢ is continuous on [0, o], or the graph of ¢ is closed. Let s; — s be
any sequence such that ¢ (s;) — 7 as j — o0o. Then

x1(sj) = x1(5) and xX2(¢(s;)) =x1(sj) = X2(f) as j — oo.

S0, X2 (¢ (5)) = x1(5) = x(7). Since x,(-) is injective, it follows that 7 = ¢ (5).
Being continuous, ¢ is a homeomorphism. It remains to prove that ¢ is bi-Lipschitz. The
continuity of ¢ at O ensures that, after possibly reducing o,

55O _ 15 )]

wx, (P (51)), wx, (P(52)) < 5 > (3.23)
for all sg, 51 € [0, o]. Thus, by (3.21) we have that
- 2Li
B (s1) — (s0)] < i) = xi(so)l < 2L o

%5 (0)] — @, (P (s1) V P (so))| ~ 1% (0)]

forall s € [0,0] and t € [0, ¢ (0)]. So, ¢ is Lipschitz on [0, o]. The fact that qb_l is also
Lipschitz follows by a similar argument. Indeed, writing (3.22) for t; = ¢ (s;) and appealing
to Lemma 3.2 and (3.23) once again we obtain

[x2(t1) —x2(t0)l  [X1(s1) — X1 (s0)|
1% (0)] + ox, (11 V10)  [%5 (0)] 4 wx, (11 V 10)
1%} (0)] — wx, (51 V 50) 1
> =7 “Is1—s0l = 5 - Is1 — 0

%5 (0)| + wx, (t1 V to) 3

[t — to] =

The proof is completed noting that ¢ is unique due to the injectivity of x; and x».
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Corollary 3.8 Let x be a strict singular characteristic as in (1.3) and let y be any singular
characteristic as in Proposition 2.12. If xq is not a critical point with respect to (H, u), then
there exists o > 0 and a bi-Lipschitz homeomorphism ¢ : [0,0] — [0, ¢(0)] such that
y(p(s)) = x(s) forall s € [0, 0].

For strict singular characteristics, uniqueness holds without reparameterization as we show
next.

Theorem 3.9 Let u be a semiconcave solution of (HJoc) and let xo € Sing (1) be such that
0 ¢ Hp(xo, DT u(xop)). Let X; : [0, T] — Q(j = 1,2) be strict singular characteristics
with initial point xo. Then there exists T € (0, T] such that x1(t) = x3(¢t) forall t € [0, T].

Proof By Theorem 3.6 there exists a bi-Lipschitz homeomorphism ¢ : [0, 7] — [0, 2],
with0 < z; < T (j = 1, 2), such that

x1(1) = x2(p (1)) Vi €[0, 71]. (3.24)
Moreover, since X; and X, are strict characteristics we have that

yk;r(t) =H,(x;(), pj())

: Viel0, 71 =1,2
H(x;(t), pj(1)) = minyeptux; iy HX;j1), p) U )

Therefore,
Hy(x1(1), p1(1)) = ¢’ () Hp(x2(p (1)), p2(¢ (1)) (t € [0, 71])
where, in addition to (3.24), we have that

p2(¢(0) =arg  min  H(x(¢(t), p) =arg min  H(x(t), p) = p1(1).
PEDTU( (1)) peDTuxi(1)

So, Hy(x1(1), p1(1)) = ¢'(t)H,(x1 (1), p1(r)) forallz € [0, 71]. Since 0 ¢ H,(x0, D" u(xo)),
we conclude that ¢’(t) = 1, or ¢(¢) = ¢, on some interval 0 <t < t < 7.

Theorems 3.6 and 3.9 establish a connection between the absence of critical points and
uniqueness of strict singular characteristics. In this direction, we also have the following
global result.

Corollary 3.10 Let u be a semiconcave solution of (Hloc) and let xo € Sing (u). Let X; :
[0,T] — Q(j = 1,2) be strict singular characteristics with initial point xo such that
0¢ Hy(x;(t), DYu(xj(1))) forallt € [0, T]. Then x,(t) = X2(t) forall t € [0, T}.

Proof On account of Theorem 3.9 we have that
T:={r e T]|x(t) =x(t), ¥t € [0, 7]}

is a nonempty set. Let 1o = sup7 = max 7. We claim that 7o = T. For if 19 < 7', applying
Theorem 3.9 with initial point x1(79p) we conclude that x;(r) = x»(¢#) on some intarval
790 <t < 709 + 8, contradicting the definition of 7g.

Another well-known example where we have uniqueness of the generalized characteristic
is the mechanical Hamiltonian

1
H(x, p) = §<A(X)p, p)+ V@), (x,p)e QxR (3.25)
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with A (x) is positive definite symmetric n x n-matrix C2-smooth in x and V a smooth function
on 2. More precisely, if x € Sing («), then there exists a unique Lipschitz arc y determined
by ¥y (1) = A(y(1))p(1), where y(0) = x and p(r) = argmin e p+y(y(r)) (A(Y() p, p). In
this case, uniqueness follows from semiconcavity by an application of Gronwall’s lemma
(see, e.g., [2,10]) ensuring that, in addition, any generalized characteristic is strict. We now
give another justification of such a property from the point of view of this section.

Corollary 3.11 If H is a mechanical Hamiltonian as in (3.25), then the reparameterization
¢ in Theorem 3.6 is the identity.

Proof We observe that, for almost all # > 0,

y(@©) = Ay@){r @) po(r) + (1 — A1) p1 (1)}

where A() € [0, 1] and we can assume DT u(y(¢)) is a segment, say [pi(t), po(t)], or
{po(®), p1(t)} € D*u(y(r)). Notice that {po(¢), p1(¢)} is also the set of extremal points of
the convex set D u(y()).

Since x(¢) = y(¢(¢)), differentiating we obtain that

X(1) = p(t) =¢' (¥ (@ (1))
=¢' (A @ON D) po(@ (1) + (1 = M@ (1)) p1(p(1))

with D¥u(y(@(1))) = [po(@ (1)), p1(@()], or {po(@ (1)), p1(¢(1))} € D*u(y(d (1))

Therefore, there exists a unique A; € [0, ¢] such that

p() = A @ON{A po(p (1)) + (1 — 1) p1(¢ (1))}

It follows that

P'(1) = ¢ (D{A(P(1) + (1 = A1) = A + (1 = 2y) = L.
Thus, ¢ (t) = t and this completes the proof.

Remark 3.12 Observe that our results apply in particular to solutions of (HJy).
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Appendix A: Existence of strict singular characteristics

In this appendix, we prove the following result which ensures the existence of strict singular
characteristics mentioned in the Introduction.
‘We recall that

mw (t €10, 7))

xt(7) =1
X' (1) hlw

denotes the right derivative of x : [0, T] — €2, whenever such a derivative exists.
Theorem A.1 Let u be a semiconcave solution of (HJoc). If xo € Sing (u) satisfies
0 ¢ co Hy(xo, DT u(xp)), (A.1)

then there exists a Lipschitz singular arc x : [0, T] — Q2 and a right-continuous selection
p(t) € DY u(x(t)) such that

xt (1) = Hy(x(1), p(1)) Vi €10,T),

x(0) = xp. “.2)

and

Hx(),p(t))= min HEx(t),p) Vtel[0,T). (A3)

peDtu(x(r))

Remark A.2 The existence of strict singular characteristics for time dependent Hamilton—
Jacobi equations was proved by Khanin and Sobolevski under the additional assumption that
the solution u can be locally represented as the minimum of a compact family of smooth
functions. Theorem A.1 adapts [13, Theorem 2] to stationary equations removing such an
extra assumption.

Proof The proof, which uses ideas from [13], requires several intermediate steps.
Let Rp > 0 be such that the closed ball B(xg, 2Rp) is contained in 2. Take any sequence
of smooth functions u,, : B(xg, 2Ry) — R such that

(a) uy ey uniformly on B (xo, Ro)

() max{||Dullco, | Dumlloc} < Ci
(¢) D%u, < Cyl

for some constants C1, C; > 0. A sequence with the above properties can be constructed in
several ways, for instance by using mollifiers like in [11,18]. In view of the above uniform
bounds, there exists Ty > 0 such that for any m > 1 the Cauchy problem
X(1) = Hp(x(1), Duy (x(1))), 1 € [0, To] (A4)
x(0) = xo
has aunique solutionx,, : [0, To] — B(xo, Ro). Moreover, by possibly taking a subsequence,
we can assume that x,,, converges uniformly on [0, Tp] to some Lipschitz arc x : [0, To] —
B(xo, Ro). We will show that, after possibly replacing T by a smaller 7 > 0, such a limiting
curve x has the required properties.
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LemmaA.3 For everyt € [0, Ty) and € > 0 there exists and integer mg > 1 and a real
number 1, € (0, Ty — t) such that

X (1) — X ()

- € co Hy(x(1), Dut (x(1))) + €B Ym >m,, Vt € [I,T + 1], (AS)

where B denotes the closed unit ball of R?, centered at the origin.

Proof We begin by showing that for every 7 € [0, Tp) and & > O there exist m, > 1 and
7. € (0, Tp — 1) satisfying

X (1) € Hy(x(1), Dut (x(1))) + eB, t€li,i+1] ae. (A.6)

for all m > m,. We argue by contradiction: set ®(7) = H, (x(t_), Du*(x(t_))) and suppose
there exist 7 € [0, Tp), ¢ > 0, and sequences my — oo and f |, 7 such that

(i) X, (k) ¢ ©(@) +eB, Vk>1
(i) Dumy (Xm (1)) = p (k — 00)

where we have used bound (b) above to justify (ii). We claim that p € DT u(x(7)). Indeed,
in view of (c¢) above we have that, for all k > 1,

Umy, (ka (tk) + y) — Umy, (ka(tk)) - <Dumk (ka (tk))’ y) = C2|y|27 V|y| < Ro.
Hence, in the limit as k — oo, we get
u(x(@) +y) —ux(@®) — (p,y) < Calyl*, VIyl < Ro,

which in turn proves our claim. Thus, we conclude that

S (1) = Hp (Xony (), Dty Sy (1)) = H, (x(D), p) € (D)

in contrast with (7). So, (A.6) is proved.
Finally, (A.5) can be derived from (A.6) by integration.

By appealing to the upper semi-continuity of D™u and assumption (A.1) we conclude
that there exists 7' € (0, Tp] such that

0¢ co Hy(x(t), Dut (x(t))) Vtel[0,T]. (AT
Now, fix any 7 € [0, T) and let ¥ € R? be any vector such that

lim X(f + 1;) — x(1)

j—00 Tj

=0 (A.8)
for some sequence 7; N\ 0 (j — 00). Observe that v € co H), (x(t_), Du+(x(t_))) in view of
Lemma A.3. So, v # 0 owing to (A.7). Set X = x(7) and define
peER® byd=HyE p) (or p= Ly, 1))
Fs(x) ={p* € DTu(@) : (p*,0) = min (p,v)}.
peD*tu(x)
Notice that Fj(X) is the exposed face of the convex set DV u(x) in the direction v (see,

for instance, [10]). The following lemma identifies p (hence v) uniquely.
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LemmaA.4 Suppose jp € F5(xX). Then p is the unique element in D u(¥) such that

H(x,p)= min H(x, p). (A.9)
peDtu(x)

Proof Since p € F;(x), we have that

(p,v) = (p, Hp(x, p)) = pegljg(x)(p» Hy,(x, p)).
Therefore, by convexity we conclude that
0<(Hp(% p),p—p)<HQE, p)—HQE p), ¥Ype D u).
Since H is strictly convex in p, p is the unique element in DT u (%) satisfying (A.9).

Notice that the above lemma yields the existence of the right-derivative X" (f) as soon as one
shows that p € F;(x) for any v satisfying (A.8).
Next, to show that p € Fj(x), we proceed by contradiction assuming that

p ¢ Fo(®). (A.10)

Let us define functions o, 8 : DV u(x) — R by
_ ou _ _ _ _
a(p) = (p.¥) = ==(®). B(x, p) = (p = p, Hy(x, p) = Hy(x, p)) Vp €D u(®)

where we have set g—g(i) = limy _, o+ w Recall that, since u is semiconcave,

0
—((X)= min (p,v) (A.11)
av peDtu(x)

(see, for instance, [10]). The following simple lemma is crucial for the proof.
LemmaA5 If p ¢ F;(x), then

w:= min {a(p)+ B(x, p)}>0.
peDTu(X)

Proof Observe first that B(x, p) > 0 by convexity and a(p) > 0 for all p € DT u(x) by
(A.11). Since we suppose p ¢ F;(x), just two cases are possible.

(1) If p ¢ DV u(x), then p # p forall p € DTu(x). So B(x, p) > 0 by strict convexity.
) If p € DY u(@) \ F3(&), then a(p) > 0.

In conclusion,
M(p) :=a(p)+ B, p) >0, Vpe DTux).

Since M is continuous and D u(x) is compact, the conclusion follows.

For any ¢ > 0 set
Fi(X) = F3(X) +¢B and V, = Du(x) + ¢B.

Now, let us fix ¢ = ¢(v, u) > 0 such that

2
p ¢ F;(X) and min{a(p) + (X, p)} = Zu. (A.12)
peVe 3
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Let 0 < R < Rg be such that
DYu(x) c Ves2 Vx € B(x, R).
Consider the line segment
y@):=x+@¢—-0n0 (el T])
and fix g € (0, 1). After possible reducing 7', we can assume that
ly(@®) — x| <gR and |x(t) —X| <gR Vtel[t,T]
Consequently, there exists m € N such that for all m > m we have

(i) Duy,,(x) € Ve forall x € B(x, R);
(ii) x,,(t) € B(x, R) forallt € [, T).

Moreover, by cutting 7 down to size, we can have the following property satisfied:
(iii) for any ¢ € [7, T] there exists m(r) > m such that
dr, @ (D (y (1) < &, ¥m = m(1). (A.13)

We observe that (iii) is a consequence of Proposition 3.3.15 in [10] since v # 0.
For 0 < § to be chosen later on, we define

Ks= |J By@).5¢—0)
<t<T
={x € R" : there exists ¢ € [7, T] such that |x — y(t)| < 8(r — ©)}.
LemmaA.6 Let ¢ > 0 and m(-) be fixed so that (A.12) and (A.13) hold true. If p ¢ Fy(x),

then there exists § > 0 such that for all j sufficiently large, X, (t) ¢ Ksforallt € (t+37;,T)
and m sufficiently large.

Proof Throughout this proof j € Nis supposed to be so large that t; < (T —7)/3. Moreover,
in order to simplify the notation, abbreviate t for z; and we assume = 0.
For all t € (37, T) we have that

d -
E(“m(xm(t)) —{(p, Xm(t)))

= (Dum(xm(t)) - D, Xm(t)> = (Hp(xm(t)a Dy (X (1)), Dty (X (1)) — ﬁ)
Therefore, by integrating on (7, ),

Uy (X (1)) — (P, Xy (1)) — sy (X (T)) + (D, X (T))

t ~ (A.14)
= / (Hp(xm(s)» Dty (X1 (5))), Dty (Xin (5)) — p)dS.
Similarly,
d
E(”m(y(t))) — (P, y(®))) = (Dup(y (1)) = p, ).
So, (iii) and Lebesgue’s theorem ensure that
um(y (@) = (p, y(@®)) —um(y (v)) + (P, ¥ (1))
(A.15)

! 0
= / (Dum(y(s)) — p,v) ds < (%(i) — (P, v) +8|5|)(t —17).
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Therefore, by (A.14) and (A.15) we obtain
tm (X (1)) = (P Xin (1)) — ttm (X (T)) + (P, Xm (7))
— (um(y (@) = (p. ¥ (©) = um (v () + (p, ¥ (1))
> /rt {(Hp(xm(s), Dty (% (5))), Dty (X (5)) = p) = <%(i) —{p,v) + e|ﬁ|> }ds
which can be rewritten as

U Xy (1)) — AP, Xy (1)) — sty X (T)) + (P, X (T))
—(umy (@) = (P, ¥y @) — um(y (1)) + (P, y(1)))

t
= / <Hp(xm(s), Dty (X (5))) — U, Dty (X (5)) — ﬁ>ds
t
+f <<Dum<xm<s>), ) - @) - e|a|> ds
. ov
t
= / <Hp(xm(s), Dupy (X (5))) — Hp (X (8), )y Dty (X (s)) — [’)ds
t
+/ (Hp(xm(s)s p) — Hp(is D), Duyy (X (5)) — 13) ds
t
+f <<Dum<xm<s>), ) - ) - sm) ds
. av
t
> / {o(Duty (X (5))) + BXi (5), Dty (X (5))) — ]| }ds

t
+ / (Hp(n(5), P) — Hp(X, p). Dityy (X (5)) — p) ds. (A.16)
T
Now, observe the following:

[um (y () — (P, y(@®)) — um(y (0)) + (P, y ()| = (C1 + [PDIy (T) — X ()]
= (Cr+ 1Dy (0) —x(@)| + X(7) — Xm (D))
where we recall that C; > || Duy || co-

Next, we fix T = 7; with j large enough so that

5 5
ly (¢) — x(7)| < 7’ and m > 1 s0 that [x(7) — X, (7)] < 7’

Then

lum (v (0)) — (P, v (T)) — (X (7)) + (P, Xm (7)) < (C1 + |p)IT. (A.17)
Since Du,, (X, (s)) € Ve forall s € [0, t], by (A.12) we have that

t
f {a(Dum(Xm(S))) + BXm(s), Dum(Xm(S)))}dS = %M(l —1). (A.13)

We also have that, after cutting down on 7' > 0,

(Hp(Xp(5), p) — Hp(x, p), Dupm (Xp (5)) — p)
> —(C1+1pD) - Col%m(s) — | (A.19)
> —eCy(C1 +1p)

\
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So, by (A.16), (A.17), (A.18) and (A.19) we conclude that
tm (X (1)) = (P Xm (1)) — um (y (1)) + (P, v (1))
> (%u —e(lv]+ C3(Cr + |ﬁ|))>(r —7) =8t (Cy + [pD).
On the other hand,

[ty X (1)) — (P, X (1)) — um (Y (1)) + (P, v ()| < (C1 + | pDIXn () — v (B)].
Therefore,

21/3 — e(1o] + C5(C1 + |p1)

X (1) —y ()] = T (t —1)—dt. (A.20)
We now take 0 < g(|v| + Cé(Cl +p))| < % to obtain
u(t —1)
% (£) — y (D] = m -
and look for r < T such that
HE=D) s s, (A21)
3(Cr+1pD

or
3G+ 1phé+p
T w—6(Ci+1phé

So, taking 0 < § < we have that

P
12(Ci+Ipl)°

3(Ci+ DS+ 1 _
w=65(Cr +1pD) ~

Finally, g < m gives that (A.21) holds for all 7 € [37, T]. O

To complete the proof it suffices to note that Lemmas A.5 and A.6 ensure that assuming
(A.10) leads to a contradiction. Indeed,

[Xpm (t) — y ()| = 28¢, Vte€[37;, T,Vj>1

implies that x(t) ¢ K for all r € [37;, T]. On the other hand, x(7;) € K5 fori > 1 and, for
any fixed i, 7; € [37;, T] for j sufficiently large.
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