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Abstract

We investigate 3-nondegenerate CR structures in the lowest possible dimension 7 and
show that 8 is the maximal dimension for the Lie algebra of symmetries of such struc-
tures. The next possible symmetry dimension is 6, and for the automorphism groups
the dimension 7 is also realizable. This part (II) is devoted to the case where the sym-
metry algebra acts intransitively. We use various methods to bound its dimension and
demonstrate the existence of infinitely many non-equivalent submaximally symmet-
ric models. Summarizing, we get a stronger form of Beloshapka’s conjecture on the
symmetry dimension of hypersurfaces in C*.
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1 Introduction

An almost CR-structure is a triple (M, D, J) consisting of a manifold, a vector
distribution D C T M, called the CR-distribution, and a field of complex structures
J € T'(End(D)). The complexified CR-distribution splits as the direct sum of its
holomorphic and antiholomorphic parts, D ® C = Do & Dy, where

Dio={X—iJX|XeD}, Doy ={X+iTJX|X €D} =D.

A CR-structure is an integrable almost CR-structure, i.e., an almost CR-structure
for which the distribution Djq is involutive. This paper, as its preceding part [21],
studies CR-structures of hypersurface type: CR-codimension 1 and CR-dimension
n = $(dim M — 1) = rankc(D).

There are two intimately related problems that are important in CR geometry:
equivalence and symmetry/automorphism of CR structures. For Levi-nodegenerate
CR manifolds these problems were addressed and resolved in the classical works [4,
5, 29, 30], in particular it was shown that the dimension of the algebra of germs of
any Levi-nondegenerate connected CR-hypersurface M of CR-dimension n does not
exceed n? + 4n + 3.

In what follows, the manifold M will be assumed connected and real-analytic. In
this case the CR structure (M, D, J) can be locally realized as a real submanifold
of codimension 1 in C"t!; then D = TM N J,T M, where J, = i is the complex
structure in C"*!, and J = J,|p. The realization, however, is not always possible
globally, and in this paper we will not rely on a choice of realization. All other involved
objects, such as infinitesimal symmetries and global automorphisms, will be also
assumed real-analytic. As algebra of infinitesimal symmetries, we can either choose
the algebra of germs of symmetries g = inf(M, D, J; p) at a fixed point p € M or
the algebra of global vector fields g = inf(M, D, J). It is also possible to consider
fields defined on a neighbourhood &/ C M, our results hold true in each of these three
cases. In the arguments of our proofs, we will often tacitly assume (M, D, J) to be
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On 3-Nondegenerate CR Manifolds in Dimension 7 (Il) Page3of61 405

regular, i.e., the ranks of all involved bundles are constant. In fact, they are constant
on an open dense subset of M due to upper-semicontinuity, and we may restrict to it
by analyticity.

In the Levi-nondegenerate case, the Levi form of a CR-hypersurface

Z:Dio®Dy - (TM/D)®C, L(Z,7Z)=i[Z,Z] mod D®C, (l.1)

is a conformal .7 -Hermitian form on the distribution D of signature (p, n — p), and a
choice of orientation of the normal tangent bundle 7 .M /D interchanges the signature
with (n — p, p). The maximally symmetric Levi-nondegenerate CR-hypersurfaces are
locally CR-equivalent to a hyperquadric, which can be written as the tube

Qi = Z(p x R (y) c C"(2),

S =f{xo=xf 4+ +xp - = —x ] CRTN),

where z = x+iy € C"*!.Inthe absence of Levi-nondegeneracy, finite-dimensionality
of g is guaranteed by holomorphic nondegeneracy [2, §12.5], or equivalently, by k-
nondegeneracy for some 1 < k < n [2, §11.1-11.3]. We will recall this notion as
well as the Freeman filtration [9] in §2.1. The 2-nondegenerate CR-structures were
extensively studied recently, see [11, 26, 28].

In this paper we focus on understanding the symmetries of 3-nondegenerate CR-
manifolds for the smallest possible value n = 3. (Along the way, we will also deal with
some 2-degenerate CR-structures.) In [21] we treated the homogeneous and locally
homogeneous CR-manifolds, now we concentrate on the complementary case.

Theorem 1 If the symmetry algebra g of a 7-dimensional 3-nondegenerate CR-
hypersurface acts locally intransitively, i.e., the orbits have dimension strictly less
than 7, then dim g < 7 as well.

One can expect from the formulation of Theorem 1 the construction of a canonical
frame on the CR-manifold, however our approach is different. In fact, we do not claim
that the local action of g has trivial stabilizer g, at p € M, although this may be true,
but apply a variety of methods depending on the dimension of the generic orbits (as
noted above we can assume, without loss of generality, that the dimension of g/g,, is
constant for all p € M). We employ the Tanaka-Weisfeiler filtration of g at regular
intransitive points, retaining information along directions transverse to the orbits. The
complex structure 7 is never projectable to the leaf space of the Cauchy characteristic
space of D, still g projects faithfully as infinitesimal contact symmetries. Therefore,
it often happens that g is effectively represented on a fixed orbit (’)g as Lie algebra
of infinitesimal symmetries of a smaller dimensional geometric structure (e.g., a non-
integrable CR structure). We then take advantage of the Tanaka-Weisfeiler filtration of
g|0g at the transitive point p € O, which is more constrained than the intransitive
filtration. In the most involved cases, such filtrations are combined with a careful study
in Cartan’s spirit of the structure equations of adapted frames (on the CR-manifold
and on the orbit), providing crucial restrictions to disprove existence of the relevant
filtered deformations.

@ Springer



405 Page4of 61 B. Kruglikov, A. Santi

Together with the main result of [21] the above Theorem 1 finishes the proof of
Theorem 1 of [21]. Namely we conclude that a 3-nondegenerate 7-dimensional real-
analytic CR-hypersurface has sharp bound of the symmetry dimension dim g < 8.

We recall that in the homogeneous case the only possible symmetry dimension is
8 and that the CR-structure with such symmetry dimension is locally unique, given in
the tube form as follows [21]:

R’ = (TR\R) x R*(y) c C*(2),
R= {xox2 = xlz, X0X3 = X1X2, X1X3 = x%} C R*(x),

where R is the cone over the rational normal curve of degree 3 and T R its tangent
variety. Theorem 1 implies that the symmetry dimension 7 is also non-realizable in
the intransitive case. Concerning the next realizable symmetry dimension dim g we
have the following statement.

Theorem 2 The submaximal symmetry dimension for 7-dimensional 3-nondegenerate
CR-hypersurfaces is 6. There is a continuum of pairwise non-equivalent such CR-
hypersurfaces with the dimension of the symmetry algebra dimg = 6.

For global symmetry the situation is different: the submaximal dimension is larger.

Theorem 3 Let G be the automorphism group of a 3-nondegenerate 7-dimensional
real-analytic CR-hypersurface (M, D, J). Then dim G < 8, and the bound corre-
sponds to a finite or countable cover of the model R’. Otherwise:

(1) Either dim G = 7, which is achieved for a unique (M, D, J) that is locally
but not globally isomorphic to R'. The automorphism group of this submaximal
model is G = B x S°R2, where B is the Borel subgroup in GLy(R);

(2) Ordim G < 7, and the dimensions 6, 5, and 4 are achieved for infinitely many
non-equivalent intransitive (M, D, 7).

In fact, we will show that the submaximal model is the tube over (the nonsingular
part of) the tangent variety of the cone over the punctured rational normal curve of
degree 3.

Regarding the maximal and submaximal symmetry dimensions in CR geometry,
without specification of nondegeneracy type, we have the following:

Theorem 4 For any real-analytic connected holomorphically nondegenerate CR-
hypersurface (M, D, J) in C* the symmetry dimension is bounded by dim g < 24.
If the CR manifold is not everywhere spherical, i.e., not locally CR-equivalent to the
hyperquadric Q ), then dim g < 17.

In particular, as noticed in [21], this asserts Beloshapka’s conjecture for n = 3 by
methods independent of [3].

We recall that the original conjecture of Beloshapka (see [3, p. 38]) forn = 1
follows directly from [4], while for n = 2 it is due to [14, 24] (see also [25]). A
generalized form of it was established in [12, 16] for n = 1 and in [13, 20] for n = 2.
Our Theorem 4 is a version of such generalization for n = 3, the symmetry dimension
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bound in it is sharp and it is attained only on inhomogeneous CR manifolds (see the
proof for details).

Note that the classification in dimension 7 of locally homogeneous CR-structures
(or those with large symmetry) is far from completion both for 1-nondegenerate and
2-nondegenerate CR-manifolds, cf. [23]. Surprisingly, the 3-nondegenerate case in
dimension 7 has been fully resolved in [21] — this has to be compared with the 2-
nondegenerate case in dimension 5 [7].

Structure of the paper. In §2 we recall the notions of the Freeman filtration in
dimension 7, of the Tanaka—Weisfeiler filtration of the symmetry algebra (includ-
ing the intransitive case), and establish first general results on the Freeman bundles
and their adapted frames. We also describe the geometric structures induced on the
local leaf spaces of the Freeman bundles. The following §3 settles the upper bound
on the CR-symmetry dimension of an intransitive 3-nondegenerate CR structure in
dimension 7, with careful geometric and Lie-theoretic analysis that depend on the
dimension of generic orbits. It starts with general arguments in §3.1-§3.2, including
an a priori characterization of the CR-symmetries when the Cauchy characteristic
space has small codimension in the orbit distribution, and it continues with §3.3-§3.6,
where Theorems 19, 20, 21, and 30 are demonstrated. Theorem 1 is a consequence of
these theorems. We note that the results of §2 and §3.1-§3.2 are general and might be of
independent interest. The paper ends with §4, where infinitesimal and global submax-
imal CR-symmetry dimensions are established via certain geometric constructions on
nondegenerate projective curves in RIP3 — the proofs of Theorems 2 and 3 can be found
in §4.1 and §4.2, respectively. We also consider some generalizations in §4.3 and ends
in §4.4 with a stronger version of Beloshapka’s conjecture in dimension 7 — the proof
of Theorem 4 can be found here.

Notations. For a real vector space V we set V. = {v e V|v # 0}. We decom-
pose any section X of D ® C into the sum X = X9 + Xo1 of its holomorphic and
antiholomorphic components, which are sections of Djg and Dy .

2 Some Background on Degenerate CR-Structures
2.1 The Freeman Filtration in Dimension 7

Let (M, D, J) be a 2n 4+ 1-dimensional CR manifold of hypersurface type, with
Lie algebra g of infinitesimal symmetries. We will work in the real-analytic category,
since the focus of this part (II) is on real-analytic CR manifolds. As explained in the
Introduction and at the beginning of §3, we may assume that (M, D, J) is regular,
i.e., the sections of any sheaf of (complex or real) vector fields over M are sections of
an associated bundle. (In fact, the constant rank assumption can always be enforced
upon localization to an open dense subset of M.) The notion of k-nondegeneracy can
then be given in terms of Freeman filtrands [9], and we refer the reader to §2.1 of part
(I) for full details.

For 7-dimensional CR-hypersurfaces (M, D, J), the Freeman filtrands are a
sequence of complex bundles D19 D K19 D L9, with Ko the holomorphic part
of the Cauchy characteristic space K of D. The filtrand K¢ can also be defined as the
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left kernel of the Levi form .4, = —i % asin (1.1). We let Do; = Dy and Ko; = K10
be the anti-holomorphic parts of D and /C, and note that K is 7 -stable but it does not
depend on the complex structure 7.

In a similar fashion, we may consider the second-order Levi form

20 K10 ® Dot — (D10 ® Do1)/ (K10 ® Do1) = Dio/Kio

2.1)
(X,Y) — [X, Y] mod K10 ® Do,

whose left kernel is the filtrand L. We set Lo; = L0, £ = Re(L10 ® Lo1), and
note that, contrary to the Cauchy characteristic space, the distribution £ depends on
D but also on J. It is not difficult to see that both I and £ are integrable distributions.
Finally, the left-kernel of the third-order Levi form

Lt L0 ® Dot — (K10 ® DPo1)/(L1o ® Por) = K1o/Lio

2.2)
(X,Y) — [X,Y] mod Lo @ Doy ,

either vanishes, in which case the CR-hypersurface is called holomorphically non-
degenerate, or it is non-trivial, in which case the CR-hypersurface is holomorphically
degenerate. By [9] a holomorphically degenerate CR-hypersurface is locally isomor-
phic to the direct product of a lower-dimensional CR-manifold and a complex space.

Definition 5 [2, 9] A holomorphically non-degenerate 7-dimensional CR-manifold
(M, D, J) of hypersurface type is called:

(i) Levi-nondegenerate if K9 = 0,
(ii) 2-nondegenerate if K19 # 0 and L9 = 0,
(iii) 3-nondegenerate if L1 7# 0.

When (M, D, J) is 3-nondegenerate, then by dimensional reasons
rkc(D1g) =3 > ke (K19) =2 > rtke(L1g) = 1.

Here we collect some preliminary useful results for such hypersurfaces.

Lemma 6 The Lie brackets between the sections of the Freeman bundles of a 7-
dimensional CR-hypersurface (M, D, J) are collected in the following table:

Lie brackets between vector fields of the Freeman bundles

[--] Dio Ko Lo Doy Koy Lo1

Dio Dio Dio Dio TM®C DC Dio ® Ko1
Ko * Kio Kio * KeC K10 @ Lo1
Lo * * Lo * * LRC

“,»

where “x” refers to brackets that can be directly obtained from the others by skew-
symmetry and conjugation, and we omitted brackets with first antiholomorphic entry
for the same reason.
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Proof The table follows readily from the definitions of the Freeman bundles, the inte-
grability of the CR structure [J and of the distributions /C and £, except for the bracket
[K10, Lo1]. First note that [KC19, Lo1] C [D10, Lo1] C D1g ® Koi. The identities

[Do1, [K10, Lo11] C [[Do1, Kiol, Lo1l + [Kio, [Dor, Lo1l]
CID®C, Lol +[Ki0,Dnnl c DR C,

[D10, [K10, Lo11] C [[D10, K10l Lo1l + [Kio, [Dro, Lo1]]
C [D10, Lo1] + [K10, D10 @ Ko1] C Do @ Kot ,

then say that [[C1o, Lo1] C K10 @ Lor- o

Lemma7 Let (M, D, J) be a 3-nondegenerate 7-dimensional CR-hypersurface and
U C M a sufficiently small open subset. Then there exist local trivializing sections
Xi0 = 3(X —iTX), Yio = (Y —iJY), Zio = 3(Z — iT Z) of the complex line
bundles D19/ K10, K10/ L10, L10, satisfying the normalization conditions

(Yo, X10) = X10,  -L(Z10, X10) = Y10 - (2.3)

Furthermore:

(i) Such sections are uniquely defined up to transformations of the form
X0~ Aei‘”Xlo, Yio— eztil(), Zio — A_1e3i‘p210

for arbitrary functions » : U — Ry, ¢ : U — S' c C,

(ii) If there is a canonical real line subbundle in one of the above complex line
bundles, then the corresponding normalized section may be taken real, and e'?
is a sixth root of unity at each point. Hence, modulo a finite cover of U, Y1g is
canonical and X 19 — 2X10, Z1o = A~ Z10 (in particular the real lines of X 19
and Zyq are canonical at each point),

(iii) If there is a canonical trivializing section in one of the complex line bundles
D1o/K10 and Lo, then that section may be taken as a normalized section and:

(1) In the case Dyo/K19, then Y19 and Z19 are canonical too,
(2) In the case Lo, then X 19 and Y1¢ are canonical too, modulo a finite cover of U.

Proof The fact that the normalization conditions (2.3) are well-defined follows directly
from the definitions of the higher-order Levi forms and Lemma 6. The proof is then
straightforward and we omit it. O

2.2 On 2-Nondegenerate Structures

In dimension 5, the tube over the future light cone
Cs = {z = (z0,21,22) € Cix= Re(z) satisfies xg = x12 + x%, xp > 0} 2.4)
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is the most symmetric 2-nondegenerate CR-manifold. In fact, any maximally symmet-
ric 2-nondegenerate CR-manifold is locally isomorphic to the projective completion
in CP* of (2.4), seen as the homogeneous manifold SO°(3,2)/H for an appro-
priate 5-dimensional closed subgroup H of SO°(3,2). Absolute parallelisms for
5-dimensional 2-nondegenerate CR-structures have been constructed in [14, 24] and
the existence of an s0(3, 2)-valued Cartan connection addressed in [11]. The sub-
maximal symmetry dimension is 5, which is attained only in the locally homogeneous
case [25]. All the submaximally symmetric homogeneous models are simply transitive
solvmanifolds, they were classified in [7].

Such CR-manifolds will be relevant in §3.6.1-§3.6.3. In the latter, however, we will
also deal with 5-dimensional 2-nondegenerate almost CR-structures that are integrable
when restricted to the Cauchy characteristic distribution but not on the whole CR-
distribution.

In dimension 7 and higher, absolute parallelisms for 2-nondegenerate CR-
hypersurfaces have been found via various modifications of Tanaka’s geometric
prolongation scheme [26, 28]. (This approach does not extend immediately to CR-
manifolds satisfying the higher k-nondegeneracy conditions. Ultimately, this is due
to the fact that describing the k-nondegeneracy of a CR-structure at the filtered level
requires the assignment of nonnegative degrees to the vectors in the Cauchy charac-
teristic space; however, from 3-nondegeneracy on, the p'"-Freeman filtrand may have
non-trivial components of filtration degree < p, as explained in detail in [21, §2-§3].)

The moduli space of CR-symbols of 2-nondegenerate 7-dimensional CR-structures
contains continuous parameters. Under the constancy assumption on the CR-symbols,
the maximal symmetry dimension is given by 16 [26, 28] and it is attained on the
hypersurface

Ds = {z = (20,21, 22, 23) € C* : Im(z0 — 2122 + 2173) = 0} , (2.5)

having symmetry algebra co(3, 1) x S2(R*!) = co(3, 1) x R’. In the general case
the bounds increases to 17 [3], but this bound does not seem to be sharp.

2.3 The Intransitive Tanaka-Weisfeiler Filtration

Let (M, D, J) be a 3-nondegenerate 7-dimensional CR-hypersurface. Since its Lie
algebra g of infinitesimal symmetries is finite-dimensional, we may consider the con-
nected, simply connected Lie group G with Lie algebra of right-invariant vector fields
g and effective local action on M (a family {®,},c A of compatible local actions
O, : V, xU, - M, with U, an open neighborhood of p € M and V, an open
neighborhood of the identity in G). In this section we assume that the action is intran-
sitive, i.e., all G-orbits (9(? have dimension < 7. In this case, the Tanaka—Weisfeiler
filtration

- Dap) De(p o

@ Springer



On 3-Nondegenerate CR Manifolds in Dimension 7 (Il) Page9of61 405

of g at p € M can be introduced following [17] (see also [22, §2.3.2]), as we now
briefly recall.

Givenany p € M, we consider the usual metabelian Lie algebram(p) = m_2(p)®
m_1(p) (sometimes called “symbol” or “Carnot algebra” of the distribution D at
p € M) with

m_1(p) :=D|p, m_o(p) == TpM/D|p )

and its maximal graded prolongation pr(m(p)) = €P,. _, pr; (m(p)) in the sense of
Tanaka. By construction pr; (m(p)) — Hom(®i+1m_f(p), m_1(p)) foralli > 0.

On the other hand, we let ev, : g — T,M be the evaluation map and define
ap) =g 9(p) ! = ev;l(D|p) and g(p)? := ker(ev,). Inductively, given any
£ € g(p)! with i > 0, there exists a map

vt @Dl > 1M
\IJé—H(Yla-”inJrl): [[---[E ) v ] Yend ]l

where each Y; € DJ, has been tacitly extended to a section of D denoted by the same
symbol. It can be seen that Im(\Il"H) C D|p. We setg(p)t! = (& e g(p) | lI!’+l
0} foralli > 0.

Then g is a filtered Lie algebra, and each graded component g; (p) = g(p)’ /a(p)' !
injects into the prolongation pr; (m(p)) via § mod g(p)it! > ‘IIZ’;H In the case of
reductions given by the presence of an additional geometric structure preserved by g,
we will denote the reduced structure algebra by jy,(p) C pro(m(p)), and similarly for
higher reductions f; (p) with i > 0.

Definition 8 A point p € M is regular (w.r.t. the associated Tanaka-Weisfeiler filtra-
tion) if there exists a neighbourhood &/ C M of p such that ¢ — dim(g;(g)) is a
constant function of ¢ € U for alli > —2.

Equivalently, p is a regular point if the dimension of each filtrand g(g)’ is a constant
function of g € U. By analyticity, the set of regular points is an open dense subset of
M [18, Prop. 2]. It is a general result for filtered structures at regular points that the
graded Lie algebra gr(g) (associated to the filtered Lie algebra g) is contained in the
prolongation pr(m(p) < go(p)) of the non-positively graded Lie algebra m(p) X go(p)
[18, Thm. 2].

It follows that g — g|,; defines a distribution of constant rank d := dimg —
dim g(¢)° on 4. We denote this distribution by & and, by fixing symmetries &1, .. ., &
which are a basis of G, we see that G is involutive and g-stable.

Lemma9 Let p € M be a regular point. If g # 0 then g_,(q) # 0 forall g € U.

Proof Assume by contradiction that g_,(q) = 0 for some ¢ € U. By regularity,
g_,(q) = 0 forall ¢ € U and any symmetry & belongs to g = g(g)~> = g(g)~!

i.e., it is tangent to D everywhere on U. Then & = 0 on U/ by 3-nondegeneracy, £ = 0
everywhere by analyticity. O
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We conclude this section with a useful generalization of the simple fact that infinites-
imal CR-symmetries restrict to right-invariant vector fields on any simply transitive
orbit, hence commute with left-invariant vector fields. To avoid unnecessary minus
signs in our formulae, in the rest of §2.3 we denote by g the Lie algebra of left-invariant
vector fields on G, instead of the Lie algebra of infinitesimal CR-symmetries.

Lemma 10 Let &y, &, &3 be G-stable subbundles of T M that are tangent to the orbits,
i.e., they are subbundles of the distribution &. We identify Tp(’)g = g/a(p)° and let

e1, €2, 3 be the corresponding g(p)°-stable subspaces of g that contain g(p)° and
such that £j], = ¢;/g(p)°, j = 1,2, 3. Then:

(i) If the map
'M, &) xT(M, &) —>T'(M,6)/T' (M, &)

induced by the Lie bracket of vector fields defines a tensor 8 : £1&E, — & /&3,
then B|,(Y1, Y2) = [&1, & ] mod e3 as an element ofT,,Og/53|p = g/es, for
allY; € &\, and any choice of their representatives §; € ¢, j =1,2;

(ii) Assume now there exists a canonical section Uy of £ and choose any represen-
tative & € e1 of U1l € &1 p. If the map

M, &) — I'(M, 6)/T'(M, &)

induced by the Lie bracket with Uy defines a tensor # : £ — &/&, then
Blp(Y2) = [£1, &] mod e3 as an element oprOg/€3|p = g/es, forall Y, €
& p and any choice of representative & € e3. The analogous statement holds
for canonical sections of £;;

(iii) If U; is a canonical section of £; then [Uy, Uz]l, = [£1,§] mod g(p)o as
an element of Tp(’)g = g/a(p)°, for any choice of representatives & € e,
j=12

Analogous statements remain true upon restriction to any open subset U C M and
upon complexification of bundles and symmetries.

Proof Claim (i) is a slight reformulation of Main Lemma 1 of [8, p. 899], which, after
fixing a vector space complement i in g to g(p)°, is carried out using a local model
of (M, D, J) and constructing special vector fields ¢ on G that are right-invariant for
the stabilizer subgroup, see [8, p. 900]. Hence, they are m-projectable for the quotient
maprw : G — (’)g and they project to special sections ¥ = m,({) of the above
bundles £. Now

Blp(Y1lp, Yalp) = Y1, Y2llp, mod &, = 7«1, $2]le mod &)
by tensoriality and 7 -projectability, and [¢1, {2]]e = [€1, £2] by how the ¢’s are con-
structed (by construction, they are “left-invariant” in a weaker sense and just at the
identity). Furthermore, the result does not depend on the choice of representatives

since e + ¢ C e3 by tensoriality.
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The fact that Main Lemma 1 of [8] is stated in the locally homogeneous case poses
no difficulty, since our bundles and symmetries are tangent to the orbits and can just
be restricted there.

Finally, if U] is a canonical section of & (i.e., it is G-invariant), then its restriction
to the orbit (9,(,; is determined by the value

Utlp € T,05 Ze1/g(p)’ =@Ne,

an element §; € MNe; stable for the adjoint action of the stabilizer subgroup, modulo
a(p)°. The associated special vector field ¢; projects then to a G-invariant section
Y| = m.(§1) of & with Y1|, = Uy|,. Hence Uy = Y1, and claim (i) is established
following the same lines as (i), using that e; C e3 by tensoriality. Claim (ii7) and last
statements are now straightforward. O

Remark 11 Lemma 10 allows to trade the bracket of sections with the bracket of
symmetries, up to appropriate quotients and with an overall minus sign. The minus
sign, however, can be removed by just changing sign to symmetries (for instance, if a
basis of the symmetry algebra is given, it is enough to consider the opposite basis).

2.4 The Leaf Spaces of /IC and £
Let

M= M., (2.6)
‘M —> M., 2.7

€N W

be the leaf spaces of £ and I, respectively, with their natural projections. Their topo-
logical structure can be quite complicated, however we tacitly restrict to a sufficiently
small open subset I/ in M where the leaf spaces are smooth manifolds.

Proposition 12 Let (M, D, J) be a 7-dimensional CR-hypersurface. Then:

(i) The Freeman filtrands D D K D L descend to well-defined distributions D, K
on M, and D on M, ~ o »

(ii) J projects to a complex structure [J on the bundle D/K & K over M, preserving

both summands. It is an integrable complex structure on the second summand.

Moreover, if (M, D, J) is 3-nondegenerate, then:

@iii) D is a distribution on M with Cauchy characteristic space K of rank 2, and D
is a contact distribution on M, _ -
(iv) J is not projectable neither to D nor to D,
(v) Any infinitesimal CR-symmetry is - and T -projectable, and the Lie algebra g
embeds into the corresponding Lie algebra of symmetries on M and M:

= %,(g) C inf(M, D, K, 7).

g=7
9= 7,.(g) Cinf(M, D).
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In particular g is isomorphic to a subalgebra of the Lie algebra of infinitesimal sym-
metries of the 3-dimensional contact manifold (M, D).

Proof We will use Lemma 6 and that distributions on AM (resp. ./W) are in bijective
correspondence with distributions on M that contain £ (resp. K) and are L£-stable
(resp. K-stable).

Since K is the Cauchy characteristic space of D, and it is integrable, claim (i) is
immediate. Now [£, L10 @ Ko1] C L1 @ Koi. In other words, the bundle L9 @ Ko
is n—Bm]ectable to ICOl = m(ﬁlo ® ICOl) Similarly IC10 = T.(Kio ® Lo1), so
that £ ® Q —NJT,,(’C ® C) = IClo &) IC01 This proves that 7 induces a complex
structure 7 on K, which is clearly integrable since 7 is so and K is 7 -stable. Similarly
[£, D10 ® Ko1] C D10 ® Ko, so the bundle Dio & Ko is 7 -projectable. The quotient
(D10 ® Ko1)/K ® C is then 7-projectable to (D/lC)lo = 7.((D10 ® Ko1)/K ® C)
and evidently (D/IC) RC= (D/IC)10 @ (D/IC)Ol This proves claim (ii).

Claim (iii) is a direct consequence of definitions, we prove (iv). If J is pro-
jectable along 7, then the distribution Do @ Lo; is T-projectable, in other words,
[£, Do ® Lo1] C Dio @ Lo1. Hence [Lo1, D1o] C Do ® Lo1, which contradicts 3-
nondegeneracy. If 7 is 7 -projectable, we similarly see that [/Co1, D1o] C D1o @ Koi,
again contradicting 3-nondegeneracy.

Any symmetry £ € g is seen to be 7- and 7 -projectable, since it preserves £ and
IC, and the projections 7, (£) and 7. (&) are symmetries of the projected geometric
structures. If 7, (&) = 0 or 7,(&) = 0, then £ is everywhere tangent to K, so & = 0
by 3-nondegeneracy. O

From (v) of Proposition 12, there is an action of G asin §2.3 by local automorphisms
on (M D, K, J) and (/\/l D) so that 7 and 7 are G-equivariant. We denote by &
and & the analogous distributions defined by the local action of G on M and M
respectively.

Lemma 13 The distribution & is 7 - and T -projectable, with S = 7.(6), S = 7.(6).

Proof The distribution & + K is K-stable, hence T -projectable, and 7, (& + K) =
7.(6) = & by construction. The other case is proved similarly using & + L. O

3 The Upper Bound on Symmetry Dimension

In this section we get an upper bound on the dimension of the algebra of infinitesimal
CR-symmetries of a 3-nondegenerate CR structure in dimension 7, provided the struc-
ture is not locally homogeneous. More precisely, since the dimension of an orbit is a
lower-semicontinuous function, the symmetry algebra acts with orbits of maximum
dimension on an open dense subset I/ of M. Let then d be the orbit dimension through
a generic point of M, and restrict to I/ by analyticity. In other words, we may assume
w.l.o.g. that the symmetry algebra acts intransitively everywhere, and then separately
consider the possible values 0 < d < 7.

We stress that there can be singular orbits of smaller dimensions, however we
restrict to the domain ¢/ in M where the orbits dimension is maximum, and the orbits
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foliate . In fact, we also have the freedom to shrink I/ upon necessity, by regularity
or other reasons. Since the CR structure and its symmetries are assumed analytic, this
localization does not decrease generality. From now on, we always denote the domain
and its localizations just by /.

Theorem 1 is a direct consequence of Theorems 19, 20, 21, 30 from §3.3-§3.6 that
provide upper bounds on the symmetry dimension depending on the dimension d of
generic orbits.

3.1 Some General Arguments

Recall the definition of the distribution & determined by the algebra of infinitesimal

CR-symmetries g given in §2.3. By the Frobenius theorem, there exist local rectifying

coordinates and a foliation by maximal integral submanifolds of G near any regular

point p € U. Inother words, we have alocal diffeomorphism/ = U x V, where U and

V have the local coordinates (Lt")?:1 and (v/ );;”]l, respectively,and & = TU = (0, ).

We stress that V is not canonically defined and refer to the v/’s as invariants of &.
Any infinitesimal CR-symmetry has the form

d
E=) &), ,

i=1

and, in general, the group G acts on each (local) orbit Og = U x {v,} in a v-dependent
fashion. If ¢ € g(p)° (i.e, & |p = 0), then the linear part & := [§, —]|,, of the symmetry
acts on T, U, and it is represented by a block-diagonal matrix of the form & = [ §§ ]
w.r.t. the basis (9,, d,;). The proof of the following lemma is then straightforward
and we omit it.

ui7

Lemma 14 The linearization & of an infinitesimal CR-symmetry & € g(p)° satisfies
the following properties:

(@) It acts trivially on the quotient T, U /T,U, where T, U = TpOg is the tangent
space to the orbit through p,
(ii) It preserves the Freeman filtration D D K D L at p,
(iii) It preserves J on D|, (therefore also its restriction to K|, and to L|,),
(iv) It preserves the Freeman filtration D1y D K19 D Lo at p.

As a consequence, the linear part 2 € End(T), i) of any symmetry § € g( p)? induces
a graded morphism gr(E) € End(m(p)) of the metabelian Lie algebra m(p), which
preserves J|, and the Freeman filtration m_(p) = DI, D K|, D L|,. We consider
the Tanaka—Weisfeiler filtration of the stabilizer subalgebra g(p)° as in §2.3 and its
0-graded component gy(p) C End(m_;(p)), with the 0-graded symbol of £ given by
Bo := E|p € go(p). The full graded morphism gr(E) can be simply recovered as the
natural extension of E( as a derivation of the Lie algebra m(p).

Lemma 15 If go(p) = O then g(p)° = 0 and dimg = dim U < 7.
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Proof At regular points, the graded Lie algebra gr(g) is contained in the Tanaka pro-
longation of the non-positively graded Lie algebra m(p) x go(p), so g;(p) = 0 for
i>0. O

Definition 16 Given the subbundle T U of the tangent bundle TU, we set

TUp=TUND, TUj =TUpNJ(TUp),
TUc=TUNK, TU! =TUcNJ(TUK),
TU,=TUNL, TUJ =TU;NJ(TUp).

As usual, we may localize to regular domains. More precisely, since the set of points
of U where the rank of the intersection of two vector bundles attains the minimum is
open in U, we may assume that the above intersections have all constant ranks, i.e.,
they are bundles.

Lemma 17 Ifg # O, then:

(i) TUp C TU has codimension 1,
(i) Im(Ep) = Im(E|p) C TUj, and similarly for IC and L,
(iii) IfTUS =0, then dimg = dimU < 7.

Proof The first claim follows from the fact that 7Up C T'U due to Lemma 9. For the
second claim, note that ED = E(JD) = J(ED) C TUp NJ (T Up), and similarly
for /C and L.

If TUDJ = 0, then all E( vanish by the second claim, so go(p) = 0 and Lemma 15
applies. O

3.2 CR-Symmetries when TUy has Small Codimension in TU

Let 7 : U — U be the natural projection to the leaf space of K as in §2.4, which is
a 3-dimensional contact manifold ¢/ with contact distribution D. We recall that a Lie
algebra of contact vector fields on U consists of point vector fields (for some choice of
Darboux cordinates) if and only if it preserves a line subbundle g - D of the contact
distribution. In this case, we have a natural projection p : u—u /6 from I to an
open subset o /5 of the real plane and a point vector field is the first jet prolongation

XM of a vector field X on the real plane. If (x, y, y,) are jet coordinates on L{ the lift
of X = —@1(x, y)0x + @o(x, ¥)9y is the contact vector field

XD = X + (3c00 + yx(dy@o + de01) + y2dy01)dy, (3.1)

with generating function ¢ = ¢y + y,¢;. Clearly g = (0y, ).

We say that a point in U / gis generic if the induced orbits have constant dimension
in a neighborhood of the point and that ¢ € I/ is generic if p(7(g)) is so. By possibly
shrinking I/, we may assume w.l.0.g. that it consists of generic points.

Proposition 18 If g # O, then:
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(@) If TUx C TU has codimension 1, then dimg = 1,

@ii) If TUx C TU has codimension 2, then the Lie algebra of contact vector fields
7.(g) consists of point vector fields. Moreover, either dimg < 3 or g is iso-
morphic to the Abelian Lie algebra R" or its scaling extension R x R”. In these
last two cases, there exist local rectifying coordinates (ul, wd=1 yd, v) on
U such that g is represented by the vector fields

d d
(1) R" = span <au1, 04, ZggH(v)aui,...,Zgrf(u)aw),
i=1

(2) i=1

d d d
span (814] e aud, chlqul(U)au"’ cees Zs; (U)aui, Zulaui) or
i=1 i=1 i=1

Rx R =

d—1 d—1
span (aul, o Bty Y EL@)D Z HOLFRFE utaui)
i=1 i=1

for some functions éli of the coordinates v, withr > 4 for R" andr > 3 for R x R".

Proof Consider the projection 7 : U — U to the leaf space of I and note that the
restriction of the differential ;*|Lt0 T,U C T, U has Kernel T, Ux. Since 7 sends
G-orbits on U/ onto G-orbits on U, the latter have dimension dim(7,U /T, Uk), i.e.,
& has rank dim(T, U /T, U).

Claim (i). By Lemma 9, there exists a symmetry & € g such that its projection
S = 7, (&) is nowhere vanishing around 7( p). Since & is a line bundle, the projection
7 =7.()of any n € gis of the form 7 = f S for some function f on . Since two
non-trivial analytic contact vector fields are locally proportional if and only if they are
homothetic, we get dim 77, (g) = 1. The claim dimg = 1 follows then from (v) of
Proposition 12.

glaim (i7). In this case 7, (g) is an intransitive Lie algebra of contact vector fields on
U, with 2-dimensional orbits. Hence it consists of point vector fields, see [6, Corollary,
p- 5]. Itis then a simple matter of jet lifting via (3.1) the list in [10, Table 1] of analytic
finite-dimensional Lie algebras of vector fields in the real plane (under changes of
local coordinates, at generic points) to determine the contact Lie algebras with 2-
dimensional generic orbits.

Following the numeration of [10, Table 1], these are the lifts of the Lie algebras
(10), (11), (12) with & = 1, (22) with r = 1, which all have dimension < 3, and
the lifts of (20), (21), which can be explicitly described as follows (locally, at generic
points):

(i) R = span(dy. fi()dy + £y, ... fro1(@)dy + f1_ (1)dy,). 7 = 4,
(ii) R x R" = span(dy, f10)dy + f1()dys -y fro1(X)dy + f1_1(X)dy,, ydy +
}’xayx)a r 2 3’
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with the functions 1, f1, ..., fr—1 linearly independent. In particular ﬁ*(g) is either
an Abelian Lie algebra R” or its scaling extension R x R", the same holds for g by
(5) of Proposition 12.

If g is Abelian, we may apply the straightening theorem for a systems of d com-
muting vector fields that are linearly independent at p € U/ to get 9,1, ..., d,q. The
remaining vector fields are sections of & = (d,;) commuting with each 9, for
i=1,...,d. This is the case (1). If g = R x R” and the first derived subalgebra R"
includes d vector fields as above, then R” can be straightened as in the Abelian case.
It is then easy to see that the scaling element has the form Z?:l (u' + g")d,: for some
functions gi = gi (v), and the change of coordinates i =u + gi, v = v, leads to the
isomorphic subalgebra span (91, .. ., 954, §é+1 (D)1, ..., L), ' dg).

Finally, if g = R x R" and R” has only d — 1 vector fields that are linearly
independent at p € U, we first straighten them to get 9,1, ..., d,a—1. Then, in a
preferred local coordinate system, the scaling element has the form

d—1
Z(ui + gi)aui + ho,a

i=1

for some functions g’ and & of the coordinates u¢ and v. The function & cannot be
identically zero. Restricting to a domain ¢/ with & # 0, we may rectify the coordinates
(u?, v) in such a way that 4 = 1. The final change of coordinates i’ = u’ + h',
74 = u, 3 = v, with h' a function of u¢ and v satisfying 8udhi =h - gi, allows us
toalsoset g’ =O0foralli =1,...,d — 1.

We obtained 8,1, ..., dya-1, Y.*= u'd,i + 9,q. The remaining vector fields in R’
are of the form Zf;ll £l (u, v)d,i (since & = (9, | 1 <i <d)and R" does not have
d vector fields linearly independent at some point), the Lie algebra relations force
duEl =0forallk=1,...,d. O

We will now proceed to the proof of Theorem 1 successively in the dimension of
the (generic) orbits d < 7. Thanks to (iii) of Lemma 17, we may assume that the
bundle TUDJ is non-trivial. In fact, if TUDJ = 0, then g acts simply transitively on
the orbits and dim g = d.

3.3 Dimensions1 <d <3

Theorem 19 If the symmetry algebra g of a 7-dimensional 3-nondegenerate CR-
hypersurface acts with generic orbits of dimension d = 1 or d = 2, then g acts
simply transitively on orbits. If g acts with generic orbits of dimension d = 3, then
dimg <5.

Ifd = 1,2, then TUp has at most rank 1 by (i) of Lemma 17, hence TU = 0.
We now turn to the case d = 3.
If d = 3, the bundle T Up has rank 2, so TUg is either trivial or equal to T Up.

Thanks to our remark above, we may assume that TUp = TUDJ , 1.e., the bundle
TUp is J-stable. In particular T Uy is J-stable too. If TUx = T Up, then T Uy has
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codimension 1in 77U and dim g = 1 by (i) of Proposition 18, which is a contradiction.
Therefore TUx = 0,i.e., TU and K are complementary integrable distributions. Thus
each 3-dimensional orbit (’)g, q € U, carries a natural structure of a 3-dimensional
contact CR manifold (Og, TUp, Jlrup)-

Since TU = TU & K as complementary integrable distributions, we may take
local rectifying coordinates on U = U x V, where U and V have the local coordinates
W, and(vf)‘J‘.:l,respectively, andTU = (d,i), K = (d,;).(See,e.g.,[15, Lemma,
p. 182].) An infinitesimal CR-symmetry

3
E= Eu, )i,
i=1

preserves KC, whence & = £/ (u). Then g is effectively represented on each orbit (’)g
as a Lie algebra of infinitesimal symmetries of a 3-dimensional contact CR structure.

It is well-known that any maximally symmetric such structure is locally spher-
ical, i.e., locally isomorphic to the 3-dimensional CR sphere seen as the flag
variety SU(1,2)/B, with B the Borel subgroup. The submaximal CR symmetry
dimension, i.e., the maximal dimension among all non-spherical Levi-nondegenerate
CR-manifolds, is 3 by [4, 19].

Thus we restrict to the case where every orbit ((’)G, TUp, Jlrup) g € U, is
locally spherical and g C su(1, 2). The maximal dimension of a proper subalgebra of
su(l, 2)is 5, attained only on Borel subalgebras, corresponding to the claimdim g < 5.
Assume now that g = su(l1, 2), so dim(g|o§;) =dimg = 8 for all ¢ € U. We claim
that this contradicts 3-nondegeneracy.

First, we recall that the Tanaka-Weisfeiler filtration of the Lie algebra of infinitesi-
mal CR-symmetries g = 9|OqG = su(l, 2) of the 3-dimensional contact CR manifold

%, T Up, Jlrup) is the natural filtration associated with the Z-grading correspond-
ing to the Borel subalgebra b = Lie(B) of su(1, 2):

g=929 - D9y,

whereg , =R, g1 =C, gy = gh(C), g,; =g*, fori =1,2,and b = g,y =
90 D g1 @ g,. The tangent space of the orbit at a preferred point can be identified with
m=g/b = g_,®g_; and invariant distributions correspond to b-stable subspaces of
m. Since gl; (C) acts with different spectrum on g_, and g_, there is in fact a unique
invariant distribution of rank 2: the one corresponding to g_; C m. Similarly, invariant
complex structures on the distribution correspond to b-invariant complex structures
on g_, there is only one of them up to sign. In summary: there is a unique (up to sign)
contact CR structure on (’)qG preserved by g|oqc.
As we have already seen, symmetries in g have the v-independent local form

3
E=) EWi, .
i=1
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so that the Lie algebra 9|O§; is not only abstractly isomorphic to 9|Og forallg e U
but actually equal, where we identify Og = U x {vg} with OIC,; = U x {v,} in the
obvious way. The contact CR structure on Og is then equal to that on (9[? up to sign,

but since J depends smoothly on v, they are equal. Hence 7 is projectable to 5, a
contradiction by (iv) of Proposition 12.

3.4 Dimensiond = 4

Theorem 20 [f the symmetry algebra g of a 7-dimensional 3-nondegenerate CR-
hypersurface acts with generic orbits of dimension d = 4, then dimg < 5.

Here rk(TUp) = 3 by (i) of Lemma 17, hence rk(TUDj) is either O or 2. In the first
case, we have dim g = d = 4 by (iii) of Lemma 17, so we may assume rk(TUDj) =2

from now on. Thus, we have a flag of proper inclusions TUDJ C TUp C TU of
vector bundles of rank 2, 3, 4, respectively. We note that tk(TUx) > rk(TUp) +
k() — tk(D) = 1, and turn to consider the cases tk(7Uyx) = 3, 2, 1 separately.
We immediately note that if rk(7 Ux) = 3, then dim g = 1 by (i) of Proposition 18,
which is a contradiction.

3.4.1 The Case rk(TUxc) =2

We may fix abasis (Y7, Y») of local sections of T Uy and extend it to abasis (Y7, Y2, ¥3)
of local sections of T Up. Since T U is integrable and K is the Cauchy characteristic
space of D, we see that T Up is integrable too. Moreover

TUJ =TUJ NK =TUJ NTUx

implies that tk(TUY) > tk(TU) + k(T Ux) — tk(TUp) = 1, so that TUx. =
TUl =TUg.
If dim g > 4, then g is isomorphic to the Abelian Lie algebra

4
R” = span (Sa =0 (1<a<4), &= W 5=b< r)) ,

i=1
or its scaling extension
span(§, = dye (1 <a <4),
B =31 6 G<b<r) fr =Y u'd,)
Rx R = {or
span(§, = 0, (1 <a <3),
& = Z?:l Eli(v)au" @4=b=r), &1 =0+ Z?:l uiaui)

thanks to (ii) of Proposition 18.
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We first consider the cases where g includes the Abelian Lie algebra R* =
span(d,1, . .., ,4) that acts simply transitively on the orbits. Now TU = (d,,i) and, up
to a permutation of the coordinates u', . .., u*, we may assume that 7 Uy is generated
by Y1 = 9,1 mod (9,3, 9,4) and Y» = 0,2 mod (9,3, d,4), while T Up is generated
by Y1, Y together with Y3 = 9,3 mod (d,4). It is convenient to explicitly write them
as follows:

YI =0, +a1Y3+ 10,4,
Y =02 +axY3 + 20,4, (3.2)
Y3 =0,3 4+ 30,4,

for some functions ay, az, a1, a2, a3. Up to a permutation of the coordinates vl v2, 03,

the distribution K is then generated by Y, ¥> and further two vector fields

Yy =0, +as4Y3 + 40,4 + B40,3,

3.3
Ys = 0,2 +asY3 + 50,4 + 50,3,

for some functions a4, as, a4, o5, B4, Bs. Note that all the functions appearing in (3.2)—
(3.3) depend only on the coordinates v, since the Abelian algebra R* preserves T U,
TUp and K. Furthermore the distribution K is integrable and R*-stable, therefore
TU + K is integrable too and there exists a change of coordinates # = u, v = ¢(v)
allowing us to set B4 = Bs = 0. The distribution D is then generated by Y1, ..., Ys
and an additional vector field

Yo = 0,5 + a9 4 , (3.4)

for, again, a function « that depends only on the coordinates v.

Now, the Lie brackets [Y4, Y3] = (9,13)0,4 and [Y5, Y3] = (0,2003)0,4 are in D,
since KC is the characteristic space of D, so they vanish and o3 = a3 (v3). Note that a3
cannot be constant, otherwise Y3 would be a non-trivial infinitesimal CR-symmetry
everywhere tangent to D (which is not possible by 3-nondegeneracy). We compute
[Yit3, Y11 = (0ar) Y3 4 (9k)d,4 for k, I = 1, 2 and infer that all the functions in
(3.2) depend only on v3, since K is integrable.

We established that all the Lie brackets between vector fields in (3.2)-(3.3) vanish,
except possibly [Y4, Y5] = ((8v1 as) — (8v2a4)) Y3+ ((8U1 os5) — (8vza4))8u4. However,
this Lie bracket has to be in /C, so it vanishes as well and

Oy1as5 = 0,2a4 = a4 = 0,14, as = dea, 3.5)
Oy1a5 = 0,204 = 04 = 0100, @5 = 020, (3.6)

for some functions @ = a(v) and @ = «(v). To conclude the analysis of the Lie
brackets, we need to consider those involving (3.4):

[Ys, Y1] = a1Y3 + (163 + @1)0,4 ,
[Ye, Y2l = a2 Y3 + (azxaz + ct2) 0,4,
[Ys, Y3] = di30,4,
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[Ye, Ya] = aa¥3 + (as0i3 + dg — (9,106)) 9,4 ,
[Ye. Ys] = asY3 + (asoiz + dis — (9,206)) 0,4 ,

where the dot refers to the differentiation w.r.t. the coordinate v3. All the above Lie
brackets except [Ys, Y3] have to be in D, so

ajaz +a; =0, 3.7
a3z +dr =0, (3.8)
asdz + o4 = 9,16, 3.9)
as0iz + s = 0,206, (3.10)

and, combining equations (3.5)-(3.6) together with (3.9)-(3.10), we arrive at

3v1(aoi3 —i—d—aﬁ) =0,
sz(aoi3 —i—d—otg) =0,

namely g = ad3 + & + B for some function 8 = B(v?) that depends only on v3. The

change of coordinates &' = u’ fori = 1,2,/ = v/ for j =1,2,3 and 2> = u® —a,

u* = u* — a — aza (recall that a = a(v), @ = a(v) and a3 = a3(v?)), finally allows
us to set to zero all the functions appearing in (3.3). We stress that the infinitesimal
CR-symmetries in g are not modified by this change of coordinates, except for the
scaling symmetry &1 of g = R x R”.

In summary:

Yi=0,) +a1Y3 + 10,4, Y2 =0, +aYs +a20,4,
Y3 =0, 4+ 30,4, Yy =0,1, (3.11)
Ys =0,, Yo = 0,3 + 60,4,

for functions a;, ay, o1, ap, a3 of v3 and o of v. The identities (3.7)—(3.8) are still in
force, while (3.9)—(3.10) now say that also a depends only on v3. The Lie algebra g of
infinitesimal CR-symmetries is unchanged, with the exception of the scaling symmetry
of g = R x R", which becomes a vector field of the form &1 = > i, u'd, +
YAl + f))d,.

This concludes our analysis of the structure equations of vector fields (3.11) and
symmetries. To move on, we shall consider the complex structure 7 of the CR mani-
fold. Expressing it w.r.t. the frame (3.11) on D, we see that its coefficients depend only
on the coordinates v, since each vector field in (3.11) commute with the symmetries
in R* = span(d,1, ..., ,4). Moreover, since .7 preserves TUY = TUx and K, we
have
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JY1=8Y1+yY2,
JYs =yiY1 + Yo + vaYs + ys5Ys,

JY3 =681Y1 + 82Y2 + 83Y3 + 84Ys + 85Y5 + S6Ys

with y, y4, §¢ nowhere vanishing. Now, we write any infinitesimal CR-symmetry & €
R Cgasé& = 21-3:1 Y + c4(v)3M4 and we note that the functions ¢ and ¢*
depend on v only (consider the condition that the Lie brackets of £ with Y4 and Ys
are both in ). We compute

0=(LeH(Ys5) =18, TY5] = TIE, Ys]

2 2 2
==y Y @)Y —ys Y _(0,2c)Yi+ Y (0,¢)TYi
i=1 i=1 i=1 (3.12)
2
:(mmmh+®—m@mb—hw(@80m

+ (= @) +y@pch) — (6 +y5)@2cH))Ya,

where we used that 7Y, = —IJ;—BZYl —6Y>, and

6 3
0= (Le)(Y3) = [, TY31 =Y _&l&. Vil = 8344l€. 9,0]

k=4 k=1
= —(84@y1c") + 85(d,2¢") + 86¢") Y1 — (84(8,1¢?) + 85(3,2¢%) + 86¢?) Ya

2
— 86(63 + Zcidi)Y3 — 56(64 + d3c3)3u4 ,
i=1
(3.13)
where we finally used the identities (3.7)-(3.8). This leads to the following system of
four differential equations on four unknowns

. 84 85

&:—%@MU—%QWM,
8 8

2 =—2@,? — 2@,
86 86

2
A== cd,
i=1

= —dscd,

(3.14)
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together with the additional constraints on the initial data given by

58 5102 o0 0 dyic! 0
a a2 dyic? 0

S—ys 148> v = (3.15)
-10 TS_W d,2c! 0
0 —1 X &1 \guc? 0

Y4 V4

These constraints are obtained from the vanishing of (3.12) and by deriving the next-to-
last equation of (3.14) w.r.t. v! and v2. The determinant of the square matrix in (3.15)
is given by #((dlﬂ + (@18 + a2y)?) and it vanishes if and only if @; = @, = 0.

We assume first that this determinant is non-zero on an open subset of I/ and consider
& € R" C g that is vanishing at a point p € U. Then (3.14) becomes a system of
ODEs on the functions ¢ = c* (v3) for k = 1,...,4, whose unique solution is
ck=0,ie., & = 0. If the determinant vanishes on an open subset, then a; and a; are
constants, ¢> = ¢* = 0 by (3.14) and £ is a section of K. Again, this implies £ = 0
by 3-nondegeneracy. In summary dimg =4ifg=R" anddimg =5ifg=R x R".

The case with &1 = 9,4 + Z?:l u'd, a CR-symmetry is easier. Let TT =
(0,1, 9,2, 9,3) be the distribution defined by the first derived subalgebra R’ of
g = R x R", and note that 1 < rk(IT N TUx) < 2, since Il and T Uy are sub-
bundles of TU. If rk(ITN T Ux) = 2, then IT N T Uy has codimension 1 in IT so that
dim R" = dim 7, (R") = 1 by (i) of Proposition 18 (the proof extends verbatim with
R” in place of g). Then dim g = 2, which is a contradiction.

We now focus on rk(IT N TUx) = 1. Up to a permutation of the coordinates
u', u?, u?, we may assume that IT N T Uy is generated by a vector field Z = 9,1 +
a*d,2 + a*d,5. Since the distribution TT N T Uy is g-stable, we see that a* and a3
are functions of the coordinates v only. Either the function a? or a3 is not constant,
otherwise Z would be a non-trivial infinitesimal CR-symmetry everywhere tangent to
KC. Hence, we may assume da® # 0.

Consider an infinitesimal CR-symmetry § = Zf’: 1 & {(v)d, € R". We fix a point
g € U and consider the “constant” infinitesimal CR-symmetry

3
A:Z,\iau;, A =g,
i=1

constructed out of its value at g. Then § =& — 1 eg(g)’and

(i) itslinear part E satisfies Im(E) = Im(E|7y) C II,where TV = (9,1, 9,2, 0,3),
(i7) its O-graded symbol Eg = E|p satisfies Im(Eg) C TUY = TUy by (ii) of
Lemma 17.

Since rk(D/T Up) = 3, the vector bundle 7'V is identified with the quotient D/T Up
via the natural projection nry|p : D — TV corresponding to the decomposition
TU = TU @ TV. In summary Im(E) = Im(E|ry) = Im(Ep) C TUk. Since
Im(E) C I1, we finally get that Im(E) C I1 N TUx = span(Z|y). Since ¢ € U is
generic, this condition holds at all points of ¢/ and translates into the following system
of differential equations
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(3.16)

where d is the exterior differential in the coordinates v. If £! is constant, then £2 and
£3 are constant too and £ is just a “constant” infinitesimal CR-symmetry.

We set x := &! and assume dx # O from now on. Taking the exterior derivative
of (3.16) yields da* A dx = 0and da® A dx = 0, so that a = a%(x), a® = a3 (x)
are functions of x. By our assumptions, a, is (locally) invertible. Thanks to (3.16),
we also have £2 = £2(x), £3 = £3(x) and £2 = 42, €3 = 43, where the dot is the
differentiation w.r.t. x. In summary, we arrive at

3
£=xd, + Z g (x)d, ,

i=2

where Ef(x) is a primitive of a’ (x), for i = 2, 3. We may carry over the arguments
unchanged for another infinitesimal CR-symmetry n = Z?:l n'(v)d,: suchthaty :=
n! is not constant. Then

3

n=yd1+) O (N,
=2

where @ (y) is a primitive of a’(y), for i = 2, 3.
Now, the crucial observation is that a? is locally invertible also as a function of y,
so in turn we may write y = ¢(x) and

3
n=¢@)0, + Y O (@), .
i=2

The system of differential equations dni = aidnl, i = 1, 2, analogous to (3.16) turn
then into

de S de j
Ehﬂ(x) Pl =a'lx - @lx = E'W(X) =a'lx
and since dd—(?,ihp(x) =d lp(x) by construction, we finally arrive at al, = d lpr) =

a' ly. Taking i = 2, yields y = x and the difference of & and 7 is just a “constant”
infinitesimal CR-symmetry. In summary r < 4 and dimg < 5.

3.4.2 The Caserk(TUxc) = 1

Here TU;g =0, so TUDJ is transversal to L and D = K @ TU‘g, TUp =TUx &

TUDJ . Since TU + K = TU is integrable, we may integrate the distributions using

adapted coordinates (ul, u? ud, z, v, v?, v3) so that
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TU = (0,1, 0,2, 0,3, 9;) ,
K = (9,1, 0,2, 0,3, 7)) , 3.17)
TUk = (9;),

and the algebra of infinitesimal CR-symmetries consists of vector fields & =
Z?: 1§ "aui + E4BZ, where the functions Si, i = 1,2,3, depend only on the coor-
dinates u, since C is g-stable. By (v) of Proposition 12, the projection to the leaf
space of K is injective on CR-symmetries, i.e., g = 7.(g). Explicitly, we decom-
pose any £ as € = &' + £", with 7, () = & := Y 3_, &18,:, £ := £%0;, and the
component & fully determines &. In particular, g is effectively represented on each
orbit (’)qG = {(u,z,v) € U | v = v,} and also on any 3-dimensional hypersurface
Se=zyv=v, = {(u, 2,v) €U | z =24, v = v, } of a given orbit.

Up to a permutation of the coordinates u U w2, 43, the distribution T Up is generated
by 9, and two vector fields

X1 =0, +ad,;s,

(3.18)
Xo=0,2+a20,3.

Here D = (0,1, 9,2, 9,3, 9;, X1, X2), where a| and a, depend only on the coordinates
u, since K is the Cauchy characteristic space of D. Finally TU‘g is generated by
two vector fields that need to coincide with (3.18) modulo T Uk, i.e., we have X =
X + o0, for k = 1, 2. We may then write

JIX =X1 +yXs,
1+ 62

IXy = — X) —8Xy,

for some functions 6 and y, with the latter nowhere vanishing. The fact that an infinites-
imal CR-symmetry & preserves D is equivalent to the condition that &’ preserves
(X1, X7). (The action of & and &’ are then related simply by [£/, Xx] = [&, Xk]
mod TUy, k = 1,2.) We now split our analysis in two subcases, depending on
whether rk(TUz) = 1 ortk(TU,z) = 0.

Ifrk(TUy) = 1,then TU,; = TUx = (9;), and we compute

i
[0,, X101 = —5((aza)xl +(3,7)X2) mod TUyx . (3.19)
Since [L£, D1o] C Dip @ Ko1 by Lemma 6 and (3.19) is a purely imaginary vector
field in D ® C, we see that (3.19) is in £ ® C and that 9,6 = 9,y = 0. We now claim
that each submanifold S;—;, y=v, has a natural structure of 3-dimensional contact CR
manifold preserved by 7, (g).

First TS = (TU/TUx)|s with the contact distribution that corresponds to
(TUp/TUx)|s and inherits a natural almost complex structure Z via the identifica-
tion TUDJ = (TUp/TUy). Itis is automatically integrable by dimensional reasons.
Explicitly
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IX1=6X1+yX>,
1482

IXZZ_ Xl_6X27

and a straightforward computation using that § and y are z-independent and that &
is d,-independent shows that &’ preserves this CR structure. In particular dimg =
dim 7,(g) < 8. We then argue exactly as in the case d = 3 in §3.3 to get that
dim g < 5 as otherwise the complex structure on D is projectable to D, which is not
possible by (iv) of Proposition 12.

If tk(TUz) = 0, we proceed differently. In fact, the natural morphisms 7T Uy <
KK — K/L of real vector bundles compose to an embedding of TUx in /L =
K10/ L10, so the latter has a canonical real line subbundle and (ii) of Lemma 7 applies.
Modulo a finite cover of U, the section Yj¢ is canonical, hence preserved by g, and
the complex line bundle D/ ¢ has a canonical real line subbundle, hence g-stable.
Since TUD‘7 = D/K are both 7 -stable, we have TU‘g = (TUDj)lo = Djo9/Ki0 and
there exists a g-stable real line subbundle ¢ in TUDJ . Applying J, we decompose

TU‘D7 = { & J{ into the direct sum of two g-stable line subbundles.

In conclusion the Lie algebra g is effectively represented on any orbit Og as
infinitesimal symmetries of a 4-dimensional manifold endowed with a rank 3 dis-
tribution TUD|og C TU|(f)g whose symbol is m(g) = m_a(q) ® m_1(q) =
(TUlq/TUD|q) ® TUplg, where TU|,/TUp|, is 1-dimensional and TUp|, =
TUklys ® TUglq =RY|, ® (£|q @ Jﬁ|q) splits into 3 preserved lines. It is straight-
forward to see that the reduced structure algebra f,(g) is 1-dimensional, generated by

the semisimple element with eigenvalues 0 on RY|,, —1 on £|, ® J£|,; and —2 on
TU|,;/TUply, and that f; (g) = O for all k > 1. Hence dimg < 5.

3.5 Dimensiond =6

We consider now the case d = 6 prior to the case d = 5, because for the latter in §3.6
we will use all the different strategies developed from §3.3 to §3.5.

Theorem 21 If the symmetry algebra g of a 7-dimensional 3-nondegenerate CR-
hypersurface acts with generic orbits of dimension d = 6, then g acts simply
transitively on orbits.

Ifd = 6,thentk(TUp) = 5,rk(TUg) =4and3 < rk(TUk) < 4bydimensional
reasons. We therefore split our analysis into two main cases, which will split in turn
into subcases.
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3.5.1 The Case rk(TUx) = 4

In this case K = TUx = TUDJ. By (ii) of Proposition 18, we know that g is
isomorphic to the Abelian Lie algebra

6
R’ = span (sa =00 (1<a<6), &=y &0 (1<b< r)) :

i=1
or its scaling extension

span(§, = 9y« (1 < a <6),
& = Z?:l E[t;(v)aui (7T=b=r), E"H = 21'6:1 uiaui)
Rx R = {or
span(§, = 0y« (1 <a <5),
=33 60 (6<b<r), it =By + X5y 40,

Consider the Abelian case. Let £ = Ziﬁ=1 £'(v)d,i be an infinitesimal CR-symmetry
vanishing at p € ¢/ and E = — Zf’:l(avgin,, d,i ® dv its linear part. Let w be a
vector in TUp|, but not in TUD‘7|,,, so that Jw is in D|, but not in TUp|,. Hence
Jw = Ady mod TU|, forsome A # 0and 0 = JEw = EJw = AEJ,. This
shows that E = 0, so go(p) =0 and dimg =dim U = 6.

Next, the case of the scaling extension with first derived subalgebra R” acting
intransitively on T'U is similar, so we omit the proof.

Finally, if g is the scaling extension with transitive first derived subalgebra, we may
write any infinitesimal CR-symmetry as § = Z?:l gl (v)0,i +u&r41, forsome u € R.
If & vanishes at p € U, its linear partis & = — Zf’:l(avsin,, 9, @ dv — pnldry,,
and its restriction E|p to D|, has rank at least tk(TUp) = 5 if u # 0. Since
Im(E|p) C TUDJ by (ii) of Lemma 17, we immediately see that « = 0 and, arguing
as before, that g,(p) = 0 and dim g = 6. This is actually a contradiction: the case of
the scaling extension with transitive first derived subalgebra cannot happen.

If rk(TUx) = 3, then tk(TU ,‘g ) = 2 by dimensional reasons and we further split
our analysis into two subcases, depending on whether tk(TUz) =2 ortk(TUp) = 1.

3.5.2 The Caserk(TUyxc) = 3,rk(TUz) = 2

By Lemma 7, we may consider local trivializing sections satisfying the normalization
conditions (2.3). For our purposes, it is convenient to let X9, Y10, Z19 be correspond-
ing local sections of Djg, K9, L10 (instead of quotient bundles), determined up to
transformations X9 — Ae'?X 19 mod K19, Y10 — €X¢Y;0 mod Lo, and Zo9 —
A~ 13971, for : U — Ry and €’ : U{ — S, see (i) of Lemma 7. The normaliza-
tion conditions read as % (Y19, X10) = X10 mod K10 ® Do1, L(Z10, X10) = Y10
mod L9 ® Do .
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Here L=TU,; = TU;g, so we have the real line subbundle T Uy /TUz of K/ L =
K10/L10. Then (ii) of Lemma 7 applies: we may take Y alocal section of T U that is
not in £ at all points of I/, and assume that €'Y = 1, modulo a finite cover of /. Finally
we note that Z is a section of £ = TU;g and, since D/K = TU‘D7/TU;C7 = TUg/L,
we are also free to ask that X is a section of TUDJ , which is not in £ at all points of /.

In summary

TUp =TUJ & (Y),

TUS = (X, JX)® TUY | (3.20)
Ul =(2.72),

with the local sections uniquely defined up to transformations of the form
X0+ AX190 mod L9, Yo+ Y0 mod L1y, Zip+— )»_1210 . (3.21)

The normalization conditions say that [Y19, Xo1] = X10 + d1Xo01 +d2Y01 +d3Zo1 +
dsY10 + dsZyp for some complex-valued functions di,...,ds : U — C and
[Z10, X01] = Y10 + (1 +im2)Yo1 mod (Xp1)c @ (L ® C) for some real-valued
functions w1, w2 : U — R. Since TU is integrable and it contains TUp =
(X, JX,Y,Z,JZ)butnot JY, we readily see that u; = 1, up = 0. The inclusion
[(TU o1, (TUZ)o1] C (TUZ o1 also says that [Zo1, Xo1]1 =0 mod (Xo1, Zot)c-
Summing and subtracting appropriately then yields

(Z,X]=[JZ,JX]=2Y mod TUZ,

(3.22)

[JZ,X1=1[Z,JX]=0 mod TUJ .
The bundles L9 ® Ko and Ky, are integrable by Lemma 6, so that [Zg, Yo1] = oY1
mod £ ® C for some o : Y — C and [Zg, Y10] = aY190 mod Lig (to see that the
coefficients are in fact both equal to «, just sum the two Lie brackets and use that
[Z1p, Y] is asection of TU ® C).

We summarize the Lie brackets obtained so far, together with some direct
consequences of the integrability of the Freeman bundles. Here “x” refers to
brackets that can be inferred from others by skew-symmetry and conjugation, and
[X10, X01] = iR is an imaginary vector field nowhere tangent to D. The functions
Cl,-..,C6;d1,...,d10; 01, 02, 03; ¢ are complex-valued.
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We aim to canonically constrain X9, Y10, and Zjg, at the same time reducing the
freedom in the transformations (3.21). For this, we shall make (3.21) explicit:

X10 > X10 = AX10+BZ10, Yio+> Yio = Yio+yZio, Zio+> Zio=r""Z1o,
(3.23)
where A : i/ — R4 and 8, y : U — C. A straightforward computation then yields

[Y10. X011 = [Y10 + ¥ Z10, AXo1 + BZo1]
= M(X10 + d1Xo1 + d2Yo1 + d3Zo1 + daY10 + ds5Z10)
+yA(Y 4+ dsXo1 + d7Zoy + dsZ1o) — B(@Y10 + doZ1o + d1oZo1)
+yB(03Z10 —53Z01) + (Yio(h) + ¥ Z1o(W) Xo1
+(Y10(B) + ¥ Z10(B)) Zor — (A X01(¥) + BZo1(y)) Z10 (3.24)

sothat[Y10, Xo1] = X10+A(da+y) Yo1+(rda+yr—Ba@) Y1 mod (Xo1)c®(LRC).
Hence:

(i) We may choose y uniquely from the condition dy + y = 0;
(ii) Henceforth X1g, Y19 and Z1¢ are normalized by d, = O, restricting the residual
freedom to transformations (3.23) with y = 0.

In particular Y and JY are canonical, hence preserved by all infinitesimal CR-
symmetries. Since JY is canonical and transverse to any orbit O, it follows that
g is effectively represented on Og (this is easier to see using coordinates that are
adapted to the leaves of g and 7Y). We check [210, )701] =[2"1Z10, Y011 = )»_lot%l
mod £ ® C, whence:

(iii) If o % 0 onU, we may choose A uniquely so that A~ '« takes values in S' c C,
normalizing the sections accordingly and restricting (3.23) with y = 0 and
r=1;

(iv) Inthis case, we finally fix the residual freedom g by requiring that dy — fa = 0,
further normalizing the sections with the addition of d4 = 0.

In other words, if & # 0, we obtained a pair of canonical parallelisms:

(X.Y,Z,JX,JZ, R = }[X,TX]),

Canonical parallelism on each fixed orbit (’){?
(X.Y.Z2,IX,JZ,R=%[X.TX],TY) .

Canonical parallelism on U/

(3.25)

The parallelism on I/ says that each infinitesimal CR-symmetry £ € g is determined by
its value at a fixed point g € U, proving, once more, that g is effectively represented
on each Oqc. Since g preserves also the absolute parallelism on the orbit, we have

dimg = dim(glog) < dim (9;7 = 6. The generic case o # 0 is settled:

Proposition 22 [f the structure function o # 0, then dimg < 6.
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If « = 0 identically, we may still enforce (i) and (i7), however this case is much
more involved. Let us first focus on the Y -component of the brackets involving Zy;, Y19
and Xo:

[Zo1. [Y10, Xo1]] = [Zo1, X10 + d1 Xo1 + d3Zo1 + daY10 + dsZi0]
=Y + Zoi1(ds)Y1o mod TUH ®C,

[[Zo1. Y10l. Xo1] = [d9Z10 + d10Zo1, Xo1]
=do¥ mod TUF ®C,

(Y10, [Zo1, X011l = [Y10, caXo1 + ¢5Z01]
= c4dsY19 mod TUF ® C,

so that do = 1 identically by the Jacobi identity. Under our conditions d» =0, y =0,
o = 0, and dg = 1, the Lie bracket between Y, 10 and Xm reduces to

(Y10, Xo1] = MX10 + di Xo1 + d3Zoy + daYio + dsZio) — B(Z10 + dioZo1)
+ (Yio) Xo1 + (Y10(B)) Zoi
= X 10 + Ada¥10 + A(rds — 2Re(B)) Z1o mod (Xo1, Zo1) ,

and we may enforce the following alternative step to (iii):

(iii") We may choose B so that 293e¢(B) = ARe(ds), henceforth we normalize our
local sections additionally by SRe(ds) = 0 and restrict (3.23) by SRe(8) = 0.

We note that § is not determined uniquely, as its purely imaginary part remains uncon-
strained. Thus, in what follows, we let 8 = iJm(B) = i 8’. The residual tranformations
are

Xi0 X10=AX10+if'Z1o, Yo Yio="Yio, Zior Zio=A"'Zi,

for real-valued functions A : Y — Ry and B’ : U/ — R. We now have @ = 0,d, =0,
do=1,ds =iJm(ds) =i dg. Further constraints are implied by the Jacobi identities
involving X1¢:

Jac(X10. Z10, Zo1) = (@3 — )Y mod (X190, Z10, Zo1) ,
Jac(X10, Y10, Zo1) = (dio — o1 +c1)Yor mod (X0, Y0, Z10, Zo1) »
Jac(X 10, Yo1, Zo1) = (c6 — 01 — di) Y10 + (ds — ca)Xo1 mod (X109, Yo1. Z10, Zo1)
Jac(X10, Y10, Yo1) = (G1 +d1 + c1)Xo1 mod (X10, Y10, Yo1. Z10, Zo1) ,
(e

Jac(X10, Yo1. Z10) = (cz — ds) Xo1 mod (X 10, Yo1, Z10, Zo1) , (3.26)
so that their vanishing is equivalent to ¢4 = d¢ = 03,57 = ¢| +dj0 = —(c1 +4d) ), and
c6 = —c1. A somewhat long but straightforward computation of the Lie brackets of

@ Springer



On 3-Nondegenerate CR Manifolds in Dimension 7 (Il) Page310of61 405

the vector fields of the new frame allows to read off the change on structure functions:

¢ =c1—Yi(nA), ¢ =i,

T3 =2%c3 — 2if'her — iY10(B) +iB/AYio(InR),
Cs=Xcs —iZo(B) +ipos+AXoi(Inh),

dy = A\2dy — 2ip'Act — iAY10(B) +iB AYio(n ),
dy = Ady, d=2\2dL,

d7 = ad7 +2iB'53 —iZ1o(B) + i Zio(In2) ,
dg = A(dg + X01(lnA)) —iflos —ip' Zo1(In k),

01 =01, 0p)=A0p, 03=A_ (03 + Zol(ln)\.))

We recognize the invariant o1 and the relative invariants c¢;, da, 02, ¢5 + d7 — dg of
weight +1, as well as dg, c3 — d3 of weight +2.

Let us first assume that A can be fixed uniquely to A = 1 on I/ via an algebraic
normalization, that we do not need to specify. (For example, if one of the relative
invariants is non-zero, we may require that it takes values in S! c C.) The structure
functions c1, ¢2, ¢c3 — d3, c5 + d_7 —dg, da, dg, o2, 03 are then also invariants, and the
remaining ones change accordingly to

G3=c3—2if'ci —iY10(B),
s=cs—iZo(B) +ipo3,
dg = dg — i,B/<73 .

If o3 # 0, we may fix 8’ from the last equation, arrive at a pairs of canonical
absolute parallelisms as in (3.25), and infer dim g < 6.
Otherwise o3 = 0 and hence dg is an invariant. We then compute the Jacobi identity

Jac(X 10, Z10, Zo1) = [Z10, Y 4+ d7Z10 + ds Zo1] — [Zo1, €5 Z10]
=[Z10,Y] mod (Z1p) =Zo1 mod (Zjp) #0

where we used ¢4 = dg = o3 = 0 and that dg is an invariant (hence it is constant on
the orbits and Z19(dg) = 0). We get a contradiction, this case cannot happen. We then
proved:

Proposition 23 [fthe structure functiona = 0, and ) : U — R can be fixed uniquely
tor=1onlU, thendimg < 6.

Assume now that A cannot be fixed to A = 1 via any algebraic normalization: in
particular, all the relative invariants ¢, ds, 02, ¢5 + d7 — ds, dg, ¢3 — d3 vanish. The
relevant changes of structure functions are more easily expressed in terms of A and
B = 1B’ as follows
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¢y =c1—Y(ni),

& = 2%(c3 — 2iBer — iV10(B)),

& = w(d7 +2iBos — i Z1o(B)) ,

ds = A(ds + Xo1(In 1) — ios — ifZo1(In 1)),
G1=0,, 3= k_1(03 + Zoi(In k).

and the Lie brackets drastically simplify to the following form:

Structure equations of the frame in the subcase « = 0 and X cannot be fixed

[--] X0 Yo Zio  Xoi Yo Zo)
X10 0 c1X10 * ¢D * *
+c3Zio

Y10 * 0 * Xio— @1+ 01Y10—01 Y01 *
c)Xo1 + 3201

VATV —c1Zyp 0 Y +03X01 + Zo1 + (01 — 03Z10 — 03201
d7Zo1 +dgZ0 cDZ1o

X01 * * * 0 * *

Yo1 * * * * 0 *

Zor  * * * o3Xo1 +(dg—d)Zo1  * 0

It is only from now on that applying Tanaka’s algebraic prolongation pays off! In
fact g is represented as infinitesimal symmetries of a 7-dimensional manifold endowed
with a collection of graded frames, definedupto A : i/ — Ry and B/ : U/ — R, and
the symbol algebra is a 7-dimensional metabelian Lie algebra with 2-dimensional
reduced structure algebra:

fo(g) = span (A, B),
m_1(¢) = D|, = (TUS |, ®RY|,) ®RIY|,,
m_z(q) =TU|4/Dlg = RR|,; .

Here TUDJ = (X,JX, Z,JZ) and we tacitly identified R|, with its class modulo
Dly.

The Lie brackets of f((g) := m(g) % fy(g) are more conveniently expressed w.r.t.
the natural basis in the complexified picture with omitted evaluation at g for simplicity
of notation:

[X10, Xo1] =iR, [B, X10l=iZyo,
[B, Xo1]l = —iZo1, [A, B]=-2B, [A, R] =2R,
[A, X10] = X10, [A, Xo1] = Xo1,
[A, Ziol=—Z10, [A,Zol=—Zo1.
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Now f(q) = f’so (@) ® f’i’o(q) is the direct sum of two ideals

foo(@) = f_2(q) ®_1(@) @ fo(q) Zo(q) = 1 (@)
= m_2(¢) ® TUL |, ®fo(9) = span(Y g, TY|q) -

Itis known that the Tanaka prolongation of § . (g) is the direct sum of the prolongations
of f_(¢) and f”,(q) as ideals. Since f_(¢) has trivial structure algebra f;(¢) = 0 by
construction, it coincides with its prolongation. We now turn to §_,(q).

Let Ry, X10lg, Xo1lg, Z10lg> Zo1lg, A, B be the basis of the complexification of
f’<0(q) and denote the dual basis by p, &19, &o1, ¢10, Co1, A, B- The Spencer operator

811" ® (@) @D Fa@* ®F-1(9) — A*(9(@)* ®F0(9)

is defined as the component of degree 1 of the differential of the Chevalley-Eilenberg
complex of the Lie algebra f_,(¢) with values in f’fo(q) and it is determined by the
following expressions

dp = —i&10 No1, 3810 = 8801 = 8810 = 8¢01 = O,

SA = —&10® X10 — &01 ® Xo1 + 810 ® Z10 + %01 @ Zo1 — 20 Q R,

8B = —i&10® Z1o + i&o1 ® Zo1 , (3.27)
8X10=—i1 @R, 6Xo1 =i10®R,
6Z10=68Zy1 =R =0.

A Spencer 1-cochain

(a1810 + a2€01 + a3io0 + aslor) ® A + (bi&10 + bador + b3si0 + balor1) ® B
+p ® (c1X10 + c2Xo1 + ¢3Z10 + caZo1)

is §-closed precisely when a1 = a» = a3 = a4 = b3 = bs = ¢1 = ¢ = 0 and
b1 = —c4, bp) = —c3. In other words, f’l(q) = span(Blo =&10RB—p®Zy1, Bor :=
§1Q® B—p® Z).

The element B € f;,(q) acts trivially on f;(¢), while A acts as a scaling by —3.
Therefore, the semisimple element S := —A has spectrum (—2; —1, —1, +1, +1; 0,
+2; +3, +3) in the eigenbasis R|,; X10lg, Xo1lg> Z10lg> Zo1lgs S, B; Bio, Boy of f/.

A longer but still straightforward computation with the Spencer operator of higher
order implies f5(¢) = 0; this verification is included into the MAPLE supplement
accompanying the arXiv posting of the article. Hence the Tanaka prolongation of
f_0(q) is the 9-dimensional graded Lie algebra f_(¢) @ f} (¢). The prolongation of
f<o(q) is therefore 11-dimensional, but since g is effectively represented on any fixed
orbit, it is sufficient to consider the prolongation of _0(q) ® RY|,, which is the
10-dimensional Lie algebra f = (f_o(q) ® RY|,) & f((¢q) @ f)(¢) majorizing gr(g).
Consequently we get the a-priori bound dim g < 10.
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Proposition 24 [f the structure function « = 0, and ) : U — Ry cannot be fixed to
A = 1 via algebraic normalizations, then dim g < 6.

In order to prove this we have to exclude all the cases where dimg > 7. We are
thus led to investigate filtered deformations g of the following graded subalgebras of
f that include the negative part (since g = g|0qc is transitive on the orbit), and have

dimension at least 7:

(i) Ef;()(rp ) qug @ fo(q) @ f1(4),

(i) (f_o(@) ®RY|,) ®RB @ f;(q),

(iii) (F_o(q) ®RY|y) ® fo(q) @ ¢, where € is a line in f; (¢),
(iv) (fLo(q) ®RY|y) ® RB @ ¢, where € is a line in f; (¢),
) (Foo(@) ®RYy) & fo(q),

(vi) f;o(q)eaRqug@RB,

(vii) Efgo(q)@mh, ® RA,

In (i)-(iv) we use the fact that the commutator of a non-zero element in degree 1
with f’_l (q9) = TUDJ |4 gives B. In (v)-(vii) we use the fact that a non-trivial linear
combination of the elements A and B is either equal to B or Ad (exp f()(q))—conjugate
to A.

Several general observations in the study of the filtered deformations of the above
graded algebras (i)-(vii) are in order:

O1 The Lie bracket is compatible with the filtration induced by the graded structure.
Explicitly, it has the form [—, —] = [—, —], + - - -, where [—, —], is the graded
bracket and - - - are terms of overall positive degree (i.e, the degree of the output
is higher than the sum of the degrees of the two inputs).

02 If the semisimple element S enters the graded subalgebra, we may redefine the
elements of the graded basis so that [S, —] = [S, —],. In other words, S can be
assumed to have the same spectral properties in the filtered algebra.

03 Many of the structure equations coming from the brackets of vector fields sum-
marized in the Table after Proposition 23 can be used thanks to Lemma 10
and Remark 11, upon rewriting the equations in terms of vector fields tangent
to the orbit. For instance, the equations coming from higher-order Levi forms
and integrability of bundles are clearly tensorial, while the equations ¢ = 0
and d9 = 1 fall within the scope of (ii) Lemma 10 (the section Y is canon-
ical, the bundle (Zjp) is G-stable by (3.23) and one may consider the map
(Z10) — TUp ® C/{Z10) induced by Lie bracket). The equations that we don’t
take into account are the direct consequences of the Jacobi identities (3.26) and
the vanishing of the relative invariants cs + d7 — ds, c3 — d3. (The Jacobi iden-
tities will be enforced later at the level of the symmetry algebra. The vanishing
of the relative invariants actually do fall within the scope of Lemma 10, but it
is cumbersome to show it. In fact, an elaboration of Tanaka theory implies that
one can impose all the constraints obtained so far, but we decided not to discuss
it here.)

We indicate the final Lie brackets in the following Table for the reader’s conve-
nience:
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Structure equations of the sub-frame X, Y, Z, 7 X, JZ

[--] X10 Y Z10 Xol Zoy

X10 0 * * ¢ TUp *

Y * 0 * X104+ (1 —c1)Xo1 + *

(d3 —¢3)Zo1
Zio * Zo1 + (c6 + 0 Y +dsXo1 + 03Z10 — 63201
d10)Z10 d7Zo1 +dgZio

Xo1 * * * 0 *

Zo1 * * * c4X01 + ¢5Z01 0

Remark 25 Observation (O2) needs a clarification. For instance [S, Xi0lo = —X10

and, by (O1), we may write [S, X10] = —X10+ k1S +k2 B + k3 B1o + k4 Bo; for some
k1, k2, k3, ka € C. The general redefinition )~(10 = Xj9o+a1S+arsB+a3Big+asBoi
is still compatible with the filtration and [S, X 0] =—-Xipo+kS+ (kz + 20[2)3 +
(k3 + apry + 3a3)310 + (k4 + apry + 30!4)301, with [S, B] = 2B + r1Byo + r2Bo1
for some ry, rp € C, [S, Bio] = 3B, [S, Bo1] = 3Bg; by (Ol) ChOOSiEg o] = —kp,
30y = —ko, 403 = —kz —aory, das = —ka—oaprp yields [S, X10] = —X10. Similarly
[S, )~(01] = —%01, and setting R:= —i[)?]o, §01] also enforces [, ﬁ] = —2R.

The crucial point here is that the eigenvalue of the graded action of S on Xjg is
different from those on the higher filtration terms S, B, Bjg, and By entering the
redefinition. This is the case for all the basis elements except Y, in which case we may
only enforce [S, Y] = kS for some k € C, after redefinitions. However:

Lemma 26 We have [S, Y] = 0 also in the filtered algebra.

Proof Working modulo terms in the stabilizer (i.e., modulo non-negative terms), we
write [Y, Zo1] = —Z10—1Zg for some ¢ € C thanks to (O3), whence [S, [Y, Zo1]] =
—Zyo—tZo1 too. But[[S, Y], Zo11+1[Y, [S, Zo1]l = k[S, Zo11+[Y, Zo1l = —Z10—
(t - k) Zo1 and the Jacobi identity immediately implies k = 0. O

In summary, not only the filtration is preserved by (O1) but (O2) holds: the brackets
of the filtered Lie algebra are compatible with the grading given by S, whenever
present, simplifying the commutation relations. For instance, the stabilizer is always
rigid, either by S-grading in cases (i), (iii), (v) and (vii), or by trivial dimensional
reasons in cases (ii), (iv), (vi).

We thus checked that the Jacobi identities rule out all the possible filtered deforma-
tions. The computation is a straightforward linear algebra, done using the symbolic
package MAPLE — it can be found in the supplement accompanying the arXiv post-
ing of the article. Let us note that although one expects quadratic relations in the
Jacobi constraints on the deformation parameters, the ideal of relations has a linear
part, resolving which we get another linear part, and so forth until a non-ambiguous
contradiction of the type 1 = 0 arises.

This proves Proposition 24 and finishes the subcase §3.5.2.
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3.5.3 The Case rk(TUxc) = 3,rk(TU,) =1

Let us recall that tk(TUp) = 5, tk(TUZ) = 4, tk(TUx) = 3, and tk(TUY) = 2.
Since tk(TU;) = 1, then TUg =0, ie., TUDJ and £ are transversal, and D =
TUDJ @ L. Now TU + K =TU + L = TU is integrable, thus we may integrate the

distributions using adapted coordinates (1!, ..., u°, z, v) so that
TU =(0,1,...,0,5,0;),
K= (8,4, 0,5, 9z, 9v) , (3.28)
L =0, 0),

and the Lie algebra g consists of vector fields & = ZiS:l gl 0, +§& 69, with &' depend-
ing only on ul u?, udfori =1,2,3 (since K is g-stable) and ul, ... udfori=4,5
(since L is g-stable). The projection to the leaf space of £ is injective on symmetries
by (v) of Proposition 12. In other words g = 7, (g) and, decomposing any infinites-
imal CR-symmetry into & = &’ + &” with & := Z?:l £19,:, &" = £%9,, we have
that & fully determines &. In particular, g is effectively represented on any fixed orbit
OqG ={u,z,v) el |v=u4}.

By Lemma 7, we may consider local sections Xq, Y19, Z19 of D1o, K10, L10,
respectively, as in §3.5.2. They are normalized sections and they are defined up to
transformations depending on functions A : &/ — R, and ¢/ : U — S'. Now
TU;, C TU,®C = Ly is a canonical real line subbundle of £, so (ii) of Lemma 7
applies: we may take Z a non-zero sections of TU, and set /¥ = 1. Since D/K =

TUDJ/TU,‘g and IC/L = TU,‘g (by TUg = 0), we are also free to ask for X to be
a section of TUDJ , which is not in /C at all points of U/, and for Y to be a non-zero

section of TU ,‘g . In summary:

TUp =TUg @ (Z),
TUS = (X, IX)®TUY (3.29)
TUL = (v.JY),

with the normalized sections uniquely defined up transformations of the form
Xi0 = AX10 mod (TU,CJ)lo, Yio > Yio. Zior> A Zyo, (3.30)

for some function A : &/ — R .In particular, the sections Y and 7Y are both preserved
by g. The normalization conditions say that [Y1o, Xo1] = X10 + d1 Xo1 + d2Yo1 +
d3Y10 + da(Z10 + Zo1) (here we also used that TU is integrable) and [Z1¢, Xo1] =
Yi0+ds5Xo1+dsYo1+d7Z01+d3 Z 10, for some complex-valued functions dy, ..., dg :
U — C. Furthermore [X ¢, Y10] = c1X10 + ¢2Y10 for some ¢y, ¢ : U — C, using
the general inclusion [(TU5) 10, (TU$ )10l € (TUF)10.
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We summarize the Lie brackets obtained so far, with some consequences of the
integrability of TU and the Freeman bundles (including that £19 @ Ko and T Uy are
integrable), see the following table.

Structure equations of the frame in the case rk(TUg) = 3, tk(TUp) =1

[--1 X0 Yo Zip  Xoi Yo1 Zo1

X1o O c1X1ote2¥io  x ¢D * *
X1j0+d1 Xo1+d2 Y01 01Y10—01Yo1

Yio = 0 * +d3Yi0+daZ +irZ *
Y10+d5X01+deYo1 dyYo1+d10Z01 —

VA * ceY10+c7Z 0 0y Z10—027Z

10 6Y10+c7Z10 ey Zoy+d3 Z10 +dnZo 2Z10—02Z01

Xo1 * * * 0 * *

Yo1 * * * * 0 *

Zo1 * * * c3Xo1+caYo1+c5Zg1r * 0

The functions ci,...c7,d1,...,d11, 01, 02 are complex-valued, whereas r is real,

since Z is tangent to the orbit while 7 Z not. This fact also yields the additional
relations dg = c¢5 + d7 (bracketing Z with X¢1) and d1; = ¢7 + djo (bracketing Z
with Yig).

We aim to canonically constrain the sections X9, Y19 and Zjp, at the same time
reducing the freedom in the transformations (3.30), given by

Xi0 = X10=AX10+BY10, Yior> Yio=Yio. Zior Zio=r""Zy,
(3.31)
for functions A : Y — Ry and B : U — C. The change on structure functions is as
follows:

di =dy +Yio(n1), do=xrdr—B(di + Yio(Ind) +51) + Yi0(B) .
dy=ads + oy — B, ds=r(Ads+Br), ds=2""(ds+ Zi(n2),
do = 27! ()»dé — B(ds + Zio(In 1) — do) + 210(3)) , dy = rdy + Bdyo,

dg = A(ds + Xo1(In X)) + B(di1 + Yo1(In X)), do =2"Ydy, dio=do,
dit =di1 + Yor(Ind), & =ci— Yio(Inh),

G = ey — B(er — Yio(In &) — Yio(B)

G =2"Ya+Zo(nd), &G=2" (m +Zo1(B) — Bles + Zor(in2) — a)) :

& = Mes + Xor(n 1) + B(c7 + Yor(n ), G =1""es, & =c7+Yiolna),

o)y =01, 82 =A—1(62+201(lnk)), 7= Ar.
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We recognize the absolute invariants dj — di1,dy+c1,ci +c¢7,d0, o1, and the relative
invariants ds — ¢3, ¢3 — 02, dy, ¢ of weight —1, as well as r of weight +1.
There are three generic cases that allow us to restrict (3.31) with the constraint
B =0:
@) fTU ,CJ is not integrable (equivalently, if » # 0), we may additionally normalize
sections by the condition dy = 0;
@) If L10 ® (TU,‘g)m = (Z10, Yo1) is not integrable (equivalently, if djo # 0), we
may additionally normalize sections by the condition d7 = 0;
(i"") If o1 does not take values in ' C C, we may additionally normalize sections
by the condition dz = 0.

If any of these conditions hold, we reduce to the case § = 0 and then dy, d3, d7, c2
are additional relative invariants of weight 41 as well as d4 is a relative invariant of
weight +2. If at least one of these overall ten relative invariants is non-zero, then:

(ii) We further normalize sections by requiring that this relative invariant takes values
in S ¢ C, finally restricting (3.31) with p = O and A = 1.

In this case, we obtain a pair of canonical parallelisms

(X.Y,2,JX,JY,R = 1[X,TX]),

Canonical parallelism on each fixed orbit Og
(X.Y.2,IX,JZ,R=3[X,JX1.TZ),

Canonical parallelism on U/

(3.32)

and conclude as in Proposition 22:
Proposition 27 In the generic case, given by (i)-(ii), we have dim g < dim OG = 6.

If (ii) cannot be enforced, then dz =dy=dsy =d7 = dg =c=c =r= =0
and ds = ¢3 = 07, and still X —~ XIO = AX10, Y10 > Yl() = Y0, Zio — ZlO =
271Z10, for some A : U — R,. In other words, g is represented as infinitesimal
symmetries of a 7-dimensional manifold endowed with a collection of graded frames
definedupto A : & — Ry

We work at a fixed point p € U that is regular for the filtered structure as in §2.3
and, taking into account the reduction of structure algebra, write

go(p) C fo(p) =RA
g_1(p) = TUpl, = span (X|p, TX|p, Y1p, TY|p, ZI,) C m_1(p) = DI,
g2(p) =m_2(p) =TU|p/DIp =RR|p,

where we identified R|, with its class modulo D], and the semisimple element S :=
—A has spectrum (—2; —1, —1,0, 0, +1, +1; 0) in the eigenbasis R|,, X|,, T X|p,
Y1p,JY|p, Zlp, TZ|p, A. Since p is aregular point, the graded algebra gr(g) satisfies
[9i+1(p), m—1(p)] = [g;+1(P), DIp] C g;(p) foralli € Z by [18, Thm. 2].

If go(p) = fo(p), thenin particular [S, T Z|,] = T Z|, € g_1(p), a contradiction.
Therefore gy(p) = 0, and thanks to Lemma 15 and Propositon 27, we get:
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Proposition 28 If r # 0, or dig # 0, or o1 does not take values in S C C, then
dimg < 6.

We finally assume that none of the conditions (i N-(@i") is satisfied: r = djg = 0,
o1 = €'?. In this case, the Lie brackets between the normalized sections simplify to
the following table.

Structure equations in the subcase r = djg = 0 and 07 = e'?

[--1 X0 Yo Zip  Xoi Yoi Zy|

X0 O c1Xiote2Yio  x ¢D * *
X10+d1 Xo1+d2Yo1 i0 —io

Y10 * 0 * +d3 Y10+d4Z e Y10 e Yo] *

Y10+dsXo1+deYo1

Zip * c6Yio+c7Zyp 0 +d7 Z01+d3 Z10 doYo1+d11Z10 02210—022Z0]
Xo1 * * * 0 * *
Yo1 * * * * 0 *
Zor  * * * c3Xo1+caYo1+csZgr  * 0

Denoting d§ := dze™%/2, B := Be~1%/2 (6 mod 27 is an invariant) the transfor-
mation rule d3 = Adz + Boj — B takes the form

d§ = rd§ —2iIm(°).

Thus we can fix Jm(d§) = 0 with residual freedom Jm(B8%) = 0. In other words,
dy = dée“’/z, B = B'¢?/2 for some functions dy, p U — R.

It is only from now on that applying Tanaka’s algebraic prolongation pays off and
that we can work as in the last part of §3.5.2. In fact g is represented as infinitesimal
symmetries of a 7-dimensional manifold endowed with a collection of graded frames
definedup to A : i/ — R, and B’ : U — R. The symbol algebra is a 7-dimensional
metabelian Lie algebra together with the 2-dimensional reduced structure algebra:

go(p) C fo(p) = span (A, B),
g_1(p) = TUplp = span (X1, TX1p, Y|p, TY1p, ZIp) Cm_1(p) = Dl,,
g2(p) =m_2(p) =TU|p/DIp =RR|p,

where we identified R|, with its class modulo D] ,. The brackets of f . (p) := m(p) x
fo(p) are conveniently described in the complexified picture, omitting evaluation at p
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for simplicity of notation:

[X10. Xo1] = iR, [B, X190l = €/%1yp,
[B, Xo1] = ¢ *?Yy;, [A, Bl=—B, [A,R] =2R
[A, X10l = X10, [A, Xo1] = Xo1,
(A, Ziol = =210, [N, Zo1]l = —Zo1 -

Note that f_(p) is not the direct sum of two ideals as in §3.5.2, since A acts non-
trivially on Z. However, we may work at a regular point for the filtered structure:
[go(p), m_1(p)] C g_;(p), and if gy(p) includes an element aA + bB witha # 0,
then [aA+bB, JZ|p]l = —aJZ|; € g_1(p). Thisis a contradiction, so gy(p) C RB
and we may assume g,(p) = RB thanks to Lemma 15.

Since g = 9|O;§ is effectively represented on the orbit O%, we may consider the

maximal prolongation of f’fo(p) = g<o(p), instead of f.((p). As in §3.5.2, the first
prolongation f}(p) is 2-dimensional and the second prolongation vanishes, so the
prolongation § = f_o(p) x f}(p) is 9-dimensional. Explicitly

f(p) = span (Bjg := 2810 ® B—ip ® Yo1, Bot := ¢ 51 @ B+ip® Y10)

where p, &10, &01, V10, Vo1, ¢, B denotes the dual basis to R|,, X10lp, Xo1lp, Y10lp,
Yo1lp, Z|p, B. Consequently we get the a-priori bound dimg < 9.

Proposition 29 Ifr = dip = 0 and o] takes values in S c C, then dimg < 6.

In order to prove this we have to exclude all the cases where dimg > 7. So
we investigate filtered deformations g of the following graded subalgebras of f that
include the non-positive part (since g = 9|OqG is transitive on the orbit and f;(p) is
one-dimensional):

@) foo(p) ® T1(p)s
(ii) f_o(p) @® £, where £ is a line in f} (p),
i) oo(p).
Observations (O1) and (O3) of §3.5.2 are still in force, but with the Table after Proposi-
tion 28, upon restriction to vector fields tangent to the orbit. In this case, all the structure
equations can be taken into account, as they fall within the scope of Lemma 10. We
summarize all the relevant Lie brackets in the following Table (therein s : &/ — R):
The deformation is otherwise unrestricted, since there is no semisimple element
as in (02) of §3.5.2 at our disposal. This leads to a large number of deformation
parameters, yet the Jacobi identities rule out all such possibilities (this computation
can be found in the MAPLE supplement accompanying the arXiv posting of the article).
This proves Proposition 29 and finishes the subcase §3.5.3.

3.6 Dimensiond =5

Theorem 30 If the symmetry algebra g of a 7-dimensional 3-nondegenerate CR-
hypersurface acts with generic orbits of dimension d = 5, then dimg < 6.
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Structure equations of the sub-frame X, Y, Z, 7X, JY
[--] X10 Y10 z Xo1 Yo

X10 0 c1X10+c2Y10 * ¢TUp *

X10 +d1 Xo1 + d2 Yo

i0 —ig
+e®/25Y10 + duZ 20 STELS ()

Y10 * 0 *

= - Y10 + (ds5 + ¢3) Xo1
Z dg)Y dnZzZ 0 > :
* (c6 +dg)Y10 +d11 (dg + ca)Yo| +dgZ *

Xo01 * * * 0 *

Yoi * * * * 0

We shall now prove this result. First note that tk(7 Up) = 4 and tk(T U‘g ) is either
4 or 2, by dimensional reasons. Furthermore 2 < rk(7TUy) < 4 bu, if it is 4, then
dim g = 1 by (i) of Proposition 18, a contradiction. Therefore rk(7 U) is either 2 or
3.

3.6.1 The Case rk(Tug) =4

The bundle T Up is J-stable, so TUy and T U are [J-stable too, T Uy = TU,‘g has

rank 2, and TU, = TUg has rank either 2 or 0.
Iftk(TUp) =2,then L =TU, = TUx and

[L10, Dot] = [L10, (TU)o11 + [L10. Kot
= [(TUD 0. (TUD)o1] + [L10. Kot
C (Kio®Do1) N TU ® C+ (L10 ® Kot) = Lio ® Do,

where we used Lemma 6, (TU‘g)ol + Kot = Do1, TUp ® C = TUDJ ®C =
(TUZ)10 ® (TU)o1, (TUZ)10 N Kio = Lio. In this case the Levi form (2.2)
vanishes identically, contradicting 3-nondegeneracy. Summarizing, this case cannot
happen:

Proposition 31 Ifrk(TUDj) =4, thentk(TUx) = 2andrk(TU) = 0. In particular,
the distributions TU and L are transversal.

Therefore TU = TU @ L and there exist local coordinates (ul, coud, ol vz) on
U=UxVsuchthat TU = (9,1, ...,9,5)and L = (0,1, 9,2). Any infinitesimal CR-
symmetry is of the form & = Z,S: 1§ i (u)d,i, since L is g-stable, and g is effectively
represented on each fixed orbit Of = {(u,v) € U | v = vy}. By Proposition 31,
each of the orbits inherits a natural structure of a 2-nondegenerate 5-dimensional CR

manifold, with the CR-structure
(TUploe = TUZ e, J| )
Dlog D 10§ JITUplHG
q
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and the Cauchy characteristic space T Uy |Oqc. Of course g = g|og is a transitive Lie
algebra of infinitesimal symmetries of this structure.

Any maximally symmetric such structure is locally isomorphic to the tube over the
future light cone, seen as the homogeneous manifold SO°(3, 2)/H for an appropriate
5-dimensional closed subgroup H of SO°(3, 2), see [14, 24].

Proposition 32 In the case rk(TUDj) = 4, if the 2-nondegenerate CR structure

induced on one orbit (’)qG is not isomorphic to the tube over the future light cone,
thendimg < 5.

Indeed, the submaximal CR symmetry dimension of a 2-nondegenerate CR struc-
ture on a 5-manifold is equal to 5 by [25]; in our case this 5-dimensional CR manifold is
homogeneous and the claim actually follows also from [7]. The rest of this subsection
will be focused on the proof of the remaining subcase:

Proposition 33 In the case k(T UDJ ) = 4, if the induced 2-nondegenerate CR struc-
ture is isomorphic to the tube over the future light cone on every orbit OS, then
dimg < 6.

We thus assume that every orbit is maximally symmetric.

The symmetry dimension of any such orbit is 10, which by effectiveness of the
action gives an upper bound for dim g.

If dirn(g|oqc) = 10 for one orbit, then dim(g|@]g) = 10 for all orbits and g =
9|Og = 50(3, 2). We claim that this contradicts 3-nondegeneracy. First, we recall that
the Z-grading of the Lie algebra of infinitesimal CR-symmetries g = s0(3, 2) is of
the form g = g_» @ --- ® g4, Withg_, =R, g1 =C, go = gh(R), g4; = 07,

i=1,2.Let
=(o=(07)

be the compact Cartan subalgebra of sl (R) and hy = u(1) & RZ; the corresponding
Cartan subalgebra of g, = gl,(R), with Z the grading element. It is a Cartan subal-
gebra of g too. Then the Lie algebra h of the stabilizer H is Z-graded in non-negative
degrees h = ho @ h; D by, where b, = g, for k = 1,2, see [14] and [27, Example
4.5].

The tangent space T, OqG at a preferred point ¢ can be hj-equivariantly identified
withm =g/h =g _, ®g_; ® go/ho, where (go/hy) ® C = Cpg @ C_g is the sum of
the root spaces of g for the simple long root B and its opposite.

Invariant distributions on the orbit correspond to f-stable subspaces of m. Since the
action of b is irreducible on g_; and g/, there is a unique invariant distribution
of rank 4. It corresponds to g_; @ gy/hy C m and its Cauchy characteristic space
corresponds to go/bhy C m. Similarly, invariant complex structures on this rank 4
invariant distribution correspond to h-invariant complex structures J on g_; @ go/ho-
The invariance under Z; implies that g_; and gy/h, are J-stable, while the invari-
ance under J, yields only one complex structure up to sign on each of them. Upon
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complexification, with « being the simple short root, we get:

J|g,a = +l ) J|gfﬂ70t =—i ) (3.33)
Jlgy =+i, Jlg, =—i, (3.34)

where each of (3.33) and (3.34) is determined up to a sign. Integrability of the com-
plex structure (equivalent to the integrability of the corresponding holomorphic and
antiholomorphic distributions), fixes the relative sign and J is the complex structure
(3.33)-(3.34), up to an overall sign. In summary: there is a unique up to sign CR-
structure of hypersurface type on (9;; preserved by g = 9|(9§f‘~

Symmetries in g have the v-independent form & = Zle €' (u)d,:, so that 9|0,G, is
not only abstractly isomorphic to g|OqG for all p € U but actually equal, where we

identify orbits in the obvious way. The CR-structure on Og is then equal to that on
OqG up to sign, but J depends smoothly on v, so it is equal. Thus 7 is projectable to
D, contradicting Proposition 12. Thus the case dim g = 10 is impossible.

If dimg < 10, then g is a proper subalgebra of s0(3,2) = sp,(R) and there-
fore either dimg < 7 or g has dimension 7 and is conjugated to one of the two
maximal standard parabolics py, p, of sp4(R), cf. [1, Thm. 5]. We thus fix an orbit
Oy, with maximally symmetric 5-dimensional 2-nondegenerate CR-structure, and let
s = sp4(R) be its full symmetry algebra. It is Z-graded s = 52 @ - - - B 542, with
s 2=R,s1 =C, 50 = gh(R),s4; =s*,,fori = 1,2, as before and with stabilizer
subalgebra at g given by h = ho @ b @ by = (u(1) ®RZ;) B 51 @ 5.

It is convenient to consider the double-cover Sp4(R) of SO°(3,2) and its quo-
tient Sp4(R)/H by the connected closed subgroup H with Lie(H) = bh. We let
(P1,q1, p2. q2) be a symplectic basis of (V, Q) := (R*, —(p} A g} + p} A q}))
and identify s = sp(V) with the space of quadratic polynomials S*(V) on V* via
uv :w > Qu, w)v + L, w)u forallu, v, w € V.

The parabolic subalgebra stabilizing the line span ( p 1) is identified via the orthog-
onal decomposition V = Vi @ Vs = span(p1, q1) @ span(p2, ¢2) as

P =5>0=50Ds1 D52 = (Sz(Vz) ®Rpiq1) ® p1V» ® Rp3.

The opposite parabolic is p(l)pp =5<0 = (Sz(Vz) ® Rplql) D g1V ® quz.

The parabolic subalgebra stabilizing the Lagrangian plane P = span(pl, pz)
is identified via the Lagrangian decomposition V = P & Q = span(p1, p2) ®
span(q1 , qz) as

P = QP @ S2(P) = ghh(R) x S*(R?).

The opposite parabolic is pgpp = QP®S*(Q). Wealsoremark that b = hy®h, Db, =
(R(p3 +43) ® Rpi1g1) ® p1V2 ® Rp?.

Other maximal parabolic subalgebras of s are conjugate to the standard ones, i.e.,
either p, or p, (this includes the opposite parabolics). We describe those that act locally
transitively on O, = Sp4(R)/H around the fixed base point g:
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Lemma 34 Let Spa(R)/H be the tube over the future light cone with its maximally
symmetric 2-nondegenerate CR-structure and g a maximal parabolic subalgebra of
s = sps(R). Then g acts locally transitively around the base point q if and only if
g = Ad,—1p°PP for h € H, where p is a maximal standard parabolic of s and p°PP the
corresponding opposite parabolic. The stabilizer subalgebra of g at the base point q
is givenby gNbh = Adj—1 (p”pp N f)).

Proof Let P = P; be the parabolic subgroup stabilizing the line [p;] and let g be
conjugated to the subalgebrap = p; = Lie(P;). We write g = go_lpgo, G = go_ngO,
for some g, € Sp4(R) and note that G - g = (go_1 Pgo)H isopen in Sp4(R)/H if and
only if the P-orbit Og) g ‘= PgoH is open. We are led to determine the open orbits
of the natural left action of P on Sp4(R)/H.

As intermediate step, consider the natural projection 77 : Sp4(R)/H —> RP3 to
the contact 3-dimensional projective space RP? = Sp4(R)/P. It is a P-equivariant
surjective submersion, so it is an open map, and it sends any open P-orbit onto an
open P-orbit. A straightforward task determines the orbit structure of P C Sps4(R)
acting on RP3 — the orbits are distinguished by their symplectic relation with the line
[p1]. More precisely:

(i) The line [p1] gives an orbit O{;l] = [p1] consisting of a single point;
P ~

(i7) The lines orthogonal to [p;] different from [p;] constitute an orbit (9[ =

RP? \ {point};
(iii) The lines not orthogonal to [ p1] constitute the generic orbit OF = Rp3 \R]P’2.

[q1] —
In summary, we have the stratification RP3 = O[I;l] U (’)[};2] U (9[’;] P with the first

orbit open.
We claim that every point in rr‘l((’)[’;l]) determines in fact an open P-orbit in
Sps(R)/H. To see it, first note that [q1] = a - [p1] = aP € Sps(R)/P for

a = (léjldgxz) € Spsa(R), so the fiber 77 '[q] = (aP)H = (aeSZ(VZ))H =

({)0 SL;)(R) )H C Spa(R)/H. In the last identity we used the explicit form of the

2 ..
subgroup 5" (V2) = (Idf)xz SLS(R)). Now n*I(O[Zl]) = P -7~ ![¢1], so it is enough
to check the claim for elements gH € Sp4(R)/H with

g = (‘(I)” l())) , DeSL(R). (3.35)

The stabilizer in P of gH is given by Stabp(gH) = P N Adz(H), with associated
Lie algebra stab,(§H) = p N Adz(h).

A straightforward computation using the explicit identifications of p and h provided
beforehand gives stab, (§H) = span(D(p3 + ¢3), p1q1), which is 2-dimensional.

The claim is thus proved and the parabolic subalgebras g = Ad_-1p acting locally
transitive at g are those for which g, = gh with g as in (3.35) and h € H. A direct
computation shows g = Ad;,-1p°PP, where p°P* = 50 @ s_; D5, = (S2V) @
Rplql) ®q1V2 d quz is the parabolic subalgebra opposite to p. The claim on the
stabilizer subalgebra is immediate.
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Let now P = P, be the parabolic subgroup stabilizing the plane P, p = p, =
Lie(Py),and g = go’lpgo. We will first determine the P-orbits (’);q := Pg,H that
are open in Sp4(R)/H. To this aim, we consider the twistorial correspondence given
by the double fibration

Sp4(R)/(P N H)

Spa(R)/H Spa(R)/ P

and note that, if the orbit (’);,30 ; 1s open, then 73 (] ! ((’); q)) is open and P-stable in
Sp4(R)/ P. This flag variety is the Lagrangian-Grassmannian LG (2, 4) and its P-orbit
structure follows from the mutual position w.r.t. the Lagrangian plane P. Explicitly,
we have:

(i) The orbit (9{; = {/P} consisting of a single point;

(ii) Theorbit (’)Sfr’)an (P1.q2) of Lagrangian planes with 1-dimensional intersection with

‘P. This orbit has dimension 2 and it is neither open or closed;
(iii) The open orbit (95 of the Lagrangian planes transversal to P.

It follows that (T[]_ 1((950 q)) always contains OF, in particular we have Q €

nz(nfl((’);q)). Writing @ =a - P = aP € Sps(R)/ P for

0-1

2 2 2 2

_ 7 Pitd) Pt _ (10
a_exp(2 2 >~exp(2 7 )= o-1 )

this condition is rewritten as xg,b P = aP forsome x € P, b € H,i.e., xg,by = a
for some x,y € P, b € H. By renaming the elements, we may assume w.l.0.g.

thaty € P/(PNH) = SPan(@1p2.02p2.03) (Note that span(q1 p2, g2 p2, p%) is a Lie
algebra.) Then

g=2g, ' pgo =bya " (xpx~")ay~'p~!
=by(a~'pa)y~'b~" = b(yp°PPy 7!,

with p°P? = QP @ S%(Q) the parabolic subalgebra opposite to p. However
q1p2,q2p2 € p°PP, so we may assume that y € eRP3. A direct check using
p% € span(p% + q22, D292, q22) C b + p°PP shows that in fact RP C H . POPP,
whence g = Ad),—1p°PP for some i € H. O

If g = Ady-1p]™, then the stabilizer g N h = Adj,—1 (p)™ N h) = Adj-1hy is
Abelian. Since it is conjugated to b, we may use its equivariance to argue as in the
dim(glog;) = 10 case: on any orbit, there are unique G-stable distribution of rank 4

and complex structure on it. Then the 7-dimensional CR-structure is projectable to D,
a contradiction.
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If g = Ad,-1p5”, then the stabilizer g N h = Adj,—1(p37" N h) = Ady-1(p1Q)
is a solvable Lie algebra of dimension 2. Of course, it is enough to consider the
case g = pgpp = QP @ S%(Q), with stabilizer sol, := p; Q. We use the maximal
vectorial Cartan subalgebra t = span(Z1, Zz) of sps(R), where Z; = piq; and

Zr = %(qlpl + g2 p2) are the grading elements of p; and p,.

Lemma 35 The tangent space at the preferred point can be identified with the sol-
module m = g/sol, = span(qlz) &) span(qlqz,qlpz) @ span(qzz, Zz), with the
following action of soly: Zy acts semisimply with the eigenvalues —2, —1, 0 w.r.t. the
above direct sum decomposition and X := —p1q> acts as %qlz = q192 — q22 — 0,

q1p2 — 2Z5 — 0 mod solp.

The proof is immediate and we omit it. Invariant distributions correspond to
soly-stable subspaces of m, and those of rank 4 are span(qlqz,qlpz,q%, Zz)
and span(qlz,qlqz,q%, Zz). The latter correspond to an integrable distribution,
so TUplopg = span(q142, q1p2. 3. Z2), with the Cauchy characteristic space

~

TU;quc = span(qzz, Zg). Invariant complex structures on TUD|(9§J‘ correspond
to solp-invariant complex structures J: invariance by Zj says that the subspaces
span(q1q2, q1 p2) and span(q3, Z,) are both J-stable, invariance by X says that J
on the former determines J on the latter. Thus, on each orbit (’)g, we obtain a 2-
parameter family of CR-structures of hypersurface type, each preserved by g = g|oqc.

One may check that each CR-structure of this family is integrabile and 2-
nondegenerate. Consider the simply transitive algebra ¢ = span(q1 p2, Z») @ S*(Q)
(subalgebra of g) consisting of right-invariant vector fields and the corresponding
algebra ¢ of left-invariant vector fields. As already seen, elements of ¢ have the v-
independent form & = Zle & i (1)d,i, so elements of ¢ are v-independent too. We
have ¢ and J invariant decomposition

D=TUp®L = (q192, q1p2) ® (g7, Z2) ® (31, 3,2) (3.36)

where the indicated subbundles correspond to the bundles D/KC, K/ L and L, respec-
tively.

Since J is invariant by c, it acts on the left-invariant generators of TUp in a v-
dependent fashion, i.e., J = J(v) meaning that the coefficients of J expressed in
a left-invariant frame depend only on v; using c-invariance, we see that J = J(v)
also on L. Now a direct computation of the Lie bracket [L1¢, Do1//Ko1] using (3.36)
yields the following alternative: either the 37¢-order Levi form (2.2) gives a non-zero
contribution in D1 /K1 or it vanishes identically. The first contradicts Lemma 6, the
second contradicts 3-nondegeneracy.

This completes the proof of Proposition 33 and finishes the subcase §3.6.1.
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3.6.2 The Case rk(TU3) = 2, rk(TUxc) = 3

By Proposition 18 (i7) there exist coordinates !, ..., u, v', v?) onU such that gis
isomorphic to the Abelian Lie algebra

5
R" =span(§, = e (1 <a <5), & =) & 6=b=<r)),

i=1
or its scaling extension

span(éa =0y (1 <a <595),
By =30 [ E W, (6<b<r), &y =5 ud,)
Rx R = dor
span(&; = dya (1 <a < 4),
£y =Yt E ()0, 5<b<r), &1 =0+ Y ud,)

We focus on the Abelian ideal R". Let & = Zf: 1§ i (v)d,: be an infinitesimal CR-
symmetry vanishing at a fixed regular point p € U for the Weisfeiler filtration (the
last summand is not present in the case of the second scaling extension, i.e., 55 =0
identically in this case), with linear part

5 5
E=—) 0,E)]) 0y @dv' =) (0,6, 0,4 @ dv?.

i=1 i=1

The complex structure 7 induces an embedding J : TUp/ TUDJ — TU/TU of real
vector bundles of equal rank 2, so an isomorphism. Therefore, we may find vectors
v1, vz in TUp|, so that Jv; and Jv; are linearly independent in T, U /T,U and
E(Jv) = J(Ew) =0fork =1, 2, since E acts trivially on TUp|p. Then E = 0,
the stabilizer of the Abelian ideal R” vanishes by Lemma 15, 7 = dim R” < 5 and we
have established:

Proposition 36 Ifrk(TUg) =2andk(TUy) = 3, then dimg < 6.

3.6.3 The Case rk(TU3) = 2, rk(TUxc) = 2
This case is more involved and splits in three possibilities, ordered by the rank of
T U, which can be either O, 1 or 2, namely:

() TU ® L = TU,
(i) tk(TUp) =1,
(iii) L=TUZ.

Subcase (i). If TU and L are transversal, then there exist local coordinates
!, ..., u?, v, v?) on U =2 U x V such that TU = (0,1,...,0,5) and L =
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(9,1, 9,2). Any infinitesimal CR-symmetry has the form & = Zf: %3 i (u)d,i, since
L is g-stable. Now T Up is a non-holonomic distribution with Cauchy characteristic
space TUy and g = 9|Og is effectively represented on any orbit (’)g as a Lie algebra

of infinitesimal symmetries of TUploqc. However rk(TU‘g ) = 2,s0 TUp is not

J -stable and the orbit (9(? does not inherit a CR structure simply by restriction.

Let ryy : TU = TU & L — TU be the projection to TU along L. Since
D=TUp® L, we may set D := nry (D) = TUp and define a complex structure
on D via projection: _ g g

J::nTUoj|5:D—>D. (3.37)

Clearly K = mry(K) = TUk is J- stable too, as K = T Uy & L. By construction
[D D] C TU,and 7TTU|D10 Dio — Dm induces natural identifications Do/ L9 =

Do and K10/L10 = K1o.
Proposition 37 The complex structure J given by (3.37) satisfies:

(1) Itis not Levi- ﬂat in the sense that [D]o, D()]] o D ® C,

(2) The sections oflC10 are precisely the sections ofDm that send D()l into D ® C,
(3) It is 2-nondegenerate, in the sense that [ICLQ, Dm] L /C10 @ Dm,

(4) It is integrable restricted on K, i.e., [K10, K10] C Kio.

However, it is not necessarily integrable on D. In particular g is effectively represented
on any orbit as infinitesimal symmetries of a 5-dimensional 2-nondegenerate almost
CR structure.

Proof The first two claims are straightforward. :I‘o prove (3) note that [[Ci9, Do1] ¢
K10 ® Doy by 3-nondegeneracy translates into [K10, Do1] ¢ K10 @ Do; by Lemma 6
since K190 = K190 mod £ ® C and Dy; = Dy; mod L ® C. Therefore
[K10, Dot] & (K10 ® Do1) N TUp ® C
= (7610691501 @(C®C))0TUD®C=I€10@501.

To establish (4), we consider sections Y71, Y> of K and note that

(Y, —iJ Y1, Y2 —iJYa]
=arylYi —iJY, Vs —iTYa]l — mpulYy — iTY1,i(TYs — JY2)]
—aruli(TY1 — TY), Ya —iTYs]

is still a section of 1610, since Ty Ko = 1610 and 7y Ko, LR C] C JTTU(IClo ®
£01) = Kio. (]

Now j is not necessarily integrable on 5 since [D1o, é ® C] € D1p ® Ko1, and
we have a dlchotomy the integrable case [Dlo, 'Dlo] C Djp and the non-integrable
case [D19, Diol & Dio.

If (3.37) is integrable, we may argue exactly as in §3.6.1 when tk(TU,) = 0 but
with (3.37) in place of J |7y, : if dim g > 7, then all the orbits are locally isomorphic
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to the tube over the future light cone, and either the CR-structures on all the orbits can
be identified by translations along £ or g is conjugated to the parabolic subalgebra
p, of spy(R) = s0(3,2). In the first case (3.37) is projectable to D, so the original
CR-structure J is projectable too, a contradiction by Proposition 12. In the second
case both J j(v) onD = TUp and J = J(v) on L are v-dependent. Since
Do1 = Dm mod £ ® C, the 3"¢-order Levi form (2.2) of the original CR-structure
either gives a non-zero contribution in Do/ or it vanishes identically, in any case
a contradiction. Thus we conclude:

Proposition 38 If tk(TU) = 2, tk(TUx) = 2, tk(TUg) = 0 and the complex
structure j as in (3.37) is integrable, then dim g < 6.

Now we focus on non-integrable 2-nondegenerate CR-structures. This means that
for any s section X ¢ of Dlo, which is not in K 10 at all pomts and any non-zero section
Y10 oflClo, we have [ X9, Y10] = rXo1 +sYp; mod D10 for functions r, s : Y — C,
not both identically vanishing. The freedom of choosing such a frame (X, Y10) of
Dm is as follows: Xlo = aXjo + BY10 and Ylo = yYjo for non-zero functions
o,y :U — Cy and a function g : U/ — C. -

If r ;é 0, tvhere exists a frame (Xig, Yi9) of Djg such that [Xg, Yio] =
X1 mod D19 ® Ko, and the transformations respecting this correspond to («, 8, y) =
(re'?, B, e7%?), with A : U — Ry and ¢ : i — R. Using the 2-nondegeneracy con-
dition - -

[X10, Yo1] = Xo1 mod Do @ Ko , (3.38)
the structure function 7 : &/ — C is non-zero. It changes as 7 = ¢*¢¢, and we may
normalize the sections in such a way that ¢ : &/ — R, . This normalization fixes ¢
modulo %Z, i.e., up to finite cover of I/, and we may set ¢ = 0.

The residual transformations are }?10 =AX10 +,3Y10,V1710 = Yyo,fork : U — Ry,
B U — C. Writing [X19, Y10l = Xo1 + bYo1 mod Dy we compute the change
b= Ab — B. Enforce the normalization b = 0 via g = Ab. The final transformations
are: X190 = AX10, Y10 = Y10-

Hence g = g|0qc is effectively represented as infinitesimal symmetries of a 5-
dimensional manifold endowed with a collection of graded frames defined up to a
scaling. The associated symbol algebra is a 5-dimensional metabelian Lie algebra
with 1-dimensional reduced structure algebra:

80(q) C fog) =RA
g_1(q) =m_1(q) = TUply = span (X|g, TXlg. Ylg. TY1g). (3.39)
g_2(q) =m-_a(q) =TU|4/TUply = RR|,,
The semisimple element § = —A has spectrum (—2; —1, —1,0,0) in the frame

=[X, J X1y, Xlg» J Xlg. Y4, j Y|y its first prolongation is trivial. Consequently,
dlmg = dlm(g|oqc) <6.

If » = 0 but s ;é 0, there exists a frame (Xjq, Y19) of 7510 such that
[X10, Y10] = Yo1 mod Djp and the transformations restrict to functions (¢, 8, y) =
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(729, B, re'®), with A : U/ — Ry and ¢ : U — R. Using (3.38), the non-zero
structure function ¢ : i{ — C changes as 7 = e >'?r, sowe cansetr = 1. Upto a
Qnite cover, this norrrl'alization fixes both A and ¢, so the residual transformations are:
X10 = X10 + BY10, Y10 = Y10. g

We write [X 19, Yo1] = Xo1 + bYo1 mod D, [Y19, Yo1] = kY19 — kYp1 for some
b,k : U — C, and compute the change of structure function b=b—k B — ,3 .

If |k | # 1, then we enforce the normalization b = 0, fixing 8, and obtain a canonical
absolute parallelism on the orbit (’)g. In this case dim g = dim(g|og) <5.

If, on the other hand, x = %V for a function Y : U — R then we compute the
change

—_—

belV = be'V — 2Re(e” 'V B).

Enforcing the normalization Re (bei‘/’) = 0, we fix one real dimension of the complex
function g : U — C (the residual transformations respect Re(e™'¥ 8) = 0). The
associated symbol algebra, taking into account the reduction of structure algebra, is
given by

90(q) C folq) =RB,
g_1(q) = m_1(q) = TUply = span (X|g, TXlg. Ylg. TY1g). (3.40)
92(q) =m_2(q) =TU|4/TUply = RR|y,

where B act as [B, X19] = ie'¥ Yig, [B, Xo1] = —ie ¥ Yy, and trivially on Y7o,
Yo and R (we used the natural complexified basis and omitted evaluation at g for
simplicity). If go(g) = 0, then g, (¢) =0 forallk > 1 and dimg = dim(g|oqc) <S5.
If go(¢) = RB, a computation similar to that at the end of §3.5.3 tells us that the
first prolongation f;(q) is 2-dimensional and the second prolongation vanishes, so
overall the Tanaka prolongation is 8-dimensional. Explicitly f;(g) = span (Bm =
eVENW® B —p®Yor, Boi :=e V&) ® B+ p®Yg), where p, £10, £o1, vio, Vo1, B
is the dual basis to Rlg, X10lg, Xo1lg, Y10lg, Yo1lg, B.

To exclude the cases 7 < dim g < 8, we investigate filtered deformations of graded
subalgebras of the prolongation including the non-positive part and of dimension
> 7. Thanks to the observations (O1) and (O3) of §3.5.2, we consider such filtered
deformations with partially restricted structure relations, as in the following Table with
the condition %e(be””) =0:

The Jacobi identities rule out all such possibilities (this computation can be found
in the MAPLE supplement accompanying the arXiv posting of the article). Thus we
conclude:

Proposition 39 If tk(TU) = 2, tk(TUx) = 2, tk(TUg) = 0 and the complex
structure j as in (3.37) is non-integrable, then dim g < 6.

Subcase (ii). If tk(TUz) = 1, then we have a direct sum decomposition TUp =
TUY @ TUx (otherwise TUY = TU;} N TUy is non-trivial, so tk(TUY) = 2,
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Structure equations of the sub-frame X, Y, jX, jY

[--] X10 Y10 Xo1 Yo1

X10 0 Yo1 +c1X10 +c2Y10 ¢ TUp Xo1 +d1X10 + daY10 + bYo1
Y10 * 0 * eZi‘/’Ylo —e_Zi‘/’YO]

Xo1 * * 0 *

Yo1 * * * 0

TUDJ = TU,‘g =TUx D TUg, and TULJ = TU_, which is not possible) and the
canonical real line subbundle TU,; C £ = L.

Lemma 40 There is a frame (X, TX,Y,JY,Z, JZ) on D such that

TUr =(Z), L=(Z,JZ), TUx = (Z,e7VY),
K=(2,JZ,Y,JY), TUJ =(X,JX),

where e7VY = cos vY +siny JY.

The proof is straightforward, we omit it. Note that TU = (X, J X, eJVy ,Z,R =
%[X, JX]) and TU,‘g = 0; the function ¥ : Y — R mod 27 is not fixed at this
stage.

The sections as in Lemma 40 are defined up to transformations of the form

Xi>X=10e70X, Y5 YV =1eT%Y 4 pe7 V7 7 Z=4137,
(3.41)
for some functions Ay, Ap, A3 :U - Ry, p: U > R, 01,0, :U4d - R mod 2.
In terms of the corresponding sections of the holomorphic bundles, we have

X0+ X10=2eD X1, Yio > Yig = 2e Y19+ pe! @V 7y,
Zig = Zio = EA3Zy0,

and we enforce the normalization conditions (2.3): [Y19, Xo1] = X190 mod K19 ® Doy
and [Z10, Xo1] = Y10 mod Lo @ Do;. Up to a finite cover, this fixes ¥ and the
frames are defined up to transformations X10 = AXjo0, Y10 = Y0 + pe 'V Zo,
Zm =112, forsome A : U — R4.

Consider the expression [ Y10, Xo1] = X10+cY19 mod L19® Do) withc : U — C,
and directly compute the change of structure functionas ¢ = A(c+e ¥ p). We enforce
the normahzatlon Re(e!Vc) = 0, with the remaining frame freedom X 10 = A X10,
Y10 = Y10, Z1o = A~ Z1o.

In summary g is a Lie algebra of infinitesimal symmetries of a 7-dimensional mani-
fold endowed with a collection of graded frames defined up to scaling. The associated
7-dimensional symbol algebra, taking into account the reduction of structure algebra,
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is given by

fo(p) = RA
m_1(p) = Dlp = span(X|p, TX|p. Y1p, TYp. Zlp. TZlp)
m_o(p) = Tu|p/D|p = RR'p s

where we identified R|, with its class modulo D|,. The spectrum of the semisimple
element S := —Aactingon R|,; X|,, T X|p, Y |p,etc.,is (—=2; =1, —1,0,0, +1, +1),
and the Tanaka prolongation is trivial in positive degrees. Since f_,(p) = m_z(p)
and f_;(p) C m_;(p) has codimension 2, we conclude:

Proposition 41 [ftk(TU) = 2, tk(TUx) = 2, tk(TUg) = 1, then dim g < 6.

Subcase (iii). If tk(TUz) = 2,then L = TUy = TUx = TUDJ. Now TU and K

are integrable distributions with integrable sum T7U = T U + K, and their intersection

L is also integrable, so we may find adapted coordinates (ul, u?, ud, vl 02wl w2)

such that
= (0,1, 0,2, 0,3, 01, 0y2) ,

I = (0,1, 0,2, 3yt 0y2) (3.42)
L= (0,1, 0,2) .

The Lie algebra g consists of vector fields & = 21-321 £19,i + Z§=1 n’ d,,j, where
the £/°s depend only on the coordinates u, as K is g-stable. By Proposition 12, the
projection (2.6) to the leaf space of L is injective on CR-symmetries, i.e., g = 7. (g).
We may thus decompose any infinitesimal CR-symmetry as § = & + &”, &
21-3:1 E19,,&" = Z?:l 1/ d,,;, the component £’ determines &, and g is effectively
represented on any orbit (’)G ={,v,w) el |v=uy}.

By Proposition 12, the 5 dimensional base M of (2.6) comes with distributions
D, K and the complex structure J 1nduces a complex structure J on D/IC The
distribution TUp is T-projectable to TUD = 7, (TUp), since TUp D TUl; =
L and [TUp, L] = [TUp, TUcg] C TUp. Now TUp/L = D/K, so TUp =
7(TUp/L) = 7.(D/K) = D/ K and TUp p inherits a complex structure Z from the
complex structure 7.

Let us fix one orbit (’)g. Itis endowed with the non-integrable distribution 7 Up| 0g

with Cauchy characteristic space 7T Uy |Oqa = £|Oqc. The leaf space
=~ . "G NG
7T|OqG : Oq — Oq
by E'Q? then determines a contact 3-dimensional CR manifold 557 = ff((?g) on

which the Lie algebra g = 7,(g) acts effectively via the isomorphism & — &’
Explicitly, the contact CR structure is given by

C:= ]%|(3§, Tigg :C—C. (3.43)
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and the integrability of 7| 5 is of course automatic in 3 dimensions. In summary:
q

Lemma 42 The leaf space M has local coordinates (u,v) = (!, u?, u3, vl v?) and
it is foliated by 3-dimensional contact CR manifolds OqG ={(u,v) € M | v =4}
We stress that (3.43) is not constructed by projecting to the 3-dimensional leaf space
(2.7): there is no induced complex structure there, see (iv) Proposition 12. Rather, we
used the projection to the leaf space of £ and the complex structure on D/IC, but

projecting a fixed 5-dimensional orbit.
Thus we obtained a 3-dimensional contact CR-manifold

OF, C.Il5g)

on which g = 7, (g) acts by infinitesimal symmetries. Locally, any maximally sym-
metric such structure is isomorphic to the CR sphere SU (1, 2)/B and the submaximal
CR symmetry dimension is 3, see [4, 19]. Since the proper subalgebras of su(1, 2)
have dimension at most 5, we only consider the case where 7, (g) = su(l1, 2) and show
that this contradicts 3-nondegeneracy. As already established in §3.3, there is a unique
(up to sign) contact CR-structure on each OqG preserved by 7, (g). On the other hand,
symmetries in 7, (g) have the local form &’ = Z?:l £'(u)d,i, so that T, (g) |5 is not
P
only abstractly isomorphic to 7, (g)| o forall p, g € U butin fact equal, identifying
q
projected orbits in the obvious way.

The CR-structure on OqG is then equal to that on Og, since Z depends smoothly on
v, and 7 is projectable to a complex structure on

D =7.(D) =7(TUp +K) = 7.(TUp).

In other words 7 is 7T-projectable to the leaf space of /C. It is then easily checked that
the original complex structure 7 on D is 7-projectable too, which is a contradiction
by Proposition 12 (iv). Consequently, we conclude:

Proposition 43 Ifrk(TUDj) =2,1k(TUx) =2, 7k(TU,) =0, thendimg < 5.

4 On 3-Nondegenerate CR Models with Many Symmetries

Here we provide realizations of submaximal symmetric models as real hypersurfaces
M7 of C* and give an expression for their symmetry algebra — we consider in turn the
cases of infinitesimal symmetries and global automorphisms. Then we discuss other
cases with the symmetry algebra g of dimg > 4, and finish with the proof of the
generalized Beloshapka’s conjecture in dimension 7.

4.1 Homogeneous Curves and Tubes

Starting with a real analytic curve r C RP? satisfying r A1/ A1 % 0 (here and in the
following, the prime symbol means %), we consider the cone R = Cr C R* over it
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and its tangent variety T R C R*. This surface is singular along R and, removing this
singularity, we get the regular hypersurface © = TR\ R C R*(x). Define the tube
M =% x R*y) c R*(x) x R*(y) = C*(2), with its induced CR structure (D, 7).

We recall that r = [y] is called nondegenerate if, for any local affine parametriza-
tion of its lift R 5 7 — y(r) € R*, the vectors y (t), y'(t), y"(t), y"(¢) are linearly
independent for any # € R. In other words, they span R* for any ¢ € R.

Lemma 44 The tube (M, D, J) is 3-nondegenerate if and only if v is nondegenerate.

Proof The hypersurface ¥ = TR \ R can be parametrized via ¢ : (r,s,t) +—
ry(t)+sy’(t),withs #0.ThenD = (y,y',v", Ty, Ty', Ty"), where y = 1,.0,,
y’ = 1,0, while y” is a combination of those and 1, d;. Consequently D is 1-step
bracket generating if and only if r is nondegenerate: the equality [D, D] = T .M fails
at all points (x, y) € M with x € T)4R, A € Ry, corresponding to @ € r, where the
curve degenerates.

In this case, we let Z; = %(y(") —iJy®) e TM ® C be the (10)-components
of the above generators of D, 0 < k < 2. Then one easily computes the Freeman
sequence, cf. [21, proof of Prop. 38]:

Dio = (Zo, Z1, Z2) D K10 = (Zo, Z1) D L1o = (Zp) D {0}.

Indeed, [Z5, Z1] = Z> mod Dio + Koi and [Z2, Zo] = - Z; mod Dyg + Lo
Consequently, (M, D, J) is uniformly 3-nondegenerate. O

It is well known that the maximally symmetric nondegenerate curves r C RP3 are
rational normal curves, and that their symmetry algebra is sl (R) acting irreducibly on
R* = $3R%. Moreover, a maximally symmetric curve is unique up to projective trans-
formation P SL4(R) of RP3. Any other locally homogeneous curve has 1-dimensional
projective symmetry algebra (because the projective curvature is non-trivial and can
be normalized to canonical arc-length along the curve). The classification of homoge-
neous projective curves corresponds to Jordan normal forms of matrices (in our case
of size 4 x 4), and it has several presentations over C and R. We use our own version
of the latter below.

If r is assumed (locally) homogeneous with an infintesimal symmetry v € sl4(R),
then the corresponding affine hypersurface ¥ C R*(x) has a 2-dimensional affine
symmetry algebra, generated by v and the radial symmetry corresponding to central
element p € gly(R). It does not act transitively on the 3-dimensional ¥ and, as we
will shortly see, the same concerns the CR-symmetries of the corresponding tube
M =32 xRYy) c C*2).

We depart with the following.

Lemma 45 An orbit v of the flow exp(tv) is a nondegenerate curve if and only if there
is precisely one Jordan block for each eigenvalue of v.

Proof 1t follows directly from Jordan normal forms: if there are two linearly indepen-
dent eigenvectors for one eigenvalue, then the flow exp(#v) has a linear integral, i.e.,
the orbit lies on a hyperplane, and hence the curve is degenerate. O

@ Springer



On 3-Nondegenerate CR Manifolds in Dimension 7 (Il) Page550f61 405

We can bring any locally homogeneous nondegenerate curve r = [y] : I — RP3
to one of the following parametrized forms, where: (i) we use Segre notations for
the real case without marking and for the complex case with the superscript®; (ii) the
parameter T € I = Ry, while + € I = R (and the passage is given by T = ¢&'), in
order to meet some traditional forms.

(1111) Yap(@) =[1:7:7% 1 7F) (l<a<§)

Q11 yp(@) =[l:Int:7v: B#0,1)

@3 y(@ =[1:Int:In?7:7]

(22) y()=[l:lnt:7:7lnt]

@) y(@=[1:7:72:73]

(1°11) yaﬁ(t):[cosat:sinat:e’ :e’s’] (x#0,8#1)

(1€2) ya(t) = [cosat : sinat : e’ :tef] (o # 0)

29) y(t) = [cost :sint :tcost : tsint]

(1€16) Yap(t) = [cosat : sinat : e’ cos Bt : ¢ sin ft] (o, B #0)
yp(t) = [cost : sint : cos Bt : sin Br] (B #0,£1)

We note that for the largest nilpotent type (4) (fitting into the irreducible sl (R) C
sl4(R) upper-triangularly as the 4 x 4 Jordan block with the eigenvalue 0), the domain
of the map can be taken to be RP!, and the same is true for the real simple type
(1111) for integers «, B. However the curve y,5(7) becomes singular for T = 00 and
degenerate for T = 0.

The rational normal curve of degree 3 corresponds to type (4) and also to the curve
of Segre real simple type (1111) withe =2, 8 = 3.

Proposition 46 Ift isnot a rational normal curve, then the CR-symmetry algebra of the
corresponding tube (M, D, J) is 6-dimensional, generated by v, p and translations
along R*(y).

Proof The symmetry algebra is at least 6-dimensional and we have a dichotomy: either
the tube is locally maximally symmetric or it is not. In the first case, the translations
along R*(y) are the nilradical of the 8-dimensional symmetry algebra. In the second
case, the tube is not locally homogeneous by [21, Thm. 1], the symmetry algebra is
6-dimensional by Theorem 1, generated by v, p and the translations along R*(y). The
latter is the maximal Abelian subalgebra of the symmetry algebra. In both cases, the
space R* of translations along R*(y) is a canonically defined subalgebra, and the other
symmetries fits into the gl (R) acting on it.

For instance, the scaling symmetries of the curve y, g of type (1111) are v =
diag(0, 1, «, B) and p = diag(1, 1, 1, 1) (as elements of gl,4(IR)). Their combination

v=4v—-(1+a+pB)p=dag(-1—a—-p,3—-a—-—3c—-1-6,3—1—0a)

belongs to sl4(R), and the diagonal comprises the spectrum of ad(v) acting on R*.
This is an increasing sequence and, if v belongs to the sl (R) sitting irreducibly in
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sl4(R), then it should have the form (—3v, —v, v, 3v) for some v # 0, which implies
o = 2,8 = 3. For any other values of the parameters, it follows that the curve of
type (1111) is not maximally symmetric and the symmetry algebra is generated by
the symmetries already obtained: v, p, dy,,0 < k < 3.

The same holds for any other homogeneous nondegenerate curve r: unless it is
affinely equivalent to the rational normal curve, which can be understood by looking
at the spectrum of ad(v) acting on R*, the associated tube is not maximally symmetric.

O

This proposition has the second main theorem as a corollary:

Proof of Theorem 2 Every tube M that corresponds to one of the nondegenerate projec-
tive curves r from the above list, which is not a rational normal curve, has symmetry
algebra of submaximal dimension by Proposition 46 and Theorem 1. Furthermore,
tubes corresponding to different types from the list or to the same type but with dif-
ferent parameters, have CR-symmetry algebras that are non-isomorphic: in fact, the
CR-symmetry algebra is the semi-direct product R? x R*, with R? generated by v, p
and R* by dy,, 0 < k < 3, and the representation of the traceless element v on
R* encodes the projective symmetry of the curve. Hence they are not CR-equivalent
and we have a continuum of pairwise non-isomorphic submaximally symmetric 3-
nondegenerate CR-structures in dimension 7. O

Remark 47 One can show that the CR-automorphism group of the tube correspond-
ing to a nondegenerate projective curve r is the semi-direct product H x R*, where
H C GL4(R) consists of automorphisms of the cone R, equivalently linear automor-
phisms that project to an automorphism of r (indeed, automorphisms must preserve
the maximal Abelian subgroup R*, hence descend to affine automorphisms of the
tangent variety and its singular part R = Cr, and to projective automorphisms of r).
In most cases, H is the direct product of the radial scalings R, and the exponents R
of v, but sometimes the latter can be changed, e.g., to S'.

4.2 Submaximal Automorphism Group

As noted in Remark 47, there is a continuum of 3-nondegenerate 7-dimensional CR-
hypersurfaces with dim Aut(M, D, J) = 6. On the other hand, the flat model R’
has 8-dimensional automorphism group. What about dimension 7? In this case, there
exists a Lie algebra of CR-symmetries of dimension 7 and the CR-manifold is locally
flat by Theorem 1 and [21, Thm. 3]. In other words, it is locally CR-isomorphic to the
flat model R7 = ¥ x R“(y), ¥ = TR\ R, where R is the rational normal cone in
R*(x) (here and throughout this subsection).

In order to compute orbits more effectively, let us interpret the irreducible SL,(R)-
module R* = $3R? as the space of cubic polynomials on (R?)*. The following are
straghtforward:

Lemma 48 In the above interpretation, R corresponds to polynomials with triple real
roots, while ¥ to polynomials with one double and one simple real roots.
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Corollary 49 The orbits of SL»(R) on RP? = P(S3R?) are: v = PR, Tt \ r as well
as two open orbits Uy and Us such that Uy Ul = RP3\ T, corresponding to binary
cubics with different roots: three reals for Uy, and a pair of complex conjugate and
one real for Us.

Corollary 50 The orbits of GL,(R) on Ri = R*\ {0} are R \ {0}, = and the cones
CU, and CU,.

Proof of Theorem 3 By the above, the Lie algebra of a submaximal automorphism
group is a subalgebra of g = gl,(R) x R* = gl,(R) x S*R?. There are only two
7-dimensional subalgebras in g, namely

s=shL(R) x R* and §=b x R*,

where b is the 3-dimensional Borel subalgebra of upper-triangular matrices in gl, (R),
up to conjugation.

The first Lie algebra integrates to SL,(R) x R*, which acts simply transitively on
the model R7 = ¥ x R*(y). Indeed, SL»(R) acts simply transitively on 2. To see this,
first note that P.S L, (R) acts transitively on triples of points in RP!, hence also on pairs
of marked points. Moreover any binary cubic can be mapped by a transformation from
SL>(R) to x2y, and the only transformation from this group leaving x?y invariant is
the identity.

Note that the smallest Lie group with Lie algebra sl (R) = s/ R*is PSL>(R), the
quotient of SL;,(R) by its center Z, = {%1d}, but this group does not extend to the
semi-direct product with R*, so it does not give rise to a 7-dimensional automorphism
group. The remaining Lie groups with Lie algebra sl (R), which admit an effective
irreducible action on R?, factor through the universal cover of SL,(R). Consequently,
Lie groups S with Lie(S) = s factor through the universal cover of SL,(R) x R* and
therefore give rise to the CR-models derived in [21]. The automorphism group of each
of these has dimension 8, so S is only properly contained in there and therefore is not
an automorphism group.

The second Lie algebra integrates to the Lie group F = B x R* and this action of
F descends to affine automorphisms B of X (by the argument we already exploited in
[21]), hence to those of R and then to projective automorphisms of the rational normal
curve r C RIP?. This action of B has two orbits: ry, = RP! \ {co} = R and the point
oo € RP!.

Restricting to the open orbit r (otherwise we again get the CR-model), we consider
the cone R’ = Cry and the regular hypersurface ¥’ = TR’ \ R’ C R*(x). Its affine
automorphism group is B, the stabilizer of £’ in X. We note that X’ has two connected
components: the corresponding set of roots consists of a double and a single root, and
the components differ by their order in PR’ = R (e.g., the single root comes before the
double root). The same is true for the group B: itis disconnected with two components.

Note that B acts simply transitively on X'. To see this, first note that it acts tran-
sitively on pairs of marked points in R, which can be chosen as {1, 0}. Then any
binary cubic can be mapped by a transformation from B to x2(x — y), and the only
transformation from B leaving it invariant is the identity. Hence we arrive at the tube
M’ = %' x R*(y), which is an open CR-submanifold of R’ with automorphism
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group F. We have an independent MAPLE verification of this fact in a supplement
accompanying the arXiv posting of the article.

This is the only simply transitive 3-nondegenerate 7-dimensional CR-hypersurface
with the automorphism group of dimension 7. Indeed, we have:

mo(F) = mo(B) = Zp, m(F) =m(B) = {ld},

thus F can be considered as the universal covering Lie group with Lie algebra | (see
[21, §5.1] for a related discussion of universal covers of disconnected Lie groups).
Any homogeneous model with 7-dimensional automorphism group is the quotient of
F by a discrete normal subgroup, which is trivial. Consequently there exists no other
Lie group with Lie algebra f that can act as automorphism group of a locally flat
3-nondegenerate CR-hypersurface. O

4.3 Intransitive Tubes with Fewer Symmetries

In the proof of Theorem 1, we bounded the dimensions of intransitive symmetry
algebras of 3-nondegenerate 7-dimensional CR-hypersurfaces. However our bounds
were not claimed sharp.

It is yet an open question, what is the maximal value of dim g for the intransitive
symmetry algebras g of (M, D, J) depending on the dimension of the orbitd € [1, 6].

While we expect this maximal value to be d, a simpler claim is that every d < 7
is realizable as the symmetry dimension of a 3-nondegenerate 7-dimensional CR-
hypersurface (M, D, J). Let us demonstrate this for larger dimensions 4 < d < 6.

For d = 6 we already showed realizations starting with a curve r C RP3 with
a non-trivial projective infinitesimal symmetry. If we choose a generic curve r, then
its projective symmetry is trivial, yet the corresponding cone R = Cr has the radial
symmetry, which is inherited by the submanifold ¥’ = TR \ R C R*(x). Thus the
tube M’ = ¥’ x R*(y) c C*(z) is 3-nondegenerate and has symmetry dimension
d = 5: the symmetries are the radial field p and the translations Byk, 0<k<3 An
independent verification was done in MAPLE.

To realize the symmetry dimension d = 4, let us choose the ruled submanifold X"
in R*(x) parametrized as ¥ (¢, 7, s) = y(t) + ry’(t) + sy”(¢) for a nondegenerate
curve y in R*(x) and define the tube M” = £” x R*(y) as usual. Then

T = (/' y",y") C TR ),
jTE// — (y/, y//, J////) C TR4(y) — <y’ y/’ 7///’ y///)’

adD=TY"'@C=TX"®IJTXE" C TM". Since TE" is generated by

w*at — J// +ry// + sy///’ l/f*ar — y/ and w*as — y//7
one checks that M” is 3-nondegenerate (as in [21, §6.4]). For generic y the only
infinitesimal CR-symmetries of M” are the translations along R*(y). (This is again

independently verified in a MAPLE supplement.)
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We expect that the smaller dimensions 0 < d < 3 are also realizable as the sym-
metry dimension of a 3-nondegenerate 7-dimensional CR-hypersurface (M, D, J),
however the corresponding examples clearly cannot be realized as tubes.

4.4 On Beloshapka’s Conjecture

Let us finally prove a version of Beloshapka’s conjecture for n = 3 in a stronger form,
depending on the degree of degeneracy of (M, D, J) and with sharper upper bounds
for symmetry dimensions.

Proof of Theorem 4 Here is a summary of the known and novel results about real-
analytic infinitesimal CR-symmetries in dimension 7:

(i) if there exist points of Levi-nondegeneracy in M then dim g < 24 by [5, 30];

(ii) if there are both points of Levi-nondegeneracy and points of Levi-degeneracy in
M then dim g < 17 by [20];

(iii) if the structure is uniformly Levi-nondegenerate but there are non-spherical
points then dim g < 13 for Levi-indefinite case and dim g < 12 for Levi-definite
case [19];

(iv) if the structure is uniformly Levi-degenerate but there are points of 2-
nondegeneracy then dim g < 16, under an additional regularity assumption on
the so-called abstract reduced modified symbols [26, 28], while in the general
case the bounds increases to dim g < 17 by [3];

(v) if the structure is uniformly 3-nondegenerate then dim g < 8 according to [21]
and the results of this paper.

These bounds, together with the restriction argument we exploited, imply the claim.
O

Remark 51 All the symmetry bounds in the above proof are sharp except for dimension
17 in case (iv). In fact, we suggest this bound is not sharp and that the sharp bound
of (iv) is 16, but this will be discussed elsewhere. If this is the case, then the only
realizable symmetry dimension 17 would come from (ii), as was conjectured in [20].
One of the strategies for the proof is to use, for 2-nondegenerate structures, the methods
bounding the dimension of intransitive symmetry algebras that we exploited in this
paper in the 3-nondegenerate case.
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